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Abstract Reversible logic design is a well-known para-
digm in digital computation. In this paper, quantum-dot
cellular automata (QCA) is investigated for testable
implementations of reversible logic in array systems.
Testability of 1D arrays consisting of reversible QCA
gates is investigated for multiple faulty modules. It has
been shown that fault masking is possible in the pres-
ence of multiple faults without additional lines for con-
trollability and observability. A technique for achieving
C-testability of a 1D array is introduced by adding lines
for observability. By adding lines for controllability, as
well as observability, the array may be fully tested with
a smaller number of test patterns. Different cases of
arrays made of QCA reversible gates are presented
to illustrate the applicability of the proposed testing
method.
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1 Introduction

Nanotechnology has been the focus of extensive re-
search in recent years. Various novel computing sys-
tems have been proposed to supersede the projected
limitations of CMOS at the end of the roadmap [4].
One of the most pressing hurdles in the development
of innovative computation paradigms and systems is en-
ergy dissipation [8]. Landauer [7] pursued the relation
between energy dissipation and computing at logic level
and found the thermodynamic limit of computation.
Reversible computing has then be proposed to avoid
this limit. Reversible computation is accomplished at
logic level by establishing a one-to-one onto mapping
between the input and output states of the circuit
[2]. This bijective property was initially investigated by
Landauer who proved that the lower bound of heat
dissipation for every bit of information lost in comput-
ing is kTln2 joules, where k is Boltzmann’s constant
and T is the temperature. Moreover, dissipation can be
avoided if computation is carried out without losing any
information [2]. Due to the bijective property, testing
of reversible logic is also generally simpler than con-
ventional irreversible logic [11]. Reversible logic gates
are information lossless, i.e. the information output of a
reversible circuit is maximized. Therefore according to
[1], the probability of fault detection is maximized too.
Reversible logic is inherently easier to test because the
one-to-one onto property improves the controllability
as well as the observability of the circuit [11].
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An extensive literature exists on reversible com-
puting [2, 13] and different gates as primitives for
reversible logic computation have been proposed. In
most cases, an elegant mathematical analysis of these
gates has been provided as a characterization by which
reversible computing (mostly at logic level) can be ac-
complished independently of the technology employed.
However, little work has been reported on the capa-
bilities of emerging technologies to perform reversible
computation.

Quantum-dot cellular automata (QCA) is a promis-
ing emerging technology that relies on novel design
concepts [9]. A QCA cell and four basic QCA logic
devices are shown in Fig. 1. A QCA cell consists of
four charge containers (denoted by dots) located at the
corners of a square. Two extra mobile electrons can
move in the cell by tunneling between dots. Due to
Coulombic repulsion, the cell is a bi-state device with
the two states shown in Fig. 1a. QCA operates by the
Coulombic interaction that connects the state of one
cell to the state of its neighbors. Placement of QCA
cells according to a specific pattern can correlate the
ground state of the system to a logic function (mapping
from the states of the input QCA cells to the states of
the output QCA cells). The basic logic devices for QCA
are the majority voter (MV) and inverter (INV). Binary
wires and inverter chains are used as interconnects for
QCA circuits.

Clocking is used to modulate the inter-dot tunneling
barrier of QCA cells. Using an induced electric field
mechanism for clocking, true power gain is possible.
A four-phase clocking scheme for QCA also known
as Landauer clocking has been proposed in [8]. As
shown in Fig. 2, the four phases are RELAX, SWITCH,
LOCK and RELEASE. During the RELAX phase,
there is no inter-dot barrier and a cell remains un-
polarized. During the SWITCH phase, the inter-dot
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Fig. 2 Four-phased Landauer clocking

barrier is slowly raised and a cell attains a definitive
polarity under the influence of its neighbors. In the
LOCK phase, barriers are high and a cell retains its
polarity. Finally in the RELEASE phase, barriers are
lowered and a cell loses its polarity. The clock signals
are commonly supplied by CMOS wires buried un-
der the QCA circuitry. A QCA circuit is partitioned
into a number of clocking zones and all cells in the
same zone are controlled by a common clock signal.
Clocking zones of a QCA circuit are arranged in this
periodic fashion, such that zones in the LOCK phase
are followed by zones in the SWITCH, RELEASE and
RELAX phases.

Recent developments in manufacturing have shown
that the molecular implementation of QCA devices
and circuits is a promising technology for QCA fabri-
cation [6]. Unlike conventional logic circuits in which
information is transferred by electrical current, QCA
operates by the Coulombic interaction that connects
the state of one cell to the state of its neighbors. There-
fore, QCA has very low power consumption. It has
been deemed as a promising technology for building
reversible systems. A novel clocking scheme referred
to as Bennett clocking, has been proposed for QCA
in [8]. Bennett clocking can potentially offer a practical
realization of reversible computing. It has been shown
by direct calculation that with Bennett clocking, energy
dissipation per switching event is much less than kTln2
for QCA circuits containing MV and fan-out [8].

