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Abstract

For a finite group G, denote by «(G) the minimum number of vertices of any graph
I' having Aut(I') = G. In this paper, we prove that «(G) < |G|, with specified
exceptions. The exceptions include four infinite families of groups, and 17 other small
groups. Additionally, we compute o (G) for the groups G such that «(G) > |G| where
the value «(G) was previously unknown.

Keywords Graph - Automorphism group - Minimum order - Generalised dicyclic
group - Generalised quaternion group

1 Introduction

In [4] it is shown that every finite group can be realised, up to isomorphism, as the
automorphism group of a finite graph; in fact, for every finite group G there exist
infinitely many finite graphs having automorphism group isomorphic to G. Given a
finite group G, define o (G) to be the smallest number of vertices of any graph I" having
Aut(I") = G. The problem of finding «(G) has been considered by many authors. The
value of «(G) has been determined in [1] for abelian groups G, in [7, 9, 10, 15] for
dihedral groups G, in [13] for quasi-dihedral groups and quasi-abelian groups G and
in [8] for generalised quaternion groups G. The question has also been investigated
for several families of finite simple groups in [14]. A recent survey on this problem
can be found in [22]. In [2], Babai showed that «(G) < 2|G|, for every finite group
G that is not cyclic of order 3, 4 or 5. In this paper, we improve Babai’s bound to |G|,
with specified exceptions (including four infinite families of groups).

In Table 1, we let Dic,, = (a,b | a®™ =1, b* = a™, bab™' = a~ ') form =
3,5, 6, whichis a group of order 4m, and G1¢ = {(a, b | a*=b*=1, bab~! = a‘l),
G’16 = {a,b | a® =02 =1, bab™! = aS), which are groups of order 16.
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Theorem 1 Let G be a finite group of order n. Then one of the following is true:

(1) a(G) =n,
(ii) G is cyclic of order p* or 2p, where p is prime and k is positive integer (n # 2),
(iii) G is Qo or Qo x Ca, where Qo is the generalised quaternion group of order
28 r >3,
(iv) G is one of the 17 exceptional groups of order at most 25 shown in Table 1.

If (i1), (iii) or (iv) holds, then a(G) > n; indeed, if (i1) holds, «(G) is as described in
Propositions 3.2 and 3.3; if (iii) holds, «(G) = 2n or a(G) = n + 2 for G = Qo or
G = Qyr x Cy, respectively; if (iv) holds, «(G) is as shown in Table 1.

As a consequence, we deduce when equality holds in Babai’s bound.
Corollary 1.1 Let G be a finite group of order n. Then a(G) = 2n if and only if

(1) G is a generalised quaternion group of order 2", r > 3, or
(ii) G is cyclic of order p, where p is prime and p > 1, or
(iii) G is the abelian group C3 x C3.

The main tool in the proof of Theorem 1 is the GRR-Theorem (Theorem 2.3).
It states that, with some specified families of exceptions, every finite group G has a
graphical regular representation (GRR), i.e., a Cayley graph having full automorphism
group isomorphic to G. If a group G has a GRR, then «(G) < |G|. Therefore, in order
to prove Theorem 1, it suffices to study the exceptions in the GRR-Theorem.

Making use of the preliminary results presented in Sect. 2, we prove Theorem 1
across Sects. 3, 4, and 5. Section 3 concerns the case of abelian groups; the key fact
is that «(G) has been determined for every abelian group G, in [1]. Sections 4 and 5
are devoted to the non-abelian exceptional groups of the GRR-Theorem. In Sect. 4,
we address the non-abelian groups G for which the assertion of Theorem 1 is that
a(G) < |G]. For these groups, we construct a graph on at most |G| vertices having
automorphism group isomorphic to G. In Sect. 5, we show that there exists no graph
on at most |G| vertices with automorphism group isomorphic to G, for the non-abelian
groups G for which the assertion of Theorem 1 is that «(G) > |G|. The values of
a(Q2), a(Qa x C2) and «(G) for the non-abelian groups G in Table 1 are also
justified in this section.

Table 1 The groups G mentioned in Theorem 1, (iv), and the values «(G)

G o (G)
1-4 Ci2, Cis5. Ca, (2 18, 21, 25, 23
5-8 Cy x Cyq, C3xC3, Cq4xCyq, C5xCs 12, 18, 20, 30
9-10 Cy x Cy x C3, Cy x C3 xC3 13, 20
11-13 Dics, Dics, Dicg 17, 23, 25
14 Gie 18
15 A4 16
16 Gl 18
17 Og x C3 25
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2 Background

Throughout the paper, all groups and graphs mentioned are assumed to be finite.
Let us now present two families of groups that play an important role in our text.

Definition 2.1 [21] Let A be an abelian group that contains an element of order 2k for
some k > 2. A group G of the form

G=(Ab|b*=1,b>c A\{1}, bab™' =a"',Va e A)

is called generalised dicyclic and is denoted by Dic(A, b?).
If A is cyclic, G is simply called dicyclic. It is denoted by Dic,,, where m = @.
A dicyclic group of order 2" is called generalised quaternion (r > 3). We denote

it by Q2r .

Note that the existence of the element of order 2k in Definition 2.1 ensures that
generalised dicyclic groups are non-abelian.

Definition 2.2 Let A be an abelian group. A group G of the form
G=(Ab|b*>=1, bab"' =a" ", Va e A)

is called generalised dihedral and is denoted by Dih(A).
If A is cyclic of order m, G is the dihedral group of order 2m, which we denote by
Doy

A graph T consists of a vertex set, which we denote by V(I") and an edge set,
denoted by E(I"); we consider an edge to be an unordered pair of vertices of I'. We
denote an edge between v, w € V(I') by v ~ w or we say that [v, w] € E(I).
Moreover, if X is a subgraph of I and v € V (X), we denote by px (v) the valency of
v in X and by p(v) the valency of v in the graph I'. If a group G acts on a graph I'
and v € V(I'), then we denote by O, the orbit containing v, O, = {gv | g € G}, and
by G, the stabilizer of v, G, = {g € G | gv = v}.

Given a group G and a set S C G \ {1} that is inverse-closed, we define the
Cayley graph Cay(G, S) to be the graph with vertex set G and edges {x, sx}, for all
xeG,ses.

A graph T is called a Graphical Regular Representation (GRR) of a group G if
there exists some S C G such that Cay(G, S) = I and Aut(I") = G. The following
theorem is known as the GRR-Theorem. It was proven by Godsil [6] for non-solvable
groups and by Hetzel [11] for solvable groups using previous results of several authors
including [12, 16-21].

Theorem 2.3 [6] A group admits a GRR if and only if it is not an abelian group of
exponent greater than 2, a generalised dicyclic group, or one of the 13 exceptional
groups shown in Table 2.

Corollary 2.4 If G is a non-abelian , non-generalised dicyclic group that is not one of
the 13 groups shown in Table 2, then «(G) < |G]|.
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Table 2 The groups G mentioned in the GRR-Theorem (Theorem 2.3)

G |G|
1-3 Cyr x Cp, CrxCyrxCy, CrxCyrxCyrx(C 4,8, 16
4-6 D¢, Dg, Djp 6,8,10
7 Ayq 12
8 (a,b,c\az=b2=cz=l, abc = bca = cab) 16
9 G’]6 16
10 (a,b,cla®=b3=c? =1, ab=ba, (ac)*> = (bc)? =1) 18
11 (a,b,c\a3:c3:1, ac = ca, bc = cb, bilab:ac) 27
12-13 0g x C3, 03 x Cy 24,32

Let us now state Babai’s theorem.

