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Abstract

A simple undirected graph is said to be semisymmetric if it is regular and edge-transitive
but not vertex-transitive. Folkman (J Combin Theory Ser B 3, 215-232, 1967) proved
that a graph of order 2p or 2p? is not semisymmetric for any prime p. Wang and
Guo (J Algebra Comb 54, 49-73, 2021) proved that there is only one semisymmetric
graph of order 2p> with valency p. In this paper, we give a necessary condition
for semisymmetric graphs of order 2p” with valency p, where p is an odd prime,
and construct an infinite family of such graphs. As an application, a classification of
semisymmetric graphs of order 2 p* with valency p is given.

Keywords Permutation group - Semisymmetric graph - Bi-coset graph

Mathematics Subject Classification 05C25 - 20B25.

1 Introduction

Throughout this paper, all graphs are finite, simple, connected and undirected. Let
X = (V(X), E(X)) be a graph with vertex set V(X) and edge set E(X). For any
vertex v € V(X), denote by X{(v) the set of vertices which are adjacent to v. The
valency of v is the size of the set X | (v). A graph X is said to be regular if all the vertices
have the same valency. A graph X is a bipartite graph if V (X) can be partitioned into
two subsets U(X) and W(X), called partite sets, such that every edge of X joins a
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vertex of U (X) and a vertex of W(X). Denote, by K, ,, the complete bipartite graph
with partite sets of size m and n, respectively.

Let X; and X, be graphs with vertex sets V(X1) and V (X3), respectively. An
isomorphism o from X; to X7 is a bijection from V(X;) to V(X3) such that for
any u, v € V(X1), u and v are adjacent in X if and only if 4 and v° are adjacent
in X». Two graphs X; and X, are said to be isomorphic, denoted by X| = X», if
there is an isomorphism from X to X». Let X be a graph, an automorphism of X
is an isomorphism from X to itself. All automorphisms of X form a group under
the composition of maps. This group is denoted by Aut(X) and is called the full
automorphism group of X . The graph X is said to be vertex-transitive or edge-transitive
if Aut(X) acts transitively on V (X) or on E(X), respectively. It is well known that
a connected graph, which is edge-transitive but not vertex-transitive, is bipartite (see
[9]). The complete bipartite graph K,, ,, where m # n, is a simple example of such
graphs. But it is interesting to find such regular graphs. A graph X is said to be
semisymmetric if it is regular and edge-transitive but not vertex-transitive.

Let X be a bipartite graph with the bipartition V(X) = U(X) U W(X) and A =
Aut(X). Suppose that AT is the subgroup of A preserving both U (X) and W (X). The
connectedness of the graph X implies that either |A : AT| =2 or A = AT, depending
on whether or not there exists an automorphism, which interchanges U (X) and W (X).
For G < A™, X is said to be G-semitransitive if G acts transitively on both U (X)
and W (X), while an AT -semitransitive graph is simply called semitransitive. It can
be checked easily that every semisymmetric graph is a semitransitive bipartite graph
with two partite sets having the same size. Thus, the order of a semisymmetric graph
must be even.

Semisymmetric graphs were first investigated by Folkman [9] in 1967. He gave
some characterizations of semisymmetric graphs and constructed several infinite fam-
ilies of such graphs. Meanwhile, Folkman put forward 8 open problems, which spurred
the interest in this topic. Whereafter, many semisymmetric graphs were constructed
which nearly solved all Folkman’s open problems (see [2, 3, 8, 14, 15]). More recently,
some new results on semisymmetric graphs have appeared by some group-theoretical
methods, graph coverings and computer searching (see [4, 6, 10, 12, 18, 19, 25]).

One of Folkman’s problems is “for which pairs of integers v and d is there a
connected semisymmetric graph with v vertices and d valency?” In response to this
problem, Parker [20] studied semisymmetric cubic graphs of twice odd order. Li and Lu
[16] classified pentavalent semisymmetric graphs of square-free order. But there are a
few known semisymmetric graphs with twice prime powers vertices. Let p be a prime,
Folkman [9] proved that there is no semisymmetric graph of order 2 p or 2 p*. Malni¢,
et al. [17] showed that cubic semisymmetric graph of order 2 p? is the Gray graph. Du
and Wang et al. [7, 21-24] gave a partial classification of semisymmetric graphs of
order 2p>. Especially, semisymmetric graphs of order 2p> with prime valency have
been completely classified [24]. As a natural process, for any pair of positive integer n
and prime p, whether there are semisymmetric graphs of order 2 p” with valency p is an
interesting problem. In this paper, we give a necessary condition for semisymmetric
graphs of order 2p" with valency p. Applying this condition, an infinite family of
such graphs is constructed and semisymmetric graphs of order 2 p* with valency p are
classified. Note that when p = 2, the graph of order 2 p" with valency p is the cycle
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graph and vertex-transitive. It is also known that there is no semisymmetric graph of
order 2p or 2p?. Throughout this paper, let p be an odd prime and n > 3. The main
results in this paper are listed in the following three theorems.

Theorem 1.1 Let p be an odd prime, n > 3 and X be a semisymmetric graph of
order 2p" with valency p. Let P be a Sylow p-subgroup of Aut(X). If Aut(X) acts
primitively on one partite set at least, then p | n or P contains an elementary abelian
group as a maximal subgroup.

Theorem 1.2 Let p be an odd prime, n > 3 and X be a semisymmetric graph of
order 2p" with valency p. Let P be a Sylow p-subgroup of Aut(X). If P contains an
elementary abelian group as a maximal subgroup, then n < p and X is isomorphic
to the graph X , ,, which is described in Construction 2.6.

