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Abstract. The time-optimal control problem of a hovering quad-rotor helicopter is addressed

in this paper. Instead of utilizing the Pontryagin’s Minimum Principle (PMP), in which one

needs to solve a set of highly nonlinear differential equations, a nonlinear programming (NLP)

method is proposed. In this novel method, the count of control steps is fixed initially and the

sampling period is treated as a variable in the optimization process. The optimization object is

to minimize the sampling period such that it will be below a specific minimum value, which

is set in advance considering the accuracy of discretization. To generate initial feasible solu-

tions of the formulated NLP problem, genetic algorithms (GAs) are adopted. With the pro-

posed method, one can find a time-optimal movement of the helicopter between two

configurations. To show the feasibility of the proposed method, simulation results are included

for illustration.
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1. Introduction

A quad-rotor helicopter is an under-actuated dynamic rotorcraft with four input

forces and six output coordinates. This system is an autonomous vehicle capable

of quasi-stationary (hover and near hover) flight. Unlike conventional helicopters

that have variable pitch angle rotors, a quad-rotor helicopter has four fixed pitch

angle rotors. In this manner, it has higher payload capacity and better

maneuverability in comparison with a conventional one.

Varying the rotor speeds of all four rotors, thereby changing the lift forces,

generates the motion of a quad-rotor helicopter. The helicopter tilts towards the

direction of a slow spinning rotor, which enables acceleration along that

direction [3]. Spinning directions of the rotors are set to balance the moments,
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therefore eliminating the need for a tail rotor. This is also used to produce the

desired yaw motion. A good controller should properly arrange the rotor speeds

such that only the desired states will be changed [18].

In recent years, many researchers been addressed the control problem

associated with quad-rotor helicopters [1– 4, 8, 9, 12, 14 –16, 18, 20]. Typical

missions for a quad-rotor helicopter include attitude stabilization and the

movement from one configuration (position and attitude) to another.

Dynamic modeling and configuration of a commercial four-rotor helicopter

were proposed by McKerrow [14] and Hamel et al. [9]. Nonlinear control

problems for hovering quad-rotor helicopters such as feedback linearization

control and back-stepping control laws were studied by Altug et al. [2] and

Mistler et al. [15]. When the roll and yaw angles are set to zero, a hovering four-

rotor helicopter can be viewed as a planar vertical take off and landing (PVTOL)

aircraft. Therefore, based on the dynamic model of a PVTOL aircraft, Castillo et al.

[4], Hamel et al. [8] designed controllers for yaw angular displacement, and pitch

and roll movements of a hovering quad-rotor helicopter. In experiments, the

vision-based stabilization and output tracking control for hovering four-rotor heli-

copters have been researched by Altug et al. [1], Castillo et al. [4], Lozano et al.

[12], and Suter [20]. A dynamic feedback controller has also been developed and

its performance and robustness are tested in simulation by Mokhtari et al. [16].

Time-optimal problems of control systems have attracted the attention of

many researchers, especially in aerospace [5, 10] and robotics [19, 21, 22] in the

past few years. Jan and Chiou [10] developed a sliding mode control method that

can be used to perform a spacecraft large angle maneuver in minimum-time.

Chern et al. [5] investigated the time-optimal aerobraking maneuver of the

shuttle-type space vehicle at a constant altitude. However, to the best knowledge

of the authors, previous researchers have not addressed the time-optimal control

problem of a hovering quad-rotor helicopter yet. This motivates the research in

this paper and a NLP method will be proposed to carry out a hovering quad-rotor

helicopter motion maneuver in minimum-time.

The time-optimal motion-planning (TOMP) problem for a hovering quad-

rotor helicopter is to find the time-optimal motion in an unobstructed atmosphere

between two configurations, where the initial and final velocities must be zero.

Usually, this TOMP problem leads to the utilization of the PMP [17], in which

one needs to solve a set of differential equations. Since these equations are

usually nonlinear and highly coupled, one will have two-point boundary value

problems, which are intractable in numerical computation.