Although it is possible in theory to design a
system with a virtually zero energy dissipation by
Bennett clocking, the main focus of this paper is to
analyze the testability advantage of logically reversible
QCA systems. In this paper, reversible circuits that
are amenable to efficient testing due to their bijective
property, are investigated under multiple faults. The
one-to-one onto mapping of reversible logic improves
both controllability and observability of a circuit. As
applicable to molecular QCA implementations, array
structures of basic units (referred to as modules) made
of reversible gates are analyzed. Testing and constant
testability (C-testability) have been extensively studied
for VLSI Iterative Logic Array (ILA) [5, 15]. ILAs
built with reversible logic gates have been studied in [3]
by considering the testing benefits from the reversible
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logic function. In our work the testability of a one
dimensional (1D) array of reversible QCA array is
investigated, with the assumption of multiple faulty
modules.

2 Preliminaries

The QCA gates used in this paper contain MV, INV,
fanout and fixed polarization cells. These gates are
therefore not strictly “reversible”. However, the focus
of this paper is not on designing a system with zero
energy dissipation, but rather exploring the testability
advantage of logically reversible array systems and the
one-to-one onto mapping in logic design. In this paper,
reversible logic gates are defined by their bijective
property between inputs and outputs.

For molecular QCA, manufacturing defects can oc-
cur in both the chemical synthesis phase (in which the
QCA cells are manufactured) and the deposition phase
(in which the QCA cells are attached to a substrate).
Defects are more likely to occur in the deposition phase
than in the chemical synthesis phase, which result in
perfectly manufactured cells being imperfectly placed
in the substrate. As a result, two types of defects are
considered, namely the missing cell defect and the ad-
ditional cell defect. The former represents the case in
which a cell fails to attach to the substrate, while the lat-
ter represents the case of an unwanted cell deposition.
Thus, the single missing/additional cell defect is used
as applicable defect model in our research. The fault
characterization of QCA gates is based on this model.

The following conditions, notations and assumptions
are valid hereafter as well as in previous work [10].

1. As applicable to molecular implementations, miss-
ing/additional QCA cell defects are considered in
a gate. Only defects in the active devices (MV and
INV) are considered since for interconnect results
under this defect model have been reported in a
previous manuscript [12]. A single QCA cell defect
per gate is assumed.

2. The basic function of a reversible logic gate is a
one-to-one onto mapping of input to output pat-
terns. Let ai represent the 3 bit pattern whose
decimal value is i, e.g. a0 = 000, a5 = 101. Then,
a reversible logic gate can be represented by a
set of input-to-output mappings ai → a j. Different
defects can result in different faulty input-to-output
mapping functions. Hereafter, we use the fault pat-
tern FPi to denote the ith faulty mapping set from
inputs to outputs. It is evident that the number
of distinct output patterns from a gate can not be

greater than the number of distinct input patterns
applied to that gate.

3. Simulation is performed using QCADesigner v1.4
coherence vector engine [14]. All cells used in the
simulations have size of 10nm × 10nm, dot size of
2.5nm and cell to cell distance of 2.5nm.

4. Four phase clocking for adiabatic switching i(as
described in Section 1) is assumed.

2.1 Reversible Gates in QCA

The QCA implementation of four reversible gates has
been proposed in [10]. All four gates have three in-
puts and three outputs. These reversible gates have
been characterized in the presence of a single miss-
ing/additional cell defect [10]. The simulator QCADe-
signer has been used to perform an exhaustive test
(the test set consists of all 8 input test patterns) for
defect characterization. Simulation has been conducted
for each possible single missing/additional cell condition
in each gate. The simulated output is compared with
the fault-free output and different faulty patterns are
recorded and categorized. The fault characterization
method and results have been reported in [10] and
will be used in this paper as basis for analyzing the
C-testability of QCA reversible arrays.

– The Fredkin Gate [13] is one of the most studied re-
versible gate with 3 inputs and 3 outputs. It has the
following three output functions (where u′ denotes
the complement of u):
⎧
⎨

⎩

v = u
y1 = u′x2 + ux1
y2 = u′x1 + ux2

The QCA implementation of the Fredkin gate is
shown in Fig. 3.
There are 14 fault patterns observed in the Fredkin
Gate when one missing/additional cell defect is con-
sidered. The fault-free output pattern as well as the
14 faulty patterns are shown in Table 1. A minimal
test set with cardinality of 3 has been established
for the Fredkin gate [10] that detects a gate for
all above test patterns. The test set is < a1, a2, a7 >

(< 001, 010, 111 >).
– The Toffoli Gate [13] has the output functions

⎧
⎨

⎩

y1 = x1x2′ + x1x3′ + x1′x2x3
y2 = x2
y3 = x3

The layout of the QCA implementation of the
Toffoli gate is shown in Fig. 4.
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Fig. 3 QCA layout of the Fredkin gate

Under single missing/additional cell defect assump-
tion, the QCA implementation of Toffoli Gate has
13 possible fault patterns as shown in Table 2. The

test set a3,a4,a7 (< 011, 100, 111 >) can detect all
fault patterns.

– The QCA1 gate has been proposed in [10]. It is
defined by the output functions:

⎧
⎨

⎩

y1 = MV(x1, x2, x3)

y2 = MV(x1, x2, x3′)
y3 = MV(x1′, x2, x3)

Figure 5 gives the layout of the QCA1 gate.
For QCA1, there are 7 different fault patterns
(shown in Table 3) that can be caused by a single
missing/additional cell defect. The test set that
covers all these fault patterns consists of three
vectors:< a1, a3, a5 > (< 001, 011, 101 >)

– The QCA2 gate is another reversible gate proposed
in [10]. It is defined by the output functions

⎧
⎨

⎩

y1 = MV(x1, x2, x3)

y2 = MV(x1, x2, x3′)
y3 = MV(x1′, x2, x3′)

The gate can be implemented using the layout given
in Fig. 6.
QCA2 also has 7 possible fault patterns as given
in Table 4. The test detecting all fault patterns has
three vectors: < a0, a2, a4 > (< 000, 010, 100 >).