It was shown that there is only one semisymmetric graph of order 2 p* with valency
p. The graph X, 3 is just such the graph [24]. Moreover, X3 3 is the Gray graph and
Aut(X3,3) acts primitively on one partite set and imprimitively on the other. If p > 5,
Aut(Xp 3) acts imprimitively on both partite sets.

Theorem 1.3 Let p > S be a prime and X be a semisymmetric graph of order 2 p*
withvalency p. Then, X is isomorphic to the graph X j, 4 or X p 4, which are described
in Constructions 2.6 and 2.7, respectively.

2 Preliminaries

Denote by Z, the cyclic group of order n, and by A, and S, the alternating group
and the symmetric group of degree n, respectively. An elementary abelian p-group
is a direct product of several cyclic groups of order p, where p is a prime. For a
transitive group G on 2 and a subset 21 of €2, denote by G, and G (g,) the setwise
stabilizer and the pointwise stabilizer of G relative to 21, respectively. For a group G
and a subgroup H of G, we use Z(G), Cg(H) and Ng(H) to denote the center of
G, the centralizer and the normalizer of H in G, respectively. Denote by [G : H] and
|G : H| the set of right cosets and the index of H in G, respectively. The action of G
on [G : H] is always assumed to be the right multiplication action. For a group G,
denote by G’ the derived group of G. A semidirect product of a group N by a group H
is denoted by N x H, where N is normal in N x H. For any two sets A and B, denote
by A\B = {a | a € A,a ¢ B} the difference set of A and B. For group-theoretical
concepts and notations not defined here, the reader is refereed to [5, 13].

Let G be a group with subgroups L and R and D = | J; Rg; L be a union of double
cosets of R and L in G, where g; € G. Define the bipartite graph X = B(G, L, R; D)
with bipartition V(X) = [G : L]U[G : R] and edge set E(X) = {{Lg1, Rg>2} |
g1, 82 € G, gzgfl € D}. This graph is called the bi-coset graph of G with respect to
L, R and D. Clearly, the graph X = B(G, L, R; D) is well-defined, i.e., the adjacency
relation is independent of the choice of representatives of right cosets. Under the right
multiplication action of G on V (X), the graph X is G-semitransitive.
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Proposition 2.1 [8] Let X = B(G, L, R; D) be the bi-coset graph of G with respect
to L, R and D. Then,

(i) X is G-edge-transitive if and only if D is a single double coset of R and L in G,
i.e., D = RgL for some g € G;
(ii) the valency of any vertex in [G : L] (resp. [G : R)) is equal to the number of right
cosets of R (resp. L) in D (resp. D™"), so X is regular if and only if |L| = |R|;
(iii) X is connected if and only if G is generated by D~ D;
(iv) X = B(G, L%, R": D), where D' = Ui RP(b~'d;a)L®, for any a, b € G, and
d; € D,’~ -
(v) { = B(G, L°, R?; D), where G is a group and o is an isomorphism from G to
G.

Proposition 2.2 [8] Suppose that X is a G-semitransitive graph with V(X) = U(X)U
W(X). Take u in U(X), win W(X) andset D = {g € G | w® € X1(u)}. Then D isa
union of double cosets of G, and G, in G, and X = B(G, G, Gy,; D). Especially,
any semisymmetric graph is a bi-coset graph.

In the following, a sufficient condition for judging the vertex transitivity of an
edge-transitive bi-coset graph is given.

Lemma 2.3 Let X = B(G, L, R; D) be a bi-coset graph, where D = RgL for some
g € G. If there exists 0 € Aut(G) such that L° = R, R° = L and (D~')? = D,
then X is vertex-transitive.

Proof Set[G : L1 ={Lg; | g € G}and [G : R] = {Rg, | g € G}. By definition of
a bi-coset graph, V(X) = [G : L]U [G : R]. Let ¢ induced by ¢ be a mapping on
V (X) as follows:

(Lg)” = Rgy and (Rg,)” = Lg?,

where g;, g, € G. We claim that o € Aut(X).
Firstly, we prove that & is a permutation on V (X). It is clear that & is a surjection.
For any g, g, € G,

— -1 —1 —1
Rgj = Rgj) & (211)7(8]) lerRo (81,8, )" €R & gg, €R” =L Ly =Lgy,.

Secondly, we prove that & preserves edge set. Since (D~!)® = D, it follows that
gl"(gf)_1 = (glgr_l)" = ((grgfl)_l)” € D, for any grgf1 € D. Therefore, for
any {Lg1. Rg:} € E(X), {Lg1. Rg:)” = {Rg{. Lg?} = {LgZ. Ry} € E(X). Thus
o € Aut(X).

Since G acts transitively on both [G : L] and [G : R], respectively, (G, o) acts
transitively on V (X). Thus, X is vertex-transitive. m]

The following lemma gives some sufficient conditions for a regular bipartite edge-
transitive graph to be semisymmetric.

@ Springer



Journal of Algebraic Combinatorics (2023) 57:1285-1301 1289

Lemma 2.4 Let X be a regular edge-transitive bipartite graph with V(X) = U(X) U
W(X), and P be a Sylow subgroup of Aut(X). Then, the graph X is semisymmetric
if P satisfies one of the following conditions:

i) P, 2 Py, foranyu € U(X) and w € W(X);
(i) Np(Py) Z Np(Py), especially, INp(Py)| # |Np(Py)|, for any u € U(X) and
w e W(X);
(iii) Cp(Py) Z Cp(Py), especially, |Cp(Py)| # |Cp(Py)l, for any u € U(X) and
w e W(X).