Recently, a NLP method that does not utilize the PMP was developed by one

of the authors to solve the time-optimal control problem of linear systems [6].

The basic idea of this method is that instead of considering a fixed sampling

period as is usually the case, the count of control steps is fixed initially and the

sampling period is treated as a variable in the optimization process. The

optimization object is to minimize the sampling period below a specific mini-
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mum value, which is set in advance considering the accuracy of discretization.

With this approach, the optimization procedure requires only two iterations in

most linear cases, thereby reducing the computation time dramatically.

Extending the concept in [6] to nonlinear systems, this paper will show how

to generate time-optimal motion between two configurations for a hovering quad-

rotor helicopter with four independently driven rotors. However, since the quad-

rotor helicopter system is nonlinear, it will be a difficult task to find a feasible

solution for the formulated NLP problem. Therefore, a GA-based approach will

also be proposed to generate feasible solutions for the TOMP problem. Simu-

lation examples will be given to verify the feasibility of the proposed method.

The rest of this paper is as follows. In Section 2, dynamical equations of a

quad-rotor helicopter will be derived. Then the TOMP problem between two

configurations of the helicopter will be formulated as a NLP one in Section 3. In

Section 4, GAs will be used to generate initial feasible solutions of the NLP

problem. Problem solution and simulation results are shown in Sections 5 and 6,

respectively. Finally, conclusions and discussion are given in Section 7.

2. Dynamical Equations of a Quad-Rotor Helicopter

To illustrate the motion of a helicopter, a schematic diagram is given as shown in

Figure 1. In the working space of the helicopter, an earth-frame and a body-

frame will be defined. The earth-frame denotes a frame that everything discussed

can be referenced and the body-frame is a frame attached to the helicopter. In

order to maintain hovering flight of the quad-rotor helicopter, the magnitudes of

four driven forces, Fi, i = 1, 2, 3, 4, are equally tuned to one fourth of the weight

of the helicopter initially. The vertical motion along z-axis of the body-frame can

be obtained by changing the speeds of all the four rotors simultaneously. The

forward motion along x-axis of the body-frame can be achieved by changing

the speeds of rotors 1 and 3 reversely and retaining the speeds of rotors 2 and

4. The lateral motion along y-axis of the body-frame can be reached by changing

the speeds of rotor 2 and 4 reversely and retaining the speeds of rotors 1 and 3.

The yaw motion is related to the difference between the moments created by the

rotors. To turn in a clockwise direction, rotors 2 and 4 should increase speeds to

overcome the speeds of rotors 1 and 3. On the other hand, to turn in a counter-

clockwise direction, rotors 3 and 1 should increase speeds to overcome the

speeds of rotors 2 and 4. Table I summarizes the nomenclature used in this paper.

The rotational transformation matrix between the earth-frame and the body-

frame can be obtained based on Euler angles.

REB ¼ Ry R� R� ¼
cos y cos � � sin y cos�þ cos y sin � sin� sin y sin�þ cos y sin � cos�
sin y cos � � cos y cos�þ sin y sin � sin� � cos y sin�þ sin y sin � cos�
� sin � cos � sin� cos � cos�

2
4

3
5

ð1Þ
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The transformation of velocities between the body-frame and the earth-frame

coordinates is then

u

v

w

2
4

3
5 ¼ REB

uB

vB

wB

2
4

3
5 ð2Þ

Similarly, the accelerations, rotational velocities, positions, forces and mo-

ments can be transformed based on REB between the coordinate systems.

In the body-frame, the forces are defined as

FB ¼
FxB

FyB

FzB

2
4

3
5 ¼

0

0P4
k¼1 Fk

2
4

3
5 ð3Þ

Table I. The nomenclature used in this paper.

