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Abstract

The Macdonald process is a stochastic process on the collection of partitions that
is a (g, t)-deformed generalization of the Schur process. In this paper, we approach
the Macdonald process identifying the space of symmetric functions with a Fock
representation of a Heisenberg algebra. By using the free field realization of opera-
tors diagonalized by the Macdonald symmetric functions, we propose a method of
computing several correlation functions with respect to the Macdonald process. It is
well known that expectation value of several observables for the Macdonald process
admits determinantal expression. We find that this determinantal structure is appar-
ent in free field realization of the corresponding operators and, furthermore, it has
a natural interpretation in the language of free fermions at the Schur limit. We also
propose a generalized Macdonald measure motivated by recent studies on general-
ized Macdonald functions whose existence relies on the Hopf algebra structure of the
Ding—Iohara—Miki algebra.

Keywords Macdonald process - Macdonald symmetric function - Ding—Iohara—Miki
algebra - Generalized Macdonald functions - Generalized Macdonald measure

Mathematics Subject Classification 05E05 - 33D52 - 16T05

1 Introduction
1.1 Backgrounds
Let Y, be the collection of partitions of n € Z>;, and set Y := U,C;o:o Y,, where

Yo = {#}. The Macdonald measure MM, ; is a probability measure on Y defined
by [8,14]
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1
MM, ;(A) = ————P.(X; q, ¢t Y;q,t), AeY.
g.t(A) 0.V q.0 W (X:q.0)0,(Yiq.1), L€

Here, P, (X; q,t) is the Macdonald symmetric function of X = (x1,x2,...) for a
partition A and Q; (Y; g, t) is its dual symmetric function of ¥ = (yg, y2,...) (see
Sect. 2 for definition). From the Cauchy-type identity, the normalization factor is
computed as

txiyjs q)oo

M. Yig.0 =) PuXiq.0Qu(Yig.n = [] =5,
1)]» e}

r€Y i,j=1

where (a; @)oo = [[,—o(1 — ag™). In the following, we suppress the parameters g
and ¢ if there is no ambiguity, for instance, by writing Py (X) = Py (X; q, t). Precisely
speaking, to obtain a genuine probability measure, we have to adopt a nonnegative
specialization of the Macdonald symmetric functions whose classification was con-
jectured in [38] and recently proved in [41].

As a generalization of the Macdonald measure, the N-step Macdonald process
[8,14] for N > 1 is a probability measure M]P’fx ,on YV defined so that the probability

for a sequence (A(V, ..., A™)) € YV of partitions is given by

MPY, D, ... 2™y
__Po (X(l))‘l‘w),,\(z)(Y(l), X@y... W,\(N—l),A(N)(Y(N_l), XY, ) (YM)
. Hlsisjszv H(X(i)’ Y(j)) '

(1.1)

Here, the transition function W, , (Y, X) is given by

W u (Y, X) = Z Q) Pup(X), A, pnel, (1.2)
veY

with Py, /, being the Macdonald symmetric functions for a skew-partition A /v and Q5 /,,
being its dual. The case of N = 1 is just the Macdonald measure, MIM, ; = MIP’;J.

It is known that the Macdonald process reduces to several interesting stochastic
models by specializing the variables and limiting the parameters and has given many
applications to probability theory. Examples include the ¢g-TASEP [8], general g-
ensembles [17], Hall-Littlewood plane partitions [29], Whittaker processes [26,45,
50], Kingman partition structures [51] (see also [16,18,21,25]). In particular, when
we set ¢ = t, the Macdonald symmetric functions reduce to the Schur functions and,
correspondingly, the Macdonald process reduces to the Schur process [47,49]. The
Schur process can be shown to be a determinantal point process (DPP) in a simple
manner owing to the infinite-wedge realization of the Schur functions and action of
free fermions [47]. The analogous field theoretical approach to the Macdonald process
is, however, absent to the author’s knowledge.
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1.2 Correspondence among correlation functions

In the present paper, we study the Macdonald process by identifying the space of sym-
metric functions with a Fock representation of a Heisenberg algebra as was suggested
in [34]. As its first step, we express a correlation function of the Macdonald process in
terms of matrix elements of operators on the Fock space. We set F = C(q, t). Then,
we regard a function f : Y — F as a random variable or an observable.

Definition 1.1 Let f1, ..., fv : Y — FF be random variables. The correlation function
Eév) [LS111] -+ fn[N]] with respect to the N-step Macdonald process is defined by

EN AN fnINT = Y AGD) - iy MY, D),
WD ANy eYN

In the case of N = 1, we simply write E, ;[ f] := ]E}N[f[l]].

We write A for the ring of symmetric functions over [F. Then, it is isomorphic to a
Fock representation F and its dual ' of a Heisenberg algebra (see Sect. 3), where the
Macdonald symmetric function P, corresponding to A € Y is identified with | Py) € F
and its dual Q, is identified with (Q;| € F'. We introduce operators on F:

1—1" p(X
[(X)s = exp (Z — ; %m) , (13)

n>0

where a,, n € Z\{0} are generators of the Heisenberg algebra and p,(X), n > 1 is
the n-th power-sum symmetric function of variables X = (x1, x2, ...) (see Sect. 2).

We write F[Y] := {f : Y — [} for the set of random variables. The method
of computing correlation functions using operators (difference operators in typical
cases) that are diagonalized by the Macdonald polynomials has been developed in
[8,10,14,17,29,36]. Here, we shall formulate a complementary algebraic scheme to
compute correlation functions.

Definition 1.2 Regarding the values of a random variable as the eigenvalues of an
operator, we define a mapping

O :FIY] — End(F); f > Y fFWIP(Qal.

reY

For a random variable f € F[Y], we also define
! =T 0T (X) -,

Then, we have the following correspondence between correlation functions under
the Macdonald process and matrix elements in the Fock space.
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Theorem 1.3 Let fi, ..., fn € F[Y] be random variables. Then, their correlation
function with respect to the N-step Macdonald process becomes

(N) y(N) @1y
Oy, " gy )

XN y™) XMy
0y, 1 10)

EY,LAM]- fyINT =

. (1.4)

Here, |0) € F and (0| € F' are the vacuum vectors and 1 € F[Y] is the unit constant
function.

Theorem 1.3 is proved in Sect. 3.

1.3 Determinantal expression of operators

Due to Theorem 1.3, the problem reduces to how efficiently we can compute the matrix
elements in (1.4). We use the free field realization of operators that are diagonalized
by the Macdonald symmetric functions due to [30] to make the computation of (1.4)
possible.

It is well known [8,14] that several expectation values concerning the Macdonald
process admit determinantal expression. The determinantal structure of the Macdonald
processes is a long-standing mystery as it is not a DPP, and the initial motivation of
this work was to understand the origin of this determinantal structure. We found
that the determinantal structure gets apparent in the free field realization of operators
diagonalized by the Macdonald symmetric functions as we are overviewing below.

The Macdonald symmetric functions are simultaneous eigenfunctions of commut-
ing operators including the Macdonald operators. Under the isomorphism F >~ A,
these operators are identified with operators on F, which were studied in [30,55] as
the free field realization. We seek different expression of these free field realizations
involving determinant. Let us introduce a vertex operator

1—¢n 1 — "
T](Z) = exp <Z nt an2"> eXp (— Z nt anz_n) s (15)

n>0 n>0

which lies in End(F)[[z, z~'1].

Theorem 1.4 Let r = 1,2, .... The free field realization Er of the r-th Macdonald
operator is expressed as

s 0 dz 1
AT S m(z1) -z . (1L
: rt / (n 27T~/—_1> det(z,' — t_lzj>1§i.,j5r e ) (16

i=1

dz
2/ —1

the coefficient of z~! and a rational function of formal variables like

Throughout this paper, we understand the integral |

as the functional taking
1
z—yw’

1 1
o #* T We prove

y € Fas

a formal series expanded in F[w]((z™")). In particular,

z—
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Theorem 1.4 in Sect. 4 and also show determinantal expression of other operators.
Combining these determinantal expressions with Theorem 1.3, we derive determinan-
tal formulas of correlation functions in Sect. 5. Hence, we can say that the determinant
appearing as a integrand in (1.6) gives determinantal formulas.

To understand still more fundamental origins of the determinantal structure, we
also consider the Schur-limit in Sect. 4. Consequently, we find that the operator (1.6)
reduces to action of fermionic operators that give the determinantal integrand in (1.6).

We remark that our approach is fully algebraic and formal and does not require any
specialization of the variables. Therefore, our results apply to any models obtained by
specialization of the Macdonald process.

1.4 Generalized Macdonald measure

We also propose a certain generalization of the Macdonald measure. It is known that
the Ding—Iohara-Miki (DIM) algebra [28,42] plays a relevant role in the theory of the
Macdonald symmetric functions. In [1], the authors proposed a family of generalized
Macdonald functions using the coproduct structure of the DIM algebra. We consider
a generalization of the Macdonald measure replacing the Macdonald symmetric func-
tions by generalized Macdonald functions as follows.

