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Abstract While many higher-order interactive theorem provers include a choice
operator, higher-order automated theorem provers so far have not. In order to
support automated reasoning in the presence of a choice operator, we present a
cut-free ground tableau calculus for Church’s simple type theory with choice. The
tableau calculus is designed with automated search in mind. In particular, the rules
only operate on the top level structure of formulas. Additionally, we restrict the
instantiation terms for quantifiers to a universe that depends on the current branch.
At base types the universe of instantiations is finite. Both of these restrictions are
intended to minimize the number of rules a corresponding search procedure is
obligated to consider. We prove completeness of the tableau calculus relative to
Henkin models.

Keywords Higher-order logic - Simple type theory - Tableaux - Completeness -
Axiom of choice - Choice operators - Henkin models

1 Introduction

Interactive theorem provers based on classical higher-order logic (e.g., Isabelle-
HOL [26], HOLS8 [17], HOL-light [18], ProofPower [22] and HOL4 [28]) build
in the axiom of choice by including a form of Hilbert’s ¢ binder and appropriate
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rules. Church’s formulation of the simple theory of types [15] included a selection
operator (called ¢) and an axiom of choice for this operator at each type. Henkin
defined a general notion of a model of Church’s type theory with choice and proved
completeness [19]. A higher-order version of the TPTP has been under development
the past few years [32]. In 2009 it was decided that Henkin models with choice would
be the default semantics of the higher-order TPTP.

Automated theorem provers for classical higher-order logic (e.g., TPS [4] and
LEO-II [10]) do not currently build in the axiom of choice. Completeness of such
calculi is judged with respect to a variant of Henkin’s models without choice [3, 9]. As
Miller argues [23] Skolemization is unsound with respect to Henkin models without
choice but is incomplete with respect to Henkin models with choice. For example,
Skolemization makes the formula (Vx3y.rxy) — 3 fVx.rx(fx) easy to prove, but
Skolemization does not help one prove 3cVpx.px — p(cp). Miller gives a restriction
which makes Skolemization sound with respect to Henkin models without choice.

What would be involved in adding support for choice? Assume a new logical
constant ¢, of type (6 — 0) — o at each type o is added to the syntax. We need new
rules corresponding to this constant. The fundamental property ¢, should satisfy is
expressed by the formula

VPo—oXe.pX = p(€sP) 1

One option is to take a formula s we wish to prove and instead prove (1)— s using a
cut-free proof calculus for higher-order logic without choice (e.g., the calculi in [11]
and [14]). The first problem with this option is that (1) only expresses the axiom
of choice at a single type o. We could overcome this in principle by systematically
considering (1,,) A--- A (1,,) — s. for any finite set {01, ..., 0,,} of types. The second
problem with this option is more serious. Even adding a single instance of (1) at
any type o allows one to simulate cut in the calculus (see Example 7.3 of [8]).
This naive idea for a cut-free calculus is doomed. As argued in [8] it is a general
phenomenon that higher-order hypotheses destroy cut-freeness of a calculus. This
phenomenon motivates trying to build the assumptions into the calculus in a cut-free
(but complete) way.

Our purpose in this paper is to give a complete analytic tableau calculus for
higher-order logic with choice that forms a basis for automated reasoning in the
logic. Mints [24] has given a sequent calculus for relational higher-order logic with
an g-operator and proves cut-elimination. Mints’ calculus does not include arbitrary
function types and the corresponding simply typed A-terms. We adapt Mints’ rules for
a simply typed formulation in the style of Church. We obtain tighter restrictions on
when Mints’ main choice rule (the e-rule) needs to be applied. Furthermore, we show
we can omit Mints’ e-extensionality rule altogether. These results are important for
automated reasoning because these two rules would be highly branching in practice.
In addition to including cut-free rules for the e-operator, we give strong restrictions
on the instantiation of universal quantifiers over base types analogous to those
reported in [12].

In Section 2 we give a quick presentation of the syntax and semantics of simple
type theory with choice. In Section 3 we present the tableau calculus. In Section 4 we
define the notion of an evident set and prove that every evident set has a Henkin
model. We define a notion of abstract consistency in Section 5. In Section 6 we
prove completeness as well as compactness and the existence of countable models.
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In Section 7 we extend the calculus to include an if-then-else operator. We discuss
related work and conclude in Sections 8 and 9.
This article is an expanded version of [6].

2 Preliminaries

We start by giving the syntax for simple type theory with a choice operator in the
style of Church [15]. Types (o, t, ) are given inductively by the base type o (of truth
values), ¢ (of individuals) and o — 7 (of functions from o to 7). For brevity, we will
omit the arrow and write ot for o — t. Omitted parenthesis in types associate to the
right: o T« means o (t ). The results in the paper generalize to the case where there
are arbitrarily many base types of individuals. We use g to range over the base types
oand t.

For each type o we assume a countably infinite set ¥, of variables of type o.
For each type o we have logical constants =, of type coo, V, of type (co)o and
&, (the choice operator) of type (co)o. Furthermore, we have logical constants for
disjunction V of type ooo, negation — of type oo, false L of type o and for a default
individual * of type «. (The default individual is included only to act as an instantiation
when no other instantiation of type ¢ is allowed by our calculus.) We use x, y to range
over variables and ¢ to range over logical constants. A name is either a variable or a
logical constant. We use v to range over names. Variables x and choice operators &,
are called decomposable names. We use w to range over decomposable names. Let
W, be the set of decomposable names w of type o.

The family of sets A, of terms of type o are inductively defined. If v is a name of
type o, thenv € A,.Ift € A,, ands € A,, then we have an application term ts € A;.
If x € ¥; and t € A,, then we have an abstraction term Ax.s € A,;. A formula is a
terms € A,.

Application associates to the left, so that stu means (sf)u, with the exception that
—tu always means —(tu). We use T as notation for —_L. We use infix notation and
write s =, ¢ (ors = ¢) for =, st and write s Vv t for vst. (Note that if s and ¢ are different
terms of type o, then s = ¢ is a different term than ¢ = 5.) We write s #, ¢ (or s # ¢)
for —(s =, t). We also use binder notation to write Vx.s for V,Ax.s and write ex.s
for e, Ax.s. We write s — t, s At and Jx.s as shorthands for —s Vv ¢, =(—s v —t) and
—Vx.—s, respectively.

The set 7't of free variables of t is defined as usual. For a set of variables X we
write Af for the set of all terms ¢ € A, such that ¥t C X. Also, for a set A of terms,
YV Ais (¥ sls € A}

To describe our tableau calculus and to reason about it we will need to be able
to refer to certain shallow occurrences of subterms within terms. For example, the
choice rule may be applicable in the presence of a formula ¢, px #, y (where p €
Yo and x, y € ¥#/) because the subterm &, p occurs as a subterm in a special position.
To describe such positions, we define two notions of contexts (terms with holes).

An elimination context (&) is a term with a hole [], defined inductively as follows
(see [25]). [], is an elimination context of type o. If & is an elimination context of
type T and s € A, then &’s is an elimination context of type u.

Let & be an elimination context of type o which has a hole of type . We can apply
&toatermt € A, to get aterm of type o: [1[¢] =t and (& s)[t] = &[1] s.
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An accessibility context (¢') is a term with a hole [], of the form &, =&, & #, s or
s #, & where & is an elimination context. We can apply an accessibility context &
with a hole of type o to a term ¢ € A, to get a term of type o in the obvious way. A
term s is accessible in a set A of formulas if there is an accessibility context 4 such
that €[s] € A.

Let A be a set of formulas. A term s is discriminating in A if there is a term
t such that s %, t€ A or t #, s € A. A discriminant A of A is a maximal set of
discriminating terms such that there are no s, € A with s #, t € A. (Discriminants
first appeared in [13].) Discriminating terms will be used to instantiate quantifiers
over type ¢, and discriminants will be used to interpret the type . Note that if there
are no discriminating terms in A, then ¢ is the unique discriminant of A. Note also
that s is accessible in A if and only if there is an elimination context & such that
&[s] € A, —~&[s] € A or &[s] is discriminating in A.

We prove that compatible sets of discriminating terms can be collected into a
common discriminant. This fact will be used more than once. This is the first of
several places in the paper where we use the axiom of choice at the meta-level. In
this particular case, we could use an enumeration of terms to avoid using the axiom
of choice since we assumed the set 7 of variables is countably infinite.

Proposition 1 Let A be a set of formulas and C be a set of terms that are discriminating
in A. Supposes #t ¢ A foreverys,t € C. Thereis some discriminant A of A such that
CcA

Proof Let P be the set of all sets D such that

1. C<D,
2. everytermin D is discriminating in A, and
3. s#t¢ Aforeverys,te D.

Note that P is partially ordered by <. For any totally ordered subset Q € P, CU
(U Q) is an upper bound of Q in P. By Zorn’s Lemma, there is some maximal A € P.
This A is a discriminant of A such that C C A. O

We consider a simple example application of Proposition 1. Suppose xi, x,, ...and
V1, Y2, ... are enumerations of distinct variables of type «. Let A = {x; # yi, xo #
v2,...}. Let C be a subset of {xi, x5, ...} U{y1, y2, ...} such that for each i either x; ¢
Cor y; ¢ C. By Proposition 1 there is a discriminant A of A extending C.