2.2 Testability of a 1D Array

The 1D array studied in this paper is an Iterative Logic
Array (ILA), i.e., the array is made of N identical mod-
ules and identical interconnections between modules.
The module in the array is one of the aforementioned
reversible gates. A single fault array means there is at
most one faulty module in the array, while a multiple
fault array refers to the scenario in which any number of
modules in the array can be faulty. C-testability refers

Table 1 Fault patterns of the Fredkin gate

Input Fault FP

vector free 1 2 3 4 5 6 7 8 9 10 11 12 13 14

a0 a0 a0 a1 a1 a0 a1 a0 a1 a2 a2 a0 a0 a2 a2 a0
a1 a2 a3 a3 a3 a2 a3 a3 a3 a2 a2 a3 a2 a2 a0 a2
a2 a1 a1 a1 a1 a1 a1 a1 a0 a3 a3 a1 a1 a3 a3 a3
a3 a3 a3 a3 a3 a3 a3 a3 a2 a3 a3 a3 a3 a3 a1 a3
a4 a4 a4 a5 a4 a4 a5 a4 a4 a4 a6 a4 a4 a6 a4 a4

a5 a5 a5 a5 a5 a4 a4 a4 a5 a5 a7 a5 a5 a7 a5 a5
a6 a6 a6 a7 a6 a6 a7 a6 a6 a6 a6 a6 a4 a4 a6 a4
a7 a7 a7 a7 a7 a6 a6 a6 a7 a7 a7 a7 a5 a5 a7 a5
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Fig. 4 QCA layout of the Toffoli gate

to the property that the number of vectors for testing
the 1D array is independent of the array size, N. In [10],
the 1D array configuration with no direct controllability

and observability of the intermediate modules has been
considered (shown in Fig. 7).

Due to the reversibility of each module, controlla-
bility in the array is not difficult. In the absence of a
fault, the leftmost module is provided with all possible
input combinations during the testing process, then all
modules in the array will also receive all possible input
combinations. So if the array is fault-free, the exhaus-
tive patterns should be observed at the primary outputs.
It has been proved that for a single fault, detection is
guaranteed when an exhaustive test set is applied to the
primary inputs [10].

3 Array Testability with Multiple Faults

3.1 Original Array

Testing becomes more difficult if multiple faulty mod-
ules are present. If any module in the array has an
irreversible fault (i.e. a fault that change the module’s
reversible function into an irreversible one), then the
number of its distinct output patterns is less than the
number of distinct input patterns. Therefore the erro-
neous output due to this fault can always be propagated
to the primary outputs of the array. So, any number of
irreversible faults can be observed and multiple fault
detection is accomplished. The C-testability of a 1D
array made of Toffoli gates is guaranteed, because all
fault patterns (as shown in Table 2) are irreversible.

However, fault masking may occur if all faults in
the array are reversible (resulting in a reversible gate
function different from the correct one). In such a case,
even a fully exhaustive test set can not detect the faults.
To solve masking of reversible faults and achieve C-
testability, lines for controllability and/or observability
have to be added to the internal modules of the array.
Using the additional controllability and observability,
C-testability can be accomplished. It is assumed that an

Table 2 Fault patterns of the Toffoli gate

Input Fault free FP

vector output 1 2 3 4 5 6 7 8 9 10 11 12 13

a0 a0 a0 a4 a0 a4 a0 a0 a0 a4 a0 a4 a0 a4 a0
a1 a1 a1 a5 a1 a1 a1 a1 a1 a5 a1 a5 a5 a1 a1
a2 a2 a2 a6 a2 a2 a2 a2 a2 a6 a2 a6 a2 a6 a2
a3 a7 a7 a7 a3 a3 a7 a7 a3 a7 a3 a7 a3 a3 a7
a4 a4 a4 a4 a4 a4 a0 a0 a0 a0 a0 a0 a4 a4 a0

a5 a5 a5 a5 a5 a5 a5 a1 a1 a5 a1 a1 a5 a1 a5
a6 a6 a6 a6 a6 a6 a6 a6 a6 a2 a6 a6 a2 a6 a2
a7 a3 a7 a7 a3 a3 a7 a3 a3 a7 a7 a7 a3 a3 a7
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Table 3 Fault patterns of the QCA1 gate

Input Fault free FP

vector output 1 2 3 4 5 6 7

a0 a0 a0 a0 a0 a0 a0 a0 a4
a1 a1 a0 a0 a1 a1 a3 a1 a1
a2 a3 a3 a3 a3 a1 a3 a7 a7
a3 a5 a5 a4 a7 a5 a7 a5 a5
a4 a2 a2 a3 a0 a2 a0 a2 a2

a5 a4 a4 a4 a4 a6 a4 a0 a0
a6 a6 a7 a7 a6 a6 a4 a6 a6
a7 a7 a7 a7 a7 a7 a7 a7 a3
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Table 4 Outputs of fault free and faulty QCA2

Input Fault free FP

vector output 1 2 3 4 5 6 7

a0 a1 a0 a0 a1 a1 a1 a1 a5
a1 a0 a0 a0 a0 a0 a2 a0 a0
a2 a3 a3 a2 a3 a1 a3 a7 a7
a3 a5 a5 a5 a7 a5 a7 a5 a5
a4 a2 a2 a2 a0 a2 a0 a2 a2

a5 a4 a4 a5 a4 a6 a4 a0 a0
a6 a7 a7 a7 a7 a7 a5 a7 a7
a7 a6 a7 a7 a6 a6 a6 a6 a2
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Fig. 7 1-D array of modules
made of reversible logic gates
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exhaustive test set will be applied to the primary inputs
unless stated otherwise.