Let m € N be fixed. In [1,31], it was proved that the m-fold tensor product Fem
of F := C(¢q'/*, t'/*) @p F admits a Macdonald type basis labeled by m-tuple of
partitions. Under the isomorphism F®" ~ A®" the level m generalized Macdonald
functions Py (X), A = WD, ..., Ay e Y™ X = (XD, ..., X)) and their dual
functions Qj (X) are defined (see Proposition 6.1 and Definition 6.2 below). In Sect. 6,
we will define the level m generalized Macdonald measure as a probability measure
GMy', on Y™ so that

GMZ’J(X) x PA(X)03(Y), AL eY"

and write GE¢', for the expectation value under GM/,.
As a demonstration, we will compute the expectation value of a random variable
E™, defined by

m

() :

M=) [1+a=DY @ = | a=a0 2 ey,
j=1 i>1

Theorem 1.5 Set

1 —tx;
Hw: X) = [[ s,

(1 —zx) (1 — g 'zxp)
(=g Vrzx) (1 — 17 Tzxg)’

M(z; X) = ]_[

k>1

X = (x1,x2,...),
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and p = q/t. Then, we have

dz & [T,2) M(p=UtD/2z; v D)

2/ —1z ; H(pi—D2-1, XO)Y g (1 p—=D/2; y @)y’

m eim)
GE" [E™] = /

1.5 Future directions
We close this introduction by make comments on future directions.
1.5.1 Application to stochastic models

Since our results are formal and do not require any specialization of variables, they
apply to any reduction of the Macdonald process. For application to stochastic mod-
els, however, one has to specialize variables and carry out further analyses typically
studying asymptotic behaviors (e.g., [4,8,9,11,15,17,33]). It is not clear so far how our
results are useful for such application and more study is needed.

1.5.2 Further studies on generalized Macdonald measure

We need to study generalized Macdonald measure in application to stochastic models.
For this purpose, we have to consider positive specialization of generalized Macdon-
ald functions to define a genuine probability measure. We also need to define skew
generalized Macdonald functions and combinatorial formula of their few-variable
specialization. To all these aims, the first step is to study the Pieri-type formulas for
generalized Macdonald functions.

1.5.3 Elliptic generalization

In [53,54], the elliptic Macdonald operators were realized as operators on a Fock
space by means of the elliptic DIM algebra. Though the elliptic Macdonald symmetric
functions as a basis of the Fock space have not been captured so far, once a Macdonald-
type basis is found, a similar story as in this paper would work in the elliptic case.

1.5.4 Relation to higher spin six-vertex models

Another pillar than the Macdonald process in the field of integrable probability is a
higher spin six-vertex model and its variants [13,19,22-24,27], and there are attempts
to understand these two on the same footing [20,23,24,35]. Notably, partition functions
of ahigher spin six-vertex model give a family of symmetric rational functions [19] that
are regarded as generalization of the Hall-Littlewood polynomials. It is also known
[5,6] that, for some lattice models such as a metaplectic ice model, a vertex operator
acting on a Fock space works as a transfer matrix and its matrix elements give a family
of symmetric functions. Since a Fock space and vertex operators are also basic tools in
this paper, the present work could give a new insight to this subject from a perspective
of the representation theory of quantum algebras.
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The present paper is organized as follows: In Sect. 2, we review the basic notions
of symmetric functions and introduce the Macdonald symmetric functions, which are
needed to define the Macdonald process (1.1). In Sect. 3, we recall that the space of
symmetric functions is isomorphic to a Fock representation of a Heisenberg algebra
and prove Theorem 1.3. We also see the free field realization of operators that are
diagonalized by the Macdonald symmetric functions. In Sect. 4, we rewrite the free
field realizations in Sect. 3 by using determinants to prove Theorem 1.4 and its ana-
logues to other operators. We also consider the Schur-limit to better understand the
origin of the determinantal structure. In Sect. 5, we present applications of Theorem
1.3 and the results in Sect. 4 to compute correlation functions of some observables. In
Sect. 6, after overviewing the theory of the DIM algebra, we introduce a generalized
Macdonald measure and prove Theorem 1.5. In Appendix 1, we give a proof of the
free field realization of a certain family of operators diagonalized by the Macdonald
symmetric functions.

Throughout this paper, we use the notations

1—g" n n—1
[n]y = 1 . nlg! = H[k]q, (x;q)n = l_[(l —xq").

I-q k=1 k=0

2 Preliminaries on symmetric functions

In this paper, we regard the parameters ¢ and 7 as indeterminates unless otherwise spec-
ified and set F := C(q, 7). Let us prepare some terminologies of symmetric functions
and introduce the Macdonald symmetric functions. The relevant reference is [40].

2.1 Ring of symmetric functions

Let A™ = F[xq, ..., x,]%" be the ring of symmetric polynomials in n variables over
IF. The ring of symmetric functions is defined as the projective limit A = lim A
in the category of graded rings, where, given m > n, the projection A — A
sends the last m — n variables to zero. For a symmetric function F' € A, its image
under the canonical surjection A — A ne Z=¢ will be denoted as F ™) and call
it the n-variable reduction of F. In the following, we write X = (x1, x2, ...) for a set
of infinitely many variables and use the notation A if the variables are need to be
specified.

For a partition A € Y, of n € Z>1, we write |A| = n for its weight. Its length is
defined by £(1) := max{i = 1,2,...|A; > 0}, and the multiplicity of i € Z> in A
is defined by m;(A) := |{j = 1,2, ...|A; = i}|. In terms of the multiplicity, we also
express a partition as A = (1"1*2m2() ...y For two partitions A, u € Y, we write
A>pif A = uland Ay + -+ Ay > w1+ -+ iy, n = 1,2,.... Then, >
defines a partial order on Y called the dominance order. For two partitions A, u € Y,
we say that p is included in A if ; > w;,i = 1,2, ..., hold, and write u C A. Their
difference is called a skew-partition and denoted as A /.
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Let us introduce some important symmetric functions. For r € Z., the r-th ele-
mentary symmetric function e, (X) is defined by e,(X) := Zi|<~~<i, Xj; -+ x;, and
the r-th power-sum symmetric function p,(X) is defined by p,(X) = } ;. x].
For a partition A = (A1, X2, ...) € Y, we also define p)(X) := py, (X)pp,(X)---.
Other important symmetric functions are monomial symmetric functions. Let A € Y
be a partition and n be an integer larger than or equal to ¢(1). We may regard
A = (A1, ..., An) as an element in (Zx0)", on which the n-th symmetric group acts
by permutation of components. A monomial symmetric polynomial of n variables is

Ao A (n .
defined by m&")(xl, e xn) = 2o x "W x, 7™ where the sum runs over distinct
terms. Then, the collection {m&")()q, ...y Xp) i n > £(X)} determines a unique sym-

metric function m; (X) € A called the monomial symmetric function corresponding
to A. It is known that the collections {p;, },cy and {m; },cy form F-bases of A.

An algebraic homomorphism p : A — F is called a specialization. We often write
the image of F' € A under a specialization p as F'(p) instead of p(F). We frequently
consider specializations associated with partitions. For A € Y and n € Z, we define a
specialization g*t =" : A — F by

s te) o (—r(EQ)+1-n)
pr(q t~ +n) = Z(q ,t—H-n)r + .

i=1

T r=1,2,...,

which is interpreted as substitution x; — g%t ~"*", i > 1. A specialization g *£5~"

is defined just by replacing ¢ by ¢~ and 7 by ! in the above formula.

2.2 Macdonald symmetric functions

To define the Macdonald symmetric functions, we introduce the Macdonald difference
operators. Fixn € Z>1. Thenforr =1, ..., n, the r-th Macdonald difference operator

D,(") acting on A™ is defined by [40, Section VI. 3]

_ txX;i — X;
DM =DM (g, 1) =1V K" ]_[—x"_xf [17

1c{1,2,..n}iel Joier
[=r J¢l
where Ty, ,; is the g-shift operator (Tj; x;, f)(x1, ..., Xz) := f(X1, ..., qXi, ..., Xp).

For a partition A € Y, the corresponding Macdonald symmetric function
P, (X; q,t) € Ay is uniquely characterized by the triangularity

P(X;q,1) =mu(X) + Z (g, my(X), cul(g,t) eF 2.1
My <A

and the property that, foreachn > £(1), the n-variable reduction P)f") (X1, s Xn3 g, 1)
is a simultaneous eigenfunction of the Macdonald difference operators so that

D;”)P)E")(xh ceXns g, b)) = eﬁ”)(q)‘lt"_l, . q)‘")P)f")(xl, e Xns g, 1)
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foreachr = 1, ..., n. Note that the triangularity property ensures that the Macdonald
symmetric functions Py (X; ¢q, ), A € Y form a basis of A.

Though the Macdonald difference operators themselves do not extend to operators
on A, it is known [30, Proposition 3.3] (see also [40, Chapter VI, Section 4]) that
we may define ones that extend to A. For each r € Z>; and n > r, we consider a
difference operator on A"

—k+1
o (TEY

2
EM:=Y — D",
' Z (t_l; t_l)r—k k

k=0

with the convention that D(") 1. Then the family {E; KON > r} gives a unique

operator E, = E,(q,t) = hm E; ) that is diagonalized by the Macdonald symmetric
functions so that

EP,(X;q,0) = e (¢"t ") Pi(X; q,1), €Y.