Proof In the following, we prove the result by a contradiction. Suppose that the graph is
vertex-transitive. Then, there exists 0 € Aut(X) suchthat A7 = A,,, whereu € U (X)
and w € W(X). Now P, = PN A, and P, = P N A, are Sylow subgroups of
A, and A, respectively. Then, P < A, and so P] = P} for some n € Ay.
Therefore, T = ar;_l € Aut(X) satisfies P, = Py,. Thus, Na(P,)" = Na(Py)
and CAo(P,)" = Ca(Py). Note that P N Nao(P,) = Np(P,) and P N Nao(Py) =
Np(Py) are Sylow subgroups of N4 (P,) and N4(Py), respectively. Then, Np(P,)
and Np(Py) are conjugate in Aut(X). Similarly, Cp(P,) and Cp(P,) are conjugate
in Aut(X). Especially, |[Np(P,)| = |[Np(Py)| and |Cp(P,)| = |Cp(Py)|. Therefore,
if P satisfies one of the conditions (i), (ii) or (iii), the graph X is not vertex-transitive.
This implies that X is a semisymmetric graph. O

Since any semisymmetric graph is a bi-coset graph, in order to study semisymmetric
graphs of twice prime powers order, groups with subgroups of prime powers index are
needed. The following proposition is the classification of nonabelian simple groups
with a subgroup of prime powers index.

Proposition 2.5 [11] Let S be a nonabelian simple group with a subgroup H < S
satisfying |S : H| = p°, for p a prime. Then one of the following holds:

(i) S=A,and H = A, withn = p%;
(ii) S = PSL(n, q), H is the stabilizer of a projective point or a hyperplane in PG(n —
l,g)and |S: H| = (¢" —1)/(q — 1) = p*;
(iii) S =PSL(2, 11) and H = As;
@iv) S = M1 and H = M;
V) S = M3 and H = M»y;
(vi) S =PSU4, 2) and H is a subgroup of index 27.

At the end of this section, we construct two families of bi-coset graphs.

Construction 2.6 Let p > 5 be a prime and n be a positive integer withn < p. Define
the group P by

P=(x1.x0, x| xl = =2l = yP =1,y yl = x40, D y] =[x, %1 = 1),

i=1,---,n—1,j=1,2,--- ,n. Then, the order of P is p”+1. Define the bi-coset
Graph Xp n = B(P, (y), (x1); {x1){(y).

@ Springer



1290 Journal of Algebraic Combinatorics (2023) 57:1285-1301

Construction 2.7 Let p > 5 be a prime. Define the group Q by

QO ={a,b,c,d,ela? =bP =cP =dP =eP =1,[b,al =c,[c,al =d,[d,a]l =[c,b] =e,
[d,b] =1[d,c] =[e,a]l =[e,b] =[e,c] =[e,d] = 1).

Define the bi-coset Graph X , 4 = B(Q, (a), (b); (b){a)).

3 Some results on p-groups

Lemma 3.1 Let p be a prime, n be a positive integer, and let P be a nonabelian group

of order p"*1, which is generated by two elements of order p. If P contains a maximal
subgroup H which is an elementary abelian p-group, then
(1) n < p, and
P=(x;,x2, - xn,y | x] = =xf =y7 =1,[x;, y] = X401, [xn, y] = [xj, x;]1 = 1)
wherei =1,--- ,n—land j=1,--- ,n;
(i) Cp(y) =Z(P) x (y) = Z?, and Cp(h)y = H = Z’[@,foranyh € H\Z(P);
(iii) Forany g = x{' -+ x"yn+1 € P withQ < i1, -+ in,ins1 < p— 1, 0(g) = p?

ifand only if n = p and iyiy+1 # 0.

Proof (i) Let P = (x, y) with o(x) = o(y) = p. Since H is a maximal subgroup of
P, itfollows that H < P, and at least one of x, y isnotin H. Without loss of generality,
we assume that y ¢ H. Then, P = H x (y). Since x € P and x # Yy, there exists
h € H suchthat x = hy' forsomei € {0,1---, p—1}.Since P = (hy', y) = (h, y)
and o(h) = p, without loss of generality, let x = & € H. Note that P is a nonabelian
group, then [x, y] # 1, thatis x¥ # x. Thus, (x70) = (x)) < H.

For any ¢ € P = (x,y), we have g = xilyjix2y/2... xisyJs  where
i1,02, - yis, j1sjos-+-»Jjs € {0,1,---,p — 1}. Then there exist integers
ki,ky, -+, ksy1 such that

g =y @ e () ),

Therefore, P = (y)(x")) = (y)H. Itis clear that (y) N H = 1 and (y) N (x) =1
Thus, [(x™)| = |H]|. Since (x) < H, it follows that H = (x). Since |(y)| = p,
we have [(x"))| < pP. But |(x™))| = |H| = p", which implies that n < p.

For any g € P, we have g = x'0(x¥)1 ... (x)’pfl)"ﬂflyip. From
g = (xl'()(xy)il . (xypil)ip—] yip)y — xip- (x}’)i()(xyz)il . (xypil)ip—Zyip’
we know that g € Cp(y) if and only if ip = iy = --- = i,—1. Hence, Cp(y) =

oY x0Ty X () = Zp x Lpand Z(P) = (xx” - Ty = Zp. 1tis clear that
Cp(Cp(y)) = Cp(y). Thus, P is a p-group of maximal class. Since | P| = p™t!, the
nilpotent class of P is n.
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Suppose thatx; = x, x;4+1 = [x;, y]withi = 1, --- , n—1. Since the nilpotent class
of the group P is n, one has [x,, y] = 1. Clearly, x; € H,foranyi € {1,2,--- ,n}.
Then, (x1,x2, -, X,, y) < P.Itis clear that |(x1, x2, -+, x,, y)| = p"t! = |P|.
Thus,

P=(x, oy | xf = =xp =3P = Llxi, vl = xiq1, bon, Y] = Ixj, i1 = 1),
wherei =1,--- ,n—1,j=1,---,n