3.2 Additional Observability

The 1D array with added lines for observability is
shown in Fig. 8. Different fault models can be consid-
ered for the modules:

1. The traditional stuck-at fault (SAF), and the line
bridging fault (BF) are irreversible faults, i.e. faults
that will result in an irreversible function. There-
fore, they can be detected with a constant number
of tests. The array is C-testable and no additional
control, or observable line is required to the mod-
ules. However, these fault models are not sufficient
for modeling the faults in QCA [12].

2. Consider an arbitrary functional fault (AFF) model
in which it is assumed that a fault may cause an
arbitrary change in the truth table of the circuit. If
there is any number of modules with irreversible
faults, then the number of possible output combi-
nations of the array will be less than an exhaustive
combination (eight for three inputs). This scenario
(irrespective of the number of faulty modules) can
be detected at the primary outputs. So, only those
reversible faults must be considered.

3. This fault model is referred to as the arbitrary
reversible fault model (ARF). In ARF, a fault is
assumed to change the truth table of the gate as
long as the resulting function is still reversible. It is
desirable to achieve C-testability provided observ-
ability is added, i.e., the outputs of the intermediate
modules are made directly observable. Unfortu-
nately, it will be shown next through an example
that even if just a subset of the ARF model is
considered, the array is not C-testable.

4. Consider the so-called single pin inversion (SPI)
model as a subset of the ARF model. In the SPI

Input
Primary Primary

Output

Observation Line

Fig. 8 1D array of reversible module with increased observability

model, every module has at most one fault in one
of its input/output pins, such that an inversion of
the signal occurs at that pin. The inversion fault is
very common in QCA circuits, because it can easily
result from imperfect deposition of QCA cells [12].
As shown in Fig. 9, if a fault appears between the
nth output pin of the kth module and the nth input
pin of the (k + 1)th module, then detection can only
be guaranteed by observing directly the internal
pins (in this case pin n) between these two modules.
The faulty pin can be any one of the module pins,
so we must observe every internal connection to
detect all SPI faults, i.e. this is a pathological case
of an array as a fully observable system (i.e., every
output of every module is observable).

The general fault model above gives pessimistic re-
sult for C-testability of reversible arrays under multi-
ple faults. However, a case-by-case study of different
logic gates (as module of the array), together with
their specific input/output functions and fault patterns,
shows that C-testability is often achievable. All possible
reversible faults in a module must be considered when
selecting lines in a module for observability. Three con-
ditions are proposed for selecting lines for observability
in each module of an array:

1. Rule 1: If all reversible faults change some entries
of the truth table of one output signal, then this
output signal should be a primary observable line.
For example, consider a reversible module with
fault free and fault patterns given in Table 5. It has
two reversible fault patterns: FP1 affects the output
y3, FP2 affects the outputs y2 and y3. By Rule 1, the
truth table of y3 is changed by all reversible faults,

N

n

1

N

n

1

SPI Fault

Observe Line

k k+1

Fig. 9 SPI (single pin inversion) fault
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Table 5 Example for rule 1

Input Fault-free FP1 FP2
x1x2x3 y1 y2 y3 y1 y2 y3 y1 y2 y3

0 0 0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 1 0 0 0 0 0 1
0 1 0 0 1 0 0 1 0 0 1 0
0 1 1 0 1 1 0 1 1 0 1 1
1 0 0 1 0 0 1 0 0 1 1 1
1 0 1 1 0 1 1 0 1 1 0 0
1 1 0 1 1 1 1 1 1 1 0 1
1 1 1 1 1 0 1 1 0 1 1 0

so if y3 is made a primary observable line in the
modules, then the array is C-testable.
The application of Rule 1 to QCA1 and QCA2
arrays makes them C-testable with one observable
line as primary output in each module. As shown in
Fig. 10, the array can be fully tested by applying the
exhaustive test set (of cardinality 8) at the primary
inputs. For the QCA1 array, the only reversible
fault pattern is FP7 and it modifies the output y3
of a faulty module. So by observing this output,
detection will occur at the faulty module. Similarly,
the QCA2 array is C-testable by making the output
y2 as a primary observable line in each module.

