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Abstract

The characterization of distance-regular Cayley graphs originates from the problem of
identifying strongly regular Cayley graphs, or equivalently, regular partial difference
sets. In this paper, a partial classification of distance-regular Cayley graphs on dicyclic
groups is obtained. More specifically, it is shown that every distance-regular Cayley
graph on a dicyclic group is a complete graph, a complete multipartite graph, or a non-
antipodal bipartite distance-regular graph with diameter 3 satisfying some additional
conditions.
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1 Introduction

Let G be a finite group with identity 1, and let S be a subset of G \ {1} such that
S =S7' = {s7! | s € S}. The Cayley graph Cay(G, S) is defined as the graph
with vertex set G, and with an edge joining two vertices g, h € G if and only if
g 'h € S.Here S is called the connection set of Cay(G, S).Itis known that Cay(G, S)
is connected if and only if (S) = G and that G acts regularly on the vertex set of
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Cay(G, S) by left multiplicity. If G is a cyclic (resp. dihedral) group, then Cay(G, S)
is called a circulant (resp. dihedrant).

Let I" be a connected graph with vertex set V (I'). The distance or(u, v) between
two vertices u, v of I is the length of a shortest path connecting them in I', and the
diameter dr of I is the maximum distance inI". Forv € V (I'), let Nl.F (v) denote the set
of vertices at distance i from v in I'. In particular, we denote N Twy=nN 11" (v). When
I" is clear from the context, we use d(u, v), d, N;(v) and N (v) instead of dr (u, v), dr,
Nl.r(v) and N (v), respectively. For u, v € V(I') with d(u, v) =i (0 <i < d), let

ci(,v) = [Ni—1@) N NW)|, a;j(u,v)=|N;@) "N@)|. bju,v)=|Ni11u)NNQ).

Here co(u, v) = bg(u, v) = 0. Then T is called distance-regular if c;(u, v), b; (u, v)
and a; (u, v) do not depend on the choice of u, v with d(u, v) = i, that is, depend only
on the distance i between u and v, forall 0 <i <d.

For a distance-regular graph I" with diameter d, we denote ¢; = ¢;(u, v), a; =
ai(u,v) and b; = b;(u, v), where u, v € V(I') with d(u, v) = i. By definition, I is
a regular graph with valency k = by, and a; + b; + ¢; = k for 0 < i < d. The array
{bo, b1, ...,b4g—1;c1,C2,...,cCq} is called the intersection array of I'. In particular,
A = ap is the number of common neighbors between two adjacent vertices in I',
and p = ¢; is the number of common neighbors between two vertices at distance 2
in I'. A distance-regular graph on n vertices with valency k and diameter 2 is also
called a strongly regular graph with parameters (n, k, . = aj, 4 = c2). A distance-
regular graph is called non-trivial if it does not belong to any of the following classes:
complete graphs, complete multipartite graphs, complete bipartite graphs without a
1-factor, and cycles.

After observing some beautiful combinatorial properties of distance-transitive
graphs, Biggs introduced the concept of distance-regular graphs (see the monograph
[2] from 1974). In the past several decades, distance-regular graphs played an impor-
tant role in the study of design theory and coding theory and were closely linked to
some other subjects such as finite group theory, representation theory, and associa-
tion schemes. For more detailed results on combinatorial or algebraic properties of
distance-regular graphs, we refer the reader to [4, 7], and references therein.

As an extension of the problem of characterizing strongly regular Cayley graphs
(or equivalently, regular partial difference sets [13]), Miklavi¢ and Poto¢nik [16] (see
also [7, Problem 71]) proposed the following problem.

Problem 1.1 For a class of groups G, determine all distance-regular graphs, which
are Cayley graphs on a group in G.

For strongly regular Cayley graphs, a classic work is that all strongly regular cir-
culants were determined by Bridges and Mena [3], Ma [12], and partially by Marusic
[14]. Also, the strongly regular Cayley graphs on Zn x Z,» were classified by Leif-
man and Muzychuck [11]. However, the strongly regular Cayley graphs on general
groups, even for abelian groups, are far from being completely characterized.

With regard to Problem 1.1, Miklavi¢ and Potocnik [15, 16] (almost) classified the
distance-regular circulants or dihedrants. Miklavi¢ and Sparl [17, 18] characterized
the distance-regular Cayley graphs on abelian groups or generalized dihedral groups
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under the condition that the connection set is minimal with respect to some element.
Abdollahi, van Dam, and Jazaeri [1] determined the distance-regular Cayley graphs of
diameter at most three with least eigenvalue —2. Very recently, van Dam and Jazaeri [5,
6] determined some distance-regular Cayley graphs with small valency and provided
some characterizations for bipartite distance-regular Cayley graphs with diameter 3
or 4.

Inspired by the work of Miklavi¢ and Poto¢nik [15, 16], in this paper, we mainly
focus on the characterization of distance-regular Cayley graphs on dicyclic groups.
For a positive integer n, the dicyclic group Dic,, is defined by

Dic, = (o, B |a@* = 1,82 =a", B lap = a7 1).

Clearly, Dic, = (@) U(«) B is anon-abelian group of order 4n if n > 1, and Dic,, = Z4
if n = 1. Also, &" is the unique element of order 2 in Dic,. For simplicity, Cayley
graphs on dicyclic groups are called dicirculants. For j € Zo, and A C Zy,, we denote
jrA={j+ilicA,jA={j-ilicA,—A={—ilic Ao’ ={a'|iecA)
and B = {a/B | i € A}. Then every dicirculant on 4n vertices has the form
Cay(Dic,, «® Ua’ B), where R and T are subsets of Zy, such that0 ¢ R, R = —R
and T = n + T. For convenience, we denote Dic(n, R, T) := Cay(Dic,, a® Ua’ B).
The main result is as follows.