(i1) We have already shown Cp(y) = Z%, in (i). Since H is an elementary abelian
p-group, it is clear that H € Cp(h) forany h € H \ Z(P). From [h, y] # 1 and H
is a maximal subgroup of P, we have Cp(h) =

J Ckfl
(iii) For j € {1,2,---, p — 1}, we show first that xi” = ,ﬁﬂ x,’ , where

C f ~1is the binomial coefficient, by induction on j. It is clear that xl = x1x3, so the

statement is true when j = 1. Suppose that it is true for j = m. Now let j = m + 1,
we have

m+1 m mtl y ml k—1 mtl k—1

v C, C,

X X )= | |xk = | |(X;f) mo= | |(xkxk+1) "
k=1

k=1
m+1 m—+1 _
Ck 2+ k—1 fn+]1
= X1 Xm42 xk = X1Xm42 1_[ Xy
k=2 k=1

k 1

m—+2
1_[ m+l

so the statement is true for j = m + 1. By induction principle, we have xly g
k 1
l_[klxk forje{1,2,---,p—1}
It can be checked easily that the derived group P’ of P is (x3) x -+ x {(x,). If
n<p-— 1 then |P| < pP. Consequently, P is a regular p-group. For any g =

Xl xl2 .. xlnyintt € P, one get that

gp — (xlll-xéz 3 x;{’y’”“)p — xf”xé"z . 'xrll”nypln-%—ldfd; . ,dsl”

forsomed; € P’,i =1,2,---,s.Since P’ is an elementary abelian p-subgroup, we
have g” = 1 which follows o(g) = p forany 1 # g € P.

Now suppose that n = p. Note that P’ < P, it follows that P'(y) < P and
|P’(y)| = p" = pP. Thus, P'(y) is a regular p-group. Similarly, we have g/’ = 1
for any g; € P’(y). For any g = xf‘xf -x)yIrt1 € P, where jjjp+1 # O, let

gl = xéz . ~x,1,pyjl)+1, then g; € P’(y). Therefore,

— ol — ()2 v j (P Ip 1y Py ip gy (P Dip
1 =gl = xylry? = (2 xi)! Y y y

. . —1 i
= @f oy E 0
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Thus,
gl = (x{lx.2/2 .. .xIJ).PyJIp-H)p — (X{I)C'2/2 B ~xlj).P)Zzp=701(yjP“)l
i 1, : . g
= (X{I)ZIP=0 (yj.p+l)[ ()Céz .. 'lejp)zll() (y/rt1y!
-
k+1 ,'7 p i Z,, t+1
= H nx = H x;
i=1
p l 1 [ —
_ xp ]1 ZF i+1 C;{ 1
i=1
p—1 Zp i+ o
Note that o [ x, [ »; — pand ji # 0, it follows that o(gP) =
i=1
Therefore, 0(g) = p2_ ]

Lemma3.2 Let3 <n < pand

P=(xpx0, o xny |2 = =x) =97 = L x, vl = x40, [ ] =[x ] = 1),

(1) Ifn = p, then every automorphism of P is of the form
Qx| xllxé2 cxf, vy xéz Cx ) yleet

where 0 <ij, i <p—1,1=<1<p,2<k=<p+1 andiy, jpr1 #0. Hence,
|Aut(P)| = p*~2(p — )2

(ii) Ifn < p, then every automorphism of P is of the form

o x r—>x'1'x;2 Xy x{lxéz Xy dnt

where 0 <ij, jr <p—1,1<l<n,1 <k<n+1,andii, ju41 # 0. Hence,
|Aut(P)| = p*"(p — 1)%.
Proof 1t is clear that P can be generated by x| and y, so it is only need to give the

images of x1 and y for any automorphism of P. Define the following maps on P via
the generators x1 and y and preserving multiplications by

0 I X| > X1Xj, Y>>y, piiX1pH> X1, Y XY,
. 2 > v . N 2.
I’L' X1 X], y y’ T X1 X1, y y ’

where i = 2, --- , n. It can be checked easily that all of them are automorphisms of
the group P.

(i) Suppose that n = p. In the follows, we will show that Aut(P) = (al, iy U, T).
If ijip41 # 0, then from Lemma 3.1 we know that o(xixi2 .. x;,”y P =

1 x2
p?. Thus, there is no ¢ in Aut(P) such that x¥ = x!'x2...x yir+t or y¢ =
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x| xb --~x;,”yi1’+1,foranyxi'x§2 o ~)c;,”y"1’+1 € Pandijipt #0.Since Cp(h) =
for any h € H\Z(P), and Cp(y) = Z%,, there is no ¢ in Aut(P) such that
y¢ € H. Thus, under the automorphisms of P, y might map to an element of the

form xgz . J”yJPJrl By pi, T € Aut(G), it follows

YT = ey [0S e < p - Lk =20 p Lt #0) = yMP
; i
Note that P’ = (x,x3,---,x,) and P'(y) < P, we have x{ # x5 ---x, for

any ¢ € Aut(P), since otherwise, (x(lp, y?) < P. There is no ¢ in Aut(P) such that
xlw =y, because of |Cp(x1)| # |Cp(y)| from Lemma 3.1. Under the automorphism

of P, x; might map to an element of the form x’llxé2 x;,” with i1 # 0. Note that
oj, i € Aut(P), it follows

x(mwlt) — {xuxtz xip O<ij<p—1.1=12 . p.i 0} _xAut(P)
1 1 %2 p p 4 1

Therefore, Aut(P) = (0, p;, i, T), and hence |Aut(P)| = p2P—2(p — 1)
(ii) Suppose that n < p. Similarly, the map = on P defined via the generators x|
and y and preserving multiplications by

