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Abstract This paper deals with the performance analysis of a 3-degree-of-freedom (3-DOF)
planar parallel manipulator with actuation redundancy. Closed-form solutions are developed
for both the inverse and direct kinematics about the redundant parallel manipulator. In
performance analysis phase, the dexterity is analyzed, three kinds of singularities are
investigated, and the stiffness is estimated. Compared with the corresponding non-redundant
parallel manipulator with the redundant link removed, the redundantly actuated one has better
dexterity, litter singular configurations and higher stiffness. The redundantly actuated parallel
manipulator was applied to the design of a 4-DOF hybrid machine tool which also includes a
feed worktable to demonstrate its applicability.

Keywords Parallel manipulator . Actuation redundancy . Hybrid machine tool

1 Introduction

In some applications where high structural stiffness, position accuracy and dynamic
performance are predominant requirements, parallel manipulators offer obvious advantages
over serial ones. In the past, most researchers focused on the research of the normally
actuated parallel manipulator. However, these manipulators have smaller workspace, lower
dexterity and more singular configurations [1–4]. Moreover, singularities lead to a loss of
the controllability and degradation of the natural stiffness of manipulators. Thus,
singularities make the limited workspace of the manipulators even smaller. Therefore,
those potential advantages of parallel manipulators can not be fully realized. In order to
profit from the advantages of parallel manipulators, their disadvantages have to be
overcome. Redundancy [5, 6] is a solution, which is an effective mean for eliminating or
reduce singularities and improving the stiffness of parallel manipulators.
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Redundancy can be classified into different types [7]. Usually, it is mainly divided into
kinematic redundancy and actuation redundancy [8–10]. A manipulator is called
kinematically redundant if it possesses more DOF than that is necessary for performing a
specified task. Alternatively, a manipulator with actuation redundancy has more joint
actuators than that are required to provide the desired end-effector motion. It is noted that
actuation redundancy does not affect the mobility of a parallel manipulator and only
increases the number of actuators. However, kinematic redundancy involves the
introduction of additional DOF and affects the mobility. The kinematical redundant
manipulators have been extensively studied, whereas only recently have the parallel
manipulators with actuation redundancy drawn attentions.

Actuation redundancy can be introduced to parallel manipulators to eliminate or reduce
singularities within the workspace, increase the structure stiffness and improve the dexterity
[11, 12]. In addition, using redundant actuation allows for a significant improvement in the
force capabilities of parallel manipulators [13]. There are already several applications of
parallel mechanisms with actuation redundancy. Kock and Schumacher [14] proposed a
redundantly actuated parallel manipulator for high-speed and active-stiffness applications.
Kim [15] added two redundant actuators to their eclipse mechanism to eliminate the
singularities within the workspace. Cheng et al. [16] built a 2-DOF redundantly actuated
parallel manipulator.

In this paper, a planar 3-DOF parallel manipulator with actuation redundancy is
proposed. Closed-form solutions are developed for both the inverse and direct kinematics.
Based on the kinematics, the dexterity, singularity and stiffness of the redundantly actuated
parallel manipulator are investigated. The comparing results with the corresponding non-
redundant manipulator with the redundant link removed are given. Combining the
redundant parallel manipulator with a feed worktable, a 4-DOF hybrid machine tool is
developed to mill metal workpieces. The machining test shows that the hybrid machine tool
is suitable for the manufacturing industry.

2 Description of the Parallel Manipulator

The redundant parallel manipulator is shown in Fig. 1 and consists of two sliders, two
constant-length links, two extendible links and the moving platform. Sliders are driven by
two servomotors fixed on the columns. The kinematic model is shown in Fig. 2. Link A1B1

is a redundant link. Sliders A1A2 and A3A4 drive links A2B2 and A3B3 when they slide along
the vertical guide ways. Links A1B1 and A4B4, to be driven by two actuators, are extendible
struts with one end joined with sliders A1A2 and A3A4, and the other connected with the
moving platform B1B2. The whole construction enables movement of the moving platform
in a plane and its rotation about the axis normal to the motion plane of the manipulator. The
manipulator is redundantly actuated because it has four actuators and only a 3-DOF output.

