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Abstract

Let n be a positive integer and let S, be the set of all nonnegative integers less than n
which are relatively prime to n. In this paper, we discuss structural properties of circu-
lant graphs generated by the S,,’s and their complements. In particular, we characterize
when these graphs are well-covered, Cohen—Macaulay, Buchsbaum or Gorenstein.
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1 Introduction

Algebraic combinatorics is an area of mathematics that employs methods of abstract
algebra in various combinatorial contexts and vice versa. One of the fastest developing
branches of algebraic combinatorics is combinatorial commutative algebra. It has
evolved into one of the most active and vibrant branches of mathematical research
during the past several decades. Here, we deal with the edge ideals and edge rings
of graphs, which is one of the widely studied topics in combinatorial commutative
algebra. The edge ideals were first introduced by Villarreal in his 1990 paper [20].
A while after, Simis et al. [15] obtained more properties of the edge ideals. After
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then, many authors have been interested in using the edge ideal construction to build
a dictionary between graph theory and commutative algebra. We refer the reader to
the book by Villarreal [21] for more references and information on the subject. Now,
let us recall the notions of edge ideals and edge rings of graphs. Let K be a field

and R = Klxo, ..., x,—1] be the polynomial ring in n variables over the field K.
Let G be a finite undirected graph without loops or multiple edges with the vertex
set V(G) = {0, ...,n — 1} and the edge set E(G). One can associate a square-free

quadratic monomial ideal
1(G) = (xix; | {i, j} € E(G))

of R to the graph G. The ideal I (G) is called the edge ideal of G in R. It is an algebraic
object whose invariants can be related to the properties of G and vice versa. The graph
G is called Cohen—Macaulay over K (resp. Buchsbaum over K, Gorenstein over K)
if the ring R/1(G) is Cohen—Macaulay (resp. Buchsbaum, Gorenstein). In the above-
mentioned notions, one can simply omit “over K” if either there is no ambiguity or they
are independent of the base field. There are many results in the literature concerning
when a given graph is Cohen—Macaulay, Buchsbaum, Gorenstein, etc. In particular,
it is a wide open problem to characterize graph-theoretically the Gorenstein graphs.
This problem is considered for the certain classes of graphs such as bipartite graphs
[71, chordal graphs [8] and triangle-free graphs [10]. Generally, we cannot read off
the Gorenstein property of a graph just from its structure because this property in fact
depends on the characteristic of the base field K (see [10, Proposition 2.1]).

For continuation of the above-mentioned research we may consider circulant
graphs. There are large classes of circulant graphs. For instance, cycle graphs, com-
plete graphs, crown graphs and Mobius ladder graphs are circulant graphs. The term
circulant comes from the structure of the adjacency matrices of these graphs. Indeed, a
matrix is circulant if each of its row is a cyclic shift of the previous one by one position
to the left. Circulant matrices have been employed for designing binary codes [12]
and circulant graphs are interesting for their role in the design of networks. In 2009,
Brown and Hoshino [2] computed the independence polynomials of some circulant
graphs and included an application of this computation to music. The importance of
circulant graphs, from the viewpoint of Cohen—Macaulayness, Buchsbaumness and
Gorensteinness, lies in the fact that these graphs have many triangles. However, we
do not know whether the above-mentioned algebraic properties of circulant graphs
depend on the base field or not; for triangle-free graphs, Gorenstein property is inde-
pendent of the base field (see [10, Theorem 4.4]). Recently, the well-coveredness
and Cohen—Macaulayness of some classes of circulant graphs were studied (see [1—
3,5,11,13,14,17,19]). Let us explain a bit in more detail. For instance, Brown and
Hoshino [3] have classified some classes of well-covered circulant graphs, and then,
Vander Meulen, Van Tuyl and Watt [19] have refined the work of Brown and Hoshino
by determining which of these well-covered circulant graphs are also Cohen—Macaulay
(see [19, Theorems 3.4 and 5.2]). They have also introduced a class included Cohen—
Macaulay circulant graphs which are in fact vertex-decomposable and shellable, and,
two classes of circulant graphs which are not Cohen—-Macaulay, but they are Buchs-
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baum (see [19, Theorem 3.7]). They also have classified which cubic circulant graphs
are Cohen—Macaulay (see [19, Theorem 5.5]).