Proposition 2 For every set A of formulas, there is a discriminant A of A.
Proof We obtain A by applying Proposition 1 with C = . O

We now turn to a brief description of the semantics. Our notion of an interpreta-
tion is essentially that given by Henkin [19]. A frame Z is a typed family of nonempty
sets such that &, = {0, 1} and Z,, is a set of total functions from %, to Z,. 9, is the
set of booleans 0 (false) and 1 (true). An assignment into a frame 2 is a function .%
that maps every name v of type o to an element of ,. We use .Z; to denote the
assignment that is like .# but maps the variable x to a.
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For each logical constant c of type o we define a corresponding property £.(a) of
elements a € 7, in Table 1. Essentially £.(a) holds if and only if a is an appropriate
interpretation of ¢. An assignment . into Z is logical if £.(.# ¢) holds for each logical
constant c. A logical assignment .# must map L to 0, — to the negation function, and
so on. There is no restriction on the value of .#* in Z,. The most interesting case to
consider is the choice operator ¢,. For an assignment to be logical, .#¢, must be a
function ® in Z,0), such that f(®(f)) = 1 for every f € Z,, except when f is the
constant 0 function. We call such a ® a choice function. There may be many different
choice functions in Z,),. (Of course, there may also be no choice function.)

We now turn to the interpretation of all typed terms. To do this we use induction

on terms to lift each assignment .# to a partial function 7 on terms:

FW) = I )
SF(st):= fa if Ss= fand It=a
F(xs) = f ifAx.s € Aoy, f € Dy andVa € 9y IFs = fa

Note that .# (st) is undefined if either Fs or St is undefined. Similarly, 7 (Ax.s) is
undefined if either .#}s is undefined for some a € %, or if the appropriate function
f:9, > P, isnotin Z,,. If 7 is a total function, then we say .# is an interpretation.

We record the following useful fact which can be proven by an easy induction on
terms.

Proposition 3 Let & be a frame and s € A, be a term. If 9 and 7 are assignments
into 9 such that Sc = 7 ¢ for every logical constant c and Sx = 7 x for every x €
Vs, then either s ¢ Dom(j) and s ¢ Dom(j) ors e Dom(j), s € Dom(/) and
Fs= s

A (Henkin) model (9, .%) is a frame & and a logical interpretation .# into . We
say that a model (2, .#) satisfies a formula s if and only if J(s) = 1. A formula is
satisfiable if and only if there is a model (2, .#) such that I (s) = 1. We say a model
(2, .7) is countable if 9, is at most countable for every type o. Note that even if &,
is finite for every o, the union | J, %, will be countably infinite. Hence (Z, .¥) is a
countable model if and only if |, %, is countably infinite.

We say (2, %) is a model of a set of formulas A if j(s) =1foreveryse A. A
set A of formulas is satisfiable if there is a model of A.

We assume a type preserving and total normalization operator [-] from terms to
terms. A term is normal if and only if [s] =s. A set of terms is normal if every

Table 1 Properties of values of logical constants

Prop. Where Holds For all
Li(a) ac 9, always

£ (a) ae 9, whena =0

£.(n) ne Yoo when na = 1 if and only if a=0 aec9,
£,(d) d € Dooo when dab =1 if and only if a=1lorb =1 a,b € 9,
Ly, (p) P € Dicoro when pf =1 if and only if Va e Py fa=1 f € %so
£ (@) q € Dsoo when gab =1 if and only if a=>b a,b € I,

L, (D) P € Divoyo when f(®f) =1 if and only if dae Yy fa=1 f €D
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element of this set is normal. Instead of committing to a specific operator such as
B-normalization or Sn-normalization, we require the following properties:

N1 [[s]] = [s]

N2 [[s]f] = [st]

N3 [vsi...su] =v[si]...[s,]if vs;...s, € Ag for some base type g andn > 0
N4 j[s] — Jsfor every model (2, .¥)

N5 YI[s]C Vs

Note that by N5 we know [s] € AX whenevers € AX.

A substitution is a type preserving partial function from variables to terms. If 6 is
a substitution, x is a variable, and s is a term that has the same type as x, we write 6}
for the substitution that agrees everywhere with 6 except on x where it yields s. For
each substitution 6 we assume there is a type preserving total function # from terms
to terms such that the following properties hold:

S1  fx = 6x for every x € Dom @

S2 O(st) = (Bs)(01) _

S3  [(B(ax.s))t] = [6)s]

S4 [és] = [s]if Ox = x for every x € Dom6 N ¥’s
S5 [6ls]] = [0s]

The following two propositions demonstrate that abstract normalization and substi-
tution satisfy two properties one would expect. The empty set ¢ is the substitution
that is undefined on every variable.

Proposition 4 [[x.s]f] = [('s]
Proof [[Ax.sl] 2 [[H0x.)1] = [(@(x.)1] 2 [FFs]. o

Proposition 5 Let s € Ay, x € Yy and t € A,. If x ¢ Vs and x ¢ V'[sx], then [sx] =
[st].

Proof [sx] = [[sx]] 2 [G[sx]] £ [0 (s0)] = [ )07 (0] Z 167 ()e] = [[0F ()] 2
[[s1e] 2 [s1]. o

For each set A of formulas and type o we define a nonempty set %A C A, as
follows.

- Let#/ ={L,T})

—  Let % be the set of discriminating terms in A if there is some discriminating
term in A and {x} otherwise.

— Let#ZA ={Islls € Aye, Vs €V A).

When trying to refute a set A of formulas, all our instantiations of type o will come
from the universe %,*. When the set A is clear in context, we write %, .
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3 Tableau Calculus

We now introduce a tableau calculus and define a notion of refutability. A branch is
a finite set of normal formulas. A step is an n + 1-tuple (A, Ay, ..., A,) of branches
where n > 1, L ¢ A and A C A; for each i € {1, ..., n}. The branch A is the head
of the step (A, Ay, ..., A,) and each A; is an alternative. A rule is a set of steps,
and is usually indicated by a schema. For example, the schema for 73 given in
Fig. 1 indicates the set of steps (A, A;, Ay) where (s %, ) € A, L ¢ A, {s,~t} £ A,
{—s,t} L A, A; = AU {s, —t} and A, = A U {—s, t}. We say a rule applies to a branch
A if some step in the rule has A as its head. A tableau calculus is also a set of steps.
Let .7 be the tableau calculus given as the union of the rules in Fig. 1.

In the rules 9, (the mating rule) and ;. (the decomposition rule) we assume
n > 1 and w is a decomposable name (a variable or a choice operator). In the rule %
the instantiation term ¢ must belong to the set %, where A is the head of the step.
In the rule J_y the variable x must be fresh in the sense that it is not in 7" A where
A is the head of the step. We restrict the 7.y to apply only in the case where there
is no decomposable name w € #, such that —[sw] is in the head A. In the context
of an automated prover, this restriction implies there is no need to apply the Ty
rule to a formula —Vs more than once. For example, if x and w are variables of type
0, then .y does not apply to the branch {—w, —Vx.x}. Without the restriction, we
could continue to apply Iy to add new formulas —w,, —ws, .. ..

We explain the choice rule .7;. Whenever we must consider es, either s corre-
sponds to the empty set and hence Vx.—(sx) holds, or s represents a set containing
at least one element and s(es) holds. Note that we obtain a complete calculus even
though we only apply the choice rule when s occurs on the branch in the form %[es]
for some accessibility context 4. That is, the choice rule only applies using &s when
the branch contains a formula of the form est; - - - t,,, —(est; - - - t,,), (esty - - - t,) #, u or
u #, (esty---t,). This is a tighter restriction than the one given for the choice rule
in [24].

The set of refutable branches is defined inductively as follows. If 1 € A, then A
is refutable. If (A, Ay,..., A,) is a step in 7 and every alternative A; is refutable,
then A is refutable.

Proposition 6 (Soundness) If A is refutable, then A is unsatisfiable.

s, s KE - sVt —(sVie) Vs
T, = 7. Ty — Ty — 7. Fy — t€,
7L s VosTt Vo st v [st] °
Vg s Fot
Ty ——— XE Y5 fresh T —————————— € accessible,x ¢ Vs Tpyg ———————
Y s ° ¢ W (sx)] | [s(es)] ¢ BE s ot | st
Ty —0! T ST Gyt Gy 9 g vy
7 S ETEE— J —— X sU7 7 = X¢& Vs
B st | s, ot T S| Vxsx = tx] " [Vx.sx = 1]
7 WS ... Sy, TWE ..y 7 WS] .. Sy Fy WE ...ty 7 S=it,uF v
AT 517&[1|"'|5n7£tn pEe Sl#tl|""sn7étn weon S#u,t;ﬁuh;ﬁv,t;&v

Fig.1 Tableau rules defining the tableau calculus .7
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Proof Tt is enough to check for each step (A, Ay, -+, A,) in 7 that if A is
satisfiable, then A; is satisfiable for some i € {1,...,n}. Each case is easy. For
the steps involving the normalization operator, property N4 is used. For 7y use
Proposition 3. O

Example 1 Let p € ¥,,. For this example, assume p and Ax.—px are normal. We
refute the set {p(ex.—px), =p(ep)} using the rules Fyur, 7z, F and ... Note that
Zy is used with the instantiation term ex.—px which is a discriminating term when
(ex.—px) # ep is on the branch.

p(ex.—px)
—p(ep)
(ex.—px) # ep
Vx.—px
3
—p(ex.—px) p(J_p)
L

4 Evident Sets and Model Existence

Let E be a set of normal formulas. We say E is evident if it satisfies the conditions
in Fig. 2. We call these conditions evidence conditions. The evidence conditions are
similar to conditions considered by Hintikka [20] in the context of predicate logic.
For this reason, sets satisfying such conditions are sometimes called “Hintikka sets”
(cf. [9]). Hintikka called such sets “model sets” in [20] because in predicate logic
(without equality) each such set induces a model in a very natural way. In this

&\ L isnotin E.
& If =5 is in £, then s is not in E.