Nomenclature Definition

Ix, Iy, Iz Moments of inertia along x, y, z directions

�, �, y Roll angle, pitch angle, and yaw angle

uB, vB, wB Velocities along x, y, z directions of the body-frame

u, v, w Velocities along x, y, z directions of the earth-frame

x, y, z Coordinates of center of gravity in the earth-frame

FxB, FyB, FzB Body forces along x, y, z directions of the body-frame

Fx, Fy, Fz Body forces along x, y, z directions of the earth-frame

u1 u1 = F1 + F2 + F3 + F4

u2 u2 = F4 j F2

u3 u3 = F3 j F1

u4 u4 = F1 j F2 + F3 j F4

u1 u1 = [u1(0), u1(1),���, u1(N j 1)]

u2 u2 = [u2(0), u2(1),���, u2(N j 1)]

u3 u3 = [u3(0), u3(1),���, u3(N j 1)]

u4 u4 = [u4(0), u4(1),���, u4(N j 1)]

Figure 1. A schematic diagram of the quad-rotor helicopter.
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In the earth-frame, the forces can be described as

Fx

Fy

Fz

2
4

3
5 ¼ REB FB ¼

X4

k¼1
Fk

� � sin y sin�þ cos y sin � cos�
� cos y sin�þ sin y sin � cos�

cos� cos �

2
4

3
5 ð4Þ

Therefore, equations of motion in the earth-frame are represented as

m

x��
y��
z��

2
4
3
5 ¼

Fx � K1 x�
Fy � K2 y�
Fz � mg � K3 z�

2
4

3
5 ð5Þ

where Ki, i = 1, 2, 3, are the drag coefficients. Note that these coefficients are

negligible at low speeds. As a result, equations of motion can be derived based

on the balance of forces and moments.

�
�� ¼ lðF3 � F1 � K4�

� Þ
Ix

ð6Þ

�
�� ¼ lðF4 � F2 � K5�

� Þ
Iy

ð7Þ

y
�� ¼ ðM1 �M2 þM3 �M4 � K6y

� Þ
Iz

ð8Þ

where l is the length from the center of gravity of the helicopter to each rotor, Mi,

i = 1, 2,���, 4, are the moments of rotors, and Ix, Iy, and Iz represent the moments

of inertia along x, y, z directions. In terms of F1, F2, F3, and F4, equation (8) can

be also written as

y
�� ¼ ðF1 � F2 þ F3 � F4 � K 06y

� Þ
I 0z

ð9Þ

where Iz
0 = Iz /C, K6

0 = K6/C, and C is the scaling factor.

For convenience of computing the TOMP problem, the inputs are defined as

u1 ¼ F1 þ F2 þ F3 þ F4

u2 ¼ F4 � F2

u3 ¼ F3 � F1

u4 ¼ F1 � F2 þ F3 � F4 (10)
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The inputs then can be represented in matrix form as

u1

u2

u3

u4

2
664

3
775 ¼

1 1 1 1

0 �1 0 1

�1 0 1 0

1 �1 1 �1

2
664

3
775

F1

F2

F3

F4

2
664

3
775 ð11Þ

Then the individual forces will be

F1

F2

F3

F4

2
664

3
775 ¼

1

4

1 0�2 1

1�2 0 �1

1 0 2 1

1 2 0 �1

2
664

3
775

u1

u2

u3

u4

2
664

3
775 ð12Þ

Therefore, the dynamical equations of the four-rotor helicopter become

x�� ¼ sin y sin�þ cos y sin � cos�ð Þu1 � K1x�
m

ð13Þ

y�� ¼ sin y sin � cos�� cos y sin�ð Þ u1 � K2y�

m
ð14Þ

z�� ¼ cos� cos �ð Þ u1 � K3z�
m

� g ð15Þ

�
�� ¼ ðu3 � K4�

�Þ l

Ix

ð16Þ

�
�� ¼ ðu2 � K5�

� Þ l

Iy

ð17Þ

y
�� ¼ ðu4 � K 06y

� Þ
I 0z

ð18Þ

For a hovering flight, velocities and angles of roll, pitch, and yaw must be

zeros, and the four driven forces are F1 0ð Þ ¼ F2 0ð Þ ¼ F3 0ð Þ ¼ F4 0ð Þ ¼ mg

4
.