Theorem 2.5 (Babai, [2]) If G is a group different from the cyclic groups of order 3,
4, 5 then a(G) < 2|G|.

The values of «(G) for cyclic groups G and graph constructions can be found in [1],
which builds on the work of Sabidussi [18]. For the non-cyclic groups, we will use
the following construction, given by Babai in [2]:

Construction 2.6 Let G be a non-cyclic group of order |G| > 6 and let H =
{hi, ..., hg} be a minimal generating set of G. Let G’ be an isomorphic copy of
G with an isomorphism ¢ —> g’ from G to G'. We define the graphs X| and X3 to
be such that

V(X)) =G, EX) ={ighi ghisi]| g€ G i=1,....d~1},

V(X3)=G/, E(X3)={[g/ /l,g/] g’eG’}.

Let px, be the valency of the vertices of X, s = 1, 3. We define the graph X to be

X, — {X3, if,OXl #pr
2=1= .
X3, if px; = px;,

where X3 is the complement graph of X3.
Finally, let us define the graph X such that

V(X) = V(X)) UV(X2),

E(X)=E(X)UEX)U{[¢ g [¢ ghi]

geG, i=1,...4d}
The map g : V(X) — V(X) such that

[gv. ifve vy,
) = {g’v, ifve V(Xa),
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Fig.1 A graph on 10 vertices

that has automorphism group 3 4
isomorphic to Cy4 \ /
7 /
1 2
10 Y
6 5

is a graph automorphism for every g € G, and Aut(X) = G; the proof appears in
(2].

The inequality in Babai’s Theorem 2.5 does not hold for the three cyclic groups
excluded.

Example 2.7 We will see shortly (Proposition 3.3) that «(C4) = 10. A graph on 10
vertices that has automorphism group isomorphic to C4 is shown in Fig. 1. In particular,
the automorphism group of this graph can be realised as the subgroup (b) of 19, where
b=(12)(3456)(78910) ([22, Lemma 2.1.3.3.]).

3 Proof of Theorem 1: abelian groups

The aim of this section is to prove that Theorem 1 holds for every abelian group G.
Proposition 3.1 Ler G be an abelian group. Then one of the following holds:

1) a(G) = |G,
(ii) G is cyclic of order p* or 2p for some prime number p (|G| # 2),
(iii) G is one of the 10 abelian groups shown in Table 1.

If (ii) or (iii) is true then a(G) > |G]|.

The value of «(G) was determined for every cyclic group G by Sabidussi [18, 19],
when |G| is a prime number, and by Meriwether (unpublished, see [19]), in general.
However, Arlinghaus [1] was the first to present an algorithm to compute «(G) when
G is cyclic or, more generally, abelian. Table 3 contains the value of «(G) for some
small abelian groups, which we computed using Arlinghaus’ algorithm [1, Theorem
8.1].
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Table 3 The values of o(G) for certain abelian groups G

G = Cp;’l X Op;2 (pllg pQQ) G =0Cyx Cp? % Cp;? (pgzg pgd)

y’ -
234|578 Py
- 7 “l2f3 45| 789 13

72

)

2 (|4 ]11(12 17161
7|16]16 2 | 6|13/14119|18|18|19|26 |30

1818 (212322
3 8|18 3 3 20120232524 |23|33|37
-
4 201252424 4 22 127126262634 |38
) 3012929

Proposition 3.2 [1, Theorem 8.1] Consider the abelian group G = Cy; X Cyy X -+ - X

Cy,, where q; is a prime power, i =1, ..., s. Then,
a(G) < a(Cy) +a(Cyy) + -+ +a(Cy,), (1)
a(Cy x Cyy) =2+ a(Cy,). )

Proposition 3.3 [, Theorem 5.4] Let p be a prime number and r be a positive integer.
Then

2, ifp' =2,
p+2p, if p=3,5,
pr+6, ifp=2r=2,
p+p, ifp=T

a(Cpr) =

Proposition 3.3 gives rise to the following inequalities that are essential for the
proof of Proposition 3.1:

a(Cpr) <3p", (3)
a(Cyr) <2p", ifp" =1, 4)
@(Cpr) < p" + max{6, 2p}. (5)

In preparation for proving Proposition 3.1, we establish the following lemma.
Lemma 3.4 Proposition 3.1 holds when G is a direct product of two cyclic groups of
prime-power order.

1 r
=Dy

Using Table 3 we deduce that the Lemma holds when pi' < 5and p3* < 8.1If p|' > 5

Proof Let G = C Pl X C P2 for some prime powers p!', p5* such that p)
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then the inequalities (1) and (4) imply that

@(G) = a(Cyn) +a(Cyn) <2p) +2py <4py <G|,

Hence we make the assumption that p|' <5 and p5* > 8.
If |G| = 2p> then (2) and Proposition 3.3 imply that a(Czp,) = 2 + 2p,, thus
«(G) > |G]|. On the other hand, if |G| = 2p£2 and r» > 1, then the inequality
2+max{6, 2p2} < py (6)

holds; indeed, we assumed that p? > 8, so (6) holds in case pr = 2;if pp > 3 then
2+42py < 3py < py*. It follows from (2), (5) and (6) that

oc(Czp;z) <2+ py +max{6,2p,} < 2p? =G]|.

Ezf p}' = 3 then by (1), (4) and Proposition 3.3, we get that «(G) < 9 + 2p5* <
3py = |Gl
Finally, if 4 < pql < 5 then it is implied by (1), (4) and Proposition 3.3 that
a(G) < 154 2p3 < 4py? <|G].

]

Proof of Proposition 3.1 If |G| = 1then«a(G) = |G|.LetG = Cp;l xCp;z X -xCpg.;,

where p|' < --- < p;* are prime powers.

If s = 1 ors = 2 then the statements in Proposition 3.1 hold for G as a consequence
of Proposition 3.3 or Lemma 3.4, respectively.

Lets = 3.If p|' py> > 9, then using inequalities (1) and (3) we conclude that

a(G) < 3p}' +3py +3py =9py < [Gl.
Assume now that p' p? < 9; thus, p|' =2and 2 < p5* < 4.1f pi* < 16 then using
Table 3 we verify that the claim in Proposition 3.1 holds for G. If p? > 16 instead,
then (1) and (3) together with Proposition 3.3 imply that
a(G) <2+43py +3p5 < 4py <|Gl.
Lets = 4.If p}' p5? p5* > 12, then by (1) and (3) we have
a(G) < 3p|' +3py +3p5 +3p) < 12p)} <|G|.

Otherwise p;' = py* = py* = 2, in which case (1), (3) and Proposition 3.3 show that

a(G) <2+2+243p,* <8p,t =|G|.

@ Springer



616 Journal of Algebraic Combinatorics (2022) 56:609-633

Finally, let us assume that s > 5. Then, using (1) and (3) we conclude that
a(G) <3py' +3py* +---+3py <3sp,”.
Furthermore, since 3s < 25~ ! and pl.ri > 2foreveryi € {l,...,s — 1}, we have that
3sps" <27 'p < pi"tpa” - p”t =Gl

Hence a(G) < |G]|. O

4 Proof of Theorem 1: the bound a(G) < |G|

In this section we prove the bound «(G) < |G| for groups G that are non-abelian and
do not satisfy (iii), (iv) in Theorem 1, as summarised in the following theorem.