3 Kinematics Analysis

3.1 Inverse Kinematics

As illustrated in Fig. 2, a base coordinate system O-xyz is fixed to the base, the y-axis is
along the beam, the z-axis is vertical, and the x-axis is normal to the manipulator plane. A
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moving coordinate system O′-x′y′z′ is attached to the moving platform with the z′-axis along
the moving platform. Let α be the rotation angle from O′-x′y′z′ to O-xyz, and rai(i=1, 2, 3, 4)
and rbi be the position vectors of the joint points Ai and Bi, respectively. Let θj(j=1, 2, 3, 4) be
the angles between link AjBj and the vertical axis parallel to the z-axis, and 0≤θ1, θ2≤π,
−π≤θ3, θ4≤0.

For convenience, the x coordinates of all joint points are assumed to be zero. Then the
position vector of the origin O′ with respect to O-xyz can be defined as rO0 ¼ 0 y z½ �T .

Servomotor 

Extendable link 

Slider 

Constant length link

Moving platform 

Spindle 

Fig. 1 3D model of the
redundant manipulator

Fig. 2 Kinematic model of the
manipulator
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The position vectors of joint points Bi with respect to O′-x′y′z′ are r
0
b1 ¼ r

0
b4 ¼ 0 0 �l6½ �T

and r
0
b2 ¼ r

0
b3 ¼ 0 0 0½ �T , respectively.

The position vector of point Bi in the base coordinate system O-xyz can be then expressed as

rbi ¼ rO0 þ Rr
0
bi ð1Þ

where R is the rotation matrix and can be expressed as

R ¼
1 0 0
0 cosα � sinα
0 sinα cosα

2
4

3
5

The position vectors of joint points Ai with respect to O-xyz are

ra1 ¼ 0 0 z1½ �T ; ra2 ¼ 0 0 z1 þ l5½ �T ð2Þ

ra3 ¼ 0 d1 z4 þ l7½ �T ; ra4 ¼ 0 d1 z4½ �T ð3Þ
where l6 is the length of the moving platform, d1 is the width between two columns, l5 and
l7 are the heights of two sliders, respectively, and z1 and z4 are the z coordinates of sliders
A1A2 and A3A4, respectively.

Thus the constraint equation associated with the ith kinematic chain can be written as

rai � rbi ¼ lini; i ¼ 1; 2; 3; 4 ð4Þ
where li and ni denote the length and the unit vector of the ith link, respectively.
By taking the 2-norm of both sides of Eq. 4, the following inverse kinematic equations

can be obtained

z1 ¼ z� l5 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22 � y2

q
ð5aÞ

z4 ¼ z� l7 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l23 � y� d1ð Þ2

q
ð5bÞ

l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� l6 sin að Þ2 þ z� l6 cosa � z1ð Þ2

q
ð5cÞ

l4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y� l6 sin a � d1ð Þ2 þ z� l6 cos a � z4ð Þ2

q
ð5dÞ

In practical application, the sliding limits of the sliders can be denoted as z1<z and z4<z
such that the “±” in Eqs. 5a and 5b should be only “−”.

It can be seen that the solution of the inverse kinematics is not unique. The number of
inverse kinematic solutions of the mechanism is the same as that of its corresponding non-
redundant one.
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3.2 Direct Kinematics