Theorem 1.1 Let " be a dicirculant on 4n vertices. Then T is distance-regular if and
only if it is isomorphic to one of the following graphs:

(i) the complete graph Kay;
(ii) the complete multipartite graph K;xm, with tm = 4n, which is the complement
of the disjoint union of t copies of the complete graph K,,;
(iii) the graphDic(n, R, T) for evenn, where R = —R and T = n+T are non-empty
subsets of 1 + 27y, such that |RNT| <nand |[RNGE+R)|+ITNGE+T)| =
2|(j+ R)NT|foralli, j € 2Zsy,, i # 0.

In particular, the graph in (iii) is a non-antipodal bipartite non-trivial distance-
regular graph with diameter 3.

A subset D of a group G is called a difference set if there is an integer u such that
for every g € G \ {1} the number of (g1, g2) € D x D satisfying gzgf] = g is equal
tou. If |D| ¢ {|G|, |G|—1, 1, 0}, then D is non-trivial. In review of [16, Lemma 2.8],
it is not difficult to verify that the statement in Theorem 1.1 (iii) is actually equivalent
to:

(iii’) the graph Dic(n, R, T') for even n, where R = —R and T = n + T are non-empty
subsets of 1 + 275, such that «~'T® U o~1*7 B is a non-trivial difference set in
the dicyclic group (a2, B) of order 2n.

By Theorem 1.1, we obtain the following corollary immediately.

Corollary 1.1 Let " be a dicirculant on 4n vertices where n is odd. Then T is distance-
regular if and only if it is isomorphic to the complete graph Kay, or the complete
multipartite graph K;xm,, where tm = 4n.
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2 Preliminaries

In this section, we review some notations and results about distance-regular graphs,
which are powerful in the proof of Theorem 1.1.

Let I be a graph, and let B = {B4y, ..., B,} be a partition of V(I"). The quotient
graph of I with respect to B, denoted by I'g, is the graph with vertex set 5 and with
B;, Bj (i # j) adjacent if and only if there exists at least one edge between B; and
Bj in I". Moreover, we say that B is an equitable partition of T" if there are integers
bij (1 <, j < r)such that every vertex in B; has exactly b;; neighbors in B;.

Suppose that I" is a distance-regular graph with diameter d. Fori € {1, ..., d}, the
ith distance graph T'; is the graph with vertex set V (I') in which two distinct vertices
are adjacent if and only if they are at distance i in I'. We say that I is primitive if
I'; is connected for all i € {1, ..., d}, and imprimitive otherwise. Also, we say that
I" is antipodal if the relation R on V(I') defined by uRv < 9(u,v) € {0,d} is
an equivalence relation. It is known that an imprimitive distance-regular graph with
valency at least 3 is either bipartite, antipodal, or both [4, Theorem 4.2.1].

If T is a bipartite distance-regular graph, then I'; has two connected components,
which are called the halved graphs of T and denoted by I'™ and I' . For convenience,
we use %F to represent any one of these two graphs. If ' is an antipodal distance-
regular graph, then the relation R defined above leads to a partition 5* of V(I") into
equivalence classes, called fibers. It is known that 5* is actually an equitable partition
of I', and all fibers of I" share the same size. The antipodal quotient of ", denoted by
T, is defined as the quotient graph I'z«. Let r be the common size of fibers of I". Then
I is said to be an r-fold antipodal cover of T. Note that if d = 2 then I is a complete
multipartite graph, and that if d > 3 then the edges between two distinct fibers of I"
form an empty set or a 1-factor.

Lemma 2.1 ([4, Proposition 4.2.2]) Let T denote an imprimitive distance-regular
graph with diameter d and valency k > 3. Then the following hold.

(i) If U is bipartite, then the halved graphs of I' are non-bipartite distance-regular
graphs with diameter I_%J
(ii) If T is antipodal, then T is a distance-regular graph with diameter L%J.

(iii) If T is antipodal, then T is not antipodal, except when d < 3 (in that case T is a
complete graph), or when T is bipartite with d = 4 (in that case T is a complete
bipartite graph).

(iv) If T is antipodal and has odd diameter or is not bipartite, then T is primitive.

(v) IfT is bipartite and has odd diameter or is not antipodal, then the halved graphs
of T are primitive.

(vi) If T has even diameter and is both bipartite and antipodal, then T is bipartite.
Moreover, if %F is a halved graph of T, then it is antipodal, and %1" is primitive
and isomorphic to %F.

Lemma 2.2 (/9, Theorem 6.2]) Let T be an antipodal distance-regular graph with

diameter d > 3, and let B be an equitable partition of T with each block contained
in a fiber of T'. Assume that no block of B is a single vertex, or a fiber. Then all blocks
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of B have the same size, and the quotient graph U'g is an antipodal distance-regular
graph with diameter d. Moreover, I' and T g have isomorphic antipodal quotients.

Lemma 2.3 ([4, p.425, p.431]) Let I be an r-fold antipodal distance-regular graph
on n vertices with diameter d and valency k.

(i) If T is non-bipartite and d = 3, thenn = r(k+ 1), k = u(r — 1) + 2 +
1, and T has the intersection array {k, u(r — 1), 1; 1, u, k} and the spectrum
{k', 00", 05 053}, where

% - D+ o
- r— , m3 =
0, — 6 3T 0, — 6,

mp =

(r—Dk+1).

(ii) If U is bipartite and d = 4, then n = ZrZM, k = ru, and T has the intersection
array {rp,ru — 1, (r — D, 1; 1, ey re — 1, rn.

A conference graph is a strongly regular graph with parameters (n, k = %, A=
?, n= ”T_l), where n = 1 (mod 4). Paley graphs, introduced by Sachs [21], and
independently by Erdos and Rényi [8], form an infinite family of conference graphs.
Let F; denote the finite field of order ¢ where g = 1 (mod 4) is a prime power. The
Paley graph P(q) is defined as the graph with vertex set I, in which two distinct
vertices u, v € IF; are adjacent if and only if # — v is a square in the multiplicative
group of Fy.