Es s#, sisnotinE.

& If -—sisin E, then s is in E.

&y If sVt is in E, then either s or z is in E.

&y If =(sV¢) is in E, then —s and —¢ are in E.

&y If Vs is in E, then [st] is in E for every t € ZF.

Ey If —V4s is in E, then —[sw] is in E for some decomposable name w € #5;.

Evar Ifwsy...s, and i ...1, are in E where n > 1, then s; # ¢; is in E for some i € {1,...,n}.

Eppc Ifwsy...sy #, Wiy ...ty 18 in E where n > 1, then s; # ¢; is in E for some i € {1,...,n}.

bcon Ifs=;tandu #, vare in E, then either s Zuand t Zu are in E ors #vand ¢t #varein E.

Ese If s #, t is in E, then either s and —¢ are in £ or —s and ¢ are in E.
Enq If s =, t is in E, then either s and ¢ are in £ or —s and —¢ are in E.
Sre If s #5¢ t is in E, then [sw] # [tw] is in E for some decomposable name w € #.

&rq If s =g¢ t is in E, then [su] = [tu] is in E for every u € ZE.

& If €55 is accessible in E, then either [s(&s)] is in £ or —[st] is in E for every t € ZE.

Fig. 2 Evidence conditions
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section we will prove that each evident set E induces a Henkin model of E, though
the construction in our higher-order setting is more involved than in the first-order
setting.

Before continuing, we consider an additional property which an evident set might
satisfy. We say E is complete if for every formula s such that #'s C ¥ E either s € E
or —s € E. With the exception of the restriction of the free variables in s to those
occurring free in E, the property was called “saturation” in [9] (cf. Definition 6.24)
and [8]. The terminology changed to “complete” in [14]. It will turn out that if E is
complete, then the model we construct will interpret each type as a set that is at most
countable.

Most of the evidence conditions in Fig. 2 correspond directly to a tableau rule in
Fig. 1. On the other hand, the conditions &, &, and &, are formulated in a slightly
different way than the corresponding tableau rules 7, 7, and 7,. The tableau
rules are formulated in a way that makes proof search more practical while the
evidence conditions are formulated in a way that will ease the model construction.
The next proposition demonstrates that these three evidence conditions could also
be formulated differently. Later we will use the proposition to help prove certain sets
are evident.

Proposition 7 Let E be a set of normal formulas satisfying & and &-y.

1. Fors,t € Ayr and x € V5 \ (Vs U YD), if —=[Vx.sx =, tx] is in E, then [sw] # [tw]
is in E for some decomposable name w € #.

2. Fors,te Ayrand x € Y, \ (V'sU V1), if [Vx.sx =, tx] is in E, then [su] = [tu] is
in E for everyu € UF.

3. Forse Ayr and x € V5 \ Vs, if [Vx.—sx] is in E, then —[st] is in E for every t €
wUE.

Proof We prove only the first fact. The proofs of other two are similar. Assume
$,1 € Aoy, X € Ve \ (VsUYT) and —[Vx.sx =, tx] € E. By N3 and &.y we know
=[[Ax.sx =; tx]w] is in E for some w € #,. By Proposition 4, S1, S2, S4 and N3
we know [[Ax.sx =, tx]w] is the same as [sw] =, [tw]. Thus [sw] #; [fw] is in E as
desired. O

Let E be an evident set and let X be the set ¥ E of free variables in E. In the rest
of this section we will construct a model of E. The construction is similar to the ones
in [14] except for complications that arise from the inclusion of a choice operator and
from instantiation restrictions.

We next define a binary relation >, between terms s € Af and values a € %,.
When the relation s >, a holds we say s can be a or a is a possible value of s. A relation
similar to > was defined independently by Takahashi [33] and Prawitz [27] in order
to prove cut-elimination for a higher-order calculus. (The phrase possible value was
used by Prawitz [27].) Such a relation can also be found in [24] and [14]. An important
difference between > as defined here and the analogous relations defined in earlier
works is that the present > only relates terms in A% to values. That is, we restrict our
attention to terms that contain free variables from the set X, i.e., the variables free
in E. This modification is necessary to obtain completeness in the presence of our
restriction on instantiations.
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We define >, by induction on types. For each o, let Z, be the range of ., i.e., the
set of all a such that there is some s € AX with s>, a.

— sp>,0ifse AX and[s] ¢ E.

— spolifse AX and —[s] ¢ E.

- s>, Aidfse ALX , A is a discriminant (of E), and either [s] is not a discriminating
term or [s] € A.

- Spoq fifse AX, f: D, - D, and st>, fa whenever t>, a.

ot

Clearly we have >, € AX x Z,. Also, by the definition of & for every a € 9, there
is some s € AX such that s >, a. For any set T € AX we write T'> a if s> a for every
seT.

Note that if s € AX, then [s] € AX by N5. Thus, it makes sense to ask in what
circumstances [s] > a holds for such s. The following lemma answers this question.

Lemma 1 For all types o, terms s € AX and values a € 9, s> a if and only if [s] > a.

Proof This follows by an easy induction on types o using N1, N2 and NS5. The proof
is essentially the same as that of Proposition 3.1 in [14]. m]

The next proposition records a number of useful facts about > and Z. In particular,
9 is a frame and for every value a € %, there is some t € %,F with possible value a.
We need such a result to prove completeness since instantiations are restricted to
terms in Z,F.

Proposition 8

1. Ls>0andT w1 In particular, 9, = {0, 1}.

2. For every discriminant A, there is a term t € U~ with possible value A. In
particular, 9, is the set of all discriminants.

For all types o and a € 9, there is a term t € %,F such that t > a.

4. Ifte, b and x € V. \ V1, then Ax.t> Ky, where Ky : 9 — 9, is the constant b
function.

For all types o, P is nonempty.

6. P isa frame.

w

i

Proof

1. By &) and &.— we know L ¢ Eand =——1 ¢ E. By N3 [L]is L and [—L]is —L.
Hence L >0and =L > 1.

2. Let A be a discriminant. If there are no discriminating terms, then x is in % and
* > A. Suppose there is a discriminating term s. By & we know s #, s is not in
E. Since ¢ C {s} and A is maximal, we know A must not be empty. Letf € A be
given. Clearly t € ZF and t > A.

3. By case analysis on o. The cases for base types follow directly from Proposition
8(1) and (2). Let o be T and f € Z,, be given. By definition there is some
s € Af; such that s f. Since X is ¥ E, [s] € %,ﬁ. By Lemma 1 [s]> f and we
are done.

4. Assume Ax.t ¥ Kp. By Lemma 1 [Ax.f] ¥ K,. We know that there is a term s €
Af( and a value a € Z, such that s > a but [Ax.t]s ¥ Kpa. By the definition of K,
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and by Lemma 1 [[1x.t]s] ¥ b. We B-reduce according to Proposition 4 and use
S4 and Lemma 1 to get ¢ ¥ b. This is a contradiction.

5. Byinduction on o. The case for type o follows directly from Proposition 8(1). The
case for type ¢ follows from Propositions 8(2) and 2. Let o be tu. By induction
there is some b € Z,. By definition there is some ¢ € Aff such that 1> b. Let
Ky : 9. — 2, be the constant b function and let x be a variable not in #z. By
Proposition 8(4) Ax.t > Kj. By the definition of > we know K;, € Z,.

6. 9, is nonempty for all o by Proposition 8(5). Z, = {0, 1} by Proposition 8(1).
Z.,, only contains total functions from Z; to &, for all u and t by the definition
of >. O

The evident set E insists some terms must be interpreted differently. We use this
information to define a relation #. For s, t € AX we say stit holds if eithers # tort # s
isin E. We record a simple and useful fact.

Lemma 2 For any variable x € ¥, [Mx.L1#[ x.L] does not hold.

Proof Assume [Ax.Ll]g[Ax.Ll] holds. There is some w € #; such that
[(ax. Dyw]g[(Ax. L)w] by & and N2. We know [(Ax.L)w] is L by Proposition 4, S4
and N3. Hence L. This contradicts &3 and &) . O

We now turn to a notion of compatibility of terms.

Definition 1 For each type o we define when two terms s, € AX are compatible
(written s || ) by induction on types.

o =o0: s || tif {[s], =[t]} € E and {—[s], [¢]} £ E.
o= s || t if [s]#[¢] does not hold.
o=tw sl tifforallu,ve AX u | vimplies su || tv.

We say aset T € AX is compatible ifs || t for all s, t € T.

The next lemma provides relationships between compatibility of terms and the
presence of disequations in E. Note that part 2 of the lemma implies ¢, || &, for
every type o and x || x for every variable x € X. The lemma is the same as Lemma
6.5 in [14] except for the restriction of free variables to X and the inclusion of ¢, in
part (2). The free variable restriction does cause a slight complication in the proof
since the decomposable name w in the condition &;; may be a variable not in X.