T X > X1, Y X1,

is an automorphism of the group P. In the follows, we will show Aut(P)
(0i, pi, m, T, ). Note that Cp(y) = Zp xZpand Cp(h) = H, forany h € H\Z(P).
Since n > 3, it follows that |[H| > p3 and p? = |Cp(y)| # |H|. Thus, y® ¢ H for
any ¢ € Aut(P). Therefore, under the automorphism of P, y might map to an element
of the form x'x3 - - - x," y/+1 with ju41 # 0. By pj, 7, m € Aut(P), we have

T = Uy [0 < < p k=L L gy 0 =y,

Note that y? ¢ H, for any ¢ € Aut(P). Since there exists ¢ in Aut(P) such that
y® = x{'xl - xiryintt where 0 < iy < p— 1,k =1,2,--- ,n+ land iy # 0, it
follows that)c1 + xl1 X2 xn yin+1 forany ¢ € Aut(P). Since P’ is the characteristic
subgroup of P and x| ¢ P’, it follows that x;” ¢ P’ for any ¢ € Aut(P). Thus, under

the automorphisms of P, x; might map to an element of the form xilxéz ’” with
i1 # 0. Note that g;, u € Aut(P), then

(oi, 1) __ ¢ 01 02 i
X1 ={r g x)

=01, ,p—1,k=1,2,-ni 0} =xM"

Therefore, Aut(P) = (0;, p;, i, T, ), and hence |Aut(P)| = p?*3(p — 1) m]
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4 Semisymmetric graphs of order 2p" with valency p

In this section, let X be a p-valent semisymmetric graph with bipartitions V (X) =
U(X)UW(X) of order 2p", A = Aut(X), and P be a Sylow p-subgroup of Aut(X).

Lemma4.1 Let X be a semisymmetric graph with prime valency. Then Aut(X) is
faithful on both partite sets of X.

Proof We will prove the result by contradiction. Assume that Aut(X) is unfaithful
on at least one partite set of X. Without loss of generality, suppose that Aut(X) is
unfaithful on U(X). Let K be the kernel of A on U (X). In this case, K # 1 and K
is not transitive on W (X), since otherwise the graph is the complete bipartite graph.
Now let Byy = {Bq, B>, - - - , By} be the complete imprimitive block system induced
by K, where m | |[W(X)|.Foranyu € U(X), ifw € X{(u), then wX C X (u). Since
[X1(u) N Bj| \ [X1(u)| and | X1(u)| is a prime, we have [X{(u) N B;| = |X1(u)| or
1If [ X1 (u) N Bj| = |X1(u)|, then X1(u«) € B; and the graph is unconnected. Thus,
|X1 ()N B;| = 1. Since B; is an orbit of K on W (X), it follows that wX = w, where
w € X1(u). According to the arbitrariness of u, this implies that K fixes any vertex
in W(X). Thus, K fixes any vertex in V (X). This contradicts with the faithfulness of
A on V(X). The result then follows. ]

Lemma 4.2 Let X be a semisymmetric graph of order 2 p" with valency p and P be a
Sylow p-subgroup of A, where n > 3, and p is an odd prime. Then, |P| = p"*!.

Proof Since A is transitive on both U(X) and W(X), A = A,P = A, P for any
u € U(X) and w € W(X). By Frattini’s argument, P is transitive on both U (X) and
W (X), and it needs only to show that | P,| = p for some u € U (X). Since the bipartite
graph X is edge-transitive, one has that P, is transitive on X (u). In other words, we
need only to prove that P, is regular on X(u). For w € X (u), if g € P, N Py,
then g fixes every vertex in X (u) because of | X|(u)| = p. Since | X1(w)| = p and
(u, w) € E(X), g fixes every vertex in X1 (u) U X1 (w). By the connectivity of X, we
can get that g fixes every vertex in V (X). This forces g = 1. Consequently, |P,| = p
and |P| = p"tl. O

Proof of Theorem 1.1 Let X be a semisymmetric graph of order 2p" with valency p.
Set V(X) = U(X)UW(X).In[21], the conclusion has been proved to be correct when
n = 3. Next, let n > 4. Without loss of generality, suppose that A acts primitively on
U (X). From O’Nan-Scott Theorem [5], A is of almost simple type, product type or
affine group type.

(1) We claim that A cannot be of almost simple type. Conversely, suppose that
A is of almost simple type, i.e., the socal S of A is a nonabelian simple group. By
Proposition 2.5, §'is Ay or PSL(m, ¢q), where q::ll = p'andg = p{ for some
prime p; and positive integer . We distinguish the following two cases.

(a) A is primitive on W (X).

Assume that two representations of S on both partite sets are equivalent. Consider
the action of S, on [S : Sy ], whereu € U (X) and w € W(X). Then, the lengths of the
orbits are 1 and p" — 1, respectively. It is impossible as p” — 1 # p. Now Assume that
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two representations of S on the partite sets are not equivalent. Then, S = PSL(m, q)

and qqm%ll = p". Consider the action of S, on [§S : S, ], there are two orbits with
m—1 m—1
different lengths 4 q_;l and ¢!, respectively. If 4 q_fl = p, then
m_ m—1 __ 1
gt =1 -1 =p'—p=pp" ' =1,

qg—1 qg—1
And so p } g. This forces p; = p and ¢ = p'. Since p i p"~1 — 1, it follows that
g" 1 = p!m=1 £ pn _ p which is a contradiction. If g" ! = p, then ¢ = p and
m = 2. In this case, q::ll = p + 1 # p". This contradicts the conditions.

(b) A is imprimitive on W (X).

Let Byy be a maximal imprimitive block system of A on W (X) and |Byy| = pF,
where k < n. Let K be the kernel of A on Byy. Since S < A, it follows that S is
transitive on Byy or § < K. Note that S is a simple group, it is impossible since S has
no faithful permutation representation of degree p’, where ¢t < n.