Lemma 2.4 ([4, p. 180]) Let T be a conference graph (or particularly, Paley graph).
Then:

(i) T has no distance-regular r-fold antipodal covers for r > 1, except for the
pentagon Cs = P(5), which is covered by the decagon Cg;
(ii) T cannot be a halved graph of a bipartite distance-regular graph.

Recall that circulants are Cayley graphs on cyclic groups. In [15], Miklavi¢ and
Potoc¢nik determined all (primitive) distance-regular circulants.

Lemma 2.5 ([15, Theorem 1.2, Corollary 3.7]) Let I" be a circulant on n vertices.
Then T is distance-regular if and only if it is isomorphic to one of the following graphs:

(i) the cycle Cp;
(ii) the complete graph K,;
(iii) the complete multipartite graph K;xm,, where tm = n;
(iv) the complete bipartite graph without a 1-factor Ky, ,, — mKz, where 2m = n,
m odd;
(v) the Paley graph P(n), where n =1 (mod 4) is prime.
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In particular, T is a primitive distance-regular graph if and only if T = K,,, or n is
prime, and I = C,, or P(n).

Also, Miklavi¢ and Poto¢nik gave a characterization of primitive distance-regular
Cayley graphs in terms of distance module and Schur ring (see [15] for the definition).

Lemma 2.6 ([15, Proposition 3.6]) Let I' = Cay(G, S) denote a distance-regular
Cayley graph and D = Dz(G, S) its distance module. Then:

(i) D is a primitive Schur ring over G if and only if T is a primitive distance-regular
graph;

(it) D is the trivial Schur ring over G if and only if T is isomorphic to the complete
graph.

Recall that Dic,, = Z4 if n = 1. According to [22, Theorem 4] and [19, Theorem
3.4], we have the following result.

Lemma 2.7 For every n > 1, there are no non-trivial primitive Schur rings over the
dicyclic group Dic,,.

Recall that Cayley graphs on dicyclic groups are called dicirculants. If T" is a
primitive distance-regular dicirculant on 4n vertices, then its distance module would
be a primitive Schur ring over Dic,, by Lemma 2.6 (i) and hence can only be the trivial
Schur ring by Lemma 2.7. Therefore, Lemma 2.6 (ii) implies the following result.

Corollary 2.1 Let T" be a primitive distance-regular dicirculant on 4n vertices. Then
I is isomorphic to the complete graph Kau,,.

Let G be a transitive permutation group acting on a set X. An imprimitivity system
for G is a partition B of X which is invariant under the action of G, i.e., for every
block B € B and for every g € G, we have BS = Bor BEN B = .

Lemma 2.8 ([16, Lemma 2.2]) Let I' = Cay(G, S) denote a Cayley graph with the
group G acting regularly on the vertex set of I by left multiplication. Suppose there
exists an imprimitivity system B for G. Then the block B € B containing the identity
1 € G is a subgroup in G. Moreover,

(i) if Bisnormalin G, thenT'g = Cay(G/B, S/B), where S/B = {sB | s € S\ B};
(ii) if there exists an abelian subgroup A in G such that G = AB, then I'g is
isomorphic to a Cayley graph on the group A/(A N B).

By Lemmas 2.1 and 2.8, we obtain the following corollary.

Corollary 2.2 Let T" denote a distance-regular dicirculant.

(i) If T is antipodal, then the antipodal quotient T is a distance-regular circulant
or a distance-regular dicirculant.

(ii) If T is bipartite, then the halved graphs T'T and '™ are distance-regular
circulants or distance-regular dicirculants.
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Proof Let I" be defined on Dic, = (o, B | «®* = 1, 82 = ", B~ af = «~!). First
assume that I" is antipodal. Since Dic, acts regularly on the vertex set of I" by left
multiplication, the antipodal classes of I" form an imprimitivity system 5 for Dic,,.
Let B € B denote the antipodal class of I' containing the identity of Dic,. By Lemma
2.8, B is a subgroup of Dic,. If B is a subgroup of (&), then B is normal in Dic,,, and it
follows from Lemma 2.8 (i) that T = I'g = Cay(G/B, S/B), which is a dicirculant. If
B is not a subgroup of («), then Dic,, = () B, and Lemma 2.8 (ii) implies that T = I'z
is isomorphic to a Cayley graph on the group («)/({a) N B). Hence, T is a circulant.
Now assume that I is bipartite. Let ' denote the halved graph containing the identity
of Dic,,. Since the bipartition sets of I" form an imprimitivity system for Dic,,, again by
Lemma 2.8, V(I'") is a subgroup of Dic,. It is easy to see that V(I'") acts regularly
on itself by left multiplication as a subgroup of Aut(I'™). Since every subgroup of
Dic, is cyclic or dicyclic (cf. [20]), V(I'"") is a circulant or a dicirculant. Moreover,
since I is vertex transitive, the two halved graphs I'* and I'™ are isomorphic. Hence,
[~ is also a circulant or a dicirculant. Note that T, 't and '™ are distance-regular
by Lemma 2.1. The result follows. O

Let n be a positive integer, and let w be a primitive nth root of unity. Let F = Q(w)
denote the nth cyclotomic field over the rationals. Forasubset A C Z,,let Ay : Z, —
IF be the characteristic function of A, thatis, Ag(z) = 1if z € A,and As(z) =0
otherwise. In particular, if A = {a}, then we write A, instead of A(,y. Let FZn be the
[F-vector space consisting of all functions f : Z, — [ with the scalar multiplication
and addition defined point-wise. We denote by (F%», .) the F-algebra obtained from
FZ» by defining the multiplication point-wise, and (FZ», %) the F-algebra obtained
from F%» by defining the multiplication as the convolution (see [16]):

(fx)@ =) fgz—i), f,geF™. e

i€l
The Fourier transformation F : (F%n | s) — (F%»,.) is defined by

FH@) =) fi)e, feF™ ©)

€7y

It is easy to verify that F is an algebra isomorphism from (FZ, %) to (F%», .).