In this paper, a similar study is carried out for another class of circulant graphs
and their complements. We characterize when these graphs are well-covered, Cohen—
Macaulay, Buchsbaum or Gorenstein.

2 Preliminaries

In this section, we recall some preliminaries from graph theory and combinatorial
commutative algebra for later use. We refer the readers for definitions, motivation and
terminology in commutative algebra to the book by Bruns and Herzog [4]. Also, for
any undefined terms in graph theory and combinatorial commutative algebra, we refer
the readers to the books by West [22] and Stanley [16].

2.1 Preliminaries from graph theory

Throughout this paper, by a graph, we mean a finite undirected graph without loops
or multiple edges. For a graph G, let V(G) denote the set of vertices of G, and let
E(G) denote the set of edges of G. An edge e € E(G) connecting two vertices x and
y will also be written as {x, y}. The complement of G, denoted by G, is the graph on
the same vertices as G such that {x, y} € E(ﬁ) if and only if {x, y} ¢ E(G). The
neighborhood of a vertex x in G is the set

Ng(x) = {y € V(G) | {x, y} € E(G)},

and the closed neighborhood of x in G is the set Ng[x] = Ng(x) U {x}. The number
deg; (x) = [Ng(x)| is called the degree of x in G. (As usual, for a given finite set X,
the number of elements of X is denoted by | X|.) It is well-known that

Y degg(x) =2|E(G)].

xeV(G)

A path between two vertices x and y of G is a sequence x = vg, v1,...,V = y of
no repeated vertices of G such that forevery 1 <i <k, {vi_1, v;} € E(G). If for any
two vertices x and y of G, there is a path between x and y, then G is called connected.
An independent set in G is a set of vertices no two of which are adjacent to each other.
An independent set in G is maximal (with respect to set inclusion) if the set cannot
be extended to a larger independent set. The size of the largest independent set in G,
denoted by «(G), is called the independence number of G. If all maximal independent
sets in G have the same size, then G is called well-covered.

For a given integer k > 2, a k-partite graph is one whose vertex set is partitioned
into k disjoint nonempty subsets in such a way that the two end vertices for each edge
lie in distinct partitions. Among k-partite graphs, a complete k-partite graph is one in
which each vertex is joined to every vertex that is not in the same partition.
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For two graphs G and H, their categorical product, denoted by G x H, is the graph
whose vertex set is V(G) x V(H), and two distinct vertices (g, h) and (g’, h’) are
adjacent in G x H if and only if {g, g’} € E(G) and {h, '} € E(H). The following
lemma is useful in the sequel.

Lemma 2.1 Let G and H be two graphs without isolated vertices. If I (resp. J) is a
maximal independent set in G (resp. H), then I x V(H) (resp. V(G) x J ) is a maximal
independent setin G x H.

Proof 1t is easy to see that I x V(H) is an independent set in G x H. Suppose, on
the contrary, that it is not a maximal one. Hence, there exists (a, b) ¢ I x V(H) such
that (I x V(H)) U {(a, b)} is still an independent setin G x H. Since a ¢ I and [ is
a maximal independent set in G, there is a; € I such that {a, a1} € E(G). Because
H does not contain isolated vertices, so there exists an edge {b, b1} € E(H). Thus,
(a, b) is adjacent to (ay, b1) in G x H, which contradicts that (I x V(H)) U {(a, b)}
is an independent set in G x H. Therefore, I x V (H) is a maximal independent set
inG x H. O