Substituting these conditions into equations (13) through (18), one will find that

zero accelerations will be induced.
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3. TOMP between Two Configurations

3.1. PROBLEM FORMULATION

The TOMP problem of the hovering helicopter between two configurations is to

find the control inputs that will move the system from an initial configuration to a

desired final configuration while minimizing the traveling time. With the

dynamics in equations (13) through (18), the TOMP problem can be formulated

as follows:

PROBLEM 1: For the quad-rotor helicopter described in equations (13) through

(18), assuming that the initial configuration is given as

x 0ð Þ; y 0ð Þ; z 0ð Þ; � 0ð Þ; � 0ð Þ; y 0ð Þð Þ ¼ x0; y0; z0; �0; �0; y0ð Þ ð19Þ

ðx� 0ð Þ; y� 0ð Þ; z
�

0ð Þ; �� 0ð Þ; �
�

0ð Þ; y� 0ð ÞÞ ¼ 0; 0; 0; 0; 0; 0ð Þ ð20Þ

determine the control inputs u1(t), u2(t), u3(t), and u4(t) for t 2 [0, tf] to minimize

J ¼ tf ð21Þ

subject to

x tf
� �

; y tf
� �

; z tf
� �

; � tf

� �
; � tf
� �

; y tf
� �� �

¼ ðxf ; yf ; zf ; �f ; �f ; y f Þ ð22Þ

�
x� tf

� �
; y
�

tf
� �

; z
�

tf
� �

; �
�

tf
� �

; �
�

tf
� �

; y� tf

� ��
¼ 0; 0; 0; 0; 0; 0ð Þ ð23Þ

and

ui;min � ui tð Þ � ui;max for t 2 0; tf

� �
; i ¼ 1; 2; � � � ; 4 ð24Þ

where (xf, yf, zf, �f, �f, y f) is the desired final configuration.

It is obvious that Problem 1 is a very difficult problem due to the nature of

the nonlinear and coupled relation of the quad-rotor helicopter system. To

cope with the difficulty, Problem 1 will be formulated and solved in the

discrete-time domain by numerical methods. By extending the concept in [6],

it will be shown how to determine the time-optimal movement of a hovering

quad-rotor helicopter between configurations. The first step is to divide the

interval t2 [0, tf] into N equal time intervals, where N is the number of control

steps [6]. That is

ti � ti�1 ¼ $t ¼ tf
�

N for i ¼ 1; 2; � � �;N ð25Þ
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If the acceleration is assumed to be constant for each sub-interval, and the

drag coefficient in equation (16) is assumed to be neglected, one will obtain

�
�

ið Þ ¼ �� i� 1ð Þ þ ��� i� 1ð Þ I $t

¼ �� 0ð Þ þ
Pi�1

k¼ 0

�
��

kð Þ I $t

¼ �� 0ð Þ þ l
Ix

Pi�1

k¼ 0

u3 kð Þ I $t for i ¼ 1; 2; � � �; N ð26Þ

where �
�

ið Þ and u3(i) denote �
�

i I$tð Þ and u3(iIDt), respectively.

From the above equation, one can find that _��ðNÞ is a function of the initial

angular velocity _��ð0Þ, the input variables u3(0), u3(1),���, u3(N j 1), and the

sampling period Dt. This means that

�
�

Nð Þ ¼ f1ð�
�

0ð Þ; u3; $tÞ ð27Þ

where u3 is defined in Table I.

In a similar way, one also can obtain

�
�

Nð Þ ¼ f2ð�
�

0ð Þ; u2; $tÞ ð28Þ

y
�

Nð Þ ¼ f3ðy� 0ð Þ; u4; $tÞ ð29Þ

� Nð Þ ¼ f4ð� 0ð Þ; �� 0ð Þ; u3; $tÞ ð30Þ

� Nð Þ ¼ f5ð� 0ð Þ; �� 0ð Þ; u2; $tÞ ð31Þ

y Nð Þ ¼ f6ðy 0ð Þ; y
�

0ð Þ; u4; $tÞ ð32Þ

where u2 through u4 are defined in Table I.