Let Z} = {i € Z, | ged(i, n) = 1} denote the multiplicative group of units in the
ring Z,. Then Z acts on Z,, by multiplication. It is known that each orbit of this action
consists of all elements of a given order in the additive group Z,. Consequently, each
orbit is of the form O, = {c- 7 € Z, | ¢ € Zy}, where r is some positive divisor of n.

The following three lemmas present some basic facts about Fourier transformation.

Lemma 2.9 ([16, Corollary 3.2]) If A is a subset of Z,, and Im(F A 4) C Q, then A is
a union of some orbits of the action of ' on Z, by multiplication, andIm(F A ) C Z.
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Lemma 2.10 ([16, Lemma 3.3]) Let r be a positive divisor of n, and let w be a primitive
nth root of unity. If A is a subset of Zy,, then

n
FAu (7) =etef+- et

where & =wr andei = |ANG +r1rZy)|for0<i<r—1.

Let H be a subgroup of G. A transversal of H is a subset of G that contains exactly
one element from each of the right cosets of H in G.

Lemma 2.11 ([16, Lemma 3.4]) Let r be a positive divisor of n, and let A be a transver-
sal of the subgroup r Zy in Zy. If z = m* (m ¢ rZy) is an arbitrary element of *: Z,,\ {0},
then FA4(z) = 0.

Lemma 2.12 ([16, Lemma4.3]) Let p be a prime divisor of n, and let A be a transversal
of the subgroup %Zn in Zy. If A is a union of some orbits of the action of Z); on Zy
by multiplication, then p = 2 or A = pZ,.

3 The classification of distance-regular dicirculants

The main goal of this section is to prove Theorem 1.1, which gives a classification of
distance-regular dicirculants. For simplicity, we keep the following notation.

Notation. Denote by Dic, = (o, 8 | «®* = 1, 2 = ", B~ apf = a~!) the dicyclic
group of order 4n. Suppose that I' = Dic(n, R, T) = Cay(Dic,,a® UaTp) is a
distance-regular dicirculant, where R, T are subsets of Z,, suchthat0 ¢ R, R = —R
and T = n + T. Note that T # ¢ because I' is connected. Denote by &, A,
and d the valency, the number of common neighbors of two adjacent vertices, the
number of common neighbors of two vertices at distance 2, and the diameter of I',
respectively. For j € {0, 1,...,d}, let /\/'] = N;(1) denote the set of vertices at
distance j from the identity vertex 1 € Dic, in I, and let R; = {i € Z, | o e N}
and T; = {i € Zoy | &' € Nj}. Clearly, Ry = {0}, Ty =@, Ry = Rand T} = T.
Before giving the proof of Theorem 1.1, we first set down a sequence of lemmas.

Lemma 3:1 Let F = Diq(n, R, T) be a dicirculant. Then N(¢') = o'TR U (xH'Tﬂ
and N(@'B) = o' ~T UaiTRB.

Proof By definition, we have N (a!) = o’ (@R UaT B) = ! tRUa!tT Band N (o B) =
Oli,B(O[R UO(T/S) — ai—ng U ai—TIBZ — Oli+R,3 Uai—i—n—T — Oli+R/3 Uai+2n—(n+T) —
a"TUa'tRBbecause R=—Rand T =n + T. O

Lemma3.2 Ler I' = Dic(n, R, T) be a dicirculant. Then |N(a') N N(a/)| =
IN(@'B)NN(@/B)| = [RN(j—i+R)|+|TN(j—i+T)| and |N(@')NN(a’/B)|
2((j—i+R)NT

Proof Recallthat R = —Rand T = n+T.ByLemma3.1, wehave |N (@' )NN (a/)| =
(@R U™ B)N(@/TRU/HT B)| = [+ RN+ R+ +T)NG+T)| = |RN
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(J—i+R)[+ITN(—i+T)and [N (' B)NN (& B)| = |(&' TR U~ T)N(a/ TR BU
D = [+ R)NG+RI+IGE=T)NG =T)| = [RN(—i+R)|[+|TNG—i+T)|.
Similarly, |N (&) N N(@/B)| = [(@ TR U™t B) N (/TR U/ T)| = |G+ R)N
G-DI+|+RNGE+T) =2|(j —i+ R)NT|,as desired. ]

Lemma3.3 Let I' = Dic(n, R, T) be a distance-regular dicirculant. Then

,ifieT;

i Ry _ i T —
IN(@' B)Na™| =[N B)Na’ p| = ifieTs

R N[>

In particular, ) is even, and . is even whenever Ty # (0.

Proof By Lemma 3.1, N(a!B)NN(1) = N )N (@R ual p) = (N B) Naf)U
(N B)nal ) = (@'~ Tna®) U~ RBNa’ B).Since (i —T)NR| = |(i—R)NT],
we deduce that

IN(@@'B)NN()| =2|N('B) Na®| =2IN@ B) nal Bl.
Note that |[N(«'!f) N N(1)| = Aifi € T and [N(a!B) "N N(1)| = w if i € T». The
result follows. O

Lemma3.4 Let I' = Dic(n, R, T) be a distance-regular dicirculant. Then |N (1) N
N(@™)| = |T|. In particular, . > |T| ifn € R, and u > |T| ifn ¢ R.