For the configuration shown in Fig. 2, according to Eq. 4, the solution for the direct
kinematics can be expressed as

y ¼ l2 sin π� π=2þ φ1 þ φ2ð Þ½ � ð6� aÞ

z ¼ z2 þ l2 cos π� π=2þ φ1 þ φ2ð Þ½ � ð6� bÞ

a ¼ b1 � b2 ð6� cÞ
where φ1 ¼ arccos

l22þd21þ z3�z2ð Þ2�l23

2l2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d21þ z3�z2ð Þ2

p ;

z2 and z3 are the z coordinates of joint points A2 and A3, and z3=z4+l7,

φ2 ¼ arctan z3 � z2ð Þ=d1½ �; θ3 ¼ arcsin d1 � yð Þ=l3½ �

l8 ¼ A4B2k k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l23 þ l27 þ 2l3l7 cos q3

q
;

b1 ¼ arccos
l26 þ l28 � l24

2l6l8

� �
; b2 ¼ arccos

l27 þ l28 � l23
2l7l8

� �
;

In fact, as shown in Fig. 2, the following vector equation can be obtained

z!1 þ l
!

1 þ l
!

4 þ z!4 þ d
!

1 ¼ 0 ð7Þ
It shows that four input variables z1, z4, l1 and l4 are interrelated. Moreover, when three

of four input variables are given, another input variable can be uniquely determined.
It is noteworthy that the corresponding non-redundant manipulator with a similar

configuration shown in Fig. 2 has two solutions for the direct kinematics. Thus, the
redundant parallel manipulator has less number of direct kinematic solutions than its
corresponding non-redundant manipulator.

3.3 Jacobian Matrix

Jacobian matrix J of the parallel manipulator, which is a m×n matrix, is a mapping from the
joint velocity vector to the Cartesian velocity vector. Here, m is the number of the actuators,
and n is the number of DOF. For a non-redundant parallel manipulator, there is m=n, and m>n
for a redundantly actuated manipulator.

Taking the derivative of Eqs. 5a–5d with respect to time leads to

q
: ¼ Jp

: ð8Þ
where q

: ¼ z
:
1 z

:
4 l

:

1 l
:

4

h iT
, p

: ¼ y
:

z
:

a
:

h iT
, and J is the Jacobian matrix and can be

written as

J ¼
y= z� z2ð Þ 1 0

y� d1ð Þ= z� z3ð Þ 1 0
J31 0 J33
J41 0 J43

2
664

3
775
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where

J31 ¼ y� l6 sinα� y z� l6 cosα� z1ð Þ= z� z2ð Þ
l1

;

J33 ¼ ðz� z1Þl6 sin a � yl6 cos a
l1

;

J41 ¼ y� l6 sina � d1
l4

� z� l6 cos a � z4ð Þ y� d1ð Þ
l4 z� z3ð Þ ;

J43 ¼ z� z4ð Þl6 sin a � y� d1ð Þl6 cos a
l4

:
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Fig. 4 Condition number on
α=0°
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Fig. 3 Condition number on
α=-30°
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4 Performance Analysis of the Redundant Parallel Manipulator

4.1 Dexterity Index

The condition number is regarded as the performance index for evaluating the dexterity [17,
18]. The singular value σi of the Jacobian matrix is given by

σi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λi JJ T
� �q

; i ¼ 1; 2; � � � ; nðn � mÞ ð9Þ

where λi J T JÞ
�

is the eigenvalue of matrix JTJ .Then the condition number κ can be
expressed as

1 � k ¼ smax

smin
� 1 ð10Þ

where σmax and σmin are the maximum and minimum singular values of the Jacobian matrix
associated with a given pose.

In a pose where the condition number is equal to 1, the dexterity of the manipulator is
best and the manipulator is isotropic. Designing a parallel manipulator that is isotropic in
one pose or over its full workspace is often considered as a design objective. When the y
coordinate of the moving platform varies from 0 to 1,000 mm and the rotation angle α
ranges between −90 and 90°, the condition number of the redundantly actuated parallel
manipulator always goes to 2, as shown in Figs. 3, 4, 5. The corresponding non-redundant
manipulator is shown in Fig. 6, and the condition number of the non-redundant manipulator
is much larger than that of the redundant one. Thus, the redundant parallel manipulator has
better isotropy and dexterity in the workspace.

