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Abstract In this paper a condition-based maintenance
model is proposed for a single-unit system of production
of goods and services. The system is subject to random
deterioration which impacts not only the product quality
but also the environment. We assume that the environment
degrades whenever a specific level of system deterioration
is reached. The proposed maintenance model aims to assess
the degradation in such a way to reduce the deterioration
of the environment. To control this deterioration, inspec-
tions are performed and after which the system is preven-
tively replaced or left as it is. Preventive replacement occurs
whenever the level of the system degradation reaches a spe-
cific level threshold. The objective is to determine optimal
inspection dates which minimize the average total cost per
unit of time in the infinite horizon. Cost function is com-
posed of inspection and maintenance costs in addition to a
penalty cost due to environmental deterioration. The mainte-
nance optimization model is formally derived. On the basis of
Nelder–Mead method, inspection dates as optimal solutions
are computed. A numerical example is provided to illustrate
the proposed maintenance model.
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Introduction

Currently, companies must meet the standards requirements
for the protection of the environment. Systems of production
of goods and services are the vast majority of most indus-
tries capital. These systems are subject to random deteriora-
tion with respect to both age and usage. Such a deterioration
impacts not only the product quality but also the environment.
In fact, the degradations of industrial systems can have mul-
tiple impacts on the environment. For example, many man-
made gases contribute to the greenhouse effect that warms the
Earth’s surface. The refrigerants used in air conditioners and
in many industrial processes, such as nuclear power plant
and petrochemical platform, are considered as greenhouse
gases. The increasing of the atmospheric concentration of
these gases is likely the most significant cause of the current
global warming. In order to reduce these gases emissions,
many taxes have been added in recent decades everywhere
in the world. In France for example, General Taxes on Pollut-
ing Activities (TGAP) are applied to Classified Installations
for the Protection of the Environment (ICPE) to limit or elim-
inate pollutants. In the United States (US), the use of pollu-
tion prevention activities has been increasing enormously in
the last twenty years. Pollution prevention (P2) program is
considered as one of primary means of pollution reduction
(Bui and Kapon 2012). The P2 program involves reducing
pollution before it is generated (Harrington 2012).

To meet the legislative standards requirements, compa-
nies must develop and implement innovative methods and
strategies allowing to maximize their profit, on one hand,
and to exploit rationally the available material resources, on
the other hand. Such an exploitation should be realized by
taking into account the impacts induced by the degradation of
the industrial systems on the environment. These impacts can
be more and more important especially when dealing with
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transportation systems (avionic, maritime, etc) and nuclear
power plants, to name a few. Indeed, the abnormal exploita-
tion of such systems leads to their degradations which unfor-
tunately impact the environment. For example, in a nuclear
power plant, the most important refrigerant leakages are
induced by the degradation of the mechanical shaft seal of the
refrigeration compressor. The gas leakage becomes exces-
sive whenever its measured value through inspection exceeds
a specified threshold. The excessive leakage of this gas may
considerably impact the environment. In the plastic manufac-
turing industries, raw plastic materials are pellets, powder or
sheet mixtures constituted by the main polymer together with
several additives (e.g., plasticizers, stabilizers, antioxidants,
pigments). The manufacturing processes themselves depend
on both the polymer characteristics and the artifact character-
istics. During the plastic manufacturing, toxic products can
enter the working environment due to the plastic heating.
A complete environmental analysis looking for all the pol-
lutants that can be foreseen is usually carried out to define if
the environment risk level is acceptable or not.

To ensure a rational exploitation and a nominal perfor-
mance of industrial system, on one hand, and to keep high
quality of product and to meet the recent standards require-
ments for the environment protection, on the other hand,
inspection and maintenance activities are usually performed
as solutions to assess the degradation of the system. By reduc-
ing this degradation, the degradation of the environment is
therefore reduced. Indeed, inspection allows to control the
degradation process of the production system and to collect
crucial reliability data. By the analysis of such data, infor-
mation about the level of system degradation can be in fact
obtained. After an inspection, there are two decisions that
have to be made. One decision is to determine what kind
of maintenance to be made, whether the system should be
replaced or repaired to a certain state or whether the system
should be left as it is. The other decision is to determine when
the next inspection should be performed.

The growing importance of maintenance has lead to an
increasing interest in the development and implementation
of maintenance models for deteriorating systems. Different
researches have produced many interesting and significant
results for a huge variations of maintenance models. The
existing models in the literature depend on the assumptions
regarding, for example, the time horizon, the nature of cost
functions, the objective of the models, and so on.