We next introduce the Macdonald symmetric functions for skew-partitions. Let
X = (x1,x2,...)and Y = (y1, y2,...) be two sets of variables and suppose that
they are combined to be a single set of variables (X,Y) = (x1,x2, ..., Y1, Y2, ...).
Then, we can think of a Macdonald symmetric function P (X, Y) € A(x,y) of these
variables. The Macdonald symmetric function P, for a skew-partition A/ is defined
by Po(X, ¥) =X ,cy Paju(X)Pu(Y).

2.3 Definition using an inner product

The Macdonald symmetric functions are also characterized as an orthogonal basis
of A with respect to an inner product defined below. We write the inner product as
(-, )g.r : A X A — T and define it as [40, Section VI. 2]

<p)u pu.)q,t = Z)\(qv I)S)\.,M7 )"5 1% € Ya
where we set

Z(A)

(g, t) = ZAH t*’ = Hm()»)'z””(” A eY.
i=1

Then, the Macdonald symmetric functions P;, > € Y are characterized by the trian-
gularity (2.1) and orthogonality: (P;, P,) = 0if A # p.
Note that, when we set Q) = WPA, L €Y, the collection {0, },cv is the

dual basis of { P, },cy with respect to the inner product (-, -)4 ;. Similarly to the usual
Macdonald symmetric functions, we define Q) /, for a skew-partitionby Q; (X, Y) =

2 oney Qn/u(X)Qu(Y).
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2.4 Another series of operators

We also consider the following operators: Let r, n € Z> and define an operator on
A™ by

(n) q"xi — quxj . (1xi /X5 @)y, - v
Hr = Z 1_[ Xi — X3 1_[ ( x-/x" ) Tqlei'
Ve(Zso)" \1<i<j<n ! J i j=1 XX Dvi |y

[v|=r

Here, we wrote v = (v1,...,V,) and |v| = Z?:l v;. It was announced in [30,
Proposition 3.24] without a proof that these operators are also diagonalized by the
Macdonald polynomials so that

Hr(”)P)f”)(xl, e X)) = gf”)(q)“t”_l, e g™ q, t)P)f")(xl, e Xn)

forall A andn > £()), where g,(X; g, 1) := Q¢)(X;¢q,1),r =1,2,....Later proofs
appeared in [8, Proposition 2.17] and [14, Section 5]. To enhance these operators to
ones on A, we again have to consider their renormalized version.

Theorem 2.1 ([30, Proposition 3.25]) For a fixed r € Z>1 and n € Z>, we set
(_l)rt—nrq(g) r

1
@2 Y (=1)lg Qg DT gy
k] r ZZO

G"W =

r

Then, the projective limit G, = G,(q,t) = l(ir_nn Gﬁ") exists and is diagonalized by
the Macdonald symmetric functions so that

G, Pi(X) =g ("% q, )P, (X), LeY.

3 Free field realization

In this section, we interpret the whole thing in Sect. 2 in terms of the free field theory
in two steps. In the former Sect. 3.1, we identify the space of symmetric functions
A with a Fock representation in a standard manner [1-3,30,37]. The goal there is a
proof of Theorem 1.3. The latter Sect. 3.2 is devoted to the realization of operators
that are diagonalized by the Macdonald symmetric functions as operators on the Fock
representation.

3.1 Fock representation

Leth = (@neZ\ (0} Fa”) @ Fc be a Heisenberg Lie algebra defined by

1 —glm

lam, an] = mm

Sman.0C, m,n € Z\{O}, [c, ] = 0. 3.1)
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We decompose the Heisenberg Lie algebra so that h = hy @ Fc @ h_, where b are
Lie subalgebras generated by {a+,|n > 0}. A one-dimensional representation [F|0) of
b>o := h+ ® Fc is defined by the property that a,|0) = 0, n > 0 and c|0) = |0). The
induced representation is the Fock representation of b:

F 1= U(H) ®u(o.) FIO) = U(h-) @ Fl0).
Here, for a Lie algebra g, U(g) is its universal enveloping algebra. For a partition
A= (A1,A2,...) € Y, weset [A) 1= a_j,a_;, - --|0). Then, the Fock space has a
basis {|1) : A € Y}.
The dual Fock space F' is also constructed by induction. Let F(0| be a one-

dimensional right representation of h<o = h_ @ Fc defined by (Ola_, = 0,n > 0
and (O|c = (0|. Then, the dual Fock space is obtained by

F' = TF(0| ®u -y Uh) = F(O0] @ Uh).
For a partition A = (A1, A2, ...) € Y, we set (A| = (O|ay,ay, - - - . Then the collection
{{(x] : » € Y} forms a basis of F7.
We define an F-bilinear paring (-|-) : FixF— F by the properties (0]0) = 1 and
(lan - [w) = (v] - an|lw), (v| € F', |w)eF, neZ\{0}

Then, we have the following Propositions 3.1 and 3.2, which are well-known facts.
See, e.g., [3, Section 3] for proofs.

Proposition 3.1 The Fock space and the dual Fock space are isomorphic to the space
of symmetric functions A by the assignments

12 F—= A; M) pa, c%:}'T—>A; (A = pa.

Moreover, these assignments are compatible with the inner products so that the fol-
lowing diagram is commutative:

.
FleF—2 -~ A®A

1) A,r

F

Proposition 3.2 The mappings « and " are equivalent to computation of the following
matrix elements:

(v)) = OIF(X)4[v), |v) € F, G = EINX)-0), (v] € F7,

where I'(X)+ are defined in (1.3).
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Remark 3.3 It can also be shown that

o)) = n o

Fwlay) =n S, wleFT, n>o.

1—1" dp,
For a Macdonald symmetric function P, € A, A € Y and its dual O, € A, we set
|P) =1 (P) € F, 10:) :==1"'(Qn) € F,
(Pl == (NP e FT, (0al = (H7NQn e F.

Then, it follows from Proposition 3.1 that (Q;|P,) = (Py|Qu) = 03, .. These prop-
erties and Proposition 3.2 verify the following.

Proposition 3.4 We have

OIN(X)y =Y PA(X)(Qsl, L(X)_[0) =Y Pi(X)[Qs).

reY reY

Remark 3.5 We can see that the computation of (O|I"(Y)I'(X)_|0) reproduces the
Cauchy-type identity. Indeed, on the one hand, it reads

OIr¥)+Ir(Xx)-10) = ZPA(X; q. )0, (Y;q,1).
reY

On the other hand, a standard computation relying on the Baker—Campbell-Hausdorff
formula gives

Z 1 —t" Pn(X)pp(Y)

F(Y)+F(X), =exp( 1 —q” "

) F(X)-T(Y)4
n>0

= TI(X, Y; ¢, DT (X)_T (V).

This reproduces the Cauchy-type identity

Y PiX;:9,00:(Y;q, 1) = (OIT (V) T'(X)-|0) = TI(X, Y; ¢, 1).
reY

The Macdonald symmetric functions for skew-partitions are also expressed as
matrix elements.

Proposition 3.6 ([3, Theorem 3.7]) Let 1./ i be a skew-partition. Then, the correspond-
ing Macdonald symmetric function has the following expressions.

Py (X) = (QuIT(X) 4| Pr) = (P T(X) - Q).
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Also, the dual Macdonald symmetric function is expressed as

Qu/pn(X) = (PuIU(X)41Q3) = (O T (X) [ Py).

Precisely speaking, [3, Theorem 3.7] is a statement only about Q3 /., but the assertion
for Py, also holds by the same reasoning.
We are in position to prove Theorem 1.3.

Proof of Theorem 1.3 We first compute the following matrix element:

(Puly 37 1Q0) = (PT (V)L O(NOT(X)-1Q0) = D f ) Pryu(X) Qiypu(Y).

reY

Here, we inserted the identity operator Idx = )", .y, Q) (P into the left and right
of the operator O(f) and used Proposition 3.6. Insertion of the identity operator also
gives us

(N) y(N) )y
Olyg, " wE T0)
(N) y(N) (N=1) y(N=1)
= > oy T Pl T T 10uwen)

vD WV =Dey
X oo X (Pv(l)lllf;-i(l)’y(])IO)
= > > AP -y (XN Q0 (YY)
v yWV=Dey ), AN eY
X fN—l()»(Nfl))PMN—l)/V(N—z) (X(Nfl))QMN—l)/,,(N—l)(Y(Nfl))

x I Py (X D)0y (YD)

= > A i) P (X)W 0 (D, X @)
A0 AN eY

X e X \IJMN—U,)\(N)(Y(N_U, XNy, 0 (Y,

Here, we used the definition of the transition function (1.2). In the case when

f1, ..., fn = 1, the above result exactly gives the normalization factor:
(N) y(@) My ) )
Oy "y 0 = [ @y,
l<i<j<N
Therefore, we have
N) y) XMy
S S (V)
— (1) (N) N 4 (D) (N)
(N) y(N) O y() - Z fl(A' )fN(A' )M]P)q,t()\' "~~a)" )7
<0|¢1X v 1/f1X T70) A AWy
which is just the correlation function EQ{ JLAMNT- - fuIN]] O

@ Springer



236 Journal of Algebraic Combinatorics (2021) 54:223-263

3.2 Free field realization of operators

First, let us fix our terminologies.