When y=400 and α=−30°, the condition number of the non-redundant manipulator
varies so greatly that the maximum value of the condition number beyond the limit of
vertical axis, as shown in Fig. 3. The reason is that the non-redundant manipulator nears the
direct kinematic singular configuration and the dexterity is very bad. On the contrary, the
condition number of the redundant parallel manipulator changes smoothly for the singular
configuration being overcome.
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Fig. 5 Condition number on
α=30°
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4.2 Singularity Analysis

From the viewpoint of differential motion, one or more singular values of J are infinite
when the inverse kinematic singularity occurs and infinitesimal motion of the moving
platform along certain directions cannot be accomplished. Considering that
det JTJÞ ¼ Q

σ2
i

�
, the following equation can be obtained

det JTJ
� � ¼ 1 ð11Þ

When one or more singular values of J are zero, the direct kinematic singularity occurs
and the moving platform can possess infinitesimal motion in some directions even if all the
actuators are completely locked. By taking det JTJ

� � ¼ Q
σ2i into account, it has

det JTJ
� � ¼ 0 ð12Þ

When the combined singularity exists, it has

tr JTJ
� � ¼ Xn

i¼1

σ2
i ¼ 1 ð13Þ

where tr JTJ
� �

is the trace of matrix JTJ .
The following will discuss the effect of actuation redundancy on the direct kinematic

singularity and take the redundant manipulator studied here as an example to analyze its
singularity.

Fig. 6 3D model of non-
redundant manipulator
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4.2.1 The Effect of Actuation Redundancy on Direct Kinematic Singularity

Equation 8 can be rewritten as

q
:

u

q
:

r

� �
¼ J u

J r

� �
P
: ð14Þ

where Ju is the Jacobian matrix of the corresponding non-redundant manipulator, Jr is the
Jacobian matrix of the redundant links, and qu

:
and qr

:
are the active joint velocities of the

non-redundant manipulator and the redundant links, respectively.
Thus, it can be obtained that

det JTJ
� � ¼ det JTu J u þ JTr J r

� � ð15Þ

Since JTu J u and JTr J r are semi-positive matrices, two orthogonal basis Qu ¼ qu1 � � � qun½ �
and Qr ¼ qunþ1 � � � qum

	 

can be found to satisfy

QT
u J

T
u J uQu ¼ diag λu

1;λ
u
2; � � � ;λu

n

� � ð16Þ

QT
r J

T
r J rQr ¼ diag λr

nþ1;λ
r
nþ2; � � � ;λr

m

� � ð17Þ

where lun and lrm are the eigenvalues of JTu J u and JTr J r, respectively, and λu
1 � λu

2 � � � � λu
n.

When the non-redundant parallel manipulator experiences a direct kinematic singularity,
there is at least one eigenvalue of JTu J u being 0 and can be expressed as

lui ¼ luiþ1 ¼ � � � ¼ lun ¼ 0 ð18Þ

where lui is the ith eigenvalue being 0.
Accordingly,

Juq
u
i ¼ 0 ð19Þ

When the redundant parallel manipulator experiences a direct kinematic singularity, it
has det JTu J u þ JTr J rÞ ¼ 0

�
and the following equation can be obtained

XT JTu Ju þ JTr J r
� �

X ¼ 0 ð20Þ

where X is n-dimension matrix and X 2 span qu1; � � � ; qun
� �

.
Since JTu J u and JTr J r are semi-positive, it has

XTJTu JuX ¼ 0 ð21Þ

XTJTr J rX ¼ 0 ð22Þ
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According to Eq. 21, X is determined by

X ¼ ciq
u
i þ ciþ1q

u
iþ1 þ � � � þ cnq

u
n ð23Þ

where ci,...cn are the coefficient.
Based on Eqs. 22 and 23, it can be concluded that

Xn
i¼1

c2i qui
� �T

JTr J rq
u
i ¼ 0 ð24Þ

Namely,

J r q
u
i ¼ 0 � qui ð25Þ

From Eqs. 19 and 25, it can be seen that the eigenvector that the 0 eigenvalue of Ju
corresponds is also the eigenvector that 0 eigenvalue of Jr corresponds. As long as the
eigenvector that the 0 eigenvalue of Ju corresponds does not include the eigenvector that 0
eigenvalue of Jr corresponds, the direct kinematic singularity can not occur.