Proof By Lemma 3.2, [ N(1)NN@")|=|RN(n+R)|+TNn+T)|=|RNn+
R)| 4+ |T| = |T|. Note that 1 and «” are adjacent if n € R, and at distance 2 if n ¢ R.
The result follows. O

Let w = ¢™1/" be the primitive 2nth root of unity, and let F = Q(w). Suppose that
(F%2n .y and (F%2, %) are F-algebras defined as in Sect. 2, and that F is the Fourier
transformation from (]FZZ", *) to (]FZZ", -) defined as in (2). We denote

ri(2)=(FAg)QR) =Y o and t;(z) = (FA7)GR) = Y _ o, 3)

lERj lETj

where A R, and AT are the characteristic functions of R; and T}, respectively. In
particular, we denote r=r; =FAgandt =t; = FAr. Let x be the convolution
of (F%2n | %) defined as in (1). For A, B C Z,, we can verify that

(AaxAp)() = [ —A)NB| =1 —B)NA|, i€ Zny. “

Lemma3.5 Let " = Dic(n, R, T) be a distance-regular dicirculant. Then r”> + |t|> =
k + Ar + pr, and 2rt = At + ut,.

Proof By Lemma 3.1 and (4), for every i € Zy,,

(Apx AR)() + (Ar * A_7)(@) = RN G = R)[+|T NG+ T)

. )
= (kAo + AAR + AR, (@)
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and

200 * AT)(@) = RN E=T)|+IT NI — R)|
=|RNG+n—T)+|TNG—R)| (©6)
= (M1 + 1A ().

Recall that the Fourier transformation  is an algebra isomorphism from (FZ21, ) to
(FZan .y, By applying F on both sides of (5) and (6), we obtain r>+|t|?> = k+ir+ 75 93
and 2rt = At + ut,, respectively. O

Lemma 3.6 There is no distance-regular dicirculant isomorphic to a complete
bipartite graph without a 1-factor.

Proof Let ' = Dic(n, R, T) be a distance-regular dicirculant. By contradiction,
assume that I' = K5, 2, — 2nK>. Then the valency of I' is equal to 2n — 1. However,
this is only possible when n € R because «” is the unique element of order 2 in Dic,,.
In this situation, it follows from Lemma 3.4 that A > |T|. As T # (J, the graph "
contains a triangle, which is impossible. O

Lemma 3.7 There are no antipodal non-bipartite distance-regular dicirculants with
diameter 3.

Proof By contradiction, assume that I' = Dic(n, R, T) is an antipodal non-bipartite
distance-regular dicirculant of diameter 3 with the minimum order. Let k and p (p >
2) denote the valency and the common size of antipodal classes (or fibers) of T,
respectively. If k = 2, then ' = Cy,, which is impossible because I" is non-bipartite.
If k = 3, since o" = ﬂ2 is the unique element of order 2 in Dic,, the connection set
of I' must be of the form {o!, « ™, &"} or {&!B, (@'B)~ = /"B, " = B2} with
i € Zy,. As T is connected, the former case cannot occur, and the latter case occurs
only when n = 1. In this situation, we obtain I' = K4, which is also impossible.
Therefore, k > 4. According to Lemma 2.3 (i), k+ 1 = 47", and I' has the intersection
array

{k, u(p— 1), 1; 1, u, k} )
and eigenvalues k, 61, 6o = —1, 63, where
A— U A—u A—u 2
91=T+8, 93:7—8 and § =,k + — ) (8)

Let H = N3 U {1}. Then H is an antipodal class of ', and |H| = p. Since
Dic,, acts regularly on V (I") by left multiplication, the antipodal classes of I" form an
imprimitivity system for Dic,. By Lemma 2.8, H is a subgroup of Dic,. If p is not
prime, then H has a non-trivial subgroup K contained in (). Let B denote the partition
consisting of all orbits of K acting on V(I') by left multiplication. As K is normal
in Dicy,, the partition B is also an imprimitivity system for Dic,, and it follows from
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Lemma 2.8 (i) that the quotient graph I'g is a dicirculant. Observe that 3 is an equitable
partition of I, and each block of B is contained in some fiber of I and is neither a
single vertex nor a fiber. By Lemma 2.2, I'3 is an antipodal distance-regular graph
with diameter 3. If '3 is bipartite, then I' is also bipartite, a contradiction. Hence, I'3
is an antipodal non-bipartite distance-regular dicirculant of diameter 3 with smaller
order than I', contrary to our assumption. Therefore, p is a prime number. Moreover,
we assert that A3 € (a). In fact, if V3 N (a) B # B, the group H would contain some
element of order 4, and hence 4 | p, which is impossible. Since H = A3 U {1} is the
subgroup of (&) with order p, we have p | 2n and N3 = {0/27” li=1,2,...,p—1}
Hence, R3 = 27"22,1 \ {0} and 73 = @. Before going further, similarly asin [16, Lemma
4.4], we need the following claim. O

Claim 1 The sets R U {0} and T are transversals of the subgroup %Zzn in Zoy,. In
particular, p # 2 and p | n.

Proof of Claim 1 First assume that |7 N (£ + %Zznﬂ > 2 for some £ € Zj,. Then
- 2n
there exists some i € {1,..., p — 1} such thati%” €T —T.Thusa'? € Nj UN,,

- 2n
contrary to o'? € N3. Hence, |T N (¢ + %Zznﬂ < 1 for all £ € Zy,. Similarly,
[(RU{0D) N+ 2Zs,)| < 1 forall € € Zo,. Now assume that T N (¢ + 22 Z,) = @
for some ¢ € Z,. Then £ + %Zzn C T, due to Ty = T3 = . Since each vertex of

N3 has a neighbor in N3, there exists some i € {1, ..., p — 1} such that ai% e N3
is adjacent to aH%ﬂ € N,. This implies that £ + (1 — i)%” € T, which contradicts
TN+ 27”22,,) = (). Hence, T has non-empty intersection with every coset of 27"22,1
in Zj,. Similarly, R U{0} has non-empty intersection with every coset of %”Zzn in Zoy,.