(2) A is of product type.

In this case, there is a nonabelian simple group R of degree p® such that A =
RK x M, where M is a transitive permutation group of degree k and sk = n. Let
P and Q be Sylow p-subgroups of A and R, respectively. Since Q* is a Sylow p-
subgroup of R¥ and R¥ is transitive on U (X), we have Qk is transitive on U (X), and
thus, p" | |0k By the action of RFonU(X) and |P| = p"t!, we get |Q%| = p" and
|Q| = p*. Thus, every Sylow p-subgroup of M is Z,. If s = 1, then Q = Z, and
P = Z’I‘, X Zp. So P contains an elementary abelian group as a maximal subgroup. If
s > 1, then |Z(Q)| > p. Let P; be a subgroup of order p of Z(Q). By the structure
of A, Plk XLy = le‘, X 2 is a subgroup of A. From Lemma 3.2 (1), we can get that
k < p.Since M < Sy, it follows that p < k. This forces p = k and then p | n.

(3) A is of affine group type.

In this case, the socal of A is Zg and is regular on U (X). Note that |P| = prtl
Thus, Z’;, < P and Zg is a maximal subgroup of P, i.e., P contains an elementary
abelian group as a maximal subgroup. O

Next, we will classify semisymmetric graphs X whose one Sylow p-subgroup of
Aut(X) contains an elementary abelian p-subgroup as a maximal subgroup.

Proof of Theorem 1.2 Every semisymmetric graph is a semitransitive bipartite graph,
and every semitransitive bipartite graph is a bi-coset graph. In the follows, we study
semisymmetric graphs by means of bi-coset graphs. Since P is transitive on both
partite sets U (X) and W (X), from Proposition 2.2, let X = B(P, P,, Py; D), where
uelUX),we W(X)and D = Py,dP, for some d € P. From Proposition 2.1(iv),
B(P, P,, Py; P,dP,) =B(P, P,, P; P P,).Soweneed only to consider the graph
X =B(P, P,, Py; PyP,) and its vertex transitivity.

Since the graph X is connected, we can get P = (P,, P, ), which implies that P is
generated by two elements of order p. Thus,

P=(xp,xp,,xm,y | ¥ = =x =3P =1, [x, Y] = x40, [, Y] =[x, i1 = 1),
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wherei = 1,---,n—1land j = 1,---,n, from Lemma 3.1(i). Let P, = ()c{l
X yiety and Py, = (xi' - xiryintt), where 0 < ix, 1 < p— 1,1 <k, I <n+1.
Now, (iy+1, jut+1) # (0,0), since otherwise (P,, P,) < P. Similarly, (i1, j1) #
(0,0). Since x3* -+ x,' € P’ and P’ < ®(P), where ®(P) is the Frattini subgroup
of P, i and i,4+1 cannot be equal to 0. Similarly, j; = 0 and j,+1 = O cannot
simultaneously occur.

Case I: n = p.

Note that | P, | = |P,| = p, theni1ipy1 = 0 and jjp4+1 = 0, by Lemma 3.1(iii).
Without loss of generality, let i1 # 0, j,+1 # 0 and j; = ip41 = 0. For any
xj'x? - x) € P, there exists ¢ € Aut(P) such that x{ = x|'x3* ---x}/ and y¥' =

xg .. ~xlj,” yJr+1. Thus, under the automorphism of P, one can set P, = (y) and

Py, = (x1). From Proposition 2.1, we can get
X =B(P, Py, Py; P, P,) =B(P, (), (x1); (x0){y)-

From Lemma 3.1(ii), Cp(P,) = Z%, and Cp(Py) = Zg. Note that p is an odd prime,
the graph X is not vertex transitive by Lemma 2.4 and so X is semisymmetric.

Case 2: n < p.

Without loss of generality, let j,41 7 0. Then, there exists ¢ in Aut(P) such that
¥ = xf' it and (-l yineny® = xi‘xéz —ooxlrylt where I,y # 0.
In this case, i1 # 0, since otherwise X is disconnected. If i,,+.; = 0, there exists ¢ in
(0;), where i = 2, -+, n, such that x;p' = xilxéz . ~x,l{' and y?' = y. Without loss
of generality, let P, = (y) and P, = (x1). If i, 1 # 0, there exists ¢» in (o;, T) such
that (x1y)?? = xi‘xéz - xlnylet and (y)$2 = (y). In this case, we can set P, = (y)
and P, = (x1y). By Proposition 2.1, the connected edge-transitive regular graph

B(P, P,, Py; Py P,) is isomorphic to one of the following two bi-coset graphs

X =B(P, (y), (x1); (x1)(y)) and X1 =B(P, {y), (x1y); (x13)y).

Similar to the case 1, we have Cp(P,) = Z%, and Cp(Py) = 7", where n > 3.
Then, the graph X is semisymmetric by Lemma 2.4.
For the graph X1, take o € Aut(P) such that
. p—1
oy X1y, Xxi—=x .