Thus, in order to overcome all direct kinematic singularities in the workspace, the
motion direction of actuation redundancy should not be parallel to the eigenvector that the 0
eigenvalue of Ju corresponds.

a b

c d

Fig. 7 Direct kinematic singu-
larity. a α=θ2 and the configura-
tion A1B′1A4 corresponds to α=θ3,
b α=θ3 and the configuration
A1B′1A4 corresponds to α=θ2,
c and d the four singular config-
urations correspond to θ2−θ3=π
and θ1−θ4=π
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Thus, actuation redundancy mainly eliminates the direct kinematic singularity and
accordingly reduces the combined singularity.

4.2.2 Singularity of the Redundant Parallel Manipulator

From Eq. 8, it can be concluded that

det JTJ
� � ¼ J 233 þ J 243

� �
J11 � J21ð Þ2 þ 2 J33J41 � J31J43ð Þ2 ð26Þ

where J11 ¼ y= z� z2ð Þ, J21 ¼ y� d1ð Þ= z� z3ð Þ.
1. Direct kinematic singularity.

This kind of singularity occurs when det JTJð Þ ¼ 0. Namely, either of the following two
equations is satisfied

J11 ¼ J21
J33J41 ¼ J31J43



ð27Þ

J33 ¼ J43 ¼ 0 ð28Þ
For convenience, J31, J33, J41 and J43 can be rewritten as

J31 ¼ sin q1 � q2ð Þ
cos q2

; J33 ¼ l6 sin a � q1ð Þ ð29Þ

J41 ¼ sin q4 � q3ð Þ
cos q3

; J43 ¼ l6 sin a � q4ð Þ ð30Þ

(a) Equation 27 is satisfied. On one hand, the equation J11=J21 can be rewritten as

y

z� z2
¼ y� d1

z� z3
ð31Þ

It shows that joint points A2, B2 and A3 are collinear which result in θ2−θ3=π.
On the other hand, J33J41=J31J43 can be rewritten as

sin q2 � q1ð Þ
sin q2 � q4ð Þ ¼

sin a� q1ð Þ
sin a � q4ð Þ ð32Þ

Taking the limit of θi (i=1, 2, 3, 4) into account, the possible solutions of Eqs. 31 and 32
can be written as: (1) θ2−θ3=π, α=θ2; (2) θ2−θ3=π, α=θ3; and (3) θ2−θ3=π, θ1−θ4=π.
The three solutions correspond to eight singular configurations shown in Fig. 7. In Fig. 7a,
α=θ2 and the configuration A1B

0
1A4 corresponds to α=θ3; In Fig. 7b, α=θ3 and the

configuration A1B
0
1A4 corresponds to α=θ2. In Fig. 7c and d, the four singular

configurations correspond to θ2−θ3=π and θ1−θ4=π.
When the redundant manipulator is in a singular configuration, not only joint points A2,

B2 and A3 are collinear, but also the orientation of the moving platform must be in one of
eight possible orientations.
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(b) Equation 28 is satisfied. Equation J33=J43=0 can be rewritten as

z� z1 �y
z� z4 �yþ d1

� �
sinα
cosα

� �
¼ 0 ð33Þ

Since sinα cosα½ �T 6¼ 0, the following equation can be obtained

z� z1 �y
z� z4 �yþ d1

����
���� ¼ 0 ð34Þ

It means that points A1, B2 and A4 are collinear. Due to the mechanism limit, the
redundant manipulator studied here can not reach this configuration.