Theorem 4.1 Let G be a non-abelian group such that

(i) G is not a generalised quaternion group,
(ii) G is not a generalised dicyclic group of the form Qor x Cy,
(iii) G is not one of the groups shown in Table 1.

Then a(G) < |G]|.

By the GRR-Theorem (Theorem 2.3), in order to prove Theorem 4.1, we only
need to consider the cases when G is generalised dicyclic and when G is one of
the non-abelian groups that appear in Table 2 but not in Table 1. We will do this in
Propositions 4.9 and 4.10. In particular, in Proposition 4.9, we consider the groups
D¢, Dg, Djg, and

Gi={a,b,c|a®>=b*>=c>=1,abc = bca = cab),

Gy =(a,b,c|a’>=b>=c>=1,ab =ba, (ac)* = (bc)> = 1),

Gz =(a,b,c|a’>=c®=1,ac =ca,bc=ch,b~'ab = ac), )
G4 = Qg x Cy,

Gri2= Qo x Cy x Cy x C3, r>3;

the remaining groups are addressed in Proposition 4.10.
Let us start with two lemmas that will be used in the proof of Proposition 4.10.

Lemma4.2 Let G = Dih(X) be a generalised dihedral group of order 2k, where
k > 6, k #9, that is not the group C> x Cy x Cy x Ca. Then there exists a GRR for
G.

Proof By the GRR-Theorem, it suffices to prove that G is non-generalised dicyclic
and not one of the groups appearing in Table 2.

@ Springer



Journal of Algebraic Combinatorics (2022) 56:609-633 617

Let G = (X, b), b2 =1. Suppose that G = Dic(A, c2), forsome A < G, c € G.
Then the order of ¢ is 4 and the order of b is 2, hence ¢ € X, b € A. It follows from
the properties of generalised dicyclic and generalised dihedral groups that

beb ' =c¢'  and cbc ' =p7L.

The equalities given above imply that ¢> = 1, which is a contradiction.

The restriction k # 9, implies that G is not the group of order 18 in Table 2.
Moreover, since |G| = 2k > 12, G is not among the groups Cz x Co, C2 X C2 x Co,
Dg, D3, Djg or the group of order 27 in Table 2. On the other hand, the group A4 has
no abelian subgroup of index 2, hence it is not generalised dihedral. The remaining 4
suitable groups given in Table 2 contain a central element of order 3 or 4. However, if g
is in the center of G and G is non-abelian then g € X, hence bgh = g~!. Furthermore,
bgb = g, as g is central. Therefore, g has order 2. O

The following lemma can be proven by elementary group theory arguments.

Lemma 4.3 Let G be an abelian 2-group and let ¢ € G be an element of order 2. Then
there exists some y € G, A < G such that

G=()®A and c € (y).

Let us now define a collection of graphs, one for each group appearing in (7).

Construction 4.4 Let us first define the graph I'1 on 16 vertices and 52 edges. Let
V() =ViUV,, where Vi ={1,2,...,8 and Vo, = {1',2,...,8}). Let E(T'y) be
such that, for v, w € Vy,

vew = ow) e () ((I4i+4).3+i+4j)x (S +i —4j.7+i —4j)):

i,j €{0,1}
Vew = vwe | {1+4i244i344i4+4i), v w
ie{0,1}
w—v=0,4, or

vew = {v—w=2modd),v>4w<4  or
v—w==x1 (mod4)and (v >4 < w > 4).

Construction 4.5 Let us now define the graph I'>, which has 18 vertices and 99 edges.
Let V(I'y) = W U W, where Wy = {1,2,...,9}, Wo ={1",2/,...,9'}, and E(I';)
is such that, for v, w € Wy,

Vke€{0,1,2},v >3k < w > 3k, vV #Ew, or
vV ~w — {w—v==+3(mod9), or
[v,w] € {[1, 61,12, 4], [3, 5]};

/ /
vew = UV e w, v # w;

v w &= v,well, 2,3}, orv,welil45,6)}.
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Construction 4.6 Ler us also construct the graph 'z on 27 vertices and 171 edges.
Let V(I'3) = O1 U Oy UOyr, where Oy ={1,2,...,9}, Oy ={1',2',...,9} and
Oy ={1",2",...,9"). The edge set of T3 is such that, for every v, w € O}, we have

/ / " 1
vV w vl e w
VYW = v FE W

w—v =1 (mod 3), or
w—v=0,3 (mod 9);

w —v = 0,2k, 4k (mod 9), v =k (mod 3) for some k € {1, 2}, or
w—v=0,=%1 (mod9),v =0 (mod 3);

/ " /
VYW = W~V

v~w = {

v~ w = {

Construction 4.7 Let I be the graph on 10 vertices with automorphism group
Aut(T') = Cy4 given in Example 2.7. Let T be a graph on 16 vertices constructed
according to Babai’s Construction 2.6 for the group Qg. We define T'4 to be the graph
y=Tur".

Construction 4.8 Let r > 3. We let T be a graph on 2"+ vertices constructed
according to Babai’s Construction 2.6 for the generalised quaternion group Qor
and T to be a graph on 6 vertices such that Aut(T") = C, x Cy x C,, which
exists since a(Cy x Cy x Cy) = 6 (see Table 3 and [1, Theorem 8.1] for a proof).
Then, the graph Tyyr = T UT’ on 2"t + 6 vertices has automorphism group
Aut(T'y42) = Grqa, since T is a connected component of I'y12 of size rtl 5 6
and Aut(I') = Qor, Aut(I'") = Cy x Cy x Cs.

Proposition 4.9 If G is the dihedral group D>y, where3 < n < 5, or one of the groups
G1,G2,G3,G4, Gryo (r = 3) in (7) then a(G) < |G|.

Proof The n-cycle has full automorphism group Dy,,.

The graphs I'; in Constructions 4.4—4.8 are designed to have at most |G;| vertices
and automorphism groups Aut(I';) = G, for each i > 1. We omit the proof that
Aut(I';) = G; for 1 < i < 4, which we verified using the mathematical software
GAP [5]. O

We will now show that Theorem 4.1 also holds for the generalised dicyclic groups
G that are different from Qyr x Cy x Cy x Ca,r > 3, completing the proof of
Theorem 4.1.

Proposition 4.10 Let G be a generalised dicyclic group such that

(1) G is not a generalised quaternion group,
(i) G isnota generalised dicyclic group of the form Qor x Co or Qor x C2 X Cy x C»,
(iii) G is not one of the groups Dics, Dics, Dicg, Gig that appear in Table 1.

Then a(G) < |G]|.

The rest of this section concerns the proof of Proposition 4.10.
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Let G = Dic(A, b?) be a generalised dicyclic group as in Proposition 4.10 and let
A=A @Ay,

where Aj is the Sylow 2-subgroup of A and Ay is the Hall 2’-subgroup of A. Then,
by Lemma 4.3, there exist y € A and By < A» such that

Ay =(y)®B> and b>e€ (y).

Setting X = Bo @ Ay, weget A =X @ (y).