Lemma 3 For all types o we have the following:

1. Foralls,t € AX, if [s14[f], then s }f t.
2. For all wsy---s,, wt,---t, € Af where n > 0 and w is a decomposable name,
either wsy -+ -8, || wty, ---t, or there is some i € {1, ..., n} such that [s;][t;].

Proof By mutual induction on o. The base cases for Lemma 3(1) follow from &
and the definition of compatibility. The base cases for Lemma 3(2) follow from N3,
Euar and e since w is decomposable. The case for Lemma 3(2) when o is T easily
follows from the inductive hypotheses for Lemma 3(1) at t and for Lemma 3(2) at .
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The only complicated case is proving Lemma 3(1) when o is tu. Assume s || ¢
and [s]Z[¢] both hold. By & and N2 [sw]t[tw] for some decomposable w € #;. If
w € X or wis a choice operator, then w |; w by inductive hypothesis (2) and sosw ||,
tw, contradicting inductive hypothesis (1). Otherwise, w € ¥"\ X. In particular, w ¢
Vs UYtU Y [sw]U Y [tw]. By Proposition 5 we know [sw] is [s(sw.1)] and [tw] is
[t(sw.1)]. By inductive hypothesis (2) and Lemma 2 we know ew.L || ew.L. Hence
s(ew. 1) | t(sw.L), contradicting the inductive hypothesis (1). |

The next lemma relates compatibility to >. This lemma is very similar to Lemma
7.3 in [14]. Fortunately, the restriction of free variables to X does not cause
complications in the proof. The axiom of choice is used twice in this proof: once
directly and once indirectly via Proposition 1.

Lemma 4 For all sets T € AX, T is compatible if and only if there is a value a € 9,
such that T > a.

Proof The proof is by induction on o. Note that if 7 is empty then T > a for all
a € 9,. (By Proposition 8(5) there is some a € Z,.) In the cases below, we assume T
is nonempty.

— o0 =1, =.Let T be compatible. By Proposition 1 there exists a discriminant a
that extends { [¢] discriminating | ¢ € T'}. The claim follows since 7 > a.

— o =1, <. Suppose T >a and T is not compatible. Then there are terms s, t € T
such that ([s]#[t]) € E. Thus [s] and [{] cannot be both in a. This contradicts
s,t € T asince [s] and [f] are discriminating.

— o0 = o0, =. By contraposition. Suppose T ¥ 0 and T ¢ 1. Then there are terms
s,t € T such that [s], —[f] € E. Thus s }f t. Hence T is not compatible.

- o =o0, <. By contraposition. Suppose s }f, ¢t for s, € T. Then [s],—[{] € E
without loss of generality. Hence s i O and ¢ 4 1. Thus 7' ¥ O and T 1% 1.

— o =1tu, =. Let T be compatible. We define 7, := {ts |t € T, s>, a} for every
value a € &, and show that T, is compatible. Let t,,, € T and sy, s, > a. It
suffices to show #;s; || 2s,. By the inductive hypothesis s; ||, s;. Since T is
compatible, ¢, || . Hence ¢, || ,5,. By the inductive hypothesis we now know
that for everya € 2, thereisab € &, such that T, >, b. By the axiom of choice,
there is a function f € Z, such that T, >, faforeverya € &,. Thus T >, f.

- o=1p, & Let T, fands,t € T. We will prove s ||, £. Let u, v € AX be such
that u || v. It suffices to prove su ||, tv. By the inductive hypothesis u, v >; a for
some value a. Hence su, tv >, fa. Thus su ||, tv by the inductive hypothesis. O

We now turn to the interpretation of the choice operators. We use a construction
similar to that of Mints [24] adapted to our setting.

Let f € %,, be a function and w € #(,,, be a decomposable name. We write
f ocws (read f chooses ws) when s> f and w[s] is accessible in E. Let f* := {ws €
AX|f o ws).

Lemma$5 For all f e D, and w € Ws0)6 N A()fm)g, there is some a € 9, such that
f"ea.
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Proof We show that f" is compatible. Lemma 4 gives us the claim. Let ws, wt € f*.
By the definition of , 5, f> f and so s || by Lemma 4. By Lemma 3(2) w || w and so
ws || wt. O

For each type o we will now obtain a function &, : Z,, — %, that will serve as
the interpretation of the choice operator &,. For each o we choose @, such that

some b suchthat fb = 1if f* is empty and such a b exists.
D, f =
some a such that f* > a.

The existence of an a in the second case follows from Lemma 5. Note that the second
case includes the case in which f is the constant O function. In particular, if f is the
constant 0 function and f* is empty, then @, f can be any a € Z,. The next three
lemmas verify that &, can act as the interpretation of ¢,.

Lemma6 Let v be a name, vt;...t, € AX and a€ D,. If vty...t, % a, then
v[t1]...[t,] is accessible in E.

Proof We prove this by induction on o.

— o =o0: Let a =0. By the definition of >, and N3, v[f;]...[t,] € E. Let a = 1.
Then, again by the definition of >, and N3, —v[/]...[#,] € E.

— o =« By the definition of >, and N3, we know that v[#]...[#,] is discriminating
and hence accessible.

— o = pt: By the definition of »,, we know that there is some term u € Aff
and some value b € 9, such that ub but vt,...t,u ¥ ab. By the inductive
hypothesis, we know that v[#]...[t,][u] is accessible in E. Hence, v[t]...[t,]
is accessible. O

Lemma 7 For any type o we have g, > ®,.

Proof Assume ¢ ¢ ®. Then, there are s, f such that s> f butes ¥ ®f. By Lemma 6
e[s] is accessible in E. Hence es € f. There is some a such that ®f = a and f* >a.
Thus &s > a, a contradiction. O

Lemma 8 £, (®,) holds. That is, ® as given above is a choice function.

Proof Let f € 9,, be afunction and b € ¥, be such that fb = 1. Suppose f(®f) =
0. Then f* must be nonempty (by the definition of ®f). Choose some es € f*. By
&, there are two possibilities:

1. [s(es)] € E: In this case s(es) ¥ 0. On the other hand, s> f and s> ® (by
Lemma 7) and so s(es) > f(®f). This contradicts our assumption that f(®f) = 0.

2. —[st] € E forevery t € %,F: By Proposition 8(3) there is some term ¢ € %,F such
that ¢ = b. Hence —[st'] € E. By the definition of >,, st » 1. On the other hand,

we know st' > fb since s> f and ¢ > b, contradicting the assumption that fb = 1.

(]

The next lemma will ensure we can correctly interpret equality.
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Lemma9 Ifs>,a,t>, b ands=tisin E, thena = b.

Proof By contradiction and induction on o. Assume s, a, t>, b, (s=f) € E, and
a # b. Case analysis.

o = 0. By & either 5,7 € E or —s, -t € E. Hence a and b are either both 1 or
both 0. Contradiction.

o =t Since a # b, there must be discriminating terms of type . Since the
discriminant a is maximal there is some u € a \ b. Since b is also maximal, b U {u}
is not a discriminant. Hence there is some v € b such that ufiv. Since (s=t) € E, we
know by N3 that s and ¢ are normal. By &,y we know either stu or tfv. If sfu, then s is
discriminating and so s € a, contradicting that a is a discriminant with u € a. Likewise,
if tdv, then ¢ € b, contradicting v € b.

o = . Since a # b, there is some d € Pt such that ad # bd. By Proposition 8(3)
there is some term u € %% such that u >, d. Hence su > ad and tu> bd. By Lemma 1
[su]>, ad and [tu] >, bd. By &;, the equation [su] = [tu] is in E, contradicting the
inductive hypothesis. O

The next lemma will ensure we can correctly interpret universal quantifiers.

Lemma 10 Let s € A% be given. Let f € Dy, be such that fb =1 forallb € D,. If
s f, then Vs 1.

Proof Assume s> f and V,s ¥ 1. Hence —[V,s] € E. By N3, &.y and N2 there is
some w € #, such that —[sw] is in E. If w € X or w is a choice operator, then we
obtain a contradiction using Lemma 3(2) and Lemma 4. Otherwise, w € 7"\ X. In
particular, w ¢ ¥'s U ¥ [sw]. By Proposition 5 [sw] must be the same as [s(¢w.L)]. By
Lemma 2 and Lemma 3(2) we know ex.L || ex.L. By Lemma 4 there is some b € %,
such that ex. L > b. Thus s(ex.L) = fb = 1, contradicting that —[s(ex.L)]isin E. 0O

We now prove we can interpret every logical constant appropriately.

Proposition 9 For each logical constant ¢ of type o there is some a € 9, such that
Le(a) and c> a.

Proof 1If c is a choice operator ¢,, then we know &, > ®, and £, (P,) by Lemmas 7
and 8. We know _L > 0 by Proposition 8(1). If * is not discriminating, then x> A for
all A € Z,. If % is discriminating, then x> A for some A € 9, where * € A. Now,
letn: 2, — 2, be the negation function and d : ¥, — %, — %, be the disjunction
function. For each o let p, : Z,, — %, be the function such that p, f = 1 if and only
if f is the constant 1 function. For each o let ¢, : 4, — Y, — %, be the function
such that g,ab =1 if and only if a = b. Each of the following statements is easily
verified making extensive use of Lemma 1.

1. Forallse AX anda € 2,,if s> a, then =s > na. (Use N3 and &-.-..)

2. = n. In particular, n € %,, and so £_(n). (Use definition of > and (1).)