Definition 3.7 Let 7 € End(A) be an operator on A. We call the operator
T:='Tie End(F)

the free field realization of 7.

Definition 3.8 Let z be a formal variable. An End(F)-valued formal power series V (z)
of the following form is called a vertex operator:

V(z) = V()_V(2)+ € End(F)[[z, 211,

V(z)+ = exp (Z ynanz”> , Yymn€F, n>0,

n>0

V(z)_ =exp (Z y_na_,,z"> , Yn€lF, n>0

n>0

Remark 3.9 A vertex operator does not converge in U (h)[[z, z~11], but makes sense
in End(F)[[z, z 7]

Definition 3.10 Let V;(z;) € End(F)[[z;, zl._l]], i =1,2,...,r be vertex operators.
Their normally ordered product :Vi(z1) - - - V- (z,): € End(F)[[zi, zi_l i=1,...,r]]
is defined as

Vi) - Ve@): = Vi) V@) - Vi@ + - Vi (zr)

In this subsection, we see the free field realization of operators introduced in Sect. 2
that are diagonalized by the Macdonald symmetric functions. We begin with the Mac-
donald operators E,,r = 1,2, ,.... Notice that the vertex operator n(z) in (1.5) gives
an example of Definition 3.8; hence, in particular, the normally ordered product is
defined for it.

Theorem 3.11 ([55, Theorem 9.2], [30, Proposition 3.6]) Let r = 1,2,.... The
following operator gives the free field realization of E,:

~ b2 L dz 1 —z;/zi
Er = ——7— — —=2 ) ) oz
T, [1 27/—1z; [1 1—t71z;/z 7@ - 0z

i=1 I<i<j<r

l—zj/zi . .
In the case of r = 1, the product part [ ], ;_ j<r ﬁ is understood as unity.
<i<j<r 1=-1g;/z
. . r dz;
Here, the linear functional | (Hi:l 5 «/jlz,'> takes the constant term.
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On the same space F, the Macdonald operators E, (q’l, t’l), r=1,2,... with
inverted parameters are also realized. To this end, we introduce another vertex operator:

£(z) = exp (— y L= (r/q)"/za_nz") exp (Z 1 ;t" <t/q)"/2anz—"> .

n>0 n>0

—n

Notice that, though we see the contribution from (g / t)l/ 2 each coefficientof 7*,n € Z
makes sense over the base field FF.

Theorem 3.12 ([30, Section III. F]) Forr = 1,2, ..., the operator

_ R e (T gy, 1=z2j/z
Bt = ! / i VA I L E(2):
@ = (l] - ﬁ_lzl_)( I1 1—tzj/z,-) £ 6()

I<i<j<r

gives the free field realization of E.(g™', t™1).

We have also introduced the operators G, r = 1,2, ... that are also diagonalized
by the Macdonald symmetric functions (Sect. 2.4). These operators admit the following
free field realization:

Theorem 3.13 ([30, Proposition 3.17]) For eachr = 1,2, ..., the following operator
on F is the free field realization of G,:

r

~  (=1)yq® dz; 1—zj/zi _
Cr= /(HZn«/—_12i> l_[ )0

(@ ) i l<iejer LT A1/

The inversion of the parameters ¢ — ¢~ ', — ¢! again involves the replacement
of vertex operators 1(z) — &(z).

Theorem 3.14 For eachr = 1,2, ..., the following operator on F is the free field
realization of G, (g~ ", t~1):

Ao (—1)’4‘(5)/ dzi V=2i/2 e
Grig™hi™h = o, Hznﬁz,- I1 e ik IR ICOU

i=1 I<i<j<r

Though naturally expected from [30], this result is not stated nor proved therein. We
will give a proof of Theorem 3.14 in Appendix 1.

4 Determinantal expression and the Schur-limit

In this section, we derive alternative expressions of the free field realizations presented
in the previous Sect. 3 by using determinants to prove Theorem 1.4 and the determi-
nantal expressions of other operators. We also discuss the Schur-limit to see that the
determinant gains a natural interpretation in terms of free fermions.
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4.1 Preliminaries
We introduce the operation of symmetrization.

Definition 4.1 For a function f(zy, ..., z,) of n variables z1, . . ., z,, the symmetriza-
tion is defined by

1
Sym[f(z1,...,24)] = o Z f@oys -+ Zom))-

‘oe6,

The following lemma has been observed, e.g., in the proof of [55, Lemma 9.4] and
plays a key role in this section.

Lemma4.2 We have

zi—zj | _ [n]! (zi —zj)(zj — 2i)
sm( ] zi—tzj | nl [1 (zi —1zj)(zj —1zi)’

I<i<j<n I<i<j<n

Proof The Hall-Littlewood polynomial for the empty partition reads [40, Chapter III,
(1.4)]

> o (T2 ) =

0eS, i<j WLy

(zi—zj)(zj—2i)

i<j GinG=izn On the both sides, we obtain

When we multiply [ ]

Z l—[ Zo() T Zo() _ ,l—[ (zi —zj)(zj — 2i)

O’EG l<] Zo-(']) _tZG(l) (Zl _IZJ)(Z] —tZ;)

When we write the longest element in G,, as,

. (1 2 -on
T T \nn-t1...1)

we see that

Z coo™ H SN [n]z!il_[ (@ =2 = 52),

o€, i<j 4 12 <j (@i — ij)(Zj N

where the left hand side is n!Sym (]_[ ;L ) i

i<j zi—iz;
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4.2 Proof of Theorem 1.4 and other operators

Now we are in position to prove Theorem 1.4.

Proof of Theorem 1.4 Recall that the constant term of a multivariable function is invari-
ant under symmetrization. Therefore, we have

S Ut o dz 1—zj/zi
E = ———— ———— | Sym — L= @)@
" (t l;l l)r Eanz—lzi ISESTI_I IZj/Zi g

Note that the normally ordered product of vertex operators is symmetric under
exchange of variables. As we saw in Lemma 4.2,

Sym 1—[ V—zj/z | _ [l l—[ (I —zj/z)(1 —zi/z))
l<i<j<r l—t_IZj/Zi r! l<i<j<r (l—t_lzj'/z,-)(l—t—lzi/zj')
Thus,
5 (D)2 [r],,lz/ lL[ dz; 1_[ (0 —zj/z)(1 —zi/z))
ek i 2n/ =z ) (=g /(1 =1z )

x m(z1) - -n(zr): .

The product can be further computed as

1—[ (I —zj/zi)( = zi/z})
A —t71zj/z)(1 — 171z /z;)

1_[1<] Zl)l_[z<] — i)

I<i<j<r

B l_[l<J( - ZJ)H1</ lzi)
_ _ 1_[ Z])H (t_l —t7z i)
— r(r—1)/2 1 — 1\r l<J i<j )
t ( ) E l_[,-,j(Z: — iz

Now recall the Cauchy determinant formula

( 1 ) _ 1_[1<] x])l_[z<] yi)
ij N ]_[,‘,j(xz '

Using this, we obtain

r

R D2 dz r
r (t—l;[_l)r r! E 2 —1Zi ( ) 11:{ l

1
x det <—1> m(z1) - n(zr):
4G =12 i<
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= r dz; < 1 >
=7 det : .
r! / (H 271«/—1) zi —t71z; \<ij<r n(z1)---n(zr)

i=1

This is the desired result. O
In similar manners, we can also derive the following expressions.
Theorem4.3 Forr = 1,2, ..., we have

S 74z 1 ) . .
Er(q i )_ r / (1_[ 277.'\/__1) det <Zi _th 1<i.j<r -g(Z]) E(Zr)- s

i=1

~ (_l)r d dz; 1
G, = det [ — 1 : S
r! /(H 271«/—1) et(zl' —qz,-)ki’jq n(z1) - -n(zr)

i=1

r

A1 -1 _(_1)r/ dz < 1 ) . :
Grg™h 1™ ="— (H—znm)det ) £(z1) - E(2):

i=1

Let us name a frequently used functional; forr = 1,2, ... and y € IF, we define a
functional

ro._ - dzi ! . . A
/Dyz .—/(Hznﬁ>det<Zi_yzj) ‘Fllzinz; i =1,...,r]] > F.

i=1

The following property will be used in the next Sect. 5.

Lemma4.4 The functional [ D),z is invariant under a uniform scale transformation
and the uniform inversion. Namely, if we set

w,=waz;, i=1,...,r, aelF

or

then we have
/D;ZZ/D;U).