Let r, k be such that (y) = Cyr, |X| = k. We note that the quotient group G/X
is isomorphic to the generalised quaternion group Q,-+1, for r > 1, and to the cyclic
group Cy4, for r = 1. Moreover, the quotient group G/(y) is isomorphic to the gener-
alised dihedral group Dih(X).

Construction 4.11 We will construct a graph T such that Aut(I') = G. We start by
defining two graphs, T'1, >, with the property that Aut(I'1) = G/X, Aut(Iz) =
G/(y)

Forr > 2, weletT'| be the graph withvertexset V(I') = G/XU(G/X)' that arises
from Babai’s Construction 2.6 for the generalised quaternion group G | X with respect
to the minimal generating set H = {yX, bX}. Furthermore, we partition the set of
vertices G/ X of 'y into the sets Ty, Tp, where T; = {y"b(i_l)X |lneN}Li=1,2.
Forr = 1, we define I'y to be the graph with automorphism group isomorphic to the
cyclic group Cy4 that was presented in Example 2.7. Likewise, we partition its vertex
set into the sets T;, where T; = 2k +i |0 <k <4},i =1,2.

Let us describe the graph 'y for all values of k. The conditions (i), (ii) in Propo-
sition 4.10 ensure that k > 3. For 3 < k < 5, we construct T'y with vertex
set V(I'y) = G/{y) U (G/{y)) according to Babai’'s Construction 2.6 for the
generalised dihedral group G/(y), with respect to some minimal generating set
K = {ki, ko, ..., kq} of G/{y) such that ki = b(y). For k > 6, k # 9, we
choose a GRR for G/(y), which exists by assumption (ii) in Proposition 4.10 and
Lemma 4.2, and define the graph 'y to be either this GRR or its complement, with
the additional property that the number k + pr,(v) is even, for v e V(I'2). Fur-
thermore, for k > 3, k # 9, we partition the set of vertices G/{y) of I'> into
S; = {(xb""V(y) | x € X}, i = 1,2. Finally, for k =9, we let Ty be the graph on 18
vertices presented in Proposition 4.9, and S; = W;, where W; is as in Construction 4.5,
fori=1,2.

Let us now define the graph I" such that

V() =VvITnuVv(Iy);
ET)=ET|)UEI,)UE, where

E={lns]lueT, sies, i=12}

Lemma4.12 Let the sets of vertices V(I'1), V(I'2) of T be fixed by ¢, for every
¢ € Aut(I"). Then Aut(T") = G.
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Proof By construction, the groups G/X and G/(y) act on V(I'1) and V (I'2), respec-
tively. Using these actions, we associate amap g : V(I') — V(I') to every g € G by
setting

_gX (), ifve V(T

S =0 o), ifve VT,

In other words, the map g is defined to satisfy g [v ;)= gX and g [v,)= g(»).
Let g € G. We will show that the map g is an automorphism of I'. If v, w € V(I'})
for some i € {1, 2} then g is an automorphism of I', since

v~w inl < v~w inl; <— g[v(ri)vagfv(ri)w in
I < gv~gw inT.

Letv € V(I'1), w € V(I'2). By construction of I', g(T; x S;) = T; x §;, where i=j
ifand only if g € (X, y), i, j € {1, 2}. Thus,

2 2
[v,wl € ED) <= (v,w) € | JTi x i) < (gv, gw) € [ J(T; x 5.

i=1 i=l1

In other words, v ~ w <= gv ~ gw. Since (y) N X = {1}, we have G < Aut(T").
For the opposite inclusion, let ¢ € Aut(I"). Since, by assumption, ¢ fixes V (I'1), the
restriction ¢ [y (r,) of ¢ is an automorphism of I'y. Since Aut(I'1) = G/X, we have
that ¢ [y ;)= g1X, for some g| € G. Then the automorphism gflqﬁ acts trivially on
V(I'1). As the set of vertices T is fixed by g, lgb, the set consisting of all neighbours
of 71 is also fixed by the same automorphism. However, gl_lqb fixes all neighbours of
T1, except, possibly, from elements of the set S;. Therefore, S is fixed by g1_1¢.
Likewise, we consider the restriction of the automorphism gfl ¢ on I'; to conclude
that there exists some g> € G such that the automorphism g, ! gflqb acts trivially on
V (I'2); without loss of generality, we let g» € (X, b). Since the graph automorphisms
g1_1¢ and g, ! gl_lq‘) fix the set S1, we conclude that g» € X. However, X acts trivially

on V(I'1). Therefore, the graph automorphism g, ! gl_l ¢ is the identity automorphism
of I". Thus,

$»=28182€GC
and hence Aut(I") < G. O
Lemma4.13 Let ¢ € Aut("). The sets of vertices V(I'1), V(I'2) are fixed by ¢.

Proof First, we partition V (I'1), V(I'2) into the sets V (X;), V(Y;), wherei € {1, 2},
and

G/X, ifr>2
vy, if r=1,

(G/X), if r>=2

V“”:{ . if =1,

V(X)) = {
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_ )G/, if k#9 Gy, if 3<k<5
vin) = { V(). if k=09, Vi) = {@, if k> 6.

We will examine all possible values of r, k in order to show that V (I",) is fixed by ¢,
using the automorphisms’ property to preserve the valency of the vertices permuting.
The valency of a vertex v € V(I';) in T is

p ) = pr;(v) +vr; (v), ®)

where vr; (v) is the number of neighbours of v thatliein V/(I'j) and i, j € {1,2},i # j.
Case 1 Assume thatr > 2, k> 6.Letx; € V(X;), yi € V(Y;), i € {1,2}. By (8),

p(x1) =5+k, p(y) = pr,(v1) +27,

which, together with the assumption that the number k + pr, (y1) is even, implies that
p(x1) # p(y1).

Suppose now that ¢ (v) € V(I'1), for some v € V(I'z). Then p(v) = p(y1) #
p(x1), hence ¢ (v) € V(X3). Since p(¢(v)) = p(x2) # p(x1), the set V(X 1) is fixed
by ¢. Therefore, the number of neighbours of v that lie in V (X), which is 27, is equal
to the number of neighbours of ¢ (v) in V(X1), which is 3; a contradiction. Hence
V(I'y) is fixed by ¢.

Case 2 Suppose that 3 < k < 5; we assume that G satisfies Proposition 4.10, (iii),
thusr > 2. If x; € V(X;), yi € V(Y;), i € {1, 2}, then, by (8),

p(x1) =54k, p(1) = pr,() +2",
p(x2) =211, p(y2) =d+2.

We will show that the sets of vertices V (¥>) and V (Y1) are fixed by ¢. Considering all
abelian groups of order 3, 4 or 5, we conclude that the size of a minimal generating set of
a generalised dihedral group of size 2k, such that 3 < k < 5, is between 2 and 3; hence
4 < p(y2) < 5. On the other hand, by construction, min{p (x1), p(x2), p(y1)} > 5.
As graph automorphisms preserve the valency of the vertices they permute, V (Y3) is
fixed by ¢. It is implied that the set of neighbours of V (Y>), which is V (Y1), is also
fixed by ¢.
Case 3 Assume now that r = 1, k > 6, k # 9. First, we will compute the valency
of each vertex of I'. By (8), the valency of the vertices that lie in the sets of vertices
{1,2},{3,4,5,6},{7,8,9,10} is k + 4, k + 5, k + 3, respectively, and the valency of
the vertices v € V(I'2) is pr, (v) + 5.