2.2 Preliminaries from combinatorial commutative algebra

Let n be a positive integer and set [n] = {0, ..., n — 1}. A simplicial complex A on
[n] is a collection of subsets of [n] such that (1) for all i € [n], {i} € A, and, (2)
A is closed under taking subsets, that is, if ¥ € A and F’ C F, then also F’' € A.
Every element F € A is called a face of A and the dimension of a face F is defined
to be | F'| — 1. The dimension of A which is denoted by dim A, is definedtobe d — 1,
where d = max{|F| | F € A}. A facet of A is a maximal face of A with respect to
inclusion. Let F(A) denote the set of facets of A. It is clear that 7 (A) determines A.
When F(A) = {F1, ..., Fy}, we write A = (Fy, ..., F,;). We say that A is pure if
all facets of A have the same cardinality. A nonface of A is a subset F of [n] with
F ¢ A. We denote the set of minimal nonfaces of A with respect to inclusion by
N(A). The simplicial complex A®) = {F € A | dim F < i} is called the i-skeleton
of A. The 1-skeleton A of A is a graph and A is called connected when the graph
AWM is connected. We say that A is shellable if its facets can be arranged in linear
order Fy, F3, ..., F; in such a way that the subcomplex (Fi, ..., Fr_1) N (F) is pure
and has dimension dim F; — 1 for every k with 2 < k < t. The deletion, link and
star of a face F' € A, denoted by dela (F), Ika (F) and sta (F), respectively, are the
simplicial complexes

delp(F) = {G S [n]\F | G € A},
ka(F)={GeA|GUFeA, GNF =¢}and
sta(F)={G e A|GUF € A}.

For a vertex i € [n], we write dela (i), Ika (i) and st (i) instead of dela ({i}), Ika ({i})
and sta({i}), respectively. We say that A is vertex-decomposable if either A is a
simplex, or there exists a vertex i such that dela (7) and Ik A (i) are vertex-decomposable
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and every facet of dela (i) is a facet of A. The restriction of A to a subset G C [n]
isSAg ={F € A| FCG)LIfG = {i € [n] | sta(i) # A}, then the core of A
is core(A) = Ag. If A = sta(i) for some vertex i, then A is a cone over i. Thus,
A = core(A) means that A is not a cone. For two simplicial complexes A1 and A, on
disjoint vertex sets V| and V5, respectively, the join A1 * A, is the simplicial complex
on the vertex set V| U V, with faces F| U F, where F; € A| and F> € Aj.

Let K be a field and R = K[xp, ..., x,—1] be the polynomial ring in n variables
over the field K. Let A be a simplicial complex on [n]. For every subset F' C [n],
we set xp = ]_[i < Xi- The Stanley—Reisner ideal of A is the ideal Ix of R which is
generated by those square-free monomials xg with F ¢ A. In other words,

In = (xp | F € N(A)).

The Stanley—Reisner ring of A, denoted by K[A], is defined to be K[A] = R/IA. The
simplicial complex A is called Cohen—Macaulay over K (resp. Buchsbaum over K,
Gorenstein over K) if the ring K[A] is Cohen—Macaulay (resp. Buchsbaum, Goren-
stein). In the above-mentioned notions, one can simply omit “over K” if either there is
no ambiguity or they are independent of the base field. The most widely used criterion
for determining when a simplicial complex is Cohen—Macaulay is due to Reisner,
which says that links have only top homology (see [16, Corollary 4.2, page 60]).

Theorem 2.2 (Reisner’s criterion) Let A be a simplicial complex. Then, A is Cohen—
Macaulay if and only if for all F € A, Hi(Ika(F); K) = 0 holds true for all i <
dim Ik A (F).

By Reisner’s criterion, we get the following lemma.

Lemma 2.3 Let A be a simplicial complex with dim A = 1. Then, A is Cohen—
Macaulay if and only if A is connected.

Let f; denote the number of faces of A of dimension i. The sequence f(A) =
(fo, f1, .., fa—1) is called the f-vector of A. Letting f_; = 1, the reduced Euler
characteristic of A, denoted by X (A), is defined to be

d—1
X(A) =Y (=D f.

i=—1

We call A Eulerian if it is pure and ¥ (Ika (F)) = (—1)4mka(F) holds true for all
F € A. We then have a criterion for determining when Cohen—Macaulay complexes
are Gorenstein due to Stanley (see [16, Theorem 5.1, page 65]).