2. Rule 2: If all reversible faults can be propagated to
a module output prior to masking, then such output
should be a primary observable line.
In Table 6, a reversible module and a fault pattern
are shown as an example. The module has 3 re-
versible fault patterns: FP1 changes the output y3,
FP2 changes the outputs y2 and y3, FP3 changes
y2. FP1 and FP2 can be propagated to y3 of the
faulty module. FP3 can be propagated to y3 of
the module after the faulty one, independently of
the status (faulty or fault free) of this module. By

Table 6 Example for rule 2

Input Fault-free FP1 FP2 FP3
x1x2x3 y1 y2 y3 y1 y2 y3 y1 y2 y3 y1 y2 y3

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 1 0 0 1
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 1 1 0 1 1 0 1 1 0 1 1 0 1 1
1 0 0 1 0 0 1 0 0 1 1 1 1 1 0
1 0 1 1 0 1 1 0 1 1 0 0 1 0 1
1 1 0 1 1 1 1 1 1 1 0 1 1 1 1
1 1 1 1 1 0 1 1 0 1 1 0 1 0 0

Rule 2, the selection of y3 as an observable line for
each module makes the array C-testable.

3. Rule 3: If the above conditions cannot be satisfied,
two or more observable lines are needed in each
module. Each of these lines can be used to observe
part of the possible fault patterns and the union of
the covered fault patterns must be the entire fault
pattern set.
By applying Rules 1 and 2, it is possible to ob-
serve different module outputs to detect different
fault patterns. In the general case, the problem
of selecting multiple output lines for observability
is a set covering problem. Let the outputs lines
of a reversible module be y1, y2...yn. The pos-
sible fault patterns of each module are denoted
by FP1, F P2...F Pm. By observing an output line
yi, a group of fault patterns can be detected, i.e.
yi “covers” a group of fault patterns. Thus, the
problem is equivalent to selecting the minimum
cardinality set of output lines such that all fault
patterns are covered. The set covering problem is
NP hard. However, heuristic algorithms based on
greedy criteria can be used to find approximate
solution.

Fig. 10 C-Testability of
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Consider the Fredkin gate for example; there are 2
reversible fault patterns, FP7 and FP13. FP7 changes
the output y3 and FP13 changes the output y2; so,
Rule 1 cannot establish a primary observable line
for both fault patterns. The output of two adjacent
modules with FP7 and FP13 will result in masking;
hence, Rule 2 cannot be used. By applying Rule
3, y1 and y2 are selected as multiple observable
lines, because all possible reversible fault patterns
are detected.

Each of the above three rules gives a sufficient condi-
tion for constructing a C-testable array. Rule 1 requires
only one observable line per module and is relatively
easy to apply, so it is preferred. Rule 2 requires also
one observable line, but propagation under different
multiple fault patterns must be established. Therefore,
it can be applied if Rule 1 fails. Rule 3 requires multiple
observable lines and may account for a large overhead.
Furthermore, the analysis of Rules 1 and 2 can facilitate
the application of Rule 3. Hence, realistically Rule 3
should be applied after Rules 1 and 2 have been unsuc-
cessful. A combination of Rules 1 and 2 provides the
necessary condition for constructing a C-testable array
with only one primary observable line per module. Rule
3 can ensure C-testability in an array as long as a large
overhead is acceptable.

3.3 Additional Observability and Controllability

By adding lines for controllability as well as observ-
ability, the testability of the array can be improved. A
smaller number of test patterns will be needed to fully
test the array. Unfortunately, there is no technique for
systematically building and testing this type of array.
1D arrays made of Fredkin gates, QCA1 gates and
QCA2 gates are presented as examples.

3.3.1 Array of Fredkin Gate

For the Fredkin gate, it has been shown [10] that fault
masking exists in an 1D array such as in Fig. 7. How-
ever, the 1D array of Fig. 11a is C-testable. In the array
of N modules, additional controllability is provided
by setting the u input of each module as a primary
(vertical) input; additional observability is obtained by
setting the y2 output of each module as a primary
(vertical) output. Let the primary (horizontal) inputs
x1, x2 of the first module in the array be denoted as
PI1, PI2. Let the ith module in the array be Gi, the input
u of Gi be denoted as Ui. The mapping between inputs
and outputs of a fault free module as well as a faulty
module is shown in Table 1. The fault patterns are

categorized into two types: (1) FP1,FP8, FP9, FP10, FP11,
FP12, FP13 and FP14 are type I; (2) FP2,FP3,FP4,FP5,FP6

and FP7 are type II. The test vector set that detects
multiple faults is as follows:

1. First Test Vector: PI1 = 0, PI2 = 1, Ui = 0 for all i.
If the array is fault free, then all modules in the ar-
ray will receive input vector ux1x2 = 001 = a1. The
expected (fault free) output at y2 of any module in
the array is “0”.

2. Second Test Vector: PI1 = 1, PI2 =1, Ui =1 for all i.
If the array is fault free, then all modules in the
array will receive as input ux1x2 = 111 = a7. The
expected (fault free) output at y2 of any module
is “1”.

3. Third Test Vector: PI1 = 1, PI2 = 0, Ui = 0 for i =
1, 3, 5, 7... and Ui = 1 for i = 2, 4, 6..., as shown in
Fig. 11b.
If the array is fault free, the input vector ux1x2 =
010 = a2 is applied to all Gi (for i as an odd integer).
The expected output at y2 of Gi is “1” for odd i and
“0” for even i.

4. Fourth Test Vector: PI1 = 0, PI2 = 0, Ui = 1 for i =
1, 3, 5, 7... and Ui = 0 for i = 2, 4, 6..., as shown in
Fig. 11b.
If the array is fault free, ux1x2 = 010 = a2 is ap-
plied as input vector to all Gi (for i as an even
integer). The expected output at y2 of Gi is “0” for
odd i and “1” for even i.