Suppose that ¢ (v) € V(I'1) for some v € V(I';). Without loss of generality, we
assume that v € S;. Graph automorphisms preserve the valency of the vertices they
permute so

or,(v) +2=k+j, forsome j e {0,1,2}.

The graph I' was constructed so that the number pr, (y1) + k is even, hence j is even.
In other words, the set of vertices {1, 2} is fixed by ¢, as is either the set {7, 8, 9, 10}
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or the set {3,4,5,6}. The vertex 1 € V(I'1) is connected to all other vertices in
T1 = {1, 3,5,7,9} and no vertex in T,. Furthermore, the set of neighbours of v that
liein V(I'1) is T7. These properties combine to say that ¢ (v) is adjacent to either the
vertices 1,3 4+ 2j,5 + 2j or the vertices 2,4 4 2j, 6 4+ 2j. However, there exists
no vertex in V (I"1) that is adjacent to any of these triplets of vertices. Thus, ¢ fixes
V().

Case 4 Finally, let r = 1, k = 9. We confirmed that the graph I" on 28 vertices
constructed has the desired property using the mathematical software GAP [5]. O

The last step in the proof of Proposition 4.10 is to show that the order of the graph I"
constructed is bounded by the order of the group G.

Lemma 4.14 The graph T, defined in Construction 4.11, has at most |G| vertices.

Proof The graph I' was constructed so that the set V (I'y) has size 10, for » = 1, and
2|G/X]|, for r > 2. Moreover, the size of V(I'2) is 2|G/(y)|, for 3 < k < 5, and
|G /{y)|, for k > 6. Thus,

VD)l = VD] + V(T2 = max{2 % 10} +(1+ [%D %

where L%J is the integer part of the real number % Let us now explain why |V (I')| <
|G|. If k = 3 then the assumption that » > 3 (Proposition 4.10, (iii)) implies that
V()| = 3IG| + 5IG| < |G|. Similarly, if 4 < k < 5 then r > 2, hence

|V(I)| < 5IG|+ 571Gl < |G|. Finally,ifk > 6then |V(I)| < }|G|+5|G| < |G|.
O

5 Proof of Theorem 1: the bound a(G) > |G|

In this section we prove the bound @ (G) > |G| and compute «(G) for groups G that
are non-abelian and satisfy one of (iii), (iv) in Theorem 1.

Theorem 5.1 Let G be a group such that one of the following holds:

(1) G is a generalised quaternion group,
(i) G is a generalised dicyclic group of the form Qo x Ca,
(iii) G is one of the non-abelian groups that appear in Table 1.

Then a(G) > |G|, indeed, if (i) holds, a(G) = 2|G|; if (ii) holds, «(G) = |G| + 2;
if (iii) holds, a(G) is as shown in Table 1.

The proof of Theorem 5.1 is the subject of this section. Specifically, we compute
the value of o(G) when G is contained in one of the families of groups mentioned
in Theorem 5.1, (i), (ii), in Propositions 5.4 and 5.5. Then, we calculate «(G) for
the non-abelian groups G that are shown in Table 1 in Propositions 5.7, 5.10, 5.14
and 5.17.

Let us start by presenting two lemmas that will be used throughout the section.
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Lemma 5.2 Let G be the dicyclic group of order 2" g, where q is an odd prime or
q = 1. Let T be a graph such that G = Aut(I") and consider the action of G on the
vertex set V(). If every orbit has size at most max{2" 1, 2" g} then there exist at least
2 orbits of size 2"+,

Proof Let G = (y,x,b | y¥ = x9 = 1,y27 = b2, yx = xy,byb~! =
yil, bxb~ ! = x’l).
As the action of G on V (I') is faithful, there exists a vertex w of I" such that b> ¢ G .
Then, since b? is the only element of order 2, by Cauchy’s Theorem, 2 does not divide
|G |. Therefore, by the orbit-stabilizer lemma, 2"+ divides |O,,|. Thus |O,,| = 2",
since |Oy,| < max{2" !, 2"¢}. Suppose that O, is the only orbit of size 2"+!.

Let B = {y*bw | k € N}. We will show that the map ¢ : V(I') — V(I'), where

b*v, ifve B,
o) = {v, ifv ¢ B,

is an automorphism of I'. Indeed, the property v ~ vy <= ¢ (v1) ~ ¢ (v2) holds
for every vy, v2 € V(I') as

e For vy, vy € B, b* € Aut(I") hence v; ~ vy <= b*v; ~ b2vs,

e For vy, v ¢ B, clearly vi ~ vy < ¢(v1) ~ ¢ (v2),

e Forvi = giw ¢ B,vy = gow € B, g1 € (y,x), g2 € (v, x)b, we have gjw ~
DWW = glgz_lglw ~giw <= b’gw ~ giw, since glgz_1 € Aut(I") and
818, 'g1 = b2,

e Forv; ¢ Oy, v2 € B, we have that vy ~ vy < v ~ b*vy, as b* € Aut(I)
and b? € Gy, , by the assumption that 2 divides |Gy, |.

We have reached a contradiction since G, = Gpy = {(x). Hence there exists a second
orbit of size 2" 1. ]

Lemma 5.3 Let G = Dicy, g € (3,5}, and let " be a graph on at most 4q + 4 vertices
such that Aut(I") = G. Then, there is no orbit of size |G| = 4q in the action of G on
V(T).

Proof Let G = (x, b), where x4 = bt =1.

Suppose that there is a vertex v € V(I') with stabilizer G, = {1}. If there exists
an orbit of size 4, let u € V(I') be a vertex with stabilizer G, = (x). By possibly
replacing the graph I" with its complement, T, we assume that v is adjacent to up to
two vertices in the orbit O,,, if it exists. Without loss of generality, we also assume
that if v is adjacent to a vertex in O, thenv ~ u. Let B = {xkblv |keN,le{l, 3}}
andletg : V(I') — V(I),

b*w, ifwe B,

bV, if w = bku and v ~ blu, where k € N, € {1, 3},
b *w,  ifw=>bfuand v~ blu, V1 e (1,3}, wherek € N,
w, if 2 divides |G| orw € O, \ B.

¢ (w) =

We will show that ¢ € Aut(I"). The property vi ~ v2 <= ¢ (v1) ~ ¢(v2) holds
for every vy, vp € V(I'), as
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o If vy, vy € Bthenvy ~ vy <= b2v; ~ b2y, since b? € Aut(I"),

e If vy, vy are fixed by ¢ then clearly v ~ vy < ¢ (v1) ~ ¢ (v2),

e Ifvy = giv & B,vy = gov € B, g1 € (x,bz),gz € (x,bz)b, then giv ~
0V — g1g2_1g1v ~ glv <= b’gv ~ g, since glgz_l € Aut(I") and
218, g1 = b,

e Ifv; € O, thenvy; € O,UQ, (O, and O, are the only orbits, as |V (I")| < 4g+4);
¢ was constructed to preserve adjacency and non-adjacency between vy and vy,

o If vy € B, 2 divides |Gy, | then b> € G,,, hence v| ~ vy <= b*v| ~ vy.

We have reached a contradiction, since ¢ fixes v but not bv and G, = Gp, = {1}. O

Using Lemma 5.2 we recover the following result, which was first proven in [8].