Theorem 2.4 Let A be a simplicial complex. Then, A is Gorenstein if and only if
core(A) is an Eulerian complex which is Cohen—Macaulay.

For a graph G, let A(G) be the set of independent sets in G. Then, A(G) is a
simplicial complex which is called the independence complex of G. It is easy to
see that the Stanley—Reisner ideal of A(G) is equal to the edge ideal of G, that is,
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IanG) = I1(G). This along with the terminology in the beginning of the paper implies
that a graph G is Cohen—Macaulay (resp. Buchsbaum, Gorenstein) if and only if
A(G) is Cohen—Macaulay (resp. Buchsbaum, Gorenstein). We say that G is shellable
(resp. vertex-decomposable) if A(G) is shellable (resp. vertex-decomposable). The
following lemma is needed in the sequel.

Lemma 2.5 Let Gy, ..., Gy be connected components of a graph G. Then, G is Goren-
stein if and only if G; is Gorenstein foralli =1, ... k.

We also need a lemma that gives a criterion for a graph being Cohen—Macaulay.
Indeed, it is a translation of the following theorem of Hibi.

Theorem 2.6 ([9], pp. 95-96, Corollary, part b) Let A be a pure simplicial complex
of dimension d and let o1, . . ., 0, be faces of A satisfying o; Uo; ¢ A foralli # j.
Also, let A' = A\{t € A | T 2 o; for some i}. If sta(o;) is Cohen—Macaulay for all
i and A’ is Cohen—Macaulay of dimension d, then A is also Cohen—-Macaulay.

By the above theorem, we get the following lemma.

Lemma 2.7 Let G be a well-covered graph such that the induced subgraph of G on
S = {x1,...,xm} € V(G) is complete. If G\Ng[x;] is Cohen—Macaulay for all
1 <i < m and G\S is Cohen-Macaulay with «(G\S) = «(G), then G is also
Cohen—Macaulay.

Proof In order to prove the lemma, it is enough to show that A = A(G) is Cohen—
Macaulay. We do this by using Theorem 2.6. First, note that since G is well-covered,
A is pure. Also, since the induced subgraph of G on § is a complete graph, {x;, x;} €
E(G) and thus {x;,x;} ¢ Aforalll <i # j <m.

Let 1 <i < m be arbitrary and fix it. The assumption implies that A(G\Ng[x;])
is Cohen—Macaulay, and since lka (x;) = A(G\Ng[x;]), we obtain that lka (x;) is
Cohen—Macaulay. On the other hand, sta(x;) = {x;} % lka(x;), and for each o €
sta (x;), we have

{xi} * Kk (i) (o)  ifx; ¢ 0,

gy (1) (0) = ‘
sta(x) lklkA(xi)(U\{xi}) 1fx,- € o.

Therefore, by the Reisner’s criterion, we obtain that sta (x;) is Cohen—Macaulay.
Also, the assumption implies that

AG\S)={treA|ltNS=0}=A\{t € A|x; €t forsomei}

is Cohen—Macaulay, and we have dim A(G\S) = dim A.
Now, by using Theorem 2.6, we get A is Cohen—Macaulay, as required. O

2.3 Circulant graphs that we deal with

Let n be a positive integer and let S C [n]. The circulant graph generated by S,
denoted by C,(S), is the graph whose vertex set is [n] in which two distinct vertices
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i and j are adjacent if and only if either |i — j| € Sorn — |i — j| € S. In the sequel,
we consider the circulant graph generated by

Sy = {k € [n] | ged(k,n) = 1}

and its complement, i.e., the graphs C,(S,) and C,(S,). It is well-known that
ged(k,n) = ged(n — k, n), and thus we obtain {i, j} € E(C,(S,)) if and only if
li — j| € S,. Therefore, the complement of C, (S,) is again a circulant graph which
is generated by

S, = {k € [n] | ged(k, n) # 1},

that is, C,,(Sp) = Cn(S,,). Moreover, {i, j} € E(C,(S),)) if and only if |i — j| € S).
It is easy to see that C,(S,) is a ¢(n)-regular graph, that is, for every vertex i,
degc, (s,) (i) = @(n). Here, ¢ is the Euler phi function, and thus the graphs that we
consider here have a number-theoretical nature.
In the case of n > 2, we may write n = p}" ... p*, where the p;’s are distinct
primes and the ¢;’s are positive integers. We now set

Tp={(a1,....a) |ai € [p"], 1 <i <k},

and we keep this notation fixed for the rest of the paper. The following easy lemma is
useful.