Literature review

In recent decades, maintenance problems have received a
great attention and several works have been developed in
the literature. Early works are those initiated by Barlow
et al. (1963). Barlow et al. (1963) introduced an inspection

policy where the objective is to minimize the average total
cost of inspection activities. An algorithm based on a recur-
rence relation is proposed to calculate the optimal inspection
dates. Several extensions of the work by Barlow et al. (1963)
have been proposed in the literature. In Munford and Sha-
hani (1972), a nearly optimal inspection policy has been sug-
gested and an approximate solution to that of Barlow et al.
(1963) is proposed. The policy developed in Munford and
Shahani (1972) has been exploited in the work by Munford
and Shahani (1973) to solve the same problem while consid-
ering the particular case where the system lifetime is Weibull
distributed. In Munford and Shahani (1973), numerical and
empirical methods are used to solve the problem initially
investigated in Munford and Shahani (1972). On the basis
of the works by Munford and Shahani (1972, 1973), Tadika-
malla (1979) proposed methods to derive the optimal inspec-
tion dates for a system whose lifetime is gamma distributed.

Turco and Parolini (1984) proposed a condition-based
maintenance policy for a system subjected to random fail-
ures. The mathematical cost model developed by Turco and
Parolini (1984) has been applied to a lead oxide production
plant. The mathematical model has been applied in Turco
and Parolini (1984) by examining various inspection poli-
cies in different operative situations, i.e. with different costs
of inspection and maintenance actions and by varying the
delay time to perform preventive maintenance. In Turco and
Parolini (1984), two inspection policies, sequential and peri-
odic, are studied and for each of which optimal inspection
dates are evaluated.

The maintenance model proposed by Turco and Parolini
(1984) has been exploited in the literature. Pellegrin (1992)
extended the work by Turco and Parolini (1984) by consid-
ering durations of inspection and maintenance actions to be
non-negligible. In Pellegrin (1992), the authors considered
two maintenance optimization models, namely a cost model
and a system availability model. In Pellegrin (1992), a graph-
ical method is proposed to calculate the optimal inspection
dates. Chelbi and Aït-Kadi (1999) exploit the maintenance
model in Turco and Parolini (1984) to deal with unrevealed
failures, i.e. failures are detected only by inspections. The
work by Chelbi and Aït-Kadi (1999) considers a penalty cost
due to the inactivity of the system between occurrence and
detection of the failure. Other authors have taken into account
the cost induced by the system inactivity in the maintenance
cost modeling, see for example Bérenguer et al. (1997),
Grall et al. (2002), Yang et al. (2008), Huynh et al. (2011).
Bérenguer et al. (1997) focused on the analytical modeling
of a condition-based maintenance policy for a stochastically
and continuously deteriorating system. In Bérenguer et al.
(1997), the preventive replacement threshold as well as the
inspection date are considered as decision variables. On the
basis of a semi-Markov decision process, the decision vari-
ables are derived in Bérenguer et al. (1997) to minimize the
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long-run average cost induced by inspection and maintenance
actions. Grall et al. (2002) developed a mathematical mainte-
nance cost model for a system subjected to a condition-based
maintenance policy. In Grall et al. (2002), the optimal inspec-
tion schedule as well as the optimal replacement threshold
are derived for the studied system. Yang et al. (2008) devel-
oped a cost model where both production gains and mainte-
nance expenses are considered. In Yang et al. (2008), the cost
induced by the unscheduled maintenance is considered as a
penalty cost. On the basis of Genetic algorithm, an optimiza-
tion procedure is proposed by Yang et al. (2008) to evalu-
ate the most cost-effective maintenance schedule. Recently,
Huynh et al. (2011) introduced a condition-based periodic
inspection/replacement policy of a single-unit system. Math-
ematical cost models are proposed in Huynh et al. (2011),
where the inter-inspection period as well as the preventive
maintenance threshold are derived. Badía et al. (2002) con-
sidered also a single-unit system, whose state is assumed
to be known with some uncertainty. In Badía et al. (2002),
the proposed maintenance policy depends on the nature of
the information gathered from inspection. The objective in
Badía et al. (2002) is to minimize the average total cost per
unit of time induced by costs of inspection and maintenance
actions.