Proposition 5.4 The generalised quaternion group Q,r+1 satisfies a(Qyr+1) = 272,

Proof By Babai’s Theorem 2.5, a(Q5r+1) < 2"+2. The inequality a(Qyr+1) > 272
follows from Lemma 5.2. O

Proposition 5.5 The generalised dicyclic group Q,r+1 X Ca satisfies o (Qor+1 X C2) =
2r+2 42,

Proof Let G = (y,x,b | y* =x% =1, yZP1 = b2, yx = xy,bx = xb,byb~! =
yh.

Let I' be a graph on at most 22 + 1 vertices with automorphism group isomorphic
to G. The faithfulness of the action of G on V(I') implies the existence of some
w € V(') such that > ¢ G,. Then G, € {(1), (x), (b*>x)}. Let u € V(I') be
such that G, € {(x), (b*x)} and u ¢ O,,; if no such vertex exists, let u = w. Since
|[V(I')| < 2"+2 4 1, there exist at most two orbits of size 2"+! or one of size 2" 2.
Therefore, if u # w then G, # G, as the action of G on V (I") is faithful.

Let B = {y*x'bz | z € {w,u}, k,1 € N} and let ¢ : V(I') — V(') be the map

b*v, ifv e B,

¢(v):{v, ifv ¢ B.

We will show that ¢ is an automorphism of I" by proving that vy ~ v <= ¢ (vy) ~
¢ (v2), for every vy, vy € V(I'). Indeed,

e If vy, vy € B, thenv; ~ vy <= b*v; ~ b?vs, since b € Aut('),

e If v, vy ¢ B, then clearly v; ~ 12 <= ¢(v]) ~ ¢ (v2),

e Ifvy = g1z ¢ B,v, = goz € B,z € {w,u}, g1 € (y,x),8 € (y,x)b,
then g1z ~ gz <<= gig g1z ~ g1z = Db gz ~ gz, as
218, € Aut(D), g1g;'g1 = b’g,

o Ifv; ¢ B, vy € Band Gy, = (b*"x), Gy, = (b>"+Dyx) for some n € {1, 2}, then
we have v] ~ 12 <= v ~ L' X)(BP* "D x)vy < v ~ by,

o Ifvy ¢ O,UO,, vy € B,thenv] ~ vy < v ~ b*v,, since b* € Gy,.

The map ¢ fixes w butnotbw and G, = Gpy; acontradiction. Thus, ¢(G) > 2249,

Let us now construct a graph I on 2"+2 4 2 vertices such that Aut(I') = G.
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Construction 5.6 Let 'y be a graph on 2712 vertices constructed according to Babai’s
Construction 2.6 for the generalised quaternion group Q,r+1 and I'y be the connected
graph on 2 vertices. The graph I' = I'1 UT', has Aut(I") = G, since it consists of two
connected components, I'1, I'y, of different size and Aut(I'1) = Qyr+1, Aut(I'2) = Co.

]

Proposition 5.7 The generalised dicyclic group Gig = (x,b | x* = b* =

1, bxb—! = x3) satisfies 2 (G16) = 18.
We will prove Proposition 5.7 using the following lemma.

Lemma 5.8 Suppose that I is a graph on at most 17 vertices such that Aut(I") = G,
where G = G1e, and consider the action of G on V(I'). Then, there is no vertex
with stabilizer equal to (xzbz). Moreover, there are two orbits, Oy, , Oy,, such that
Gy, Gy, € {(x), (b%x)}.

Proof The action of G on V(I') is faithful; thus, there exists some vertex vy € V(I")
such that b2 ¢ Gy,. Let vy, v2,..., vy € V(I') form a maximal set of vertices such
that b* ¢ Gy, fori € {1,...,s}, and the orbits O,,, ..., O,, are distinct. Since
|Oy,| = 4,fori € {1, ..., s}, the assumption |V (I")| < 17 implies that s < 4.

Suppose that there do not exist distinct i, j € {1,...,s} such that G,,, ij S
{(x), (b?x)} orthere exists i € {1, ..., s} suchthat G,, = (x?b?). Since |V(I')| < 17
and the action of G on V (I') is faithful, if s > 3 then there existsi € {1, ..., s} such
that x2 ¢ Gy,; hence G, = (x2b2). Moreover, since the action is faithful, there is
at mostone i € {1,...,s} such that G,, = (xzbz). To sum up, we have s < 2 or
Gy, = (x?b*) forauniquei € {1, ..., s}. If the latter is true, without loss of generality
let v1 have stabilizer G,, = (xzbz); alternatively, let v; be such that |O,,| > |O,,|,
for i € {1, s}. Moreover, if s = 2, without loss of generality we assume that if vy is
connected to O,, then v; ~ v,. Finally, by possibly replacing I" with its complement,
let vy be adjacent to at most half the vertices of O,,.

Let B = {x*b'v; | k € N, 1 € {1, 3}}. We will show that the map ¢ : V(I') —
V(T),

b, ifv e B,
v, if v e Oy, and Gy, = (x2b?),

@) = { bV ity = bRy, vy ~ blva, where keN, 1 € {1,3)}, and Gy, # (x25%),
b~%v,  ifv=>bkvy, vy % bluy, V1€ (1,3), where keN, and Gy, # (x2b?),
v, ifv ¢ (BUOy,),

is an automorphism of I'. Indeed, u; ~ uy <= ¢ (uy) ~ ¢(u2), for all uj, uy €
V(I), as
o Ifuj,ur € Bthenu; ~ ur <= b*u; ~ b2u», since b* € Aut(I'),
e If uy, us are fixed by ¢ then clearly u; ~ uy < ¢ (uy) ~ ¢(u2),
o Ifu; = giv1 ¢ B,up = gov; € B, g € (x,bz),gz € (x,bz)b, then gjv; ~
QU = gi1g 'giv1 ~ givi <= b’gvy ~ gvy, since gig; ' € Aut(I)
and g185 ' g1 = b2,
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o Ifu; € Oy,ur € Oy, U0, and Gy, # (x2b?), then ¢ was constructed to
preserve adjacency and non-adjacency between u1, u»,

o Ifu; € B,up € Oy, and G, = (x?b?), then u; ~ uy <= x>(x*b>)u; ~
us <= b2u; ~ uy since x2b? € le,xz € Gy,,

o If¢(uy) = b>ujanduy ¢ Oy, foralli € {1,...,s}, thenuj ~ uy < b>uj ~
U, as b € G,

o If ¢p(u1) = blu; for some [ € {1,3}, and us ¢ O, foralli € {1,...,s}, then,
by assumption, G,, = (x?) and G,, = G,, € {{x), (b>x)}. By faithfulness,
there is w € V(I'), x> ¢ G,. Since |V(I')| < 17, G, = (x*b), for some
k € N. In any case, G, € {(x), (b*x)}, G, € {(x*b) | k € N} U G imply that
Uy~ Uy < blul ~ Uuj.