Therefore, we conclude that 7 and R U {0} are transversals of the subgroup %”Zzn in
Zoy,. This proves the first part of the claim. For the second part, suppose to the contrary
that p = 2. Recall that T = n + T is non-empty. For any i € T, there exists some
L € Zyy, suchthati € £+27”Zzn =4{0+nZy,. Thenn+i e n+L+nZy, = L+nZo,.
Asn+ien+T =T,weget|T N+ nZy,)| > 2, which is impossible by above
arguments. Therefore, p # 2, and hence p | n. O

By Claim 1, |R| = 27" —land |T| = 27" Since Ry = Zo, \ (%”Zz" U R) and
T» = Zoy \ T, we have |Ry| = (p — 1)|R] and | T2| = (p — 1)|T'|. Furthermore, from
(3) we obtainry = 2nAg — pApz,, —rand t, =2nAp — t. Thus, by Lemma 3.5,

4P =k + (L — 8 — ppd pz,, + 201,
2rt = (A — Wt + 2np .

C))

Clearly, r(0) = |R| = 27" — 1. Moreover, by Lemma 2.11 and Claim 1, we have
r(z) = —1 for all z € pZy, \ {0}. Now suppose z ¢ pZs,. By (9), if t(z) # O
then r(z) = 252, and if t(z) = O then r(z) € {61, 63}, where §; = £ + § and

0 = A_T“ — § are the two eigenvalues of I" given in (8). Putting B = {z € Z», | 7 ¢
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DPZon, t(z2) =0, r(2) =01}, C = {z € Zoy | 2 ¢ pZon, t(z) =0, r(z) = 63}, and
D =7, \ (BUC U pZs,). Then

27” —-1,z=0,
=1,  z € pZy \ {0},
r(z) =4 6, Z€B, (10
93, ZEC,
’\_T“, z e D.

If § € Q, then (10) implies that Im(r) € Q. By Lemma 2.9, R is a union of some
orbits of Z3, acting on Z,, and so is R U {0}. According to Claim 1 and Lemma
2.12, we conclude that R U {0} = pZoy,, i.e., R = pZoy, \ {0}. Then, for eachi € R,
N@)Hnae® =@, or equivalently, N (eH)YNN; Cal2 B. On the other hand, by Lemma
3.3, |N(ai,3) Nnak| = % for each i € T,. By counting the edges between af and
DlTZ,B in two ways and by (7), we have |R|u(p — 1) = |T2|%. Combining this with
IR| = 27" —1land b = (p — DIT| = (p — 1)27", we obtain n = p, and hence
|IR| = 1land |T| = 2. Thus k = |R| 4+ |T| = 3, contrary to k > 4. If § ¢ Q, the two
eigenvalues 01, 3 of I’ must have the same multiplicity, and hence A = u = % by

Lemma 2.3 (i). On the other hand, from Lemma 3.4 and k + 1 = 47", we deduce that

A=u>|T|= 27" = % Thus, we have p < 2, a contradiction.
Therefore, we conclude that there are no antipodal non-bipartite distance-regular
dicirculants with diameter 3. O

Lemma 3.8 There are no antipodal bipartite distance-regular dicirculants with
diameter 4.

Proof By contradiction, assume that I' = Dic(n, R, T) is an antipodal bipartite
distance-regular dicirculant of diameter 4 with the minimum order. Letk and p (p > 2)
denote the valency and the common size of antipodal classes of I", respectively. Note
that k > 4. Also, by Lemma 2.3 (ii),

2n = pz,u, and k = pu. (11

2

Similarly as in the proof of Lemma 3.7, we assert that p is prime and Ny = {ozi P

2n
i=1,2,....,p—1} = a7l \ {1}. Since the bipartition set Ny U N3 U Nj is a

subgroup of Dic, with index 2, we have Ny U N> U Ny = (a), or n is even and
NoUM UN; € {(XZZZ" U OlzZZ",B,OéZZZ” U o{1+2ZZ”,3}. If Ng UN>, UN = (),
then R = (J, and by Lemma 3.4, u > |T| = |R| + |T| = k. Combining this with
(11) yields that p = 1, a contradiction. Therefore, n is even and Ny U N> U Ny €
{aZZQn U aZZzn ﬂ, a2Zzn U a]+2Z2n 13}

Observe that Dic(n, R, T) = Dic(n, R, 1 + T). We may assume that Ny U N3 U

Ny = a?Zan U o*%2n B Since Ny U N = a%zz” and Ty = @, we have Ty = @ and
T, = 275, and hence u is even by Lemma 3.3. Furthermore, Ry = 27, \ %”Zzn
and T UT; = RU R3 = 1 + 27Zy,,. Since every pair of vertices in Ny are at distance
4, the set o3 partitions into subsets o'TR i € R4, and hence |R3| = (p — DIR]|.
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Then from (11) and |R3| = n — |R| we deduce that |R| = % Similarly, the set o> 8
partitions into subsets o' *7 8, i € Ry, and hence |T3] = (p — 1)|T|, which gives
that |T| = %. Asn ¢ R, by Lemma 3.4, u > |T|, and hence p = 2. Therefore,
IR| = |T| =u =7 andk = |R|+|T| = n. Since Ry = 27, \nZyy and Tr = 2Zoy,
we have r, =nA,z, —2Asz, andt, =nA,z, . By Lemma 3.5,

2
2 2 n
r + |!| =n-+ 7AnZzn - nAZZQHs

2 (12)
21'_t = ?AnZZn'
Clearly, r(0) = t(0) = 5 and r(n) = —[t(n)] = —5. By (12), r(z) = t(z) = 0

for all z € 27>, \ {0, n}. Moreover, if z ¢ 2Z;,, then r(z) = 0 or t(z) = 0. For
the former case, |t(z)| = +/n, and for the later case, r(z) € {s/n, —/n}. Putting
B={z€Zy|z¢2Zy, t(z) =0, r(z) = ﬁ}’ C={z€Zoy|z¢ 2Ly, tiz)=
0, r(z) = —/n},and D = Zy, \ (2Z», U B U C). Then we have

3 z=0, 5, 2=0,
-5, z=mn, 5, z=n,
r(x) = Oﬁ E;Z’Z"\{O’n}’ and [t(z)| = g EEZZ"\{O’”}’ (13)
—Jn, z€C, 0, zeC,
0, zeD, J/n, z € D.