To deal with system availability optimization, Chelbi et al.
(2008) extended the work of Badía et al. (2002). In Chelbi
et al. (2008), numerical solutions have been presented for
Normal and Weibull failure distributions. Sarkar and Sarkar
(2000) studied the availability of a periodically inspected sys-
tem subjected to a perfect repair whose the time is assumed to
be non negligible. In order to determine the inspection period,
Sarkar and Sarkar (2000) expressed the system availabil-
ity function as well as the limiting average availability. The
inspection period has been evaluated in Sarkar and Sarkar
(2000) in the case where the system lifetime distribution is
either gamma or exponential. On the basis of the work by
Sarkar and Sarkar (2000), Cui and Xie (2005) investigated
the availability of periodically inspected system with ran-
dom repair or replacement times. In Cui and Xie (2005), the
proposed models are the same as those of Sarkar and Sarkar
(2000), where the instantaneous availability and the limiting
average availability, together with the steady-state availabil-
ity are derived and studied. Numerical results are then given
in Cui and Xie (2005) and compared to those obtained in
Sarkar and Sarkar (2000). Because of the difficulty to moni-
tor the degrading system continuously, Aït-Kadi and Chelbi
(2010) studied an inspection policy for systems subjected
to shocks with unrevealed failures. In Aït-Kadi and Chelbi
(2010), the inspection strategy suggested aims to reduce the
frequency of the random failures and to increase the system
availability. In Aït-Kadi and Chelbi (2010), a computational
procedure based on cubic spline interpolation has been imple-
mented to determine the inspection sequence.

Recently, many papers deal with systems subjected to
continuous monitoring, i.e. the preventive maintenance is
performed according to the exceeded threshold. For this
reason, the preventive replacement threshold is considered
as the only decision variable in the works by Liao et al.
(2006), Orth et al. (2012), and Tian et al. (2012). Liao et al.
(2006) proposed a condition-based availability limit pol-
icy for continuously degrading and monitoring system. The
maintenance policy investigated in Liao et al. (2006) aims to
achieve the maximum availability value of a system subjected
to imperfect maintenance actions and short-run availability
constraint. Using a search algorithm, the optimum preventive
maintenance threshold is determined in Liao et al. (2006)
for a degrading system modeled by a Gamma process. Tian
et al. (2012) developed a physical programming model to
deal with the multi-objective condition-based maintenance
optimization problem. In Tian et al. (2012), two optimization
objectives are considered, maintenance cost and system relia-
bility. These two objective functions are formulated based on
proportional hazards model (PHM). The PHM has been also
considered as a decision making technique in the work by
Orth et al. (2012). In Orth et al. (2012), different techniques
are discussed for decision making in condition-based mainte-
nance. Joshi et al. (2012) addressed an automated condition-
based maintenance checking system for aircraft system. In
Joshi et al. (2012), the proposed software prototype can be
implemented on any aircraft in order to help maintainers to
detect and manage the condition of aviation system compo-
nents. The proposed software tool offers functional capabili-
ties to implement condition based-maintenance on aircrafts.
It is also able to perform new operations by the same existing
source codes. For more details about inspection and mainte-
nance models, the readers may refer to the review of literature
in Chelbi and Aït-Kadi (2009). More recent review of the lit-
erature on such models is given in the work by Sharma et al.
(2011).

In the present paper, a maintenance optimization model
is proposed to take into account environmental deterioration.
The system considered is a single-unit of production of goods
and services. The system is assumed to be subject to ran-
dom deterioration which impacts the quality of the environ-
ment. It is also assumed that the environmental degradation
begins at the time where the system deterioration reaches a
given level or threshold. The proposed maintenance model
aims to reduce the environmental degradation by assessing
the system deterioration. To control the system degradation,
inspection is performed at a given date. After inspection, the
system is either preventively replaced or left as it is. Pre-
ventive replacement is, however, performed when inspection
reveals that the degradation of the system has reached a given
degradation level from which the environment begins to dete-
riorate. When the system fails, corrective maintenance is per-
formed. Both corrective and preventive maintenance actions
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bring the system to an as good as new system. The objective
is to determine optimal inspection dates which minimize the
average total cost per unit of time in the infinite horizon. Cost
function is composed of inspection and maintenance costs in
addition to a penalty cost due to environmental deterioration.
The maintenance optimization model is formally derived. On
the basis of Nelder–Mead method, inspection dates as opti-
mal solutions are computed. A numerical example is pro-
vided to show the applicability of the proposed maintenance
optimization model.

The rest of this paper is organized as follows. Some nota-
tions and assumptions are given in the next section. The math-
ematical model is given in fourth section, where proofs of
some propositions are given in the “Appendix A”. In next
section, the Nelder–Mead method is proposed as an opti-
mization method. In sixth section, a numerical example is
investigated to illustrate the proposed maintenance policy.
The results obtained are analyzed and discussed. Conclu-
sions and perspectives are drawn in final section.