3. Foralls,te AX anda,b € 9,,if s>aand b, then s Vv t>dab. (Use N3, &,
and &-.,.)

4. Forallse A;‘ and a € 9, if s> a, then (Vvs) >da and da € Z,,. (Use (3) and
the definitions of > and Z,,,.)
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4

d: D, — Doo. (Use (4).)
6. Vred. Inparticular, d € Z,,, and so £, (d). (Use (4) and the definitions of > and
Doo-)
7. Foralls € AX and f € Z,,,if s> f, then Vs> p, f. (Use Lemma 10 if f is the
constant 1 functlon Otherwise, use Proposition 8(3) and &.)
8. Vs> po. In particular, p, € P50y and so Ly, (p,). (Use (7) and the definitions
of > and Zs0)0-)
9. Foralls,te AX anda,b € Z,,if s>aand t>b, thens =, t> g ab. (Use N3,
Lemmas 4, 3(1), and 9.)
10. Foralls € AX and a € Z,, if s> a, then (=, 5) > g,a and g,a € Z,,. (Use (9)
and the definitions of > and Z,,.)
11. q,: D5 = PDs0. (Use (10).)
12. =, »q,. In particular, g, € %,,, and so £__(q,). (Use (11) and the definitions
of > and Y, 4,.) O

We say an assignment .# into & is admissible if ¢ > .7 ¢ for all logical constants c.

Lemma 11 Let s be a term, 0 be a substitution and .9 be an admissible assignment into
9. Suppose for every x € ¥'s, x € Dom6 and x> . x. Then's € Dom .¥ and Os > .7s.

Proof By induction on s. If s is a variable x, then x € Dom6 and 6x> .“x by
assumption and so fs > Is by S1. If s is a logical constant c, then fs o Is by
admissibility of .#, S4 and Lemma 1. The case where s is an application term
follows from the inductive hypotheses, S2 and the definitions of 7 and v Finally,
suppose s is of the form Ax.f where x € ¥, and t € A.. Let u >, a be given. We prove
(G(Ax Hu > (f (Ax. t))a Applymg the inductive hypothesis to ¢ with 6% and .Z", we
have that t € Dom 9)‘ and 9“t > f’ct By S3 [(9 (Ax.H)u] is [Gxt] Two applications of
Lemma 1 complete the proof O

Using the tools above, we can obtain a logical, admissible interpretation. We prove
this fact in a slightly more general form than we need here. The extra strength will
be useful in a later section. Recall that X is ¥ E.

Lemma 12 Let 0, be a substitution and %, be an assignment such that 6yx > Yyx for
every x € Dom6,. There is a substitution 0 and a logical, admissible interpretation .

such that 6s > 9 s foralls € A, and 0x = 6px and ¥ x = Fyx for every x € Dom 6.

Proof We define an assignment .# as follows. For each logical constant ¢ we can
choose .# ¢ such that ¢ > . ¢ and £.(.# ¢) by Proposition 9. This ensures we will have a
logical, admissible assignment. For each variable x € Dom 6, let 6x := fyx and .Y x :=
Hox. For each variable x € ¥, \ (Dom#@, U X) we take Ox :=¢,y.L € AX and Fx :=
d, Ky where K| is the constant 0 function. By Lemma 7 and Proposition 8 we know
that ¢, y.L > ®Kj and hence 0x > .#x for every variable x. By Lemma 11 we know
every s € Dom  and fs> 7 s for every term s. In particular, .# is an interpretation.

O

Now we can prove the model existence theorem for evident sets.
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Theorem 1 (Model Existence) Every evident set E has a model (2, .%). Furthermore,
we have the following:

1. If E is finite, then 9, is finite for all types o.
2. If Eis complete, then (2, %) is a countable model.

Proof Let E be an evident set and X be ¥ E. Take > and & as defined in this
section. We start by defining an assignment .%, and a substitution 6p. We define
Oox := x for every x € X. Note that Dom 6, = X. For each variable x € X we know
x || x by Lemma 3(2) and so we can use Lemma 4 to choose .#x such that x> .%x.
For variables x € 7, \ X take #x € &, arbitrarily, using Proposition 8(5). Using
Lemma 12 we obtain a substitution 6 and a logical, admissible interpretation .# such
that s> #s for all s € A, and 6x = x for all x € X. For every s € AX by S4 we know
[és] =[s]and so s> Is by Lemma 1. Note that (2, .#) is a model. For any s € E, we
know s>, Fsand s % 0, and so #s = 1. Hence (9, #)is amodel of E.

1. Assume E is finite. There are only finitely many discriminants of E. Hence &, is
finite. The fact that each %, is finite follows from an easy induction on types.

2. Since the set AX is countable, it is enough to give a surjective function from A%
onto Z,. We will prove that >, is such a surjective function. For every s € AX
we know s .7 s, so that >, is total. To prove >, is functional, suppose s € Af,‘ s
s>a and s> b. Note that [s = s] is [s] = [s] by N3 and that #'[s] C ¥ E by NS5.
Since we already know E is satisfiable, [s] # [s] is not in E. Since E is complete,
[s] = [s] must be in E. Hence a = b by Lemmas 1 and 9. Finally, >, is surjective
by the definition of Z,. O

We can now prove that if the tableau calculus .7 cannot make progress on a
branch, then this branch is satisfiable and in fact has a model with finitely many
individuals.

Corollary 1 Let A be a branch. Suppose 1L ¢ A and A is not the head of any step in
the calculus 7. Then A is evident and there is a model (2, %) of A where 9, is finite
for each type o.

Proof By Theorem 1, it suffices to prove A is evident. The evidence condition &
follows from the assumption that 1 ¢ A. The conditions &~ and & follow from L ¢
A and the assumption that the rules .7, and .7, do not apply to A. Except for &, &iq
and &, the remaining evidence conditions follow immediately from the assumption
that the corresponding rule does not apply. After we know & and &~y hold for A, we
can conclude that &, &1, and &, hold for A using Proposition 7 and the assumption
that the corresponding rule does not apply. O

Example 2 Let p € ¥,, and q € ¥,. For this example assume [s] = s for all n-normal
forms s. We prove V,q.6,p # €,,X.q is satisfiable. Consider the partial tableau shown
in Fig. 3. Let A be the branch ending with Vx.—_L. It is easy to check that no more
rules apply to A. In particular, consider the rule .7;. There are three accessible terms
to consider: ep, ex.L and ex.T. The rule does not apply with ep since p(ep) is on
the branch. The rule does not apply with ex._L since Vx.—_L is on the branch. The rule
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Fig.3 A tableau with an Voq.Ep # €X.q
evident branch ep 7& ex. |
ep#ex. T
p#Ax. L
pEAXT
“Vx.px = 1
“Vx.px=T
px# L
pw#T
px
T (e, L)
py
py X7y e
=T | Vx.=px p(ep)
i : EPFY

Vx—Ll | L

does not apply with ex. T since T (the normal form of (Ax.T)(ex.T)) is on the branch.
By Corollary 1 the branch A is satisfiable.

5 Abstract Consistency and Completeness

We now lift the model existence theorem for evident sets to a model existence
theorem for abstractly consistent sets. This will allow us to prove completeness of the
tableau calculus 7. The use of abstract consistency to prove completeness was first
used by Smullyan [29, 30] and later used by several authors in various higher-order
settings [2, 9, 14, 21]. To prove completeness of the tableau calculus, it is enough to
consider branches (finite sets of normal formulas) as in [6]. To obtain a more general
result which will imply compactness and the existence of countable models, we also
consider sets A of normal formulas which may be infinite.

A set I' of sets of normal formulas is an abstract consistency class if it satisfies the
conditions in Fig. 4 for every A € I'. We say I' is complete if for every A € ' and
every formula s € AZ/A either AU {s} € I" or A U {—s} € I". As with evident sets, this
property (without the restriction on free variables of s) was called “saturation” in
earlier work [8, 9]. A strong connection between admissibility of cut in a sequent
calculus and the existence of complete abstract consistency classes was shown in
Theorems 3.5 and 3.8 in [8]. Indeed, Smullyan discusses the property in [30] and
calls it the cut condition.

In Lemma 14 we will prove that every member of an abstract consistency class can
be extended to an evident set. In order to verify the &, condition we will need the
following lemma relating universes for different sets of formulas.

Lemma 13 Let o7 be a nonempty set of sets of normal formulas and let E be | ] <.

Suppose for every finite set B C E there is some A € o/ such that B C A. Then for
every t € UFE there is some A € of such thatt € U
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CL 1 isnot in A4.
b If —s is in A, then s is not in 4.
Cx s #; sisnotin A4.
- If -—sisin4, then AU{s}isin .
G IfsVtisin A, then AU{s} orAU{¢} isinT.
C-v If =(sV¢)isin A4, then AU{—s,~¢t} isin T
Gy If Vs is in 4, then AU {[st]} is in T" for every t € .
Cv If —Vgs is in A, then AU {=[sw]} is in I" for some decomposable w € #5.
Guar  Ifwsy...s,isindand —wt| ...t, isin A4,
thenn > 1and AU{s; #¢} isin I for somei € {1,...,n}.
Goec  Ifwsy...s, # Wi ...ty iSIn A,
thenn > 1 and AU{s; #¢}isin I for somei € {1,...,n}.
bcon Ifs=;tand u+#, varein 4,
then either AU{s # u,t Zu} or AU{s # vt #v}isinT.
G If s #, t is in A4, then either AU {s,—¢} or AU{—s,t} isin .
Grq If s =, t is in 4, then either AU {s,t} or AU{—s,—t} isinT.
Gre If s #o¢ t is in 4, then AU {—=[Vx.sx =7 tx]} isin I for some x € ¥ \ (¥ sU¥t).
Gro If s =7 ¢ is in 4, then 4 U{[Vx.sx = ¢x]} is in " for some x € ¥5 \ (¥sU¥1).
Ce If €55 is accessible in A4, then either AU {[s(es)]} isin I" or
there is some x € ¥ \ ¥'s such that AU {[Vx.—sx]} isin I.