Initially, it will be shown that if the array contains
any (single or multiple) type II fault pattern(s), detec-
tion is accomplished by observing y2 as primary output
of the modules using the first and second test vectors.
When applying vector 1, all Ui = 0 and v = u for all
modules, every module (either faulty or fault free) will
have as input x1 = 0. Therefore, any module in the
array has ux1 = 00; so, if a module with fault pattern
FP2,FP3,FP5 or FP7 is present, then the y2 output of
that module will be “1” instead of the expected “0”.
Thus, these fault patterns will be detected by vector 1.
Similarly, when applying vector 2, all Ui = 1 and PI1 =
1, PI2 = 1; therefore, each module in the array will have
input ux1 = 11. If a module with fault pattern FP4 or
FP6 is present, the y2 output of that module is “0”
(instead of the expected “1”). Thus by applying vector
1 and vector 2, any number of type II fault patterns can
be detected.

Consider next the case in which the array contains
faulty modules with only type I fault patterns. Let the
faulty module that is closest to the primary inputs be
Gi, i.e. only fault free modules exist from the primary
inputs to Gi. Gi must have one of the type I fault
patterns, i.e. FP1,FP8 ,FP9 ,FP10 ,FP11 ,FP12 ,FP13 or
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Fig. 11 C-Testability of 1D Fredkin gate array (added observ-
ability and controllability lines)

FP14. If i is odd, the third vector ux1x2 = 010 to Gi is
applied; if i is even, then the fourth vector ux1x2 = 010
to Gi is applied. In both cases, Gi will have as inputs
ux1x2 = 010 and the expected output is vy1y2 = 001;
therefore, Gi+1 is expected to have as inputs ux1x2 =
100 and generate a “0” at the output y2, as shown in Fig.
11c. If Gi has fault patterns FP8 ,FP9 ,FP10,FP12 ,FP13 or
FP14, Gi will produce a “1” at the output y1, thus Gi+1

will have as inputs ux1x2 = 101. Since Gi+1 is either
fault free, or it generates one of the type I fault patterns,
then Gi+1 will produce a “1” (instead of the expected
“0”) at the output y2 (as shown in Table 1), thus, the
fault can be detected. Assume that Gi generates FP1.

When the first vector is applied, Gi will have as inputs
ux1x3 = 001, at the y2 output a “1” will be produced
(instead of the expected “0”). So, this fault can also be
detected. The only other case is that Gi has as fault
pattern FP11, it will be shown next that the second
vector can detect it. When the second vector is applied,
Gi will have as inputs ux1x2 = 111, the expected value
of the y2 output of all modules is “1”. Since G1 has as
fault pattern FP11, then it will a “0” (instead of a “1”)
at the y1 output. So Gi+1 has as inputs ux1x2 = 110.
Gi+1 is either fault free or contains one of the type I
fault patterns; so Gi+1 will produce a “0” (instead of
the expected “1”) at the primary output y2 (as shown
in Table 1), thus detection is accomplished.

3.3.2 Array of QCA1 Gates

With additional controllability and observability, a 1D
array of QCA1 (shown in Fig. 12a) is C-testable under
a multiple faulty module assumption. In an array of N
modules, additional controllability is provided by set-
ting x3 of each module as a primary vertical input; ad-
ditional observability is obtained by setting y3 of each
module as a primary vertical output. Let the primary
inputs for x1 and x2 of the first module in the array be
denoted as PI1 and PI2; the primary outputs for the y1
and y2 outputs of the last module be denoted as PO1

and PO2 and the ith module in the array be denoted by
Gi. If x3 of Gi is denoted by Ui, then the fault patterns
of the mapping between inputs and outputs for the fault
free and faulty modules with FPi are shown in Table 3.

The test vector set that detect any multiple faulty
modules, is given as follows:

1. First Test Vector: PI1 = 0, PI2 = 0, Ui = 1 for all
i, as shown in Fig. 12a. If the array is fault free,
x1x2x3=001=a1 is applied to all Gi. The expected
output at y3 is “1” for every Gi. The expected value
at the primary outputs is PO1PO2 =00.

2. Second Test Vector: PI1 = 1, PI2 = 0, Ui = 1 for all
i, as shown in Fig. 12b. If the array is fault free, this
applies x1x2x3 = 101 = a5 to all Gi. The expected
value at y3 is “0” for each Gi. The expected value
at the primary outputs is PO1PO2 = 10.

3. Third Test Vector: PI1 = 0, PI2 = 1, Ui = 1 for i =
1, 3, 5, 7... and Ui = 0 for i = 2, 4, 6..., as shown in
Fig. 12c. If the array is fault free, this vector applies
the input vector x1x2x3 = 011 = a3 to all Gi (for
odd i) and x1x2x3 = 100 = a4 to all Gi (for even
i). The expected value at y3 of Gi is “1” (for odd
i) and “0” (for even i). The expected value at the
primary outputs is PO1PO2 = 01 (for even N) and
PO1PO2 = 10 (for odd N).
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Fig. 12 C-Testability of 1D
QCA1 gate array (added
observability and
controllability lines)
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A test set with 100% coverage for an array with a
module made of a QCA1 gate is x1x2x3=a1=001,a3=
011 (or a4=100) and a5=101. The first test vector applies
a1 to all modules, while the second test vector applies
a5 to all modules. The third test vector applies a3 or a4

to all modules. Next, it will be shown that these vectors
can detect multiple faulty modules for arbitrary N.

