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Abstract We propose a confinement potential for electrons in a two-dimensional
(2D) quantum dot that is more physically motivated and better experimentally justi-
fied than the commonly used infinite range parabolic potential or few other choices.
Because of the specific experimental setup in a 2D quantum dot involving application
of gate potentials, an area of electron depletion is created near the gate. The resulting
positively charged region can be most simply modeled as a uniformly charged 2D
disk of positive background charge. Within this experimental setup, the individual
electrons in the dot feel a confinement potential originating from the uniformly pos-
itively charged 2D background disk. Differently from the infinitely high parabolic
confinement potential, the resulting 2D charged disk potential has a finite depth. The
resulting 2D charged disk potential has a form that can be reasonably approximated
as a parabolic potential in the central region of the dot (for low energy states of
the electrons) and as a Coulomb potential (that becomes zero at large distances).
We study the electronic properties of the 2D charged disk confinement potential by
means of the numerical diagonalization method and compare the results to the case
of 2D quantum dots with a pure parabolic confinement potential.

PACS numbers 73.43.Cd · 73.20.Dx

Keywords Semiconductor quantum dots · Electron states · Confinement potential ·
Reduced dimensionality

1. Introduction

Semiconductor quantum dots are fabricated nanoscale systems in which charge carri-
ers, such as electrons, are confined in a small region of space, usually, in two-dimensions
(2D). The basic technological motivation to study quantum dots is to build nanoscale
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devices will fundamentally new properties that are smaller, faster, dissipate less heat
and posses novel useful properties [1,2]. Confined electrons in a 2D semiconductor
quantum dot show typical atomic properties [3] however, differently from real atoms,
the confinement of electrons in a quantum dot is provided by an artificially created
potential well that is not of Coulomb form. The most common theoretical model
used to study 2D semiconductor quantum dots considers an isotropic parabolic con-
finement [4–11] and explains reasonably well some of the main features associated
with common dots. Non-circular parabolic confinement potentials that are anisotropic
have also been investigated [12,13]. Despite their wide use, both isotropic and aniso-
tropic parabolic confinement models have limitations and are somehow inadequate
because of the infinite range and infinite height of potential at large distances. In a real
experiment and under given circumstances, such an assumption is clearly unphysical.

Although one cannot overlook the role of electronic correlations, the first step in
understanding quantum dots is to study the single-particle aspects of the behavior of
electrons under confinement. So far, the bulk of research has relied on the parabolic
confining potential model with infinite range [14–18]. While this model is certainly
appropriate at low energies, for instance quantum dots with few electrons, it is unsuit-
able to study larger quantum dots where a good number of electrons have higher
energies and therefore are closer to the continuum threshold. Close to the continuum
threshold, the shape of the confinement potential felt by electrons is no longer para-
bolic therefore an infinite range parabolic potential is no longer justified. To address
this issue, few other potentials that do not become infinite at large distances have been
proposed, among them a Gaussian [19] confining potential: U(r) ∝ − exp(−c2 r2) and
a smooth confining potential [20] of the form: U(r) ∝ −1/(c2 +r2)2. At small distances
the above confining potentials are parabolic, while, at large distances they tend to a
finite (zero) asymptotic value. While the above potentials do not have some of the
shortcomings of the infinite range parabolic case, their physical origin and justification
is far from beeing clear.

In this work, we propose a confinement potential for electrons in a 2D quantum
dot that is better justified from an experimental point of view. The motivation for
the choice comes from the consideration of the specific experimental setup in a 2D
quantum dot. Such setup involves application of gate potentials who cause electron
depletion in the area near the gates. The area depleted from electrons acts as a posi-
tively charged region which most simply can be modeled as a uniformly charged 2D
disk with positive background charge. As a result, the confinement potential felt by
individual electrons is the confinement potential originating from the uniformly pos-
itively charged 2D background disk. The 2D charged disk potential is different from
the commonly used infinite range parabolic potential. At the bottom of the quan-
tum well (in the central region of the disk) it has a parabolic form, however outside
that region is no longer parabolic but behaves more like a Coulomb potential that
obviously has a finite (zero) asymptotic value at large distances.