Fig. 4 Abstract consistency conditions (must hold for every A € I")

Proof Lett € %, be given. If o is o, then choose A € &/ and note %, = {1, -1} =

Suppose o is . First assume E has no discriminating terms. In this case ¢t must be

*. We choose A € o/ and note that r € %, since A also has no discriminating terms.

Next assume E has discriminating terms. In this case ¢ is a discriminating term of E.

There is some s such that ¢ # s or s # t is in E. There is some A € &7 such thatt # s
ors # tisin A. Clearly t € * as desired.

Finally suppose o is 7. Let X be ¥ E. We know ¢ is normal and in AX. For each

x € ¥'t,choose some s, € E suchthat x € ¥’s,. Since the set {s|x € ¥t} is finite, there

issome A € o7 such thats, € A foreveryx € ¥t.Hence ¥t C ¥ A andsotisin Z.

]

We can now prove the desired extension lemma.

Lemma 14 (Extension Lemma) Let I' be an abstract consistency class and A € T.
There is an evident set E such that A C E. Furthermore, if T is complete, then E is
complete.
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Proof Let u®, u', ... be an enumeration of all normal formulas. We will construct a
sequence Ay) € A; € A, C -+ of branches such that every A, e I'. Let A := A.

We

define A, by cases. If there is no B € I" such that A, U {u,} € B, then let

Auy1 = A,. Otherwise, choose some B € T' such that A, U {u,,} € B. We consider
six subcases.

1.

2.

6.

Let

&L
é.

&y

If u, is of the form —V,s, then choose A, to be BU {—[sw]} € I" for some
decomposable w € #. This is possible since T satisfies €_y.

If u,, is of the form s #,, t, then choose A, to be B U {—[Vx.sx =, tx]} € T for
some x € ¥, \ ([s]U [£]). This is possible by .

If u, is of the form s =, ¢, then choose A, to be BU {[Vx.sx =; tx]} € T for
some x € ¥ \ ([s]U [£]). This is possible by %r,.

Suppose u, is of the form &[e,5] #, &>[e.t] for elimination contexts & and &5.
We define A, according to the first of the following possibilities that applies.

(a) Let A, be BU{[s(es)], [t(en)]}ifitisinT.

(b) Let A,q be BU {[Vx.—sx], [t(ep)]} ifitisin .
(c) Let A,y be BU {[s(es)], [Vy.—ty]}ifitisin I.
(d) Let A,y be BU {[Vx.—sx], [Vy.—ty]}ifitisin .

Applying %. twice, we know one of the four possibilities above must hold.
Suppose u, is of the form €[e,s] where € is an accessibility context, but the
previous case does not apply. (Since the previous case does not apply, the
accessibility context 4 is uniquely determined.) By %, either B U {[s(es)]}isin T
or there is some x € %, \ #'s such that B U {[Vx.—sx]}isin I". If BU {[s(es)]} is in
I, thenlet A, be B U {[s(es)]}. Otherwise, choose A, tobe BU[Vx.—sx] € '
for some x € ¥, \ ¥s.

If no previous case applies, then let A, be B.

E = U A,. We prove E satisfies the evidence conditions.
neN

If Lisin E, then L isin A, for some n, contradicting %, .

Assume s and —s are both in E. Let r be such that {s, —s} C A,. This
contradicts 6.

Assume s #, s is in E. There is some r such that s # s is in A,, contradicting
Ce.

Aisurne ——sisin E. Let n be such that u,, = s. Let r > n be such that ——sisin
A, By €., A, U{s} €T.Since A, U{s} C A, U{s},wehaves e A, C E.
Assume s Vv tisin E. Let n, m be such that u,, = s and u,, = t. Let r > n, m be
such that s v¢isin A,. By €,, A,U{s} € T or A, U {t} € I. In the first case,
A,U{s} C A, U{s}eTl,andsos € A, C E. In the second case, A4,, U {t} C
A,U{t}eTl,andsot € A, C E. Hence eithersor¢isin E.

Assume —(s v ¢) is in E. Let n, m be such that u,, = —s and u,, = —t. Let r >
n, m be such that —(s v 7) isin A,. By ¢y, A, U {—s, =t} € " and so —s and —¢
arein E.

Assume VY, sisin E. Lett € % be a normal term. Let n be such that u,, = [st].
By Lemma 13 (taking o/ to be {A,|r > nand V,s € A,}) there is some r > n
such thatt € %/ and V,sisin A,. By €, A, U {[st]}isin T. Since A, U {u,} C
A, U {[st]}, we have [st] = u, € A,y C E.
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& Assume —V,s is in E. Let n be such that i, = —Vs. Let r > n be such that —Vs
isin A,. This A, witnesses that there is some B € I" such that A, U {u,} C B.
By definition —[sw] € A, € E for some w € #.
Suar  Assume xs...s, and —xt; ...t, are in E where n > 1. Foreachi e {l,...,n},
let m; be such that u,,, is s; # t;. Letr > my, ..., m, be such that xs; ...s, and
—xty ...t, are in A,. By Gyar there is some i € {1, ..., n} such that A, U {s; #
t;} € T.Since A, U{s; # 1} € A, U{s; #1;}, wehave (s; # ;) € A1 € E.
Spee Similar to &y
Eeon  Assume s = tand u #, v are in E. Let n, m, j, k be such that u, is s # u, u,, is
t#u,ujiss #vandugist #v.Letr > n,m, j, kbesuchthats = tandu #, v
are in A,. By G either A, U{s £Zu,t #u}or A, U{s #v,t #v}isin . If
A, U{s#u,t#u}isinl',thens #uandt#uarein E.If A, U {s # v, t # v}
isinT",thens #vandt # v arein E.
S Assume s #, tisin E. Let n,m, j, k be such that u, =s, u,, = t, uj = —s and
up = —t.Letr > n, m, j, kbesuchthats #, tisin A,. By %;; either A, U {s, -t}
or A,U{=s,t}isin . If A, U{s,—t}isin T, then s and —¢ are in E. If A, U
{=s,t}isin ", then —s and ¢ are in E.

o  Similar to &;.

¢ Assume s #,. t is in E. Let n be such that u, is s #,, t. Let r > n be such
that u, isin A,. Since A, U {u,} € A,, by the definition of A, there is some
x € ¥, \ (¥sUYt) such that [=Vx.sx =; tx] is in A,;; and hence in E. By
Proposition 7(1) there is some w € #, such that [sw] #, [tw]isin E.

&g Assumes =, tisin E and let u € %,F be given. Let n be such that u, is s =,
t. Let r > n be such that u, is in A,. This A, witnesses that there is some
B €T such that A, U {u,} € B. By the definition of A,;,; we know there is
some x € ¥, \ (¥sU ¥t) such that [Vx.sx =, tx]isin A, and hence in E. By
Proposition 7(2) we know [su] #. [tu] isin E.

&, Assume g, is accessible in E. Then there is some accessibility context € such
that €[e,s] is in E. Let n be such that u, is €[s,s]. Let r > n be such that
uy is in A,. By the definition of A, either [s(es)] is in A,4; or [Vx.—(sx)]
isin A, for some x € ¥, \ ¥s. In the first case we are done. In the second
case let x € ¥, \ Vs be such that [Vx.—(sx)] is in E. Let ¢ € %,F be given. By
Proposition 7(3) we know —[st] is in E.

It remains to show that E is complete if I' is complete. Let I be complete and s be a
normal formula such that ¥'s C ¥ E. Since ¥ s is a finite set, there is some k such that
Vs C V' (Ay). Let m, n be such that u,, = s and u,, = —s. Consider r > m, n, k. Since
I is complete, A, U{s}isinT" or A,U{=s}isin . If A, U{s}isin I, thens e E. If
A,U{=s}isin T, then —s € E. O

Using the extension lemma we can lift the model existence theorem for evident
sets to a model existence theorem for abstract consistency classes.

Theorem 2 (Model Existence) Let I be an abstract consistency class. Every A € T is
satisfiable. If T is complete, then every A € T' has a countable model.

Proof Let A €T be given. By Lemma 14 there is an evident set E such that A C

E such that E is complete if I" is complete. We finish the proof with an appeal to
Theorem 1. u]
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6 Completeness, Compactness and Countable Models

We can now prove completeness of the tableau calculus .7. Let T' # be the set of all
branches A which are not refutable. We will first prove I" & is an abstract consistency
class and then use Model Existence to prove completeness.

Lemma 15 T 7 is an abstract consistency class.