Notations and assumptions

In this work, the production system considered is subjected
to random failures and assumed to be in one of two possi-
ble functioning states, an operational state or a failed state.
Because of its degradation, the system functioning may
have an impact on the environment, i.e. the environment is
assumed to degrade by the degradation of the production sys-
tem. This impact becomes more and more significant when-
ever the degradation level of the production system exceeds a
given threshold value. Preventive maintenance action is then
scheduled whenever inspection reveals that the degradation
level of the system exceeds a specified value. Figure 1 gives
an example of system degradation versus time. Figure 1 gives
also an example of inspection and maintenance scenario. In
this figure, inspection dates are denoted by θi . Accordingly,
the system degradation is reached at the 4th inspection date
after which preventive maintenance is then scheduled.

To develop the proposed inspection and maintenance
model, the following notations are used in the rest of the
present paper. Some of these notations are reported in Fig. 1.

Cc Expected cost of corrective maintenance.
Cd Expected cost per time unit of environmental degra-
dation, i.e. a penalty cost.
Ci Expected cost of inspection.
C p Expected cost of preventive maintenance.
Ct Random total cost.
T Continuous non-negative random time to exceed the
threshold level of system degradation.

τ Realization of T on the time axis, from the beginning
of the cycle.
f Pdf of T .
X Continuous non-negative random time elapsed from
instant τ to failure occurrence (lifetime of the system
from the instant where the degradation level is reached).
x Realization of X .
g, G Pdf and cdf of X , respectively.
N Random number of performed inspections.
Θ Vector of inspection dates θi , (i =1,2,3, …).
H Delay time to perform preventive maintenance, from
inspection date at which the exceed of alarm threshold is
detected (as shown in Fig. 1).
Td Continuous non-negative random time of environ-
mental degradation.
Tc Random cycle time. A cycle ends either with a cor-
rective maintenance or a preventive maintenance.
Pc Probability that the cycle ends with a corrective
maintenance.
Pp Probability that the cycle ends with a preventive
maintenance.

The present work is based on the following assumptions:

1. The degradation of the system induces the degradation
of the environment.

2. After each inspection, only two kind of actions are pos-
sible: do nothing, or replace the system preventively.

3. Preventive maintenance action is planned after a delay
time H from the inspection date at which the system
degradation level is detected (see Fig. 1). Any possible
inspection within this interval is canceled. For example,
in Fig. 1, inspection performed at time θ4 reveals that the
system degradation level exceeds the threshold. There-
fore, inspections are canceled during the time interval
[θ4, θ4 + H ].

4. The system may fail only when its degradation level
exceeds a given value, i.e. time to failure of the system is
conditioned on the level of its degradation. Such a fail-
ure is assumed to be known without inspection (case of
revealed failures).

5. Whenever the system fails, a corrective maintenance is
immediately performed.

6. Both corrective and preventive maintenance actions are
assumed to be perfect. After such actions, the system
becomes as good as new.

7. Inspection actions are assumed to be perfect, i.e. it is
assumed that inspection reveals the true degradation level
of the system without error.

8. Durations of inspection, corrective maintenance, and pre-
ventive maintenance are assumed to be negligible.

123



J Intell Manuf (2014) 25:727–737 731

Fig. 1 Scheduling of
preventive maintenance

9. Costs Cc, Cd , Ci , and C p, together with duration H as
well as pdfs f and g are assumed to be known.

The mathematical model

The maintenance policy proposed in the present paper
aims to reduce the excessive environmental degradation
through preventive maintenance actions. Based on inspec-
tion activities, the preventive maintenance action is planned
whenever the measured level of environmental degrada-
tion exceeds the specified threshold value. The correc-
tive maintenance action is however performed when the
system fails. The operating cycle of the production sys-
tem is considered to be the interval between two con-
secutive maintenances either a corrective or a preventive
one. In order to determine the optimal vector of inspec-
tion dates, the average total cost per time unit is consid-
ered as the objective function. Dealing with an infinite time
horizon, such a function can be expressed as the ratio of
the average total cost E(Ct ) and the average cycle time
E(Tc):

J (Θ) = E(Ct )

E(Tc)
. (1)

The following formula gives the average total cost E(Ct ):

E(Ct ) = Cc Pc + C p Pp + Ci E(N ) + Cd E(Td), (2)

where E(N ) is the average number of inspections in a cycle,
while E(Td) is the average time of excessive environmental
degradation in a cycle.