Proof The invariance under a scale transformation is obvious. We consider the case
of inversion: w; = z; 1, i = 1,...,n. The operation taking the residues in z;, i =
1, ..., r is written as
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The determinant gives

1 w;w; 4 1
det ( ) = det (#) = 1_[ wl-2 det ( ) .
=Y <ij<r Wi =VYWi/<ij<r i Wi =YWj /1< j<r

Then, the desired invariance is proved. O

4.3 Schur-limit

Throughout this subsection, we fix ¢ and refer to the limit ¢ — ¢ as the Schur-limit. To
illustrate the origin of the determinantal expressions, we investigate the Schur-limit of
the operators discussed above. To this aim, we introduce a semi-infinite wedge space
and free fermion fields on it following [47, Appendix A]. Let V be a complex vector
space spanned by basis vectors k, k € Z + % We say that a subset S C Z + % isa
Maja diagram if it possesses the following two properties: (1) Sy := S\ (Zgo - %)
is finite, (2) S_ = (Zgo — %) \ S is finite, and write 901 for the collection of Maja
diagrams. Writing elements in a Maja diagram S € 901 in the descending order as
§ = {s1 > s2 > ---}, we associate to it a semi-infinite wedge vs 1= sy Asp A .
The semi-infinite wedge of V is defined by & = A®/?V := @ygn Cvs that is
equipped with a bilinear form such that (vg|vy) = 85 s. For each r € Z + % we
define an operator ¥, on 8 by v, - v := r A v and ¥ as its adjoint operator. Then,
these operators exhibit the canonical anti-commutation relations:

1
W ¥} = {7 ¥ =0, Y, ¥} = 06,5, r,s€Z+§,

where {A, B} = AB + BA is the anti-commutator. We define the charge operator C
by C - vs := (|S+| = |S-D vs, S € M, and the translation operator T by T - 51 A
soN-i=s i+ 1A s +HIA--, S ={s1 > s >---} € M. Itis obvious that the
translation operator is invertible. We further introduce operators o, , n € Z\{0} by o, =
>, <zt Yr_n¥. Then, they satisfy commutation relations [¢;,, &n] = M&m4n.0,
m,n € Z\{0}, which are identified with the Schur-limit ¢ — ¢ of the Heisenberg
commutation relations in (3.1) at ¢ = 1. Due to the boson-fermion correspondence
(see, e.g., [39, Lecture 5]), the fermion operators are recovered by means of these
boson operators, the charge and the translation operators. In terms of generating series

1 1
V() = Z,€Z+% V2" 72 and Y*(z) = ZreZ-‘,—% Yz7" 72, we have

V(z) = TzC exp (Z a;n z") <— Z O;—nz") ,

n>0 n>0

I/I*(Z) — T—IZ—C exp (_ Z Ol;n Zn> (Z %Z—n> )

n>0 n>0
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To a partition A € Y, we associate a Maja diagram M(L) = {A; —i + %}iz 1. Then,
we can see that [IM(X) 4| = [M(A)_|. In fact, the assignment A — M(}) is a bijection
between Y and My = {S € M||S+| = |S—|}. Furthermore, the charge-zero subspace
Eo := {v € E|C-v = 0} isisomorphic to A, under which the vector vy, is identified
with the Schur function s, of the same partition.

Foreachr = 1,2, ..., we define operators on E by
B o= O [ (TT5 ) v vtz vtz
T iy 2ma/—1 : ' ' v
_ =07 T4z o TN
G, = - /(E 271«/—_1) YA z) T )Y (z) - (2).

Notice that these operators commute with the charge operator C, and hence, can be
regarded as operators on A. The operator E; is essentially the same as “the operator
&o(z)” in [48] and is the action of an element in (completion of) the W) »,-algebra.

Proposition 4.5 Foreveryr = 1,2, ..., the operators E and Gr on A reduce at the
Schur-limit ¢ — t to E, and G, respectively.

Proof We only show the case of E since that of 6, is shown in a parallel argument.
We write the Schur-limit of the vertex operator 7(z) as

Sy = e Zl—z*" . _Zl—t” n
n~(z) = exp . o_pZ | exp . [0 7% .

n>0 n>0

Then, the normally ordered product of 15 (z) makes sense in exactly the same manner
as in Definition 3.10. Due to the Wick formula, we have

1
V@)@V )t ) = det (ﬁ) @) @)
i J

1<i,j<r

Notice that the part 7€ acts as unity restricted on the charge-zero subspace Zg. We
can see the desired result by comparing this with the expression in Theorem 1.4. 0O

This result suggests that we may understand the free field realization E, and G,,
r = 1,2,... as the result of (1) rearranging the product of fermionic fields into
the normal order in the bosonic basis, (2) deforming ns(z) to 1(z), or equivalently,
am to ap, m € Z\{0} and (3) taking the residues. The determinants appearing in
the expression of Er and 6,, r = 1,2,... have their origins at the step (1) of this
procedure. A similar interpretation has been given in [52] to the Nazarov—Sklyanin
operator in the Jack case [44].
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We can directly compute the eigenvalues of E,, r = 1,2, ... on the Schur basis.
In fact, evaluating the residues, we have

Yici(si—3
E,=— Y 1 1 z)wsl-~-ws,w;;---w;.
From the very definition of a vector vy for a partition A € Y, it follows that

1 T (=i _
E}’UM(A) = ; Z tzj—l( J l/)‘UM()L) =€r(t)n S)UM()L)’

i Loy iy
distinct

where t* 7 is the specialization defined by x; — %~ i > 1. Note that the eigenvalue

is the Schur limit of e, (¢* %) as was expected. As for the operator G,, we have

G, = » IZLl(s,-—%)l!,; YR W

and hence, G,vmp) = (—1)"e, (t_)‘/+5_1)vM(A), A €Y, where 1/ is the transpose of
A and the specialization is x; — f; —AHi-l , i > 1. The eigenvalue can be shown to
coincide with the Schur-limit of g, (q *t7%; ¢, ) due to the following lemma that is a

special case of [30, Lemma 3.27]:

Lemma4.6 For each A € Y and r = 1,2,..., the identity h,(tk_‘s)
(—=D"e (t™* +571) holds, where h, = lim,_.; g,(q, t) is the r-th complete symmetric
function.

Proof The generating series of the complete symmetric functions reads Zfio hy(Xu" =
]_[izl(l — x;ju)~!, where we set hg = 1. Hence, for each A € Y, we have

t)”’ —i+1

Do (s oo
(g™ = _ us — (Mt
Z (q Ju" 1_[ t)”l —iy 1_[ ([A, l’/l;l)oo = (" )001_[ (l)” —iy: t)oo

i>1

t (1 i+17 u oo

Here, each factor of the produc .

= (%17 u; 1)3,-5,,, is unity unless
Ai > Ait1. Hence,

Zhr(ql—a)ur — l_[(l _ t—)»;-i—l‘—lu) — Zer(t—)‘/-‘r(s—l)(_u)r
r=0

i>1 r=0

implying the desired identities. O
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5 Applications

In this section, we give applications of Theorem 1.3. We have considered four series of
operators; E,, Er(q_l, t_l), G,, and Gr(q_l, t_l), r =1,2,..., which are diago-
nalized by the Macdonald symmetric functions. Correspondingly, we have four series
of observables for the Macdonald process, for which we compute the correlation func-
tions below.

5.1 Preliminaries

As preliminaries, we introduce an expectation value of a generating function of random
variables and fix the notion of the formal Fredholm determinant.

Definition5.1 Let f, : Y — F,n = 0,1, ... be random variables and let F'(u) =
Y onlo fau" with u being a formal variable be a generating function of them. Then,
the expectation value of F (1) with respect to the Macdonald measure is given by

Eg [F@)] =Y Eq[fulu" € Fllu]].

n=0
Definition 5.2 Let K (z, w) € F[[z, 1w, w_l]] be a formal power series in two

variables, and let u be another formal variable. Then, we define the formal Fredholm
determinant det(/ + uK) € F[[u]] by

0 i r
u dZ,‘
det(/ +ukK Z=1+E —f || det[K (zi, zj -'
( ) — ! <i_1 27‘[«/—_1> [ (z j)]lfl,jfr

if it exists.

5.2 The first series observables
The first series of observables we consider is
E Y > TF, &0 =e (g™, r=1,2,...,
Let us also introduce their generating function as follows.
(e¢]
ES(u) = ECou) =) &Ou’s ESOnu) =[] +¢"t* ), rey,
r=0 i>1
with & = 1. Note that these observables are different from those represented by the

same symbols in [14], which are the same as the observables £/, r = 1,2, ... in the
next Sect. 5.3.
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Theorem5.3 Let N € {1,2,...}andry,...,ry € {1,2,...}. The correlation func-

tion of &, ..., Er with respect to the N-step Macdonald process becomes
1 N 4 74 p

N AENT - &y [N]]

det
1y (ot)
a 17 i=1 27-[ -1 1<i,j<rq

< ] (]_[H(w}ﬁ),xm)—l) (]_[H((zw§“>)—l;y(ﬁ>)—1>

l<a<f<N \i=I i=1

% 1_[ W(w(a); w(ﬁ))'

1<a<B<N

Here, we set

1 —tx;w
Hws ) = ] =2
i>1 1—xw
and B) (B)
re B (1— jﬁ /wl(ot))(l _qt—leﬁ /wi(a))

W(w(ﬂl) (,3)) — 1_[1_[

it jmt (1= qu? w1 = 1wl )

Proof We use Theorem 1.3. Since e, (g My = e, (q)‘t_‘s),we have from Theorem
14, forr=1,2,...,

le 1 M ... *
OE) =1"E, —/( an)d <Zi—t‘11j)1<,-,j<, m(zi) -z .