Proof 1t is easy to check each condition in Fig. 4 using the corresponding tableau
rule in .7. For example, we check %,. Suppose A € 'z, g, is accessible in A, AU
{[s(es)]}isnotin 'z and A U {[Vx.—(sx)]} isnotin T & for every x € ¥, \ ¥'s. Choose
some x € ¥, \ ¥s. We know A U {[s(es)]} and A U {[Vx.—(sx)]} are refutable. Hence
A is refutable using %, contradicting A € T . O

Completeness now follows directly from Lemma 15 and Theorem 2.

Theorem 3 (Completeness) Let A be a branch. If A is unsatisfiable, then A is
refutable.

We can also apply Theorem 2 to prove a combined form of the compactness
theorem and the (downward) Lowenheim-Skolem theorem. Such a combination was
proven for first-order logic in an analogous way in [29].

A set A of normal formulas is sufficiently pure if for each type o the set 7, \ ¥ A
is infinite. In other words, A is sufficiently pure if there are infinitely many variables
(of each type) that are not free in (any formula in) A.

Let I'c be the set of all sufficiently pure sets A of normal formulas such that every
finite subset of A is satisfiable. The following lemma helps verify I'c is an abstract
consistency class (cf. Lemma 10.1 in [14]).

Lemma 16 Let A € T'c. If By, ..., B, are branches such that AU B; ¢ T'c forall i €
{1,...,n}, then there is some finite A’ C A such that A’ U B; is unsatisfiable for all
iell,...,n}

Proof Consider (C; U---U C,) N A where each C; is an unsatisfiable finite subset of
AU B;. [}

Lemma 17 T'c is a complete abstract consistency class.

Proof Most of the proof is the same as the proof of Lemma 10.2 in [14]. We show a
two representative cases and leave the rest to the reader.

¢-v Suppose —V,sisin A € T'c. Since A is sufficiently pure, there is some variable
x € ¥, \ V' A. Note that x is decomposable. Assume A U {—[sx]} ¢ T'c. By
Lemma 16 there is some finite A’ C A such that A’ U {—[sx]} is unsatisfiable.
On the other hand, A’ U {—V,s} has a model (2, .#) since it is a finite subset
of A. By £y, (4 (V,)) and £_(#—) there is some a € ¥, such that Fsa=0.
We will prove (2, .#7) is a model of A" U {—[sx]}, giving a contradiction. By
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Proposition 3 we know (Z, .#7) is a model of A" and that }\g(s) = j(s).
Hence .#%(sx) = 0. By N4 and £_(.#—) we are done.

6.  Suppose g, is accessible in A € I'c. Choose some x € ¥, \ ¥'s. Assume
neither A U {[s(es)]} nor A U {[Vx.—(sx)]} is in 'c. By Lemma 16 there is some
finite A’ such that A’ U {[s(es)]} and A’ U {[Vx.—(sx)]} are unsatisfiable. As a
finite subset of A, A’ has some model (2, .%). By N4 and £, (£ (s,)), we

must either have .% [s(es)] = 1 (contradicting unsatisfiability of A" U {[s(es)]})
or for every a € &, such that Fsa=0. In the latter case, it is easy to
prove ¥ [Vx.=(sx)] = 1 (contradicting unsatisfiability of A’U {[Vx.—(sx)]})
using Lv, (F(¥,)), £-(#—) and Proposition 3. O

Theorem 4 (Compactness, Countable Models) Let A be a set of formulas such that
every finite subset of A is satisfiable. Then A has a countable model.

We delay the proof. Note that if A is sufficiently pure, then we know there is a
countable model of A by Lemma 17 and Theorem 2. In the remainder of this section
we elaborate how to reduce the general case to the case in which A is sufficiently
pure. A simple idea is to rename the variables free in A until it is sufficiently
pure. We can rename the variables in such a way using an infinite substitution. The
following lemma relates substitutions and interpretations and will be useful to prove
Theorem 4.

Lemma 18 Let & be a frame, s € A, be a term, 0 be a substitution, .9 be an
interpretation into 9 and ¢ be an assignment into 9. Suppose Jc= Zc for

every logical constant ¢ and I (Ox) = H x for every x € ¥V's. Then s € Dom ¢ and
I (bs) = Is.

Proof By induction on s. The base cases follow by assumption. If s is fu, then we
compute

FO(tu) 2 (L On)(I Ow) 2 (I fu) = F ().

Finally, suppose s is Ay.u of type tu. We must prove (Ay.u) € Dom j and
j(é(ky.u)) = j(ky.u). Let a € 2, be given. Let z € ¥; be a variable such that
z¢ é(ky.u) and z ¢ ”//(éx) for each x € ¥'(u) \ {y}. By Proposition 3 and our choice
of z we know

TZ (0Oy.a) = IO Oy.u) and 72 (Bx) = 7 (x) forall x € ¥ (u) \ {y}

We can apply the inductive hypothesis with 67, .#% and _# since % (92 y)=a=
Juyand
T (00x) = T2 (x) = I(6x) = Fx= Fix
for each x € Yu \ {y}. Hence u € Dom ;ay, and
N4,S3

I @0ywa= 7% @0yuw)a= 7% G0y "L T3 0w 2 71 w

Generalizing over a, we know (Ay.u) € Dom j and j(é(ky.u))a = j(ky.u)a. O
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Proof (Theorem 4) Since there are infinitely many variables of each type, we can
find an infinite, injective substitution # (with Dom # = ¥') such that § A is sufficiently
pure (where OA = {s|s € A}). Since 0 is injective, there is a substitution i such
that ¢ (6x) = x for all x € ¥. Every finite subset of 6 A is of the form 6 B for some
finite subset B of A. Let such a finite subset B be given. By assumption B has a
model (2, #). Let Zc:= _#c for each logical constant ¢ and Jx := j(lﬂx) for
each variable x. By Lemma 18 with the ¢ as the substitution and with the roles of
# and ¢ reversed, we can conclude that .# is an interpretation. Note that for each
variable x we have .# (0x) = 7 (Y (6x)) = 7 x. Let fs € 6 B be given. By Lemma 18
with 6, we know j(és) = js = 1. Hence (2, .%) is a model of B and so § A is in
Tc.

By Theorem 2 there is a countable model (Z, .%) of HA. Let F c¢:= Fcforeach
logical constant ¢ and ¢ x := g (éx) for each variable x. By Lemma 18 we know

# is an interpretation and for each s € A we know j s=.9 (és) = 1. Therefore,
(2, #)is a countable model of A. O

7 Including If-Then-Else

We now extend the calculus to include an if-then-else operator if, of type oooo for
each type o. This operator should satisfy the following formula:

VXy Yo (if, Txy = x) A (if, Lxy = y) )

A simple way to obtain such an if-then-else operator is to consider if, to be shorthand
for the term Apxy.e,z.p Az =xV —-pAz=y and then reason using the tableau
calculus ..

An alternative is to consider each if, as a variable and include formulas of the
form (2) on the branch to refute. The main problem with this approach is that the
instantiation rule .% applies to such formulas. Suppose o is t0 and Vx,, y,,.(if, Txy =
x) A (if,Lxy = y) is on the branch A we wish to refute. Let s be a normal formula
only using variables in 7" A and choose some z € ¥, \ ¥ A. Since [Az.s] € %2 we can
apply % twice with [1z.s], followed by I, and Z__, to obtain if, T[Az.s][Az.5] =,
[rz.s] on the branch. Choose some ¢ € %“. By Proposition 4 and S4 we know
[[Az.s]t] = s. Applying F, and then % with ¢ we have if, T[Az.s][Az.5]t =, s on the
branch. After applying 7 we see that we have reduced the problem of refuting A
to the problem of refuting two branches extending A, one containing s and the other
containing —s. That is, we have used the formula (2) at type (o to simulate application
of a cut rule with a formula s.

There are many examples of higher-order assumptions that allow one to simulate
cut (see [8]). In such cases, one must somehow build the assumptions into the calculus
itself in order to remain cut-free. In fact, this was one of the motivations for building
the choice operator into the calculus .7.

With the above discussion in mind, we now give a tableau calculus .7 extending
7 to include a rule for an if-then-else operator. We also prove its completeness.
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7.1 Tableau Calculus and Evidence

For each type o choose a variable if, € %,,,,. Note that there are infinitely many
variables in ¥, that are not chosen. From now on, when we speak of a variable being
fresh we will also assume it is not one of the variables if,. Let T'f be the set of formulas
of the form of (2) for each type o. That is, T := {Vx, y,.(if, Txy = x) A (if, Lxy =
o type).

A model (2, .7) is a T"-model if it is a model of T'. Suppose (2, .) is a T'-
model. Each .Zif, must be a function I € Z,,,, such that I1b1by = b and I0b by =
by for every by, by € ,. We call such an [ an if-then-else function. Note that there
is at most one if-then-else function in Z,,,,. Conversely, we know a model (2, .¥)
is a T"-model if every .Zif, is an if-then-else function.

We define a tableau calculus .7 by taking the union of .7 and the following rule:

7 €[, stu]
s, €101 =, [Clul]

¢ accessibility context

We say a set E is T"-evident if it is evident and satisfies the following additional
evidence condition:

&r I Elifstu] isin E and € is an accessibility context, then s and [€’[¢]] are in E
or —s and [ [u]] are in E.

7.2 Model Existence

We prove that every T-evident set E has a T"-model. Let E be T'-evident and X
be V' E. Let ||,>, Y and ®, be defined as in Section 4. The construction of a model is
similar to the one in Section 4 except that we must choose the interpretations of the
variables if, to obtain a 7"-model. Two lemmas suffice for this purpose.