At the end of an operating cycle of the production system,
the average cost of a corrective maintenance is Cc Pc, while

that of a preventive maintenance is C p Pp. During an oper-
ating cycle, the production system is subjected to a random
number N of inspections whose the average cost induced is
given as Ci E(N ). The last term in Eq. (2) corresponds to
the average penalty cost due to the degradation of the envi-
ronment. Such a degradation is assumed to be induced by the
functioning of the system in a degraded state.

To derive the explicit formula of the average total cost
E(Ct ), some propositions are needed. The first one allows to
determine the probability Pc that a corrective maintenance is
performed on the production system at the end of an operating
cycle.

Proposition 1 The probability Pc that the cycle ends with a
corrective maintenance is given by:

Pc =
∞∑

i=1

θi∫

θi−1

G(θi + H − τ) f (τ )dτ. (3)

Proof Let us assume that θi−1 < T ≤ θi . The probability
Pc that the cycle ends with a corrective maintenance is then:

Pc =
∞∑

i=1

Pr {T + X ≤ θi + H} ,

where

Pr {T + X ≤ θi + H}

=
θi∫

θi−1

Pr
{

X ≤ θi+H−τ
∣∣
τ<T ≤τ+dτ

}
Pr {τ<T ≤τ+dτ } .

Since random variable X is assumed to be the residual life-
time of the production system after exceeding the alarm
threshold, then:
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Pr
{

X ≤ θi + H − τ
∣∣
τ<T≤τ+dτ

} =
θi +H−τ∫

0

g(x)dx

= G(θi + H − τ).

This ends the proof.

From the result of the above proposition, it follows that
the probability Pp that the production system undergoes a
preventive maintenance is obviously obtained as:

Pp = 1 − Pc. (4)

Proposition 2 The average number E(N ) of inspections
during an operating cycle is:

E(N ) =
∞∑

i=1

i

⎛

⎜⎝
θi+1∫

0

G(θi+1 − τ) f (τ )dτ −
θi∫

0

G(θi − τ) f (τ )dτ

⎞

⎟⎠ . (5)

Proof See “Appendix A.1”.

The following proposition gives the average time E(Td)

of excessive environmental degradation. Let us recall that
such a time is measured from the instant τ until the end of
an operating cycle.

Proposition 3 The average time E(Td) of excessive environ-
mental degradation in a cycle is given by:

E(Td) =
∞∑

i=1

θi∫

θi−1

⎛

⎝
θi +H−τ∫

0

[1 − G(x)] dx

⎞

⎠ f (τ )dτ. (6)

Proof See “Appendix A.2”.

The numerator of the objective function, given by Eq. (1),
can be easily derived from Eqs. (2)–(6). The following propo-
sition gives the average cycle time E(Tc).

Proposition 4 The average cycle time E(Tc) is:

E(Tc) =
∞∑

i=1

θi∫

θi−1
⎛

⎝τ +
θi +H−τ∫

0

[1 − G(x)] dx

⎞

⎠ f (τ )dτ. (7)

Proof See “Appendix A.3”.

From Eqs. (2)–(7), the mathematical model corresponding
to the maintenance optimization problem studied (Eq. 1) can
be easily rewritten. The objective in what follows is then to
find the optimal dates to perform inspections. The following
section presents the optimization method adopted to obtain
optimal inspection dates.

Optimization method

The optimization problem given by Eq. (1) is a nonlinear mul-
tidimensional problem whose closed form of the analytical
solution is difficult to obtain. To solve this problem, an algo-
rithm is proposed on the basis of the Nelder–Mead optimiza-
tion method (Nelder and Mead 1965). This method is the
most popular direct search method for obtaining the opti-
mum solution of especially unconstrained nonlinear func-
tions. This method is based on a local search algorithm
which has been widely exploited to solve nonlinear opti-
mization problems. The Nelder–Mead method consists to
solve an optimization problem by using the value of the
objective function instead of calculating objective function
derivatives. In the literature, this method is well known to be
robust, easy to implement, and uses low memory. It is also
demonstrated that Nelder–Mead method offers short time
computation. Indeed, as pointed out in Price et al. (2002),
the Nelder–Mead optimization method has been extensively
exploited as a solution technique in different fields such as
statistics, engineering, as well as physical and medical sci-
ences. More specifically, the Nelder–Mead method has been
exploited to solve optimization problems from maintenance
engineering field. Li and Pham (2005), for example, pro-
posed an algorithm on the basis of Nelder–Mead method to
solve a nonlinear optimization problem while dealing with
inspection and maintenance of systems subjected to multi-
ple sources of degradation. Inspection sequences and pre-
ventive maintenance thresholds for degradation processes
are derived in Li and Pham (2005) to calculate the opti-
mum policy minimizing the average long-run maintenance
cost rate. More recently, the Nelder–Mead method has been
used in Roux et al. (2010) to solve an integrated produc-
tion and maintenance optimization problem. The Nelder–
Mead method consists firstly on initializing a simplex of
n + 1 vertices, where n is the dimension of the solution vec-
tor. For example, a two-dimensional simplex is a triangle
(Θ1 = (θ11, θ12),Θ2 = (θ21, θ22),Θ3 = (θ31, θ32)). The
first initial simplex has to be non-degenerate, i.e. the gen-
erated vertices (Θ1,Θ2,Θ3, . . . , Θn+1) must not lie in the
same hyperplane. The objective is to modify, step by step,
the initial simplex so that the resulting simplices converge
toward the minimum. The objective function is then eval-
uated at each vertex and the n + 1 vertices are ordered to
satisfy:

J (Θl) < . . . < J (Θnh) < J (Θh), (8)

where J (Θl) is the best evaluation of the objective function
J (Θ), while J (Θh) corresponds to the worst evaluation of
J (Θ). The centroid of the best n vertices (Θl , . . . , Θnh) is
then computed :
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Θ̄ = 1

n

n∑

k=1

Θk . (9)

The centroid Θ̄ is then used to generate a new vertex for
the simplex through operations of reflection, expansion, or
contraction. The reflected vertex ΘR is given by:

ΘR = Θ̄ + (Θ̄ − Θh), (10)

while the expanded vertex ΘE is given by:

ΘE = Θ̄ + 2(Θ̄ − Θh). (11)

The contracted vertex ΘC can be written as:

ΘC = Θ̄ ± 1

2
(Θ̄ − Θh). (12)

If the new vertex is better than the worst one, it replaces the
worst vertexΘh to form a new simplex. If all obtained vertices
through operations (reflection, expansion, and contraction)
are not better than the worst vertex, a shrink step is performed
by generating a new simplex. The n generated vertices by the
shrink step can be written as:

Y j = Θl + Θ j

2
, j = 2, 3, . . . , n + 1. (13)

The stopping condition of the algorithm depends on the dif-
ference in value of the objective function between the best
and the worst vertices. For more details about Nelder–Mead
algorithm, the reader may refer to the works by Nelder and
Mead (1965) and Lagarias et al. (1998).

Dealing with the present maintenance optimization prob-
lem (Eq. 1), the solution is provided by an algorithm based
on the Nelder–Mead method. Figure 2 gives the flowchart
of the proposed algorithm. According to this figure, the first
step is an initialization step where input data are provided.
The second step consists to calculate solutions of the main-
tenance optimization problem. The number of inspection to
be performed is a random variable denoted by N and whose
realization is denoted by n. The solution of the optimization
problem is a vector Θ whose dimension is n. To compute
the optimal solution for each n (n = 1, 2, 3, . . .), the vec-
tor Θ∗ is computed by using the Nelder–Mead method. The
proposed algorithm stops when the maximum number of iter-
ations occurs.

Numerical example

A numerical example is investigated to illustrate the pro-
posed inspection and maintenance model. A closed-form of
the analytical solution of the nonlinear optimization problem
given by Eq. (1) is difficult to obtain. Therefore, in order
to determine inspection dates, an algorithm based on the
Nelder–Mead method is proposed as a solution technique.

Fig. 2 Flowchart of the numerical procedure

It is assumed that costs of inspection Ci , corrective mainte-
nance Cc, preventive maintenance C p, and penalty cost Cd

of environmental degradation are well estimated and known.
Furthermore, probability distributions of system degradation
and time to failure are assumed to be known. The delay time
H to perform preventive maintenance is also given. In the
present numerical example, these input parameters are set
according to what follows.

The probability density functions f and g correspond,
respectively, to random variables T and X . Both variables
are assumed to be Weibull distributed. The pdf f of the ran-
dom time T to exceed the threshold level of environmental
degradation is given by:

f (τ ) =
(

β f

α f

) (
τ

α f

)β f −1

e
−

(
τ

α f

)β f

,

where the scale parameter is α f = 1164.1 and the shape
parameter is β f = 8.7.
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Table 1 Influence of the cost per time unit Cd of excessive environ-
mental degradation on decision variables in the case where H = 0

Cd Θ∗
(

E(Ct )
E(Tc)

)∗
δ (%)