Then P = P,, P = Py and D° = (P, P,)° = PP, = DL By Proposition 2.3,
the graph X is vertex transitive, and thus, X is not a semisymmetric graph. O

5 A classification of semisymmetric graphs of order 2p* with valency
p

In this section, we will classify semisymmetric graphs of order 2 p* with valency p. For
p = 3, there is no cubic semisymmetric graph of order 162 (see [4]). In the follows,
we assume that p > 5. Let P be a Sylow p-subgroup of Aut(X). By Lemma 4.2 and
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the proof of Theorem 1.2, we need only to consider the graph B(P, P,, Py; Py P,)
where P = (P,, P,) and |P| = p>. In [1, 26], groups of order p> which generated
by two elements of order p are as follows:

Py = {(a,b,c,d,ela’? = bP = ¢? = dP = e = 1,[b,a]l = c,[c,a] =
d,|d,al=e,[c,b] =[d, bl =1]d,c] =[e,a]l =[e,b] =le,c] =[e,d] = 1);
P, = {(a,b,c,d,e|la’? = bP = ¢ = dP = e = 1,[b,a] = c,[c,a] =
=1

d,[c,b]=e,[d,a]l=1[d,b]=1]d,c] =le,a]l = e, b] = e, c] = e, d]
Py = (a,b,c,d,e|la? = bP = cP = dP = eP = 1,[b,a] = c,[c,a] =
d,[d,al=1[c,bl=e,[d,bl=1[d,c]l=[e,al =[e,b] =[e,c] =[e,d] =1).
It is clear that the group P; is just the group in Lemma 3.1 for n = 4 and its auto-
morphism group has already been given in Lemma 3.2. In the follows, we determine
the automorphic groups of P, and Ps.

Lemma 5.1 Every element in Aut(P>) is of the form
¢ a> ailbizcizdueis’ b ajlbjzc.isd/ﬁejs’

where 0 < ij, jx < p—1,1 <1,k <5andiyj, —irj1 # 0(modp). Especially,
|Aut(Py)| = p’(p — D*(p + D).

Proof 1t is clear that P, can be generated by a and b, and the derived group of P, is
P} = (c) x (d) x (e). Note that | P;| = p> < pPbecause of p > 5.So P, isaregular p-
group. For any a''b2c3d™e’s € Py, (a1 b2c3d™e's)P = aP'bP2d]dy ---df =1,
where di,dp,--- ,d; € PZ/. It follows that exp(P,) = p. Let o1, 02,03, 04,
05, 06, Oy j j» e the following maps on P, defined via generators a and b and
preserving multiplications by

o] : at+— ac,br— b; or:ar>ad,b—b; o03:a+> ae,br b;
o4 : a+— a,b— bc; o5:a—a,b+— bd; o¢:ar a,br be;
i1 hJ1 i2}J2
Oilirjijo - @ > a''b)', b — a'?b’2.

It is easy to prove that o1, 02, 03, 04, 05, 06 € Aut(P2). Then, every element ¢ in
(o1, 02, 03, 04, 05, 0¢) is of the form:

o: ar> acBd?e’s, br> bcld*els,

where 1 <ij, jr < p—1,3 <1,k <5. Consider the induced action of Aut(P;) on
P2/P2’ = Zp x Zp, the kernel of this action is K = (o071, 02, 03, 04, 05, 06). Hence
Aut(P2)/K < GL(2, p).

In the follows, we consider the maps o;,;, j, j»- If 04,4, j, j, € Aut(P), then

¢zt = [pOhizitiz | g%zt ] = [a2bS2, a b1

D - R Dy A 2
C”Jz_lz]ldjzctd *]lCi2 ellc.j2+|+lch_jl+1+]|(l|j27]|12712j2)

)
dOnizit = [c%hi2ith  g%hiaiti] = [0t glipit] = giilii—i2j) gjiGi2=i2j1)
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and
eitniry = [¢%ii2iri | pOhiaiii] = [Ciljz—izjl’aiijZ] = d2Wn=i2j0) gi2(i1j2=i2j1)_

Since Z(P;) = (d, e) and ¢ ¢ Z(P,), it follows that c¢®12/12 ¢ Z(P,). This forces
thatiy j» —izj1 # O(modp). Itis clear that oy ;, , j, ¢ K, so K N{0j,i»j, j) = 1. Thus

[(01, 02, 03, 04, 05, 06, Oiyir j j») | = |K|IGL(2, p)l.

Note that |Aut(Pp)| < |K||GL(2, p)|. Therefore, Aut(P,) = (o1, 02, 03, 04, 05,
06, Oiizj1 j»)» Where iy jo — iz j1 # O(modp). Hence |[Aut(P2)| = P (p—D3(p+1).
O

Lemma 5.2 Every element in Aut(P3) is of the form
¢:ar— ailbizci3di4ei5, b~ bilzcj3dj“ej5,

where O <ij, jr < p—1,1<1<53 <k <5andiy # 0. Especially, |Aut(P3)| =
7
p'(p—1.

Proof By the same argument as in Lemma 5.1, P is a regular p-group and exp(P3) =
p. Letoy, 02, 03, 04, 05, 06, 07, 0;; be the follows maps on Pj3 defined via generators
a and b and preserving multiplications by

op:avr>ac,br—b; oy:a+> ad,b+ b; 03 :.:a+> ae, b b;
o4:av+>a,b+—> bc;, os:ar+> a,br bd, og:.:ar>a,br> be
o7:avr>ab,brb; ojj:ara,br> bl;

where 1 < i,j < p — 1. It can be checked easily that oy, 02, 03, 04, 05, 06, 07 €
Aut(P3). Note that P = (c,d, e) < P3. Consider the induced action of Aut(P3) on
P3/P; = Z, x Z,. The kernel of this action is K = (01, 02, 03, 04, 05, 06). Thus,
Aut(P3)/K < GL(2, p).