Here we present a study of the electronic structure of the finite depth 2D charged
disk confinement potential. While the choice of other confinement potentials is some-
how arbitrary the 2D charged disk confinement potential introduced here is exper-
imentally justified and based on physics arguments. By using the exact numerical
diagonalization approach we study the electronic structure and the bound energy
spectrum corresponding to the finite charged disk potential. The current study is
just a step forward on a more realistic representation of the quantum confinement
problem on 2D semiconductor quantum dots.
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2. The 2D charged disk confining potential

To derive the exact form of the 2D charged disk electrostatic confining potential, we
first consider the interaction potential between an electron with charge, −q0(q0 > 0)

and a uniformly charged finite 2D disk (the depleted region) with total positive charge
Q and radius R. Both parameters, Q and R are experimentally controlled. It has been
calculated [22] that the resulting electrostatic confining potential energy between an
electron and a 2D charged disk can be written as:

U(r, R) = −q0 V0 F(r, R); F(r, R) =
∫ ∞

0

dy
y

J0

( r
R

y
)

J1(y), (1)

where F(r, R) is a function that depends only on the ratio r/R (given in integral
form), Jn(x) are n-th order Bessel functions, r = √

x2 + y2 is the distance of the
electron from the center of the disk, V0 = 2 k Q

R is the electrostatic potential created
by the disk at its center (r = 0) and k is Coulomb’s constant. Special values of this
function are: F(r = 0, R) = 1 and F(r = R, R) = 2/π . The interaction potential,
U(r, R)/(q0V0) = −F(r, R) between an electron of charge −q0 and the uniformly
charged 2D disk with radius R is shown in Fig. 1 as a function of r/R. The suggestion
to use confining potentials generated by charged disks has also been considered in an
earlier work [21] where a two charge disk model was introduced. In this model, the
basic electrostatic structure of a quantum dot was represented by two circular disks
(of positive and negative charge) of radius R and homogeneous charge density σ0,
vertically separated by a distance a. The radial potential (for a < R) in the electron
layer was calculated to have the form:
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where Ne = π R2 σ0 and k = 1/(4 π ε0). Differently from the two charge disk model,
the confining potential, U(r, R) proposed in the current work originates from a setup
in which electrons are embedded in a single positively charged circular disk layer.
Thus the positive background and electrons all belong to the same plane and are
not vertically separated. Both potentials, U(r, R) and �(r, R, a) (at finite a) have the
same parabolic dependence ∝ r2 for small r. However, there are differences between
confining potential U(r, R) and the two charge disk model potential, �(r, R, a) most
notably in the a → 0 limit case where �(r, R, a → 0) → 0.

As clearly seen in Fig. 1, the function −F(r, R) is approximately parabolic for the
whole range 0 ≤ r ≤ R and asymptotically becomes zero at large distances. While the
integral presentation of F(r, R) is rather convenient, the integral in Eq. 1 can also be
carried out analytically [22] resulting in an expression of the form:

F(r, R) =
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where E(z) is the complete elliptic integral of the second kind and 2F1(a, b, c; z) is the
hypergeometric function [23].
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Fig. 1 The electrostatic interaction potential between an electron of charge −q0 and the the uni-
formly charged 2D disk with radius R and charge Q. Here r is the distance of the electron from the
center of the disk and V0 = 2k Q/R is the electrostatic potential of the uniformly charged disk at its
center

Given that the exact interaction potential inside the disk closely resembles a
parabolic function our first task is to find a reasonable parabolic approximation
Up(r, R) and parametrize it. The simplest approach is to impose the constrains:
Up(r = 0, R) = U(r = 0, R) and Up(r = R, R) = U(r = R, R), and as as result
one obtains:

Up(r, R) = −q0 V0 + c q0 V0

( r
R

)2
; c = 1 − 2

π
> 0. (4)

With the mapping:

c q0 V0

R2 = m
2

ω2, (5)

the parabolic Hamiltonian corresponding to Up(r, R) immediately takes a standard
2D harmonic oscillator form:

Ĥp = p2

2m
+ Up(r, R) = −q0 V0 + p̂2

2m
+ m

2
ω2 r2, (6)

where m is the mass of the electron, ω is the resulting angular frequency [see Eq. 5]
and p̂ is the linear momentum operator. The Hamiltonian corresponding to the real-
istic 2D charged disk confinement potential, U(r, R) can be most conveniently written
in terms of the parabolic Hamiltonian as:
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Ĥ = Ĥp + Ĥ′; Ĥ′ = q0 V0
[
1 − F(r, R)

] − m
2

ω2 r2, (7)

where Ĥ′ represents the departure from the parabolic model. In case perturbation
theory is applied, Ĥ′ may be treated as a perturbation term acting on the 2D harmonic
oscillator states.

3. Results and discussion

To simplify notation let us note: �Ĥp = Ĥp + q0 V0 = p̂2

2m + m
2 ω2 r2 and �Ĥ =

Ĥ + q0 V0 = �Ĥp + Ĥ′. To solve the Schrödinger equation corresponding to �Ĥ
we resort to the exact numerical diagonalization technique [24,25]. 2D harmonic
oscillator states corresponding to �Ĥp are used as an expansion basis. Since the
quantum harmonic oscillator problem is found in many quantum mechanics text-
books we simply report that the energy eigenvalues corresponding to �Ĥp are:
Enr l = h̄ ω (2 nr + |l| + 1) where nr = 0, 1, . . . is the radial quantum number and
l = 0, ±1, ±2, . . . is the z-angular momentum quantum number. The normalized
eigenfunctions corresponding to �Ĥp are:

�nrl(r, ϕ) = ei l ϕ
√

2π
Rnrl(r); Rnrl(r) = Nnrl (α r)|l| e− α2 r2

2 L|l|
nr(α

2 r2), (8)

where Rnrl(r) is the radial wave function, L|l|
nr(α

2 r2)-s are associated Laguerre poly-

nomials, Nnrl =
√

2 nr! α2

(nr+|l|)! is a normalization constant and α =
√

m ω
h̄ is the common

harmonic oscillator parameter that has the dimensionality of an inverse length. We
recall that the Hamiltonian corresponding to the 2D charged disk confinement po-
tential is: Ĥ = Ĥp + Ĥ′ (or �Ĥ = �Ĥp + Ĥ′). A numerical solution of the stationary
Schröedinger’s equation corresponding to Ĥ (or �Ĥ) is achieved by using the exact
diagonalization technique where 2D oscillator eigenstates are used as basis functions.
To set up the Hamiltonian matrix, we must calculate the matrix elements of �Ĥ in
the {|nr l〉} basis of 2D harmonic oscillator states. Non-diagonal terms arise only from
the Ĥ′ operator which is diagonal with respect to l but not nr. For a given value of the
angular momentum, l we have: 〈n′

rl|�Ĥ|nrl〉/(h̄ω) = (2 nr +|l|+ 1) δn′
rnr + hn′

rnr where
hn′

rn = 〈n′
rl|Ĥ′|nrl〉/(h̄ω) and energies are measured in h̄ ω units. It is straightforward