Lemma 2.8 Let n > 2 be an integer. Then, the function y, : [n] —> T',, defined by
Yu(€) = (L1, ..., L), where €; € [p{"] and ¢; = ¢ (mod p;*) foralli =1,... k,
is a bijection.

Proof Note that the function is well-defined. Now, let (ay, ..., a;) € ', be given. By
Chinese remainder theorem, the system of equations

X =a (mod p1°‘1)

X =ay (mod pk"‘k)

has a solution, say x. Suppose that £ € [rn] and £ = x (mod n). It is then easily seen
that y,(¢) = (ay, ..., ar), and so y, is surjective. Since the number of elements of
[7] and T';, are equal, y;, is injective too. O

By the above lemma, for a given integer n > 2, we may relabel the vertices of
Cn(Sy) and C,,(S)) by replacing £ with y,(€) = (1, ..., £x). We do this relabeling
freely whenever it is convenient.
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3 Structural properties of C,(Sp,)

Let us start this section with the following key result. We show that by relabeling in
Lemma 2.8, one may decompose the graph C,,(S,,) into smaller ones of the same type.

Proposition 3.1 Letn > 2 be an integer. Then, the following isomorphism of circulant
graphs holds true:

Cn(Sp) = Cp‘l"l (Sp‘l"l) X o X szk (Sp;:k).
Proof Note that V(C,(S,)) = [n] and V(szlxl (szlxl) X e X Cp:k (Sp:k)) =TI.
By Lemma 2.8, y, : [n] — I'j; is a bijection. Thus, for completing the proof, it
is enough to show that y, is a graph isomorphism; that is, £ is adjacent to £’ in
C(Sy) if and only if y,(£) = (€1, ..., £) is adjacent to y,(¢') = (£],...,£;) in

Cptlll (Sptlxl) X oo X Cp,‘jk (Sp:k)'

In order to show this, let 1 < i < k be given. We have £ = ¢; (mod p;*) and
¢ =t (mod p;*),andso £ —¢' = ¢; — ¢} (mod p;*'). Thus, ged (€ — ¢/, p;*) = 1is
equivalent to ged (éi £, p,-o‘f) = 1, which in turn implies that gcd (|£—E/|, pi"‘i) =1
is equivalent to gcd (|El~ — E; [, pi"‘i) = 1. Therefore,

{6, 0} € E(Ca(Sp)) <= [t = l'| €S,
= ged(l6 -, n) =1
> ged (|6 — €|, pi*) =1, forall 1 <i <k
> ged (16 — €], pi®) =1, forall 1 <i <k
> [t; — ;] € Sy, foralll <i <k
= {li, G} € E(C i (S,)), forall 1 <i <k

= O, 7€)} € E(Cpn (S,) X -+ x C o (S ),
as required. O

The following proposition gives us the complete description of the smaller circulant
graphs appearing in Proposition 3.1.

Proposition 3.2 Let p be a prime number and o be a positive integer. Then, C pe (Spa)
is a complete p-partite graph with partite sets

ILi=la+kp|0<k<p*'—1} O=<a<p-D.