When joint points A2, B2 and A3 are collinear, the corresponding non-redundant parallel
manipulator with its moving platform at a random orientation experiences a singularity.
However, when the redundant manipulator approaches the singular configuration, not only
joint points A2, B2 and A3 are collinear, but also the orientation of the moving platform must
be in one of the eight possible configurations. In addition, the non-redundant parallel
manipulator reaches the singular configuration when the moving platform B1B2 and link
A4B4 are in the same line. Thus, the singular configurations of the redundant manipulator
are reduced significantly relative to the non-redundant one.

2. Inverse kinematic singularity.
This kind of singularity occurs when det JTJ

� � ¼ 1. Namely, either of the following
two equations is satisfied

z ¼ z2 6¼ z3 ð35Þ

z ¼ z3 6¼ z2 ð36Þ
At this time, one of links A2B2 or A3B3 is horizontal. Under this condition, the redundant

manipulator has the same singular configurations as its corresponding non-redundant one.

3. Combined singularity.
This kind of singularity occurs when both direct kinematic singularities and inverse

kinematic singularities exist simultaneously. It is not only configuration-dependent, but also
architecture- dependent. In this case, l2+ l3=d1. For the redundant manipulator discussed
here, it is impossible to reach this configuration due to the architecture limitation of the
manipulator. However, combined singularity will occur in the non-redundant manipulator.

From above analysis, it can be concluded that the singular configurations of the
redundant parallel manipulator are reduced significantly in comparison with those of the
corresponding non-redundant manipulator.

a 

ez

eyh 

b 

ez

ey

Ri 
Ro 

a b

Fig. 8 Cross-sections of links. a
Constant length link and b ex-
tendible link
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4.3 Stiffness Analysis

4.3.1 Stiffness Modeling

Stiffness is one of the most important performance specifications of parallel manipulators
[19, 20]. In stiffness modeling, the machine structure can be decomposed into two
substructures, the machine frame and the parallel link substructure [21]. The stiffness model
of each substructure is formulated by assuming that the components in the other are rigid.
Then the stiffness of the parallel manipulator can be achieved by linear superposition of the
two substructures.

In practice, the stiffness of machine frame is much higher than that of the parallel link.
Therefore, the machine frame is assumed to be rigid and the stiffness of parallel link is
regarded as the stiffness of the parallel manipulator. The basic assumptions for stiffness
modeling are given as follows:

1. The joints are frictionless and their deformation is negligible.
2. The rigidities of the moving platform and the machine frame are much higher than

those of the other components and can be considered as infinite.

Under the wrench FT MT
	 
T

applied on the moving platform, the axial stiffness of
links will cause the platform to undergo a twist $ T

p D T
p �

T
:

�
Thus, virtual work principle

has the form

δ$ T
p δ D T

p

h i F
M

� �
¼

X4
i¼1

δΔLin
T
i f i ð37Þ

where ΔLi and fi are the deformation and axial force of the ith (i=1, 2, 3, 4) link, and
f i ¼ kpiΔLini. Here

1

kpi
¼ 1

ki1
þ 2

ki2
ð38Þ

where ki1 and ki2 are the stiffness of the ith link and the joint, respectively. For the
extendible link, the upper and lower parts are connected in series. Then

1

ki1
¼ 1

kiu
þ 1

kib
; i ¼ 1; 4 ð39Þ

Table 2 Geometric parameters of the redundant manipulator (mm)

Parameters l2 l3 l5 l6 l7 d1

Values 1,000 1,000 300 300 300 1000

Constant length leg Extendable leg

a 500 Ri Ro

b 100 Upper part 0 19
h 10 Lower part 20 30

Table 1 Parameters of
cross-sections of legs
(mm)
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where kiu, kib are the stiffness of the upper and the lower parts of the extendible leg,
respectively.