Letry,...,ry € {1,2,...} We shall compute the unnormalized correlation function

X(N) Y(N) X(l) Yy
Olve, : 0)

ra d (01) 1
/ H 127 Yo Bl RO Ry
LT 1<i,j<rq

x <0|F(Y<N>>+n(z<N>)r(X<N>>_ T MM ™) _|o),

where we set (z®)) =:n(z§a)) e n(zﬁf)): , o =

., N. To compute the matrix
element, we write

n(z®) =n@E@“)-n@E“)y, a=1,...,N,

where

1 —
n@)4 == exp (— >

n>0

P _
an Y () ) :
i=1
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— N ro
z@;w) |
i=1

n(z®)_ == exp <Z 1

n>0

Then, we can see that

LY @) @) x®)_

— exp (Z 1 —n[7" pn(Y(a)) Zu:(zl(a))n) exp (_ Z l:liﬂlpn(x(a)) Zu:(zl(a))n>

n>0 i=1 n>0 i=1

X @) L) D) )y

To
_ H(X(a), Y(a)) l_[H((Zl(Dt))fl; X(a))—lH(tflzi(ot); Y(a))—l
i=1
x (@) _T(X) Ty @) nE),.

Noting that the vertex operator 1(z) exhibits the following operator product expansion
(OPE):
(A —w/2)(1 — gt~ 'w/z)
- n@n(w): .
(I—quw/2)(1 —17 w/z)

Then, we obtain the following formula:

n(@)n(w) =

FYP) @) nE®)_rx®)_

Ta B
=X ¥y we? 2 [Tae 5y ) [THE) ™ x)
i=1 i=1
x (@) _T(X@)_T P 0P,

Combining the above formulas we can compute the matrix element as

OIPr™) @™ ™) T ) @) x )10y

To B
= ] nx®.y9) J] <1‘[H(z‘z§”;y<ﬂ>)1) (]‘[H((zfﬁ))l;xW))l)

1<i<j<N I<a<B<N \i=l i=1

x 1_[ W(Z(ﬁ), Z(a)).

1<a<B<N

Therefore, we have

EN,[&I [1]--- &y NI

/1_[ ra d (0‘) det 1
e —
nnnd U= e\ )
! 1<i,j<rq

J

B
< 1 (l_[H(t1 Oy ®) )(HH((z,“”)l;X@)l)

l<a<B<N \i=1 i=1
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< [ we?.z9.

1<a<B<N

Finally, we adopt a transformation of integral variables so that wl-(“) = (zlga))_l,

i=1,...,rq,a=1,..., N. With help of Lemma 4.4 and the property
W(zfl,... Zm w1 1,-..,w,;1) =WWwi, ..., Wy Z0s-vvsZm)s
we obtain

N [é‘rl[l]m&N[N]]

= 1
| | — |det| ————
l lrl / ( 12]-[ ) ( tlw(-a)>1 i
=I,]=rq

= J

X l_[ (1_[ H(wi(a), X(O‘))_l) <ﬁ H((twlga))_l; Y(ﬁ))_1>

1<a<p<N \i=I i=1

< ] W@, w?).

I<a<B<N

Then, the proof is complete. O

In particular, when N = 1, we have the following.

Corollary 5.4 Set

Ké(z,w) = %H(z; X)) T H(@w) Tl
z—tw

Then, we have
B,/ ES )] = det( +uk®). 5.1

Proof When N = 1, Theorem 5.3 reduces to

1 odw
B,/ [&] = /(]_[ znr>det[K5(wi,wj)]ls,-,jg, r=1,2,....

i=1

Therefore, the desired result follows from Definitions 5.1 and 5.2. O

Remark 5.5 Inthe casethatr; = --- = ry = 1, theresult of Theorem 5.3 is essentially
e/guivalent to that of [ 14, Theorem 6.1], where the authors considered arandom variable
&1 defined by

) =1+1-1 Z(l — ¢ = (= Dei(¢g"t7%), reY. (5.2)

i>1
Hence, the corresponding operator is just (’)(a) =/ hd—hn(z).
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Remark 5.6 The left hand side of Eq. (5.1) is intrinsically dependent on two parameters
¢ and t, but in the right hand side of Eq. (5.1), it is manifest that it is independent of
q. Note that this g-independence is equivalent to that observed in [40, Chapter VI,
Section 3].

5.3 The second series of observables
The next observables we consider are defined by
EY—>TF; EO:= er(g Y, r=1,2,....

They are just obtained from &, r = 1,2, ... by inverting parameters ¢ and 7 of the
values. We also write the generating function of them with a formal variable u as

oo
ES ) = E® (.uy =) Elu"s EXGwy = +q 7% ), rey,
=0 i>1

with the convention S(’) = 1. As was mentioned in Sect. 5.2, the observables 5;,
r =1,2,... are the same as the observables written as £, r = 1,2, ... in [14]. In
fact, we recover [14, Theorem 1.1] in our free field approach as follows.

Theorem5.7 Let N € {1,2,...}andry,...,ry € {1,2,...}. The correlation func-

tion of Er’l, cees E;N with respect to the N-step Macdonald process becomes

Eg (&, 111 & [N1]

N Ta ()
1 / dw, 1
= | | | | det
[Tozi ra! (i:l 2my -1 w — 1<i,j<rq

a=1 a=1 J
s T
< 1 (l_[ H(w;”; X‘””)) (]‘[ H(quw™)™ Y<ﬂ>))
l<a<f<N \i=I i=1
x 1_[ ﬁ'/(w(a); w(ﬂ))'
1<a<B<N

Here, we set

ra« TR (1 _ w;B)/wl(a))(l _ q_ltw;ﬂ)/wfa))

VNV(w(a); w(ﬂ)) — H 1_[ )
izt jo1 (L= g~ w'? 7w @)1 — ' @)

Proof The proof is very similar to that of Theorem 5.3. The observable & is
just obtained from &, by simultaneously inverting the parameters ¢ and ¢. Since
P.(X;q,t) = P.(X;q~", 17" [40, Chapter VI, (4.14.iv) ], and from Theorem 4.3,
we have
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OE)=tT"E (g ", 17"

- H & d( : ) £ £
ZnJ_ Zi — 1z lsi’er' “ ok

Forry,...,ry € {1,2,...}, the unnormalized correlation function reads

XMy

<0|1ﬂg,

X,y
10)

Vg

Ta () 1
det | ——
R T -

= 1<i,j<rq

x (OIF(Y(N))+S(Z(N))F(X(N))— T g My_0),

where we set £(z(@) =:§(z§a)) é(z(a) ,a=1,..., N. We again write £ () =
EZY_EE@),a=1,..., N, where

1" L
%.(z(a))+ — exp (Z t (I/Q)n/zan Z(ZEQ))_n> >

n>0 i=1

S(Z(a))— — exp (_ Z 1—1¢" (t/q)n/2a_n Z(Zl@t))n> .
i=1

n>0

To compute the matrix element, we first note the following formula:
L) &@Hrx@).

11—t &
= exp (— > (t/q)" pa(Y©) Z(z§“>>">

n>0 i=1

X exp (Z Lot (t/@)""? pa(X @) Z@‘”)‘”)

n>0 i=1

x EEY) T ), T(X®)_£:z“)y
— H(X(a), Y(O{)) l_[H(tl/Zq—l/2(Z§a))—l; X(Ot))H(t—l/2q—l/2Zl(a); Y(a))

i=1
X £z _T(X)_T (¥ @), £:z®),.

From the OPE

(1 —w/2)(1 — g 'tw/z)
(1 —qgw/2)(1 —tw/z)

§(2)(w) = £(@Ew):,
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we also have
P ) ") 8@ )T (X))
Ta rg
i=1 i=1
x WP, 261X ) _rr®) 6@,

Therefore, the correlation function becomes

EJ 1€, [1]--- & [N]]

N T ()
1 / dz; 1
= | | | | det
[15; ra! (i:l 2nv =1 Zz@ — 1z 1<i,j<r

a=1 J
] Yo
% l—[ (HH(tmq_l/z(zfﬁ))_l; X(a))> (l—[ H(t—l/qu/zzlga); Y(ﬂ)))
I<a<B<N \i=l i=1
< [T wae?,z®).
1<a<B<N

When we perform a transformation of integral variables so that wl@ = t1/2¢71/2 (zfa) 1
i=1,...,rq,a =1,..., N,with help of Lemma 4.4, we obtain the desired result. O

Again, in the case when N = 1, we obtain the following result in the same manner
as for Corollary 5.4.

Corollary 5.8 Set
/ 1
K¢ (z,w):= ——H(z; X)H((qw)~"; ).
7 —tw

Then, we have ) )
E,([E€ ()] = det(I +uk®).