In particular, the 1,’s are the only maximal independent sets in C pa (S pa), and so, we
have a(Cpe (Spe)) = p*~'. Furthermore, the f-vector of A(Cpe(Spe)) is

| 52 pa—l pa—l pa—l
ey Uy ) e ) 7))
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Proof 1t is clear that the I,’s are nonempty mutually disjoint subsets of V (C I (S e ))
with

V(Cpe (Spe)) UI

Also, for each 0 < a < p — 1, no two vertices of I, are adjacent, because for
any two vertices a + kp and a + k'p in I, |(a + kp) — (a + k'p)| = |k — K'|p is
not relatively prime to p. Moreover, for any 0 < a,b < p — 1 with a # b, each
vertex of I, is adjacent to every vertex of I;. In order to show this, on the contrary,
assume that the vertex a + kp in I, is not adjacent to the vertex b + k’p in Ip. Thus,
gcd (|(a —b) + (k—k)p|, p) # 1, and so p|la — b, which implies that a = b, a
contradiction. Therefore, C e 85 pa) is a complete p-partite graph with partite sets I,
O=a=p-1.

Now, it is clear that the /,’s are the only maximal independent sets in C pe (S pa)
and since |I,| = p*~!, forall0 <a < p — 1, &(Cpe (Spe)) = p*~'. Also, for each
a, the number of independent sets in /, with cardinality i is equal to (” 0;71). Thus, the
components of the f-vector of A(C e (Sp«)) are

frra(plse =p("]) (=i,

as required. O

The above proposition gives us the f-vector of the circulant graph C, (S,,) whenever
n is a prime power. Accordingly, we may propose the following question.

Question 3.3 Ler n be not a prime power and let A be the independence complex of
the circulant graph C,,(S,). What is the f-vector of A?

The following two propositions characterize when the circulant graphs C,(S;)’s
are Buchsbaum, well-covered, etc.

Proposition 3.4 The following statements are equivalent:

(1) The circulant graph C,(S,) is Buchsbaum.
(2) The circulant graph Cy(S,) is well-covered.
(3) Either n = 1 or n is a prime power.

Proof (1 = 2): This part is trivial since Buchsbaum graphs are always well-covered.

(2 = 3): If n = 1, then we are done. If n > 2, we may write n = p{'...p/*,
where the p;’s are distinct primes and the «; ’s are positive integers. By Proposition 3.1
and Lemma 2.1, the sets

Cptlxl (Sp<l>t1) -x C s 1(S o |) x I; x Cpa_/+1 (S a_;+|) X oo X Cp:k (szk)

Pi—y Pi—y j+1 Pjti
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are maximal independent sets in C,(S,), where /; is a maximal independent set in
Cpaj (Spaj) for all 1 < j < k. Therefore, by Proposition 3.2, the size of different
j j

maximal independent sets in C,,(Sy,) is equal to

k

aj—1 a;j

pj l_[pi :
i=1

i#]

Since C, (S,) is well-covered, the above sizes are equal. This implies that k = 1, that
is, n is a prime power.

(3 = 1):If n = 1, then C,(S,) is a one-vertex graph which is Buchsbaum. If
n is a prime power, then n = p%, where p is a prime and « is a positive integer.
For each vertex x € V(C,(S,)), by Proposition 3.2, the graph C,,(5,)\Nc,s,)[x]
is an independent set of vertices, and so it is Cohen—Macaulay. Thus, C,(S,) is a
Buchsbaum graph. O

Proposition 3.5 The following statements are equivalent:

(1) The circulant graph C,,(S,) is well-covered vertex-decomposable.
(2) The circulant graph C,(S,,) is well-covered shellable.

(3) The circulant graph C,(Sy,) is Cohen—Macaulay.

(4) Either n = 1 or n is a prime number.

Proof (1 = 2)and (2 = 3): These parts are trivial since we know that for well-covered
graphs,

vertex-decomposable = shellable = Cohen—Macaulay.

(3 = 4): Let C,,(S,,) be Cohen—Macaulay. Therefore it is well-covered and so, by
Proposition 3.4, either n = 1 or n is a prime power. In the latter case, letn = p“, where
p is a prime and « is a positive integer. If ¢ > 1, then A(C,,(S,,)) is a disconnected
simplicial complex of positive dimension, which contradicts the Cohen—Macaulayness
of C,,(S,). Thus @ = 1, and so 7 is a prime number.