Assume that the faulty module closest to the pri-
mary inputs is given by Gi; then Gi must have one of
the fault patterns given in Table 3. Consider initially
the case when Gi has FP1 or FP2. When applying
x1x2x3=a1=001 to Gi, Gi will produce a “0” at the
y3 output (instead of the expected “1”), thus it will
be detected. Next consider the case when Gi has FP4,
FP6 or FP7. When applying x1x2x3=a5=101 to Gi (as
shown in Fig. 12d) and the fault pattern is FP4, then
x1x2x3=a7=111 is applied to Gi+1. So, y3 of Gi+1 will
be “1” (instead of the expected “0”) and detection
will occur. If the fault pattern is FP6 or FP7, then
x1x2x3=a1=001 is applied to Gi+1. If Gi+1 does not have
FP1 or FP2, then y3 of Gi+1 will become “1” (instead
of the expected “0”) and detection is accomplished.
If there is FP1 or FP2 at Gi+1, Gi+2 will receive as
input x1x2x3=a1=001, and so on, till the last module
of the array. So, there will be either an unexpected
“1” at y3 of some module, or an unexpected “00”
at PO1, PO2. Detection is always accomplished for a
faulty array. A different case occurs when Gi has FP3

or FP5, as shown in Fig. 12e. For the third vector, if
i is odd, x1x2x3=a3=011 is applied to Gi and Gi+1 has
x1x2x3=a6=110 as input. If Gi+1 has FP1 or FP2, an un-
expected “1” will be detected at y3 of Gi+1. If Gi+1 has
FP5, then Gi + 2 will receive x1x2x3=a4=100 as input
and an unexpected “0” is observed at y3 of Gi+2. Else,
x1x2x3=a7=111 will be applied to Gi+2. If Gi+2 has FP7,
it will be detected by the second test vector; if it does
not have FP7, then x1x2x3=a6=110 will be the input of
Gi+3, and the previously described case will apply (for
x1x2x3=a6=110 on Gi+1). So, the fault will be detected
either at y3 of some module, or at the primary output.

If i is even, the fault will result in x1x2x3=a1=001 at
Gi+1. If Gi+1 does not have FP1 or FP2, this will result
in an unexpected “1” at y3 of Gi+1. If Gi+1 has FP1

or FP2, FP1 or FP2 is detected by the first test vector.
Therefore, the array shown in Fig. 11a is C-testable and
four test vectors are required to detect any number of
faulty modules.

3.3.3 Array of QCA2 Gates

With additional controllability and observability, a
QCA2 array as shown in Fig. 13a is C-testable under
the assumption that multiple modules may be faulty.

In an array of N modules, additional controllability
is provided by setting the x2 input of each module as
a primary input; additional observability is obtained by
setting the y2 output of each module as a primary out-
put. Let the primary inputs at x1, x3 of the first module
in the array be denoted as PI1, PI2; the primary outputs
at the y3, y1 outputs of the last module be denoted as
PO1, PO2. Let the ith module in the array be Gi, the
input x2 of Gi be Ui. The fault patterns corresponding
to the mappings between inputs and outputs of fault
free and faulty modules (FPi) are shown in Table 4.

The test vector set that can detect any number of
faulty modules is as follows:

1. First Test Vector: PI1 = 0, PI2 = 0, Ui = 0 for all i,
as shown in Fig. 13a. If the array is fault free, this
vector applies the input vector x1x2x3 = 000 = a0

to all Gi (for i as an odd integer) and the input
vector is x1x2x3 = 100 = a4 to all Gi (for i as an
even integer). The expected output at y2 of Gi is
“0” for odd i and “1” for even i. The expected
output at the primary outputs is PO1PO2 = 00 if N
is even and PO1PO2 = 10 if N is odd.

2. Second Test Vector: PI1 = 1, PI2 = 0, Ui = 0 for all
i, as shown in Fig. 13a If the array is fault free, this
vector applies as input x1x2x3 = 000 = a0 to all Gi

(for even i) and x1x2x3 = 100 = a4 (for odd i) to
all Gi. The expected output at y2 of Gi is “0” for
even i and “1” for odd i. The expected output at
the primary outputs is PO1PO2 = 00 if N is odd and
PO1PO2 = 10 if N is even.

3. Third Test Vector: PI1 = 0, PI2 = 0, Ui = 1 for i =
1, 3, 5, 7... and Ui = 0 for i = 2, 4, 6..., as shown in
Fig. 13b If the array is fault free, then this vector
applies as input x1x2x3 = 010 = a2 (for odd i) and
x1x2x3 = 100 = a4 (for even i) to all Gi. The ex-
pected output at y2 of Gi is “1” for all i. The ex-
pected output at the primary outputs is PO1PO2 =
00 if N is even and PO1PO2 = 10 if N is odd.

4. Fourth Test Vector: PI1 = 0, PI2 = 0, Ui = 0 for i =
1, 3, 5, 7... and Ui = 1 for i = 2, 4, 6..., as shown
in Fig. 13b If the array is fault free, this vector
applies as input x1x2x3 = 010 = a2 (for even i) and
x1x2x3 = 100 = a4 to all Gi (for odd i). The ex-
pected output at y2 of Gi is “1” for i. The expected
output at the primary outputs is PO1PO2 = 00 if N
is odd and PO1PO2 = 10 if N is even.