For E € {R,T}, lete = FAg. Let t be a positive integer such that 2’ | 2n. For
eachi € {0,1,...,2" —1},1et E;(t) = EN (i +2'Zy,), and ¢;(t) = | E;(t)]. Since
E C 1+ 27Z,, we see that

eo(t) = ex(t) = -+ = ey (1) =0. (14)
Similarly as in [16, Lemma 4.5], we need the following claim. O
Claim 2 For any integer t > 2, ifg(Zz—?) =O0foralli € {2,...,t}, then e;(t) =

e3(t) = =ex_1(1).

Proofof Claim 2 Let w = e™'/" denote the primitive 2nth root of unity. First assume
that 1 = 2. If 9(%) = e(5) = 0, by Lemma 2.10 and (14), we obtain e(5) =
(e1(2) —e3 (2))0)% = (e1(2) — e3(2))i. Hence, ¢1(2) = e3(2), and the results follows.
Now take ¢ > 3, and assume that the result holds for any ¢ with 2 < ¢/ <t — 1.
Suppose that g(zz—’}) =0foralli € {2,...,}. Again by Lemma 2.10,

21=11

2 .
0 =g(2—'f) = Y (@) = ey 0)E (15)
i=0
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2n
where & = w?". Note that the degree of the minimal polynomial for & over Q is
@(2") = 2'"1, where ¢(-) denotes the Euler totient function. Then (15) implies that

ei(t) = e, o1 (1), foralli € {0,1,...,2""" —1}. (16)
On the other hand, by induction hypothesis, there exists some integer ¢ such that
eit—D=et—1)=--=ey1_1t—1)=c. (17)

Since 2/ 175, is the disjoint union of 2! Z,, and 2/ ~! 4+2!Z,,,, E; (t — 1) is the disjoint
union of E;(t) and E; ;51 (t), and hence e; (t — 1) = ¢;(t) + ¢; -1 (¢). Combining
this with (16) and (17), we obtain

e1(t) = e3(t) =+ = ey_1(t) = g

and the result follows. O

Recall that 4|E| = 4|R| = 4|T| = 4u = 2n. By (14) and Claim 2, if g(é—’f) =0
foralli € {2,...,1t}, then 2'~! would be a divisor of |E|, and hence 2'*! | 2n. Let
s be the largest integer such that 2° | 2n. Since 2n = 4u and u is even, s > 3. By
(13), [(22—?) = §(22—’,7) =O0foralli € {2,3,...,s5s — 1}. Moreover, since %—'J ¢ {0, n},
g(%—?) =0 org(%) = 0. Thus we can choose suitable E € {R, T'} such thatg(zz—?) =0
foralli € {2, ..., s}. However, this implies that 2**! | 2n, contrary to the maximality
of s.

Therefore, we conclude that there are no antipodal bipartite distance-regular
dicirculants with diameter 4.

Now we are in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1 First of all, we show that the graphs listed in (i)—(iii) are distance-
regular dicirculants. For (i): the complete graph Ky, is distance-regular with diameter
1, and K4, = Cay(Dic,, Dic, \ {1}). For (ii): the complete multipartite graph K;x,
(tm = 4n)is distance-regular with diameter 2. Since m is a divisor of 4n, by elementary
group theory, there exists a subgroup H™ of order m in Dic, (cf. [20]). Then it is
easy to see that Ky, = Cay(Dic,, Dic, \ H"). Now consider (iii). Suppose that
R =—Rand T = n + T are non-empty subsets of 1 + 2Zj, (n is even) such that
IRNT| <nand

IRNG+R)I+ITNGE+T)|=2Ij+R)NT| (18)

for all i, j € 2Zs,,i # 0. Let I' = Dic(n, R, T) = Cay(Dic,, a® U «T8) and
H = (a?, B) = a*?2n U a??2 . Clearly, T is a bipartite graph where the bipartition
is given by H UaH. Let iy, i» € 2Z,. Since i — i1 € 2Zy,, from Lemma 3.2 we
obtain |N (@) N N(a2)| = [N(@"'B)NN @2pB)| = |RN (i —i1 + R)|+|T N —
i1+ T)| = 2|RNT| whenever i1 # iy by settingi = i, —i; and j = 0 in (18).
Also, [N (@) N N(a2B)| = 2|(i — i1 + R) N T| = 2|R N T|. By the arbitrariness of
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i1, i € 27Z5,, we assert that every pair of vertices in H have exactly 2| RN T | common
neighbors in I". Similarly, one can check that every pair of vertices in « H have exactly
2|R N T'| common neighbors in I'. Moreover, by setting i = n and j = 0 in (18), we
obtain |[RNT| = %(|R N(n+ R)|+ |T|) > 0. Hence, every pair of vertices in H (or
a H) are at distance 2 in I". On the other hand, I" cannot be a complete bipartite graph
because |R N T| < n and so must be of diameter 3. Therefore, we conclude that I" is a
bipartite distance-regular graph with the intersection array {k, k — 1,k — u; 1, u, k},
where k = |R| + |T| and © = 2|R N T|. Moreover, we claim that I" is non-antipodal
and non-trivial, since otherwise I" would be isomorphic to K», 2, — 2n K>, which is
impossible by Lemma 3.6.

Conversely, suppose that I' = Dic(n, R, T') is a distance-regular dicirculant not
isomorphic to K4, or K;x,, (tm = 4n). By Lemma 3.6, I is non-trivial. Furthermore,
by Corollary 2.1, ' is imprimitive. Thus it suffices to consider the following three
cases.

Case A T is antipodal but not bipartite.