5.4 Third series of observables
We also consider other random variables defined by
G-(W) =g ("t % q,1), reY, r=1,2,...

and their generating function

IIWW4“WWM

S = F9¢. :m " FY =

i>1
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with Gy = 1. Here we used the property [40, Chapter VI, Section 2]

(txiut; @)oo 1—1" pu(X) , >
— = = ) =1 X;q.0u".
i]:[ — exp Zl_ P + Y er(Xiq.

1 (xlus Q)oo n>0 qn r=1
Theorem5.9 Let N € {1,2,...}andry,...,ry € {1,2,...}. The correlation func-
tion of Gy, , ..., Gy with respect to the N-step Macdonald process becomes

EY (G (1] Gry N]

( I)Za 1 Ta ”a dw(a) 1
T [T e (o
1 qw; 1<i,j<rq

i=

g Ta
« 1_[ (1—[ H(wl-(ﬁ); X(Dt))l) (1_[ H((twi(a))fl; Y(ﬁ))l)

1<a<B=<N \i=Il i=1

% 1_[ W(w (/3))

I<a<B<N

Proof From Theorems 2.1 and 4.3, we have

~ (=1 L dz 1
r) = r = d —_— N RIS r M
0G) =G 0 / (L! 27“/_—1) et <Zi - qzj)lgi,jgr n(z1) -~ -n(zr)

The essential part of the proof is computation of the matrix element

O™y ™™ _ ...ty ) _jo),

but this was given in the proof of Theorem 5.3. Therefore, we obtain the desire result.
]

In case of N = 1, we have

Corollary 5.10 Set
g 1 -1 —1. yy—1
K7 (z,w) := —H(z; X)” H((Gtw)"; ¥) .
Z—qw

Then, we have
B, [FY )] = det(I — uk9).

5.5 Fourth series of observables
The final series of observables g;, r=1,2,... is defined by

g = g g (@ g, AeY, r=1,2,....
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Their generating function reads

(@4 U5 @)oo
(@t @)oo

F9w =F9 0 =Y g o' F90,uw =]
r=0

i>1

with G = 1.
Theorem5.11 Let N € {1,2,...}andry,...,ry € {1,2,...}. The correlation func-
tion of g;l e Q;N with respect to the N-step Macdonald process becomes

EJ 16, [1]---G/ [N1]

( 1)211 1 Ta roz du)(a) 1
/H =) Ty @
=1 27 =g 1=i.j=ra

J

g Ta
< 1 (]‘[H(w,-(ﬁ%X(“))) (HH((qw,“"))—l;W)))

l<a<B<N \i=I i=1

X 1_[ W(w®; w®).

1<a<B<N

Proof The operators 5,(q—1, t=1,r =1,2,... are diagonalized by |P;), A € Y so
that

Grg T hHIP) =g (g P g7 1T IPy).
Recall that, for r = 1, 2, ..., we have [40, Chapter VI, (4.14) (iv)]

e Xiqg T = (gt Y g (X5 g, 1).

—)Lté.

g Y = gr e (g

Hence, we have g, (g q,t), r = 1,2,..., which

implies that R
0G) =G (g~ 1.

Using the expression in Theorem 4.3 and following computation in the proof of The-
orem 5.7, we obtain the formula in Theorem 5.11. O

In case of N = 1, we have

Corollary 5.12 Set
o 1 L
K” (z,w) == ——=—H(z X)H((qw)"; Y).
z—q lw

Then, we have ) /
B, [F9 )] = det(I —uk9").
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Corollary 5.12 admits a nontrivial g-Whittaker (¢ — 0) limit. The generating
function FY' (u) reduces at the g-Whittaker limit to

’ 1
Fg A, =A€Y,
G0l g (@7 u: @)oo
and the kernel function becomes
, 1 1 1
K9 (z,w)| = . 5.3)
= z—q‘lwgl—xizl—yi/(qZ)

Let us informally state the result at the g-Whittaker limit:
Corollary 5.13 At the q-Whittaker limit t — 0, we have

1 :
_ Y
Eq,0 [(q—xmu; q)oo] = det (1 uk |t=0) .

Remark 5.14 A similar observable has been considered in [12, Theorem 3.3] (and in
[7, Theorem 3.20] for a half-space counterpart). In comparison with these results, our
result does not require any specialization of variables and the kernel function (5.3)
seems to be simpler, though its good application has not yet been found.

6 Generalized Macdonald measure

In this section, we propose a generalization of the Macdonald measure using the
representation theory of the DIM algebra [28,42] and give a proof of Theorem 1.5.

6.1 Ding-lohara—Miki algebra

We begin with introducing the DIM algebra following [1,28]. Let us introduce a formal
power series

G*(2)

2 e F[z]), GE(2) = (1 —qgF — Tl — ¢Flitly).
G~ (2)

g(z) =

The DIM algebra I/ is a unital associative algebra over I generated by currents

F@Q=) m " Y@= Y yaT”

nez +*neZ>o
and an invertible central element y /2 subject to relations
VE@QUE W) = )Y@,
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glyw/z)  _ i
75,(7/_110/1)1// W)y (2),

YT @xEw) = gy FPw/H)F W)y T ).
v (@xEw) = gy FPw/F xEF )y (2),

1—g)(1 -t~}
%(8(y“z/ww+(ymw> —8(rz/wv (y~w)),

GT(z/wxT (D)xF(w) = GF(z/w)xT(w)xT (2).

V@Y (w) =

xt (@), x~ (w)] =

Here, we set 8(z) = ), .5 2" as the formal delta distribution.
The DIM algebra U/ is a formal Hopf algebra with coproduct A defined by

A =y ey,

AWER) =¥ E (v P @ vEr ) ),

AGTE) =2 @ @ L+ ¥ i D @ xF (2.

AGT(@) =x" (22 @ ¥ (15 ) +1®x™ ().

Here, we used the notation y(ll/)2 = yl/ 2®1and y(lz/)z =1® )/1/ 2,
To consider a representation of ¢/ on a Fock space F o= C(g'/*, t'%) @p F, we
introduce, in addition to the vertex operators 7(z) and &(z), the following ones

1— +n
0" (2) :=exp<qcz ,f <l—<r/q)”)(t/q)"/4aﬂﬁ">.

n>0

Then, the assignment p : U/ — End(]? ) defined by

e\ = /", p(WE@) =05 (@), p(:T (@) =), p(x(2) =E(2)

gives a level one representation of f on F. As we saw in Theorem 3.11, the zero mode
x(‘)" acts essentially as the first Macdonald operator on F so that

PP =E WP, AeY.

See (5.2) for definition of the eigenvalues.

Using the formal Hopf algebra structure of ¢/, we can equip the m-fold tensor
product f®’", m € N with an action of . We set AV = 1d, A® = A and,
inductively, A = (Id® --- @ Id ® A) o A"~V m e N. Then the assignment

o™ = (p®- - ®p)oA"™ .Y — End(F®™)
gives an level m representation of I/ on Fem,
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6.2 Generalized Macdonald functions

We write, for T € End(ﬁ) andi=1,...,m,

i
7O .—d® - - dTRU® - ®1d,

and set

m
FrX):=[]r&x™y, x=xm, ... x™)
i=1

Then, the 1som0rph1smst®m F®’" — Ayt ®---® Ay and ((H® : (FHy®m
Ax(l) ® & AX(m) where A = (C(ql/4 t1/4) ®r A, are identified with

= (0IT(X)+, ((H®" =T(X)_|0),
where we set [0) = [0) ® --- ® [0) and (0| = (0] ® - - - ® (O]

We write an m-tuple of partitions as A = (A(]), e, )»<m)) € Y™. An analogue of
the dominance order on Y is defined so that, for A, u € Y”, we say that A > p if

i
|k(1)|+~"|)u<j71)|+2)»]((")2|M(1)|+ +|IJ«(] 1)|+ZI’L(/)
k=1 k=1

holds foralli > 1 and j = 1, ..., m. For a monomial symmetric functionm;, A € Y,
we write (m; | = ") "1(m;) and set

(mal == (M, 0| ® -+ ® (mym| € (FH®", L e Y™,

The following proposition was presented in [1] (see also [32,43,46] for recent
studies).

Proposition 6.1 ([1]) For an m-tuple of partitions A € Y™, a vector (Py| € (ﬁT)‘X’m
is uniquely determined by the following properties:

(Pl = (mal+ Y exulmul, caw € Clg'* 1'%,
L<A

(PUXg =EM (A EM ) = zaw»,

where we set X(')'_ = ,o(m)(x(")"). The collection {{ Py || € Y™} forms a basis of(jﬁ)@m.
Definition 6.2 Let {|Qx)|A € Y™} be the basis of FOm dual to {{Pr]IL € Y™} so

that (Py|Qu) = Sips Aot € Y™ We also set P, := ((H®"((Pr]) € A®" and
0y = L®m(|Q)‘)) e A®" A e Y™,
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Remark 6.3 Differently from the usual Macdonald symmetric functions, P, and Qj
are not proportional to each other.