The linear velocities and displacements can also be represented as

x
�

Nð Þ ¼ f7ðx� 0ð Þ; � 0ð Þ; � 0ð Þ; y 0ð Þ; �� 0ð Þ; �� 0ð Þ;y� 0ð Þ; u1; u2; u3;u4; $tÞ
ð33Þ
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y
�

Nð Þ ¼ f8ðy
�

0ð Þ; � 0ð Þ; � 0ð Þ; y 0ð Þ; �
�

0ð Þ; �� 0ð Þ; y� 0ð Þ; u1;u2;u3; u4; $tÞ
ð34Þ

z
�

Nð Þ ¼ f9ðz
�

0ð Þ; � 0ð Þ; � 0ð Þ; y 0ð Þ; �
�

0ð Þ; �� 0ð Þ;y� 0ð Þ; u1; u2; u3;u4; $tÞ
ð35Þ

xðNÞ¼ f10ðxð0Þ; x�ð0Þ; �ð0Þ; �ð0Þ; yð0Þ; �
�

0ð Þ; �� 0ð Þ;y� ð0Þ;u1;u2;u3;u4;$tÞ
ð36Þ

yðNÞ¼ f11ðyð0Þ; y�ð0Þ; �ð0Þ; �ð0Þ; yð0Þ; �� 0ð Þ; �� 0ð Þ;y� ð0Þ;u1;u2;u3; u4;$tÞ
ð37Þ

zðNÞ ¼ f12ðzð0Þ; z�ð0Þ; �ð0Þ; �ð0Þ; yð0Þ; �
�

0ð Þ; �� 0ð Þ;y� ð0Þ;u1;u2;u3; u4;$tÞ
ð38Þ

where u1 through u4 are defined in Table I.

With equations (27) through (38), Problem 1 is now turned into a standard

constrained NLP problem as follows:

PROBLEM 2: Given the initial configuration in equations (22) and (23),

determine the values of u1(0), u1(1),���, u1(N j 1), u2(0), u2(1),���, u2(N j 1),

u3(0), u3(1),���, u3(N j 1), u4(0), u4(1),���, u4(N j 1), and Dt to minimize

J ¼ N I$t ð39Þ

subject to

$t > 0 ð40Þ

x Nð Þ; y Nð Þ; z Nð Þ; � Nð Þ; � Nð Þ;y Nð Þð Þ ¼ ðxf ; yf ; zf ; �f ; �f ;y f Þ ð41Þ

ðx� Nð Þ; y� Nð Þ; z� Nð Þ; �� Nð Þ; �
�

Nð Þ;y� Nð ÞÞ ¼ ð0; 0; 0; 0; 0; 0Þ ð42Þ

ui;min � ui jð Þ � ui;max for i ¼ 1; 2; � � �; 4; j ¼ 0; 1; � � �;N � 1 ð43Þ

where (x(N), y(N), z(N), �(N), �(N), y(N)) and
�
x
�

Nð Þ; y� Nð Þ; z� Nð Þ; �� Nð Þ;
�
�

Nð Þ;y� Nð ÞÞ are defined in equations (27) through (38).
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3.2. CHOICE OF CONTROL STEPS AND SAMPLING PERIOD

Although the TOMP problem of a hovering quad-rotor helicopter can be

formulated as shown in Problem 2, there still exist several difficulties to be

solved. One difficulty is the choice of the value of control steps N It is obvious

that a larger value of N will give more freedom for the input variables. However,

this also means more computation burden for Problem 2. For linear system

without constraints on the input variables, it has been shown that the initial

choice of N must be greater than the dimension of state variables [6]. Though no

similar rules can be followed for nonlinear systems, an integer that is large than

the dimension of state variables will be chosen as an initial value of N in this

paper.