A 100% coverage test set for a single QCA2 mod-
ule is given by three tests, i.e. x1x2x3=a0=000,a2=
010,a4=100. The combination of vectors 1 and 2 applies
as input a0 and a4 to all modules, while the combination
of vectors 3 and 4 applies a2 and a4 to all modules. Next,
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Fig. 13 C-Testability of 1D
QCA2 Gate array (added
observability and
controllability lines)
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it will be shown that these vectors can detect multiple
faulty modules for an arbitrary N.

Assume that the faulty module closest to the primary
input is Gi, then Gi must have one of the fault patterns
from Table 4. First consider the case when Gi has FP3

or FP5. When applying vectors 1 and 2, x1x2x3=a4=100
will be applied to Gi once. Therefore, Gi will produce
“0” at y2 instead of the expected “1”, thus it will be
detected. Next consider the case when Gi has FP4.
When applying vectors 3 and 4, x1x2x3=a2=010 will be
applied to Gi once. Gi will generate “0” at y2 instead of
the expected “1”, thus it will be detected.

Another possible scenario is that Gi has FP1 or
FP2, as shown in Fig.13c. When applying vectors 1 and
2, x1x2x3=a0=000 will be applied to Gi once. Gi will
generate y1y2y3 = 000 at the output, so Gi+1 will have
as inputs x1x2x3=a0=000. Since Gi+1 is either fault free
or has one of the faulty patterns in Table 4, then Gi+1

will generate “0” at y2 instead of the expected “1”, thus
it will be detected.

The only remaining case is when Gi has FP6 or FP7.
When applying vectors 3 and 4, x1x2x3=a2=010 will be
applied to Gi once. Gi will generate y1y2y3 = 111 at
the output so Gi+1 will have as inputs x1x2x3=a5=101
(as shown in Fig. 13d). If Gi+1 is fault free or has any
faulty pattern other than FP4, it will generate “0” at y2
instead of the expected “1”, thus it will be detected. If
Gi+1 has FP4, then it will have as outputs y1y2y3 = 110
and thus it will provide x1x2x3=a3=011 as inputs to
Gi+2. If Gi+2 is fault free or has any faulty pattern other
than FP3 or FP5, it will generate “0” at y2 instead of
the expected “1”, thus it will be detected. If Gi+2 has
FP3 or FP5, then it will have as outputs y1y2y3 = 111
and thus providing x1x2x3=a5=101 as inputs to Gi+3. At
this point it can be seen that the fault is detected at y2 of
some module after Gi unless the faulty patterns of the
1D array are Gi has FP6 or FP7, Gi+ j has FP4 for j =
1, 3, 5, 7... and Gi+ j has FP3 or FP5 for j = 2, 4, 6, 8....

If the faulty array has the above faulty pattern, it
will produce a “1” instead of the expected “0” at the
primary output PO2 (the output y1 of the last module),
thus the fault can also be detected.

In conclusion, the array shown in Fig. 11a is C-
testable and four test vectors are required to detect any
number of faulty modules

4 Evaluation and Conclusion

In this paper, testing of 1D QCA reversible gate arrays
under multiple faults has been considered. The fault

module considered for the reversible gates are single
missing/additional cell defect as it is suitable for the
molecular implementation of QCA. Two methods have
been explored and applied to the arrays of four differ-
ent reversible gates. The first method adds only observe
lines to the modules in the array, while the second
method adds control lines as well as observe lines to
the modules. The methods and gates are compared
according to the array testability and the cardinality of
full-coverage test set.

The results are summarized in Table 7. The first
column of the Table is the type of gate used as module
of the array. The second column shows the fault as-
sumption: “S” stands for single faulty module and “M”
stands for multiple faulty modules. The third column
shows the cardinality of the test set for detection, i.e.
the number of vectors in the test set. The last column
is the type of array. The 1D array is shown in Fig.
7, where only the inputs of the first module can be
controlled and only the outputs of the last module can
be observed. A 1D array with 1OB, 1CO is an array in
which each internal module has one controllable input
and one observable output, e.g. the one shown in Fig.
11a. A 1D array with 2OB is an array in which each
internal module has two observable outputs, but no
controllable input.

The following conclusions can be drawn:

– One-dimensional array of Toffoli gates is C-
testable under multiple faults.

– By adding observability lines to each module in
the array, all the arrays considered can be fully
tested. This method requires a larger test set. But
its overhead in additional lines is modest.

– By adding both observability and controllability
lines, all arrays considered can be tested with at
most four vectors in the presence of multiple faulty

Table 7 C-testability of 1D array

Module Faults Test set Type of array
S/M cardinality

Toffoli S 3 1D array
M 3 1D array

Fredkin S 3 1D array
M 4 1D array with 1OB, 1CO
M 8 1D array with 2OB

QCA1 S 3 1D array
M 3 1D array with 1OB, 1CO
M 8 1D array with 1OB

QCA2 S 4 1D array
M 4 1D array with 1OB, 1CO
M 8 1D array with 1OB
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modules. This method can decrease the size of the
test set but the overhead in additional lines can
be significant.

– The choice of either methods depends on the spe-
cific gate used as module in the reversible array.
For example, the Fredkin gate as module needs the
same number of additional lines with both methods,
but it requires a smaller test set by adding lines for
both controllability and observability.
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