Proposition 6.4 We have the following expansions:

FX)_[0)= Y A@X)I0). OFX)y= Y 0uX)(Pl.

reym reym
As a corollary of this proposition, we obtain the Cauchy-type identity:
Corollary 6.5 We have
m
Yo AXO®) =0"X.y) =]]nx® v
reYm i=1

Proof Computation of
(O[T (Y)4I'(X)-|0)

in two ways proves the desired result. On the one hand, we have

(OIT(Y)1T(X)-10) = ) P(X)Qx(Y),

reym

while, on the other hand, we also have

OIF (¥ T(X)-10) = [ JOT ). T(xD)_|0) = T (X, ¥).
i=1

6.3 Generalized Macdonald measure

Now we define the level m generalized Macdonald measure on Y™

Definition 6.6 The level m generalized Macdonald measure is a probability measure
on Y so that the weight of A € Y™ is given by

GM, () == PL(X)Ox(Y).

nm(X,Y)

We write GE', for the expectation value under the level m generalized Macdonald
measure.

Proof of Theorem 1.5 We compute the quantity
(0IT(Y)+ Xy T(X)-10)
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in two ways. On the one hand, it is shown that
(0T (¥) 1 X T(X)_|0) = 1" (X, Y)GE]' [£™)]
from the definition of level m generalized Macdonald functions presented in Proposi-

tion 6.1, Definition 6.2, and the expansions in Proposition 6.4.
On the other hand, we can also write

dZ m B
XJr=/—XJr , Xt =p™uxt = Ai(2),
0= | X @ XK@ =0T @) ; (2)

where we set

AR =¢ (D@0 (D@ e (P i TPy elde - old
fori =1, ..., m.Itcan be verified that I'(X) and ¢~ (z) exhibit OPE

(1= p~3/xz)(1 — 71 p'/xz)

FrXwe~ (@ =[] 0= o Pre) (L= Ty gz QT X

k>1

Then, a similar argument as in Sect. 5 gives the desire result. O
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Appendix A: Proof of Theorem 3.14
Fix r € Z>1. What we show is the identity
OIFC0+Gr (g~ 17 = Grg™ 7 HOIN (X0,
which is equivalent to
OIT(X)4Gr (g™ 17 =GP (g™ THOIM (X4, n=1,2,...,
where

__sm (n)
F (00 — exp (Z l_p_<X>>

_qm
m>01 q mn

is the n-variable reduction of T'(X) ..
The following lemma can be checked by standard computation:
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LemmaA.1 We have

no 12,172
YTa (X046 =[] 1= ttl/f S ST (X

i=1

By using this, we can see that

OIT,(X)+G (g~ 1Y

_(—1)rq(5)/ L dz 1—2z;/z
@ EZn«/—_lm [ l—q7'zj/z

I<i<j=<r

r 1_[1/2 thj
1_“_[ - 12g- 12y, (O] :&(z1) - &(z): Tu(X)+

i=1j=1
As a generalization, we introduce the following object: for i = (1, ..., un) € 72",
& h
_ / (lL[ dz; ) 1—[ 1—zj/zi ﬁﬁ 1- ll/2q/‘i_l/2xi2j
i Y=l A ] —q7'2j/a it 1T 171 2q ™ iz,
x (0] &(z1) -~ §(@zr): Tu(X)4. (A.1)
Correspondingly, we set

H 00!

Vixg —q Vix; L %/ x g \

Z 1—[ q 'xi—q xj l—[ ( i/q" x5 97 nTVil B
Xi — (g 'xi/xj597 Dy i

ve(Zso)" \1<i<j<n i,j=1 J i i=1

[v]=r

(A.2)
Then, Theorem 3.14 is the case when u = (0, .. ., 0) of the following one:
TheoremA.2 Foruw € Z" andr = 1,2, ..., we have

W h

il !
= 1" M3 (1D gD g g H M (7 01T, (X
=0

To prove this theorem, we prepare lemmas. The first one can be checked by a simple
calculation.

LemmaA.3 We have

OIE( 2" 2 (X)) =T,

g7 x;

(OIT % (X) 4.
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We also have

LemmaA4 Letv = (vy,...,v,) € Zy,. Then

n — g7 Viy,
Z(q—Vk — 1) 1_[ M — q—lvl -1.
k=1

Proof By comparing residues and behavior at z — 0o, we have

ﬁz—q—“fxi:i(l—q—“k)xk A
o T = Tk ik kTN

Then, setting z = 0, we can see the desired result. O

Proof of Theorem A.2 We first integrate out the variable z; in Eq. (A.1). Then the

residues at z; = tl/qu/zxfl, i =1,...,nand z; = oo contribute. (To make this
computation easier to see, it might be convenient to transform the variables so that
w; = zi_l, i =1,...,r.) Consequently, we obtain
&M (gt
r n r 12, jux—1/2
=/<1—[ dz; )Z(l—tq”") l—[ l_le/Zl’ l—ll—z/lqzm 2/2xk2j
i 2yl [ 2<i<j<r I=q72j/zi =2 L= 171273z,
y lill—ll—tl/zq”’ 1/2x,-zj- liIXk_[qWXi
1—t1/2 —l/zxizj- il Xk — Xj
i=1j=2 i=1
i#k i#k

x (0] £(t2q 2 x DNE@) - () Ta(X)4
+gHe™ g7 ).

Here, we shall use Lemma A.3 to find

n

—1
65#)(q—l’t—1)=z(1_tqﬂk)l_[xk q"'xi T,1 S8 (g1 )

=1 Xk — Xi
t;ék

+ th‘M@Eli)l (q— ’ l‘_l),

k
where we set €, = (0, ..., 0, T,O, ..., 0).
We prove the theorem by inductioninr = 1,2, .... When r = 1, we can see that
Y X — tqhix;
&g ! Z(l — 1g"%) H LTyt 1 [ (OIT (),

i=1
i#k
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while, from Eq. (A.2), we also have

bk My,
.00 (y =1 =1y — _p=n =l 1 —1q xi — 1qMix;
H , = T
1 (q ) Z 1— q—l Xp — Xi
l;ék

Therefore, it follows that
®(M) -1 -1y _ n I/‘L‘ 1—(1-— —l H(")»(M) -1 -1 oIl (X
1 (gt )= ( ) 1 (g, t7)) OIT(X) 4,

which is the desired result of the theorem for » = 1.

We suppose that the theorem holds at » — 1. To use this induction hypothesis, we
make some preliminaries. For v = (v1, ..., v,) € (Z>0)" and u = (41, ..., n) €
7", set

[ e (@ dagig D

hq e =
’ (g7 "xi/xj5 97Dy

)C,'—Xj

I<i<j<n i,j=1

Then, we have the following expression:
n
, -1 =1\ _ -1 -1 i
HP W= 3 @ e
ve(Z=0)" i=1
[v|=r

Observe that

1o n 1 :
pora gt oy = L R s T g oy

1 —t—lg— Xk~ t—lg—Hix;
i£k
(A.3)

and

-1 -1
T W@ e

—_ — n — — —:
1 —g ! l—ll g7ty —xp Xk —q " o)

= 1 t,]q—;/.k*vk e Xi — t—]q—//.ixi Xk — t—lq—uk—vﬁ»l v+ek
i=
i#k

—l —l
(q )Ty-1 -

(A4)

By the induction hypothesis, we have

r—1
!
=0
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Xk — tqMix; ) o
XZ(]_thk)l_[ i T, l,kal(n) (H+€k)(q Ly

Xk — Xi
175k

r—1
1
+ trnqrml § :(_l)lq(z)ql(r—l+l)(q—r+l; q_l)l
=0

x " W(g, r—1>]<0|rn<X>+.

Let us set

— Mi
o m Xk — g™ Xi ), (ute) , —1 ,—1
X = §(1 tq )|| o Tt H) (g Lt h.

k=1 i=1
i#k

Then, using Egs. (A.3) and (A.4), we can verify that

n
—y—1 Xk — X -1 -1 i
x=rghl Y Y 1>l'[ ,’hi‘ﬁeﬁ OO JTTN
l;ék i=1

ve(Z>0)” k=1
[v|=

B Xp—q Vixg I ,
=g Y Z(q ”k—l)]'[ P Il | Esi

ve(Zso)" \ k=1 i=1
vl=l+1 i

Here, we use Lemma A.4 to obtain

X = tnq|u|(q—l—l _ l)Hl(j:)ly(M)(q—l’ t_l).

Therefore,
r—1 ;
6;’”((]_1, t_l) — |:t(r—1)nq(r—1)(|u+l) Z(_l)lq(z)ql(r—l+l)(q—r+l; q—l)l
=0
x tnq“ﬂ(q—l—l _ 1)H[(<|rf)] (M)( —l’ t_l)
r—1 ;
+ trnquul Z(_l)lq(z)ql(rfl+])(q7r+l; qil)z
=0

x H" (g r‘)}<0|rn(X)+.

It can be checked that this coincides with

.
1
g (1) g QgD (T g H P (7 0T (X

=0
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Then, the proof is complete. O
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