Now consider the maps o;;, we have

sy .. - : . ) CZ ‘):/'*ICZ
Ol = [b%i,a% ] = [b),al] = ¢V dICi ' Ci T Hi=1 Gk
N To2 RN ¥ il B P I 2 ni 2
d%i = [Ccr,-_,-’aa,-j] — [Cz/d/Cl- glc_/+]):k=lck’al] — [Cljdjcl- ’al] = (i JeZlJC,- ,

ic2aiyiTle2 .
e%ii = [c%i, bOii] = [CI,Id.IC,-zglC_/JFJEk:]Ck’ bl =[cV, b= e[./z’
and
%l = [d°, q%ii] = [dizjeZi/C,?, a'l= [dizj’ al= s

Thus if 0 € Aut(P3), then '/ = ¢i*J Tt follows that ij(j — i%) = O(modp). Since
i,j # 0, onehas j =i*(modp). Thatis, 0;,2 € Aut(P3).
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Note that Cp,(a) = (a) x (e) and Cp,(b) = (b) x (d) x (e). Thus, a and b are not
conjugate in Aut(P3). By the above argument, forany a’! b2¢3d¢'s € P3, there exists
o € Aut(P3) such that a® = a/'b2c3d™e’s, where 0 < iy < p—1,k=1,---,5,
and i1 # 0. Thus, there is no ¢ in Aut(P3) such that b? = al'bi2ciidiels | where
i1 # 0. Since b ¢ P, it follows that b? # c¢3d'¢'s, for any ¢ € Aut(P3). Therefore,
under the automorphisms of P3, b might map to an element of the form b/2¢/3d/* e,
where j, # 0. From the above discussions on o;;, we have

<<r4,<rs.,(ra,o,.1iz

b V= pfichddes |0 < iy, 3. janjs < p— L,it # 0} = pAP,
Therefore Aut(P3) = (o1, 02, 03, 04, 05, 06, 07, 0;;2). Hence, |Aut(P3)| = p’(p—1).
O

Proof of Theorem 1.3 1Tt is clear that P; has a subgroup (b) x (c) x (d) x (e) which
is an elementary abelian p-group of order p*. It has already been proved that the
semisymmetric graph of order 2p* with valency p which is a bi-coset graph of P;
is Xp 4 in Theorem 1.2. Now we consider two groups P> and P3. By the proof of
Theorem 1.2, we need only to consider the bi-coset graph B(P, P,, Py; Py P,), where
P = P, or Ps.

Case 1: P = P,.
Firstly,. we d_et@mine the structures'of .P,l_ an_d Pw From |P,| = |Py| = p, let
P, = (a"b"2cBd"e'5) and P, = (a/'b2cl3d/*el5), where 0 < iy, ji < p — 1,

k,I = 1,---,5. Note that P = {(c,d,e) < P, then (i1, j1) # (0,0), since
otherwise (P,, P,) < P. Without loss of generality, we assume that i; # O.
By Lemma 5.1, for any a''b2c3d™4e’s e P, with iy # 0, there exists ¢ in
Aut(P,) such that a® = a'1b2¢3de’5. By Proposition 2.1, set P, = (a). Since
P = (P,, P,) = (a,al'b2ci3d/*els), it follows that jo # 0. Note that there exists
¢ in {04, 05, 06, 011, j,) such that a¥ = a and b¥ = allbi2el3disels  where j2 #0.
From Proposition 2.1, we have

B(P, Py, Py; PyP,) =B(P, (a), (b); (b)(a)).

Secondly, we can show that the graph B(P, (a), (b); (b){(a)) is vertex-transitive.
Take o € Aut(P;) such that

ocg:ar—b, b~ a.

Then it is clear that P{ = (a)’ = (b) = Py, P) = (b)° = (a) = P, and
(D™ = (P,P)™ "’ = (P,P,)° = P,P, = D. From Lemma 2.3, the graph
B(P,, (a), (b); (b)(a)) is vertex-transitive and thus the graph B(Pa, (a), (b); (b)(a))
is not semisymmetric.

Case 2: P = Ps. S
Similarly, we ﬁr_st detc;rm_ine the structures of P, and Py,. Let P, = (a''b"2c'3d" ')
and P, = (a’/'b/2c3d/el5), where 0 < i,y < p— 1 withk,l = 1,---,5.

By the same argument as in Case 1, let iy # 0. By Lemma 5.2, there exists ¥ in
Aut(P3) such that a¥ = a’'b2¢3d™e's, where i1 # 0. Without loss of generality, let
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P, = (a). Since P = (P, P,), one has j, # 0.If j; = 0, for any b22c/3d/*e/5 €
P3, there exists w € (o4, 05, 06) such that a® = g and (b2)® = bl2cBdltels ¢
P3. Thus P = (a,b). If j; # 0, for any a/'b72c3d/*e/s € P3, there exists v in
(04, 05, 06, 0;2) such that (a)” = (a) and (ab*¥)" = a/tbl2c/3d*es, where kj? =
Jj»(modp). Therefore P = (a, ab¥). By Proposition 2.1, the connected edge-transitive
regular graph B(P3, P,, Py; Py P,) is isomorphic to one of the following two bi-coset
graphs

X =B(P3, (a). (b); (b)(a)), and X; =B(Ps, (a), (ab); (ab")(a)).
We claim that the graph X} is vertex-transitive. Take oy € Aut(P3) such that
or1a> (@bl b beldel
where j = (k — 1)(modp). Then,

(abk)"k = b’ka’l(bc’ld’lej)k
— kg1 pke—kgko—Citik
— a— kg e=Ct o=k gk o—Ci+ik
— g pik—k(k=1)

al.

Hence, we have

( >=Pw,

P = (a)% = <(abk)_l> =

P = (ab*)* = (a7!)

Thus, (D~1)% = ((P,P,)" )% = (P,P,)° = P,P, = D. By Lemma 2.3, the
graph Xy is vertex-transitive.

Now consider the graph X. Note that Cp, (a) = Z, x Z, and Cp;(b) = Z), x Zp X
Zp. By Lemma 2.4, the graph X is not vertex-transitive and so it is semisymmetric.

Therefore from Theorem 1.2 and the above argument, the semisymmetric graph
of order 2p* with valency p is isomorphic to Xp 4 or X .4, Which are described in
Constructions 2.6 and 2.7. Furthermore, Aut(X p,4) is imprimitive on both partite sets
by Theorem 1.1. O
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