Another difficulty is the choice of the sampling period. From the viewpoint of

discretization accuracy, it is obvious that smaller sampling period value will

result in a more accurate model. Therefore, a limitation of the sampling period,

say Dtlimit, should be chosen. If the value of Dt obtained in Problem 2 is greater

than Dtlimit, then a new value of control steps will be chosen according to

Nnew >
N � $t

$tlimit

ð44Þ

4. Initial Feasible Solutions

Most NLP algorithms usually need an initial feasible solution to start the

optimization process. In Problem 2, an initial feasible solution means a set of

u1(0), u1(1),���, u1(N j 1), u2(0), u2(1),���, u2(N j 1), u3(0), u3(1),���, u3(N j 1),

u4(0), u4(1),���, u4(N j 1), and Dt satisfying the constraints in equations (40)

through (43). It is obvious that these solutions are not easy to be found since the

constraints are highly nonlinear and coupled. Therefore, an approach based on

GAs is developed to generate initial feasible solutions.

The theoretical basis of GAs is that chromosomes (solutions) better suited to

the environment (evaluation) will have greater chance of survival and better

chance of producing offspring. The evolutionary process is based primary on the

mutation and crossover operators. The crossover operator combines the features

of two parents to form two offspring. The mutation operator arbitrarily alters one

or more genes of a selected chromosome, which increases the variability of the

population. These two operators can further be divided into static and dynamic,

where static ones do not change over the life of the population while dynamic

ones are functions of time.

In the evolutionary process to generate initial feasible solutions of Problem 2,

genetic operators such as real number encoding, arithmetical crossover and non-

uniform mutation will be implemented. Moreover, dynamic mutation and cross-

over, enlarged sampling space and ranking mechanism will also be used to

expedite the convergence of the evolutionary process.
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4.1. CHROMOSOME REPRESENTATIONS

How to encode a solution of the problem into a chromosome is a key issue for

GAs. In this paper, since the parameters to be determined are all real, real

number encoding technique will be used. Once the real-code chromosomes are

used, the next step is to determine the number of genes in a chromosome. If the

number of control steps is N, then the chromosomes will contains (4N + 1) genes,

which denote u1(0), u1(1),���, u1(N j 1), u2(0), u2(1),���, u2(N j 1), u3(0),

u3(1),���, u3(N j 1), u4(0), u4(1),���, u4(N j 1), and Dt, respectively. For a

chromosome x = [x1, x2,���, x4N+1], one can find that the first 4N genes are with-

in the ranges [ui,min, ui,max] for i = 1, 2,���, 4, and the lower bound of the last gene

is greater than zero.

4.2. CROSSOVER AND MUTATION OPERATIONS [7]

Arithmetical crossover and non-uniform mutation will be introduced in this

section. For two real-coded chromosomes x1 and x2, the operation of arithmetical

crossover is defined as follows:

x01 ¼ l x1 þ 1� lð Þx2 ð45Þ

x02 ¼ l x2 þ 1� lð Þx1 ð46Þ
where l 2 (0, 1).

For a given parent x, if a gene xk of it is selected for mutation, then the

resulting offspring will be randomly selected from one of the following two

choices.

x0k ¼ xk þ xU
k � xk

� �
I r I 1� gen

G

� �b

ð47Þ

x0k ¼ xk � xk � xL
k

� �
I r I 1� gen

G

� �b

ð48Þ

where xk
U and xk

L are the upper and lower bounds of xk; r is a random number

from [0,1]; gen is the generation number; G is the maximal generation number,

and b is a parameter determining the degree of non-uniformity.

In addition to arithmetical crossover and non-uniform mutation, dynamic

crossover and mutation probability rates will also be used for fast convergence.

The crossover and mutation rates are defined as follows:

crossover rate ¼ exp � gen

G

� �
ð49Þ

mutation rate ¼ exp � gen

4G

� �
� 1 ð50Þ
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4.3. ENLARGE SAMPLING SPACE

To generate good offspring, a method for selection of parents will be necessary.