4 = 1):If n = 1, then C,(S,) is a one-vertex graph, and, if n is a prime, then
C,(Sy) is a complete graph, which both are well-covered vertex-decomposable. O

Based on Proposition 3.5, the set of Cohen—-Macaulay circulant graphs that we have
found are all vertex-decomposable. It is worth mentioning that there exist Cohen—
Macaulay circulant graphs which are not vertex-decomposable. Indeed, they are
shellable circulants (see [5]). Vander Meulen and Van Tuyl [18] have shown that
there exists an infinite family of circulant graphs which are shellable but not vertex-
decomposable.

Theorem 3.6 The circulant graph C,(S,) is Gorenstein if and only if either n = 1 or
n=2.
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Proof (=): Since C,(S,) is Gorenstein, it is Cohen—Macaulay, and so, by Proposi-
tion 3.5, n is a prime number. Thus, by Proposition 3.2, C, (S,) is a complete graph,
which along with Gorensteinness of C,, (S, ), implies that eithern = 1 orn = 2.
(«): If n = 1, then C,,(S,) is a one-vertex graph, and, if n = 2, then C,(§,) is a
one-edge graph, which both are Gorenstein. O

4 Structural properties of C,(S;,)

In this section, we consider the complement of C,(S,), that is, the circulant graph
Cy(S)). Let n > 2 be an integer. We may write n = p‘lxl . p?k, where the p;’s are
distinct primes in suchaway that2 < p; < --- < pi and the ¢;’s are positive integers.
This order on primes is necessary here and we will keep this fixed in the sequel. Now,
by relabeling the vertices of C,(S),) as described in Lemma 2.8, we partition the set
of vertices of C,,(S)) into the following sets:

Ko={(ar....,ar) | a; € [pi*], forall 1 <i <k, and p; | a1},
K1 =Ko+ (1,0,...,0),

Kp1=Ko+(p1—1,0,...,0).

Note that the size of each K; is equal to n/p1. We keep this notation fixed for the rest
of the paper.

Proposition 4.1 Letn > 2 be an integer and pi be the smallest divisor of n. Then, for
every 0 <i < p; — 1, the induced subgraph of C,(S},) on K; is a complete graph of
size n/ p1.

Proof Let (a; +i,az,...,ax) and (b1 + i, ba, ..., br) be two vertices of C,(S)) in
K;. Thus, pila; and pi|by, which implies that ged (|(a) + i) — (b1 + )|, p1) # 1.
Therefore, aj +i and by +i are not adjacent in sz;q (Sptln ) Hence, (a1 +i,as, ..., ar)
and (by + i, by, ..., by) are not adjacent in Cp‘l)‘l (Sp<1x1) X e X szzk (szk). Now,
Proposition 3.1 implies that (ay + i,a3,...,ar) and (b + i, bo, ..., by) are not
adjacent in C,(S,), which means that they are adjacent in C,,(S),). Thus, the induced
subgraph of C,,(S)) on K; is a complete graph of size |K;| = n/py. O

Proposition 4.2 Let p be a prime number and o > 1 be an integer. Then, C pe (S;]a) is

a disjoint union of p complete graphs of sizes p*~'. In particular, every independent
set in Cpa (S;a) can be extended to an independent set of size p.

Proof By Proposition 4.1, forevery 0 < i < p — 1, the induced subgraph of C e (S;a)
on K; is acomplete graph of size p®/p = p®~!. On the other hand, for any two vertices
of Cpa(S;)a), one in Kj;, say a + i, and the other one in K; with j # i, say b + j,
we have pla, plband 0 < i,j < p—1,and so ged (|(a + i) — (b + j)I, p) = 1,
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which means they are not adjacent in Cpe (S;]a). Thus, Cpe (S;,a) is a disjoint union
of p complete graphs of sizes p*~!. Now, the rest is obvious. O

Proposition 4.3 Let n > 2 be an integer. Then, the circulant graph C,(S),) is well-
covered. In particular, a(Cy(S,,)) = p1, where py is the smallest divisor of n.

Proof First, note that, by Proposition 4.1, the size of each independent set in C,, (S,;) is
at most pj. Second, we claim that every independent set in C,, (S),) can be extended to
an independent set of size pi. These two together imply that all maximal independent
sets in C,