We have reached a contradiction since G,, = Gy, and ¢ fixes vy but not bv;. O

Proof of Proposition 5.7 Let G = G 6. Suppose that I is a graph on at most 17 vertices
such that Aut(I") = G. As the action of G on V(I') is faithful, there exists w; €
V(') such that x> ¢ G,; by Lemma 5.8, G,,, # (1), (x?b?), hence G,,, = (b*)
or Gy, = (x*b) for some k € N. Let O,,, O,, be two distinct orbits such that
Gy, Gy, € {(x), (b?x)}, which exist by Lemma 5.8. Since |V (I')| < 17, there are
up to two orbits, of total size at most eight, containing vertices that are not fixed by
x2. If there are exactly eight such vertices, let wy € V(I') be such that x> ¢ Gy, and
the vertices {w;, xwi, xzwl, x3w1, wo, XWa, xzwz, x3w2} are distinct; if only four
vertices of I" are not fixed by x2, let w» = w;. By possibly replacing ' with its
complement, we assume that the vertex w; is adjacent to up to two vertices of the
set {wy, xwy, x2ws, x3w2}. Without loss of generality, if w; # w», let these vertices
be wp and x%ws, 8 € {0, 1,2, 3}; if w; is adjacent to exactly one vertex of the set
{xkw, | k € N} or w; = wy, let § = 0. Then

wy ~ x"wy & w; ~x*"w,y, VneN. 9)

We will show that the map ¢ : V(I') — V(I"), where

x’kwl, ifv:kal, keN,
Y(v) = X0y, ifv=xlwy, €N,
v, ifx? € Gy,

is an automorphism of I". Indeed, u| ~ uy <= ¥ (uy) ~ ¥ (uy) for all uy, us €
V(T), as

o if uy = kai,uz = xlwi,k,l e N,i e{l,2}, then ka,' ~ xlwi “—
x/~ w; ~ xJ~*w;, for j =0, 8, since x/ k1 e Aut(I"),

e If uy, up are fixed by ¢ then clearly u; ~ up < v (uy) ~ ¥ (uz),

o If uy = x*wy,up = x'wy for k,1 € N and w; # ws then, by (9), x¥w; ~
JCIU)Q < wq le_sz < wq Nx(s_H_ka < x_kIU1 Nx‘s_lwz,

o Ifu; € 0, U0, or |0y, | =1,and us € Oy, UO,y,, thenuy ~ up < uj ~
x¥u,, for all k € N, since G, € {(x), (b’x), G} and b*> € G,,,

o If |0y | =2and uy = x*wi, ke {1, 3}, then x%e Gy, hence uy ~ x*w; =
up ~ x**2w; < Y u;) ~ ¥ (u2); note that w; = wy, since |V(I)| < 17.

k
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We have reached a contradiction: v fixes vy and wy but Gy, N Gy, = {1}. Thus
a(G) > 18.

We will complete the proof by constructing a graph I' on 18 vertices having
Aut(l) = G.

Construction 5.9 Let I' be a graph with vertex set V(I') = O U Op U O U Oy,
where O[ = {1, 2, ey 8}, Ol/ = {1/, 2/}, Ol” = {1//, 2//, 3//,4//} and Olm =
{177,2" 3" 4"}, We define the edge set of T to be such that, for v, w € Oy,

v/ < w/; v/ ~ w//; v/ ~ w///; U/// - w///;
v~w &= v—w=0(mod?2);
"= w—v=0,1 (mod4);
Vi~w = v—w=2(mod4);

vew’ = w e | ) (Mk+ill<i<4)xk+1k+3}):
ke{0,1}

/" 1
v ~Yw

’ 7
— VW

v~w < w—v=0, (—l)k (mod 4), V£ W, and
kef{0,1}issuchthatv e {dk+i |1 <i <4}, w¢{dk+i|1l<i<4}.

"
v~ w

Using the mathematical software GAP [5] we verified that Aut(I") = G. O
The proofs of Propositions 5.10, 5.14, and 5.17 that follow are similar in nature to
the proof of Proposition 5.7. Therefore, some of the technical details are omitted.

Proposition 5.10 For the groups Dic3, Dics, Dicg, Qg x C3 we have that a(Dicz) =
17, a(Dics) = 23, and a(Dicg) = a(Qs x C3) = 25.

Proof Let G = (y, x, b) be a generating set for G such that y2r =x9 =1, yzr_I =

b2, yx = xy, where r € {1,2},q € {3,5}. Suppose that there exists a graph I" such
that Aut(I') = G and |V (I')| < 3¢ + 2" 2.

Suppose, in addition, that less than 3¢ vertices are not fixed by x. The faithfulness
of the action of G on V (I") implies the existence of v € V(I') such that x ¢ G, hence
q divides |O,|. Let V = {xkz |z €{v,u}l, ke N} be the set of vertices of I" that are
not fixed by x, where u ¢ {xFv | k € N}, if there exist two orbits of size ¢ or one of
size 2¢g, and u = v, if there is exactly one orbit of size ¢q.

We may assume that v is adjacent to up to two vertices of the set {x*u | k € N}. If
v # u, let us consider these vertices to be u and x%u, where 8 € {0,1,...,q9 — 1};if
v is adjacent to exactly one vertex in {x*u | k € N} or v = u, let § = 0. In any case,
we have

v~ x"u &= v~x*"u, Vnel. (10)

Similar to the map ¢ in Proposition 5.7, the map ¢ : V(I') — V(I"), where

x_kv, ifz = xkv, keN,
V(z)={ x*u, ifz=xlu, 1 €N,
zZ, if g divides |G,|,
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is an automorphism of I'. The faithfulness of the action implies the existence of
w € V(I') such that b> ¢ G, hence G, = (x) (G,, # {1}, since there exist less than
3q vertices that are not fixed by x). Then, ¥ € Gy, N G, = {1} and ¥ (xv) = x~ Ly,
a contradiction.

We will show that there is no orbit of size |G|. Indeed, if |G| = 24 then we
assumed that |V (I")| < 24 hence, by the GRR theorem, there exists no orbit of size
24.1f |G| = 12, 20 then, by Lemma 5.3, every orbit has size at most 2" q.

By Lemma 5.2, there exist at least two orbits of size 27+1 (a similar statement to
Lemma 5.2 holds for the group G = Qg x C3 and the proof is analogous). Considering
the number of vertices that are fixed or not fixed by x we conclude that |V (I")| >
3¢ + 2"t2; a contradiction. Hence, «(G) > 3g + 2 12.

Let us now consider each case for G € {DiC3, Dics, Dicg, Qg x C3} and construct
a graph I such that Aut(I") = G, completing the proof that «(G) = 3¢g + 2" +2.

Construction 5.11 Assume that G = Dicy for some q € {3,5}. Let I' be a graph
with vertex set V(I') = O1 U Oy U O U Oy, where O = {1,2,...,2q}, Op =
{(1,2,...,4q'}, O ={1",2",3",4"}, Oy ={1",2",3" 4"}, and edge set such
that, given v, w € Oy,

/ / " " / " / "
Ve w; v eew Ve w; Vo w

v~w < w—v=0(modq), v # w;
V' ~w = w—v=1(mod4a);

v~w &= w-—v=0(modqg),v <gq, orw—v=1(modq),v > q;
vew = w—v=0(mod2),v>¢q, orw-—v=1(mod2),v<gq;
v~w” = v~uw";
V' ~w" — w—v=0,1(mod4).