[}

Lemma 19 For each type o thereis aterms e A

Doooo SUch that s> I.

and an if-then-else function I €

Proof By Lemma 12 (with the empty substitution and an arbitrary assignment) there
is a substitution # and a logical, admissible interpretation .# such that fs & s for all
s € A,.Foreachs ¢ A‘f, [és] = [s] by S4 and so s > Is by Lemma 1. Choose distinct
variables x € ¥, yo, v1,z € ¥,. Let s € A? be Axy1y9.6,2.XAZ =Yy VXAZ=

yo and let I be Is. Clearly, s> 1. We need only check that [ is an if-then-else
function.
Letby, by € Z, be given. It is easy to check that for eachi € {0, 1} and b € %,

ffbyl"’byg(kz.x AZ=yV—-xAZz=yy)b =1 ifandonlyif b =b,.

—

Thus Iib1bg = ®6 (S}, (A2 X A2 = y1 V=X Az = y0) = b;. u]

Lemma 20 [fif, € X, then there is an if-then-else function I € Dyy4s such that if, > I.
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Proof By Lemma 19 there is an if-then-else function I € Z,,,,. We need only check

that if, > I. Assume not. There must be terms s, ¢, u, vy, -, v, € AX and values
a,b,c,di,...,d, such that if,stuv, - - - v, g labcd, - - - d, (for a base type B), s> a,
te>b,usc,vi>dy, ..., v,>d,. We also have tv;---v,>p bdy ---d, and uv; - - - v, >g

cdy - --d,. We can split into three cases: Either (1) 8 = 0 and Ilabcd, ---d, =0, or
(2) B =0 and labcd, ---d, = 1,0r (3) B = and labcd, - - - d, is a discriminant not
containing the discriminating term if, [s][¢][u][v;] - - - [v,]. In each case we can apply
& with an appropriately chosen context ¢ and split into two subcases based on
whether [s] and Z[[[f][vi]- - [v.]]] are in E or —=[s] and € [[[u][v]-- - [v.]]] are in
E. In each subcase one can determine whether a is 0 or 1 and hence whether Iabc
is b or c. It is straightforward, though tedious, to check that each subcase yields a
contradiction. O

Theorem 5 (Model Existence for T') Every T'-evident set E has a T"-model.

Proof We first define a substitution 6y with Dom6y = X U # T and an assignment
S.Foreachx € X \ 7 T,letfyx := x and #yx be such that x > #x, which is possible
by Lemmas 3(2) and 4. For each if, € X N ¥'T, let 6,if, := if, and %if, be the if-
then-else function I € %,,,, Where if, > I, which is possible by Lemma 20. For each
if, € ¥ T\ X, let 6pif, be s € AY < AX  and 4if, be the if-then-else function
I € Dooos Where s I, which is possible by Lemma 19. By Lemma 12 there is a
substitution 6 and a logical, admissible interpretation .# such that s> Fs for all
s € Ay, Ox = 6px and Fx = Hyx for all x € X U ¥ T. In particular, 6x = x for all
x € X. The fact that (2, .#) is a model of E follows as in the proof of Theorem 1.
Since .Zif, = .%if, is an if-then-else function for every o, we know (2, .#) is a T''-
model. O

7.3 Completeness

A set T of sets of normal formulas is a T'-abstract consistency class if it is an abstract
consistency class and satisfies the following condition:

G U Flifstu]isin A and € is an accessibility context, then A U {s, [€[¢]]} isin T
or AU {=s, [€[u]]}isinT.

Lemma 21 (Extension Lemma for T'™) Let T be a T"-abstract consistency class and
A €T. Thereis an T"-evident set E such that A C E.

Proof Recall the construction of E given in the proof of Lemma 14. We have an
enumeration u°, u', ... of all normal formulas and define a sequence of A, € I" such
that A = Ay S A, € A, C -+ and then define E to be | J, A,. We already know
E is evident from Lemma 14. We need only check that & holds. Suppose % is an
accessibility context and €’[ifstu] is in E. Choose n, m, j, k such that u,, is s, u,, is —s,
ujis [€[t]] and uy is [E[u]]. Let r > n, m, j, k be such that ¢[ifstu] is in A,. By %
either A, U {u,,u;} or A, U{uy,, ui} is in I'. Hence either u, and u; are in E or u,,
and uy are in E, as desired. O

Theorem 6 (Completeness of .7 Let A be a branch. If A is T"-unsatisfiable, then
A is T refutable.
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Proof Let 'z« be the set of all branches which are not .Z-refutable. As with
Lemma 15, it is easy to check that I 7 is a T'-abstract consistency class. Assume
A is not ZT-refutable. By Lemma 21 there is a T"-evident set E such that A C E.
By Theorem 5 there is a T-model of E. Hence A is T"-satisfiable. O

8 Related Work

This work is an extension of two lines of research. First, we have extended the tableau
calculus of Brown and Smolka [14] to support a choice operator and an if-then-
else operator at every type. Second, we have obtained tighter restrictions on the
instantiations of quantifiers than were available before.

In [12] Brown and Smolka give a complete tableau calculus for a first-order
subsystem (EFO) of higher-order logic. Quantifiers are only allowed at type ¢ there
and the instantiations are restricted to discriminating terms. We have maintained
this restriction on instantiations for quantifiers at type ¢. In addition we have proven
that it is enough to instantiate quantifiers at type o with the two terms L and T. As
for quantifiers at function types, we have proven that these instantiations need not
consider variables that do not already occur free on the branch.

Mints gives sequent rules for choice in [24]. The choice rule given in this paper
is similar to Mints’ e-rule. Our proof of Henkin-completeness was constructed by
adapting the relevant parts of Mints’ cut-elimination proof [24] to our setting. We
briefly sketch a comparison between our rules and the rules of Mints.

Translating into our language, Mints’ e-rule could be represented as

(MINTS’ €) m es occurs on the branch

By es occurs on the branch we simply mean that es appears as any subterm where
none of the free variables of s are captured by a A-binder. Note that this rule
could apply more often than our 7 rule. Our 7, rule cannot be applied until s
appears on the branch in one of the forms est; - - - t,, —~(est; - - - t,), (eSt; - - - t,) 7#, u or
u #, (esty - - - t,). Furthermore, in Mints’ system the e-rule would need to be applied
for each new instantiation term ¢. In practice this could lead to the need to refute
branches with [s(es)] multiple times. We have avoided this by using the quantified
formula [Vx.—(sx)] on the left branch.

Mints also includes an e-extensionality rule in [24]. In our context, his rule could
be realized as

(MINTS’ EXT €) &5 and &4t occur on the branch
s#EL] (es) = (eD)
In words, whenever ¢,s and &,¢ both occur on the branch, we must consider the case
where s and ¢ are different, and the case where ¢s and &t are the same. This rule
could be highly branching in practice. When n different terms of the form &s occur
on the branch, then the rule must be applied ”22’ " times. Furthermore, it has the
disadvantage that it adds a positive equation to the branch. If ¢ is a function type,
this will lead to the need to perform instantiations. We were able to omit such a rule
entirely from our system and still prove completeness. It seems that Mints needed
such a rule because the extensionality rule in [24] is not liberal enough. Translated
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into our context, the extensionality rule in [24] includes the rule

ESS]...Sp, TESH ... 1y
(SpECIAL CASE OF MINTS” EXTENSIONALITY) n>1

stFEN] | sn F

This corresponds to our mating rule, except that we have liberalized the rule to
include the case when the corresponding first arguments of ¢ are different.

ESL...8y, €l ... I,
(SpECIAL CASE OF Fyyar) n=1

suFEh s FE e

Combinations of A-calculus and if-then-else operators have been considered
before. Beeson [7] considered the unification problem for A-calculus with a (slightly
different) if-then-else operator. Altenkirch and Uustalu [1] study the simply typed
A-calculus with if-then-else as the elimination construct for the two element type.

The first author has considered choice operators, description operators and if-
then-else operators in his Master’s thesis [5]. Similar rules (using restrictions to
accessible terms) can be used to incorporate description operators and a similar
model construction (using discriminants and possible values) can be used to prove
completeness.

9 Conclusion

We have presented a cut-free tableau calculus for Church’s simple type theory with
a choice operator. The calculus is designed with automated proof search in mind.
In particular, only accessible terms on the branch need to be considered in order to
apply a rule. Furthermore, instantiation terms are restricted according to the type
and the formulas on the branch. At type o only instantiations corresponding to true
and false are considered. At the base type ¢ only discriminating terms on the branch
need to be considered (except when there are no discriminating terms in which case a
default element can be used). Note that this means only finitely many instantiations
at type ¢ need to be considered at each stage of the search. At function types, the
set of instantiations is infinite, but we have at least proven that we do not need to
consider instantiations with free variables that do not occur on the current branch.
We have also given an extension of the calculus to include if-then-else operators.

The second author has implemented a higher-order automated theorem prover,
Satallax, based on the ground calculus in this paper. Satallax encodes tableau steps of
the ground calculus as propositional clauses and uses the SAT-solver MiniSat [16] to
decide if there is a refutation using the steps considered so far. Satallax competed in
the higher-order division of the CASC system competition [31]. Out of 200 problems,
LEO-II [10] solved 125, Satallax solved 120, Isabelle [26] solved 101 and TPS [4]
solved 80.
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