For selection methods that are developed based on regular sampling space, pa-

rents are replaced by their offspring soon after they give birth. In this manner,

some fitter chromosomes will be worse than their parents. To cope with this

problem, the selection method in this paper will be performed in enlarged

sampling space, in which both parents and offspring have the same chance of

competition for survival. Moreover, since more random perturbation is allowed

in enlarged sampling space, high crossover and mutation will be allowed in the

evolutionary process.

4.4. RANKING MECHANISM

In proportional selection procedure, the selection probability of a chromosomes

is proportional to its fitness. This scheme exhibits some undesirable properties

such as a few super chromosomes will dominate the process of selection in

early generations. Moreover, competition among chromosomes will be less

strong and a random search behavior will emerge in later generations. There-

fore, the ranking mechanism is used in this paper to mitigate these problems, in

which the chromosomes are selected proportionally to their ranks rather than

actual evaluation values. This means that the fitness will be an integer number

from 1 to P, where P is the population size. The best chromosomes will have a

fitness value equal to P and the worst one will have a fitness value equal to 1.

5. Problem Solution

The details of the proposed method can be summarized as follows:

Algorithm A (Generating an initial feasible solution)
Step 1: Define the fitness function.

Step 2: Determine the population size, the crossover rate according to equation

(49), and the mutation rate according equation (50).

Step 3: Produce an initial generation in a random way.

Step 4: Evaluate the fitness for each member of generation.

Step 5: With the crossover rate in Step 2, generate offspring according to

equations (45) and (46), in which the ranking mechanism is used for

selection of chromosomes.

Step 6: With mutation rate in Step 2, generate offspring according to Equations

(47) and (48).

Step 7: Select the members of the new generation from the parents in the old

generation and the offspring in Step 5 and Step 6 according to their

fitness values.
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Step 8: Repeat the procedure in Step 5 through Step 7 until the number of

generations reaches a prescribed value.

Algorithm B (Solution of Problem 2)
Step 1: Choose a value of Dtlimit and an integer N.

Step 2: Formulate the TOMP problem as a NLP problem as shown in Problem 2

with the chosen value N.

Step 3: Use Algorithm A to find an initial feasible solution of Problem 2.

Step 4: Use any NLP algorithm to determine the minimum value of Dt in

Problem 2 based on the initial feasible solution obtained in Step 3.

Step 5: If Dt > Dtlimit, then choose a new value of N according to e+quation (44)

and go to Step 2. Otherwise, continue.

Step 6: N I Dt is the minimal traveling time.

6. Simulation Results

In this simulation example, the hovering quad-rotor helicopter will be moved

from the initial configuration

x 0ð Þ; y 0ð Þ; z 0ð Þ; � 0ð Þ; � 0ð Þ; y 0ð Þð Þ ¼ 0:3m; 0:4m; 1:5m; 0; 0; 0ð Þ ð51Þ

ðx� 0ð Þ; y
�

0ð Þ; z
�

0ð Þ; �� 0ð Þ; �
�

0ð Þ; y
�

0ð ÞÞ ¼ 0; 0; 0; 0; 0; 0ð Þ ð52Þ

to the desired final configuration

x Nð Þ; y Nð Þ; z Nð Þ; � Nð Þ; � Nð Þ; y Nð Þð Þ ¼ 0; 0; 0; 0; 0; 0ð Þ ð53Þ

ðx� Nð Þ; y
�

Nð Þ; z
�

Nð Þ; �� Nð Þ; �
�

Nð Þ; y
�

Nð ÞÞ ¼ 0; 0; 0; 0; 0; 0ð Þ ð54Þ

in a time-optimal manner.

For convenience, the dynamical equations used in this example will be the

same as those in [1, 2]. This means that the force to moment ratio C is chosen to

be 1.3. The length between rotors and center of gravity l is chosen to be 21 cm

The inertia matrix elements are calculated with a point mass analysis as Ix =

0.0142 kg m2, Iy = 0.0142 kg m2, and Iz = 0.0071 kg m2. Mass of the helicopter is

chosen to be 0.56 kg Gravity is selected as g = 9.81 m/s2 and maximum thrust is

taken as Fmax = 10 N. Therefore, the inputs are limited to

�10 N � u1 � 40 N ð55Þ

�20 N � u2 � 20 N ð56Þ

�20 N � u3 � 20 N ð57Þ

�20 N � u4 � 20 N ð58Þ
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Figure 2. (a) Plot of x(t) for N = 21. (b) Plot of y(t) for N = 21. (c) Plot of z(t) for N = 21.