Construction 5.12 For G = Dicg, we let T be the graph with vertex set V(I') =
O1U Oy U0y U Oy, where Oy = {1,2,...,8}, Op ={1',2/,...,8}, Op =
(17,2",...,6"}, O ={1",2",3", and edge set such that, for v, w € Oy,

",
,

v w; Ve veew”; Ve w’s v ew
vV ~w = w—v=4(mod8);

Vi~ w = w—v=1(mod3),v <3, w>3 orw—v=2(mod3),v>3, w<3;
v~w &= w—v=0(mod8), orw—v=3(mod4)and (v <4 & w <4);
v~w = v<4,w<3 orv>4w>3;

V' ~w" = w—v=0(mod?3).

Construction 5.13 Finally, for G = Qg x Cas, let I'1 be a graph on 16 vertices con-
structed according to Babai’s Construction 2.6 for the group Qg and let Ty be a
graph on 9 vertices such that Aut(I'y) = C3, which exists by Proposition 3.3. We let
r=ryurs.

Using GAP [5], we confirmed that each graph has the desired automorphism group. O
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Proposition 5.14 Let G = (a, b | a® = b2 =1, bab™! = a%). Then «(G) = 18.

Suppose that there exists graph I' with V(I') < 17 and Aut(I") = G. As G
acts faithfully on V(I"), there exists w € V(I') such that a* ¢ Gy, hence Gy, €
(1), (a*b), (b)}.If G,, = (1) then the subgraph I'; of I" induced by ©,, has order 16
and Aut(I"1) = G, contradicting the non-existence of a GRR for G. Since (a*b), (b)
are conjugate, we may assume that G, = (b). Let u € V(I') such that u ¢ O,, and
G, = (b), if there exists a second orbit with elements not fixed by a*; if no such orbit
exists, let u = w.

Lemma 5.15 The vertex w is adjacent to exactly one of the vertices a*u, a®u in T,

with I as above.
Proof Suppose, conversely, that

w~a’u < w~ adu. (11

Let B = {w, a*w, u, a4u}. Then, the map ¢ : V(I') — V(I'), where

a*v, ifveB,

o) = {v, ifv ¢ B,

is an automorphism of I'. The proof is similar to that of the other automorphisms
defined in this section. However, ¢ fixes a®w but not w, contradicting the equality
Gy =G,y O

Proof of Proposition 5.14 If T is a graph on at most 17 vertices having Aut(T") = G
and Oy, O, are the orbits of size 8 listed above then by Lemma 5.15 either w ~ a’u
or w ~ a% (hence w # u). Arguing analogously, we can show that w ~ u <=
w ~ a*u. Without loss of generality, we assume that w ~ u, w ~ a?u. Moreover,
since b € G, b € G, we have that w ~ a’ 7

u = w~bathu < w~alu.
Hence, it holds for every n € N that
w~d'u = w~a"u. (12)

Since |V(I')| < 17 and |0, UO,,| = 16, there is at most one additional orbit, which
has size 1. Similar to the map v in Proposition 5.7, the map ¢ : V(I') — V(I"), where

a*u, ifv=d*u, keN,
() = a®lw, ifv=dw, |l eN,
v

) it |Oy| = 1.

is an automorphism. This is a contradiction as G, = G 2, and v fixes u but not a’u.
We complete the proof by constructing a graph I with V(I') = 18 and Aut(I") = G.
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Construction 5.16 Let T be a graph with V(I') = Vi U Vo U V3, where Vi =
{1,2,...,8}, Vo = {1',2,...,8} and V5 = {1”,2"}. We define the edge set of
I" to be such that, for v, w € Vi,

4 4
v w’

v~w < w—v=1,7 (mod?38);
V~w == w—v=3,5 (mod8);
v~w <= w—-v=0,1,3 (mod?8);
v~w = w=1;

vV~ = w=2.

Using GAP [5] we computed that Aut(I") = G. O
Proposition 5.17 The alternating group A4 satisfies a(A4) = 16.

Let G = (a,b), where a = (1 2 3) and b = (1 2)(3 4). Suppose that there exists a
graph I" on at most 15 vertices with Aut(I") = G.

Since G has no subgroup of order 6, there is no orbit of size 2. Furthermore, there
exists z € V(I') such that b ¢ G,. Then |G,| € {1, 2, 3}, hence the orbit O, has size
4, 6 or 12. We examine each of these cases.

Lemma5.18 Let G = A4 and let T be as in the previous paragraph and consider the
action of G on V(I'). Then, there exists no orbit of size 4.

Proof Suppose, in contrast, that there exists some orbit of size 4. If there also exists
an orbit of size 6 as well as an orbit of size 3, then without loss of generality we let
w € V(I) be such that |O| =3 and u ~ aw <= u ~ a’w, for everyu € V(I')
having G, = (b); this is possible since the bound |V (I")| < 15 ensures that there is
at most one orbit of size 6. Otherwise, let w be such that G,, = (aba). Then the map
¢ V(I) — V(I'), where

a*v, if G, = (b), G, = (aba) orv = w,
o) = 3 av, if G, = (a®ba), G, = (ab) or v = a*w,
v, otherwise,

is an automorphism. The proof is more technical but similar to others in this section.
For a detailed justification, we refer the reader to the arXiv version of this article [3].

Practically, ¢ interchanges two pairs of vertices in the orbit of size 6, if it exists,
one pair in the orbit of size 3, if both an orbit of size 3 and 6 exist, and one pair
in every orbit of size 4. However, ¢ fixes two vertices, vy, vz, such that G, = (a),
Gy, = (a®b), but Gy, N Gy, = {1}; a contradiction. o

Lemma5.19 Let G = A4 and let T be as in Proposition 5.17 and consider the action
of G on V(I'). Then, there exists no orbit of size 12.

Proof Suppose that there exists an orbit of size 12. In [21, Proposition 3.7], Watkins
proved that G has no GRR. The arguments in [21, Proposition 3.7] extend to the case
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that I" contains an additional orbit of size 3, or up to three additional orbits of size 1.
For details on the extension we refer the reader to the arXiv version of this article [3].
O

Proof of Proposition 5.17 We assumed that T is a graph on at most 15 vertices having
Aut(I") = G; then b ¢ G, for some z € V(I'). By Lemmas 5.18 and 5.19, there is no
orbit of size 4 or 12, and |G| = 6. Using the group structure of G we can prove that
x :V(I) = v(D),

aba®v, if G, = (b),

W= {v, if Gy # (b),

is an automorphism of I".
However, x fixes two vertices, vy, v2 € O suchthat G,, = (aba2>, Gy, = (azba>,
contradicting the property G,, N Gy, = {1}. Therefore, «(G) > 16.

We will show that «(G) = 16 by constructing a graph I on 16 vertices with
Aut(I') = G.
Construction 5.20 Let I" be a graph with vertex set V(I') = O1 U Oy U Oy, where

O ={1,2,...,6}, Op ={1',2,...,6}and O» = {1",2",3" 4"}. We define the
edge set of T to be such that, for v, w € Oy,

v/ww/, v/oow”' v/ooww' v///ww///,
v~w = v—w=0(mod?2);
— w-—v=0,1(mod4);
Vi~ w” = v—w =2 (mod 4);
1
vew = wow) e | J((@k+ill<i<4)xfk+1k+3)):;
k=0

" "
v o ~Mw

/

= v~u;
vew = w—v=0, (—1)k (mod 4), v #E W, and
ke{0,1}issuchthatve {dk+i |1 <i<4},we¢{dk+i|l=<i<4}.

11,
v~Yw

Using the mathematical software GAP [5] we computed that Aut(I") = G. O
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