to calculate:
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where the auxiliary variable t = α2 r2 was introduced to simplify calculations. For
chosen z-angular momentum values, l = 0, ±1, . . . we build suuficiently large Hamil-
tonian matrices and solve the eigenvalue–eigenstate problem by means of standard
diagonalization methods. For any given (dimensionless) disk radius, αR, the small-
est of the energy eigenvalues represents the ground state energy. Since the main
focus is on the bound energy states of the 2D charged disk confinement potential
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we choose αR = 3 for the disk radius. This value results in a quantum well with
depth: −q0V0/(h̄ω) = −(αR)2/(2 c) which roughly guarantees to accomodate more
than ten electrons. In Fig. 2 we show the resulting bound enegy spectrum for the 2D
charged disk potential U(r, R) (in dimensionless harmonic oscillator energy units and
measured with respect to the bottom of the well −q0V0/(h̄ω)) for selected z-angular
momentum values, |l| = 0, . . . , 10 and for α R = 3. Since the accuracy of results from
expansions in a finite basis is usually best for the lowest energy states and deteriorates
with increasing energy, the energy spectrum close to the continuum threshold is less
accurate than the spectrum close to the bottom of the finite quantum well. As clearly
seen in Fig. 2 the general effect of the 2D charged disk potential compared to the 2D
parabolic potential is a lowering of the corresponding oscillator eigenenergies. Such
effect becomes more pronounced for higher eigenenergies closer to the continuum
threshold. Closer to the continuum threshold the eigenenergies corresponding to the
2D charged disk are also more closely packed than the parabolic counterpart resulting
in a higher density of states. In Fig. 3 we plot the ground state and an excited state
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Fig. 2 Bound energy spectrum, ε = 〈�Ĥ〉/(h̄ ω) for the electron with charge −q0 in the confin-
ing potential, U(r, R) for α R = 3. The solid circles represent the bound energies corresponding to
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Fig. 3 Ground state radial wave function (n = 0, |l| = 0) for the 2D parabolic confining potential
(solid line) and for the 2D charged disk confining potential (dashed line) [left]; An excited state
radial wave function (n = 5, |l| = 0) closer to the continuum threshold for the 2D parabolic confining
potential (solid line) and the corresponding state for the 2D charged disk confining potential (dashed
line) [right]
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(rather close to the continuum threshold) radial wave function for a 2D charged disk
confining potential with radius αR = 3 and compare the result to the corresponding
2D parabolic radial wave functions. While the two ground state wave functions are
very similar (for low energy states the 2D charged disk potential is approximately par-
abolic) this is not the case for higher excited energy states. Closer to the continuum
threshold the excited state wave functions of the 2D charged disk potential spread out
much more than the parabolic counterparts. For relatively large quantum dots, a size-
able number of bound electrons have their energies close to the continuum threshold
therefore under this scenario the parabolic model is a rather poor representation. In
particular, for the case of laterally coupled quantum dots, such as double quantum dots
[26–28] an infinite range parabolic confinement model cannot be used since it does not
allow unbounding of states from individual harmonic wells. The introduction of finite
range cut-offs on individual dot potentials or the consideration of M-minima confine-

ment potentials [29] of the form: U(r) = m
2 ω2 min

[∑M
j=1(

→
r − →

Lj)
2
]
, while allowing

inter-dot tunneling cannot be fully justified from the theoretical point of view. When
considering relativily large dots and for electrons with energies close to the continuum
threshold (r 
 Lj) this confinement potential behaves exactly like the infinitely high
parabolic potential therefore suffers from the same unphysical limitations.

On the other hand, the 2D charged disk confining potential introduced here is fully
justified from the theoretical point of view. Consistent with all experiments, it is para-
bolic at low energy states (dots with few electrons localized in the center of the trap)
and decays smoothly for higher energy states (for larger dots with more electrons on
the edges of the trap having energies closer to the continuum threshold). Given that
the 2D charged disk potential decays smoothly (unlike the parabolic potential that
increases quadratically with distance), it naturally allows “leaking” of electrons from
the interior of the dot therefore is ideally suited to model systems of laterally coupled
quantum dots without resorting to further assumptions. For a given system of laterally
coupled quantum dots the overall confinement potential would be a combination of
individual 2D charged disk potentials. The net result is a confinement potential with
multi-minima that allows inter-dot tunneling and does not become infinite far away
from the central trapping regions.
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