(d) Plot of �(t) for N = 21. (e) Plot of �(t) for N = 21. (f) Plot of y(t) for N = 21. (g) The

time-optimal path of the quad-rotor helicopter.
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Figure 2. (Continued).
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Figure 2. (Continued).
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In applying Algorithm A to generate an initial feasible solution, the fitness

function will be defined as

fitness ¼ 1

1þ e2 þ e
�

2
ð59Þ

where

e2 ¼
l

xf � x Nð Þ
� �2 þ yf � y Nð Þ

� �2 þ zf � z Nð Þ
� �2 þ �f � � Nð Þ

� �2

þ �f � � Nð Þ
� �2 þ y f � y Nð Þ

� �2m
ð60Þ

and

e
�2¼

&�
x
�

Nð Þ
�2

þ y� Nð Þ
� �2þ z

�
Nð Þ

� �2þ �
�

Nð Þ
� �2 þ �

�
Nð Þ

� �2 þ y
�

Nð Þ
� �2

’

ð61Þ

In applying GAs, the population size and the maximal generation number are

chosen to be 50 and 100, respectively. During the simulation, the MATLAB

Optimization Toolbox will be used, and the value of Dtlimit and the initial value

of N are chosen to be 0.025 (s) and 11, respectively.

Applying Algorithm B with N = 11, the values of Dt and N I Dt are found to be

0.0459 (s) and 0.5029 (s), respectively. Since Dt > Dtlimit, the value of N will be

updated according to equation (44), and the new value of N is chosen to be 21.

Figure 2. (Continued).
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Figure 3. (a) Plot of u1(t) for N = 21. (b) Plot of u2(t) for N = 21. (c) Plot of u3(t) for

N = 21. (d) Plot of u4(t) for N = 21.
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Figure 3. (Continued).
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Applying Algorithm B with N = 21, the values of Dt and N I Dt are found to be

0.0233 (s) and 0.4893 (s), respectively, and the simulation results are shown in

Figures 2 and 3.

7. Conclusions and Discussion

This paper presented a novel method to solve the TOMP problem of a hovering

quad-rotor helicopter with four variant rotor speeds to change the lift forces. The

first step is to transform the problem into a NLP problem by an iterative

procedure. Then the optimization process is started to find the minimal traveling

time. Different from the methods that utilizing the PMP, the major advantage of

the proposed method is that one does not need to solve a set of highly nonlinear

differential equations.

In solving a NLP problem, an initial feasible solution is usually needed.

Therefore, a GA-based method is also proposed for generation of initial feasible

solutions, in which dynamic mutation and crossover, enlarged sampling space,

and ranking mechanism are used.

In the proposed method, one may ask why the optimal solution cannot be

obtained by applying the GAs directly? From theoretical point of view, this task

is possible to be done. However, in practice, the major difficulty is that the

feasibility of the solution is very easy to be violated during the evolutionary

process. This explains why the time-optimal solution cannot be obtained by

applying the GAs directly.

It can be proved that the solution obtained satisfying the Kuhn–Tucker con-

dition [13], which is a criterion used to check a local minimum. In addition, from

the simulation results in Figure 3, one also can find that at least one of the four

control inputs saturated at any time instant. This means that the solution is in the

form of bang–bang control [11]. If a solution does not satisfy the Kuhn–Tucker

condition or not in the form of bang–bang control, then one can conclude that the

solution is not a global minimum. However, since the solution obtained meets both

criterions simultaneously, it will be hard to determine whether the solution is

globally optimal or not. More effort will be needed if one is interested in this issue.
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