Then Eq. 37 can be rewritten as

δ$ T
p δD T

p

h i F
M

� �
¼ δΔLTKpΔL ð40Þ

where

ΔL ¼ ΔL1 ΔL2 ΔL3 ΔL4½ �T ;

Kp ¼ diag kp 1; kp2; kp3; kp4
� �

:

Equation 4 can be rewritten as

rO0 þ r
0
bi ¼ rai þ lini ð41Þ

Small perturbation on both sides of Eq. 41 and implementing linearization yields

$ p þ D p � r
0
bi ¼ ΔLini þ Liϕi � ni ð42Þ

where 8i is the angle deformation of ith link.
Multiplying both sides of Eq. 42 by nTi leads to

ΔLi ¼ nTi r
0
bi � ni

� � T
h i $ p

D p

� �
ð43Þ

Equation 43 can be rearranged in matrix form as

ΔL ¼ J p
$ p

D p

� �
ð44Þ

100 200 300 400 500 600 700 800 900
100 

120 

140 

160 

180 

redundant 
non-redundant

y (mm) 

k
(N

/µ
m

)
y

Fig. 9 y direction stiffness
distribution
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where

J p ¼ n1 n2 n3 n4
r
0
b1 � n1 r

0
b2 � n2 r

0
b3 � n3 r

0
b4 � n4

� �T

Substituting Eq. 44 into 40 results in the stiffness model of the parallel link substructure
as

F
M

� �
¼ K

$ p

D p

� �
ð45Þ

where K ¼ JTp KpJp. ky and kz are defined as the stiffness distributions of the manipulator in
y and z directions, and kα denotes the rotational stiffness distribution about the x-axis. The
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stiffness matrix of the redundant manipulator can be achieved by deleting the column and
row with all elements being zeros of K.

4.3.2 Simulation Results of Stiffness

The cross-section parameters of the links are shown in Fig. 8 and Table 1, and the
geometrical parameters of the redundant parallel manipulator are listed in the Table 2. The
coordinate of the moving platform is y∈[0, 1,000] mm and α=0. All joint stiffness is 5.09×
108 N/m, and the Young’s modulus of links are all 210GPa.

The stiffness distribution in yz plane of the redundant manipulator and that of the
corresponding non-redundant manipulator are shown in Figs. 9, 10, 11. It is worth pointing
out that the stiffness distribution ky of the non-redundant manipulator is approximately
symmetrical about y ¼ d1

2 . The reason is that the tool is fixed on the end point B2 of the
moving platform and ky is the stiffness of point B2. If the tool is fixed on the midpoint of
the moving platform B1B2, ky on the midpoint of platform B1B2 will not be symmetrical
about y ¼ d1

2 and monotonously descending in the y direction.
It can be seen that the stiffness distribution of y direction of the redundant manipulator is

higher than that of its corresponding non-redundant manipulator. The z direction position
stiffness and the rotation stiffness about the x-axis of the redundant manipulator are much
higher than those of the non-redundant one. Moreover, the stiffness distribution ka of the
redundant manipulator is approximately symmetrical about y ¼ d1=2. Hence, the stiffness

Fig. 12 Prototype of the hybrid
machine tool
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of the redundantly actuated manipulator is larger than that of the non-redundant
manipulator. The stiffness performance of the redundant manipulator has been improved.

5 Application

By combining the redundantly actuated parallel manipulator with a feed worktable, a 4-
DOF hybrid machine tool was created, as shown in Fig. 12. The machine tool is
manufactured by Tsinghua University. Figure 13 is the photo of the test to machine a metal
workpiece with a large depth of cut, and the result of the test shows that the machine tool
can run stably in the machining process.

6 Conclusions

The performance analysis and application of a planar 3-DOF parallel manipulator with
actuation redundancy have been investigated in this article. From this investigation, the
following conclusions can be drawn:

1. Compared to the corresponding non-redundant parallel manipulator, the 3-DOF
redundant parallel manipulator has the same number of inverse kinematic solutions
and less number of direct kinematic solutions.

2. The 3-DOF parallel manipulator with actuation redundancy has better dexterity, litter
singular configuration and higher stiffness than its corresponding non-redundant one
with the redundant link removed.

3. The proposed redundant parallel manipulator has been employed for the development
of a hybrid machine tool for the manufacturing industry.
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