By Lemma 2.1 and Corollary 2.2, the antipodal quotient T of I is a primitive
distance-regular circulant or dicirculant. Then it follows from Lemma 2.5 and Corol-
lary 2.1 that T is a complete graph, a cycle of prime order, or a Paley graph of prime
order. If T is a cycle of prime order, then I" would be a cycle of order at least 8, which
is impossible because Dic, cannot be generated by an inverse-closed subset of size
two when n > 1. If T is a Paley graph of prime order, by Lemma 2.4, we also deduce
a contradiction. Thus T is a complete graph, and so d = 2 or 3 according to Lemma
2.1. By Lemma 3.7, d # 3, whence d = 2. However, complete multipartite graphs
are the only antipodal distance-regular graphs with diameter 2. Therefore, there are
no non-trivial distance-regular dicirculants which are antipodal but not bipartite.

Case B T' is antipodal and bipartite.

By Corollary 2.2, the antipodal quotient T and the halved graph %l" are distance-
regular circulants or dicirculants. If d is odd, by Lemma 2.1, T is primitive. As in
Case A, we assert that T is a complete graph. Hence, d = 3. Considering that T" is
antipodal and bipartite, we obtain I' = K>, 2, — 2n K2, which is impossible because
I" is non-trivial. Therefore, we may assume that d is even. Then, by Lemma 2.1, %F
is an antipodal non-bipartite distance-regular circulant or dicirculant with diameter
d Ip = %. Clearly, d # 2. Furthermore, by Lemma 3.8, d # 4. Therefore, we have

d I > 3. According to the conclusion of Case A and Lemma 3.6, we assert that %F

is a circulant. However, by Lemma 2.5, this is impossible because %F is antipodal,
non-bipartite, and has diameter at least 3.

Case C I' is bipartite but not antipodal.
By Lemma 2.1 and Corollary 2.2, %F is a primitive distance-regular circulant or

dicirculant. As in Case A, %F is a complete graph, a cycle of prime order, or a Paley
graph of prime order. We claim that the latter two cases cannot occur, since %1" has 2n

vertices. Thus %F = Kyy,andd = 2or3.1fd = 2,then T isacomplete bipartite graph,
contrary to our assumption. Hence, I' is a non-antipodal bipartite non-trivial distance-
regular graph with diameter 3. Recall that I' = Dic(n, R, T) = Cay(Dic,, a® Ua” g)
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where R = —Rand T = n 4 T. Let H be the bipartition set of I" containing the
identity 1 € Dic,. Note that H = ANy U N,. By Lemma 2.8, H is a subgroup of Dic,
with index 2. Observe that Dic, has a unique subgroup of index 2, namely (&), if n
is odd, and has two more subgroups of index 2, namely (a2, 8) and (a2, af), if n is
even. Thus we only need to consider the following three situations.

Subcase C.1 H = (). _
In this situation, R = ¥, and N(1) = o’ 8. By Lemma 3.2, |N(1) N N(")| =
IT N (@i +T)|foralli € Zy,. Forevery i € Zy, \ {0}, since d(1, ') = 2, we have

ITNG+T)=IND)NN@) =p=INDONNE@)| =ITN@+T) =TI =N

This implies that N(1) = N (a') for all i € Zj, \ {0}. Thus, T is a complete bipartite
graph, contrary to our assumption.

Subcase C.2 n is even, and H = (a2, ).

In this situation, R and T are non-empty subsets of 1 4 2Zj,,. Recall that each pair
of vertices in H are at distance 2 in I". Let i, j € 2Z,, \ {0}. Consider the vertices 1,
o!, B and o’/ B of H. By Lemma 3.2, we have

w=INONN@) =|RNG+R|+I|TNG+T)
=IND)NN@ B =2/G+RNT|
= IN()NNB)| =2|RNT|.

Hence, we conclude that | RN (@ + R)|+ |T NG+ T)| = 2|(j + R) N T| for all
i, ] € 2Zy,,i # 0. Also note that [R N T'| < n because I" is not a complete bipartite
graph. The results follows.

Subcase C.3 n iseven, and H = (az, af).

In this situation, R and T are non-empty subsets of 1 427, and 2Z,,, respectively.
LetT' =1+T.WeseethatT' C 1427y, andI" = Dic(n, R, T) = Dic(n, R, T') =
I/, where the corresponding graph isomorphism f : V(I') — V(I'') is defined by
f(a') =o' and f(a'B) = a'T!B. Let H' denote the bipartition set of I'” containing
the identity 1 € Dic,,. It is easy to see that H' = (a2, ). Using I' instead of ", we
reduce the situation to Subcase C.2 immediately.

Therefore this completes the proof. O

Remark 3.1 LetI" = Dic(n, R, T') denote a bipartite non-trivial distance-regular dicir-
culant with diameter 3, and let H denote the bipartition set of I" containing the identity
1 € Dicy,. In [6, Proposition 5.3], van Dam and Jazaeri proved that if  is odd or H
is cyclic then I" does not exist, which coincides with the conclusion of Theorem 1.1
according to the discussion in Case C. Moreover, when 7 is even and H is not cyclic,
they showed that the subgraph Cay((«), a®) is actually the incidence graph of a partial
geometric design with specific parameters (cf. [6, Proposition 5.4]).
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4 Further research

Let A be an abelian group of order 2n with exactly one element y of order 2. The
generalized dicyclic group Dic(A, B) is defined as the group generated by A and g
where g2 = y and B~ 'af = « ! forall @ € A (see [13, p. 229] or [22, p. 392]).
In particular, if A is a cyclic group of order 2n, then the generalized dicyclic group
Dic(A, B) coincides with the dicyclic group Dic,,. Naturally, we propose the following
problem.

Problem 4.1 Determine all distance-regular Cayley graphs on generalized dicyclic
groups.

In [10], the authors determined all distance-regular Cayley graphs on generalized
dicyclic groups under the condition that the connection set is minimal with respect to
some element and pointed out that complete graphs are the only primitive distance-
regular Cayley graphs on generalized dicyclic groups.
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