0 1182.7, 1325.4, 1471.4 4.62 7.51

10 1119.0, 1244.9, 1355.4, 5.31 6.43

1475.3, 1623.0

20 1078.5, 1193.5, 1292.2, 5.92 5.72

1391.5, 1518.8

30 1046.7, 1153.9, 1241.4, 6.46 5.09

1325.3, 1415.4, 1528.2

40 1050.2, 1171.3, 1259.7, 7.03 5.33

1356.3, 1412.7, 1473.8

50 1030.3, 1128.2, 1206.4, 7.44 4.77

1282.4, 1384.2, 1492.9

The pdf g of the random time X elapsed from instant τ to
a failure occurrence is given by:

g(x) =
(

βg

αg

)(
x

αg

)βg−1

e
−

(
x

αg

)βg

,

where the scale parameter is αg = 144.2 and the shape para-
meter is βg = 3.6.

The costs of corrective, preventive maintenance and
inspection actions are respectively set to Cc = 6180, C p =
4170, and Ci = 492. The cost of excessive environmental
degradation Cd as well as duration H will be considered as
sensitivity parameters, and some experiments will be con-
ducted while varying parameters Cd and H . In the rest of
this paper, we denote by δ the ratio δ = E(Td )

E(Tc)
, i.e. the rate

of excessive environmental degradation in a cycle. Solutions
of the following experiments are obtained from the algorithm
drawn in Fig. 2.

Experiment 1: impact of Cd on
(

E(Ct )
E(Tc)

)∗
and δ

This experiment investigates the case where duration H is set
to 0, i.e. preventive maintenance action is not delayed. The
cost per time unit Cd of excessive environmental degradation
is made variable. For different values of Cd , Table 1 gives
the optimal vector Θ∗ of inspection dates. For each value
of the optimal vector Θ∗, Table 1 gives also the optimal

average total cost per time unit
(

E(Ct )
E(Tc)

)∗
and δ. From this

table, the particular case where the cost Cd is fixed to the null
value corresponds to the case where penalty cost, induced by
the excessive environmental degradation, is not taken into
account. In this case, the optimal average total cost per time
unit induced by both maintenance and inspection actions is
4.62.

Fig. 3 Influence of the cost per time unit Cd on
(

E(Ct )
E(Tc)

)∗

Fig. 4 Influence of the cost per time unit Cd on the ratio δ

The optimal average total cost per time unit versus the cost
Cd is depicted in Fig. 3, while Fig. 4 depicts the ratio δ versus
Cd . From these figures, it is shown, as one may expect, that
the optimal average total cost per time unit increases by the
increasing of penalty cost Cd . However, the ratio δ decreases
by increasing cost Cd , i.e. degradation of the environment is
reduced.

Experiment 2: impact of H on
(

E(Ct )
E(Tc)

)∗
and δ

In the present experiment, the cost Cd is set to 30, while
several values are assigned to duration H which represents
the delay time to perform preventive maintenance. For these
values, Table 2 gives the optimal vector Θ∗ of inspection

dates. For each vector Θ∗, Table 2 gives also
(

E(Ct )
E(Tc)

)∗
and

δ. From this table, the particular case where the duration H
is fixed to the null value corresponds to the case where the
ratio δ is minimal. In this case, the optimal average total cost
per time unit is found to be 6.46.

The optimal average total cost per time unit versus the
duration H is depicted in Fig. 5, while Fig. 6 depicts the
ratio δ versus H . From these figures, it is shown that both
the optimal average total cost per time unit and the ratio δ
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Table 2 Influence of duration H on decision variables in the case where
Cd = 30

H Θ∗
(

E(Ct )
E(Tc)

)∗
δ (%)

0 1046.7, 1153.9, 1241.4, 6.46 5.09

1325.3, 1415.4, 1528.2

10 1056.4, 1159.7, 1246.9, 6.67 5.82

1331.0, 1423.6, 1548.4

20 1073.8, 1199.5, 1288.2, 6.95 6.85

1379.2, 1417.6, 1474.5

30 1073.8, 1199.5, 1288.2, 7.17 7.40

1379.2, 1417.6, 1474.5

40 1132.2, 1240.5, 1327.3, 7.36 8.17

1392.9, 1483.8

50 1109.5, 1201.8, 1284.4, 7.52 8.33

1370.3, 1487.0

Fig. 5 Influence of duration H on
(

E(Ct )
E(Tc)

)∗

Fig. 6 Influence of duration H on the ratio δ

increase by increasing duration H , i.e. degradation of the
environment as well as the total maintenance and inspec-
tion cost are augmented. This result suggests that preven-
tive maintenance action should be performed as soon as
possible.

Conclusion

This paper addressed condition-based maintenance for sys-
tems of production of goods and services. The proposed
approach allows to take into account the environmental
degradation. It is assumed that such a degradation is caused
by the random degradation of the production system. In this
work, the proposed maintenance model could be considered
as decision support tool whose objective is to help compa-
nies, on one hand, to exploit rationally and ensure nom-
inal performance of their production systems and, on the
other hand, to keep hight quality of product and also to take
into account standards requirements for the environmental
protection. The proposed maintenance optimization model
allows to determine inspection dates which minimize the
average total cost per unit of time. To take into account the
environmental degradation, the cost function is composed of
a penalty cost in addition to costs of inspection and mainte-
nance actions. The evaluation of optimal inspection dates is
provided by an algorithm based on the Nelder–Mead simplex
method.

As a future work, we are currently working on a relaxation
of some assumptions. A straightforward relaxation consists
to take into account for duration time of inspection and both
corrective and preventive maintenance times. This relaxation
allows to deal, for example, with maximization of stationary
availability. Other future works can deal with the develop-
ment of other optimization method by using metaheuristcs
(for example, Genetic algorithm, Tabou search, to name a
few) or simulation methods. The results obtained should then
be analyzed and compared. Future research interests consist
also to consider industrial production systems as well as real
data.

A Appendix

A.1 Proof of Proposition 2

Let us recall that inspections are carried out until the degra-
dation level exceeds the given level L . It follows that the
number N of inspections during a cycle is a geometric ran-
dom variable whose expectation is such that:

E(N ) =
∞∑

i=1

i Pr {N = i} ,

where Pr {N = i} is the probability of performing exactly i
inspection actions during a cycle. To calculate such a proba-
bility, let us note that:

Pr {N < i + 1} = Pr {N < i} + Pr {N = i} ,
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which implies that:

Pr {N = i} = Pr {N < i + 1} − Pr {N < i} .

The event ′′N < i ′′ is equivalent to the fact that the cycle ends
with a corrective maintenance, i.e. the production system fails
before the i th inspection date θi . Under the assumption that
the production system fails only after exceeding the threshold
level of environmental degradation, the event ′′N < i ′′ is
equivalent to ′′T + X < θ ′′

i . Consequently, for all i we have:

Pr {N < i} = Pr {T + X ≤ θi } .

Since random variable X is assumed to be the residual life-
time of the production system after exceeding the alarm
threshold, it follows that:

Pr {T + X ≤ θi } =
θi∫

0

G(θi − τ) f (τ )dτ.

As a result, we have:

Pr {N = i} =
θi+1∫

0

G(θi+1 − τ) f (τ )dτ

−
θi∫

0

G(θi − τ) f (τ )dτ.

This ends the proof.

A.2 Proof of Proposition 3

Let us assume that the degradation level exceeds the threshold
value L at T = τ , and θi−1 < T ≤ θi . It follows that duration
Td of excessive environmental degradation in a cycle could
be written as:

Td =
{

X i f X ≤ θi + H − τ

θi + H − τ otherwise

In other words, Td = min(X, θi + H − τ). The average time
E(Td) of excessive environmental degradation in a cycle can
be expressed as:

E(Td) =
∞∑

i=1

θi∫

θi−1

E
(
Td

∣∣
τ<T ≤τ+dτ

)
f (τ )dτ

=
∞∑

i=1

θi∫

θi−1

E
(
min(X, θi + H − τ)

∣∣
τ<T ≤τ+dτ

)
f (τ )dτ

=
∞∑

i=1

θi∫

θi−1

⎛

⎝
θi +H−τ∫

0

[1 − G(x)] dx

⎞

⎠ f (τ )dτ

This ends the proof.

A.3 Proof of Proposition 4

To prove Proposition 4, let us note that the cycle time repre-
sented by the random variable Tc can be written as:

Tc = T + Td .

It follows that the average cycle time E(Tc) is:

E(Tc) = E(T ) + E(Td).

By exploiting the result of Proposition 3, the average cycle
time E(Tc) can be written as:

E(Tc) =
∞∑

i=1

θi∫

θi−1

τ f (τ )dτ

+
∞∑

i=1

θi∫

θi−1

⎛

⎝
θi +H−τ∫

0

[1 − G(x)] dx

⎞

⎠ f (τ )dτ

=
∞∑

i=1

θi∫

θi−1

⎛

⎝τ +
θi +H−τ∫

0

[1 − G(x)] dx

⎞

⎠ f (τ )dτ.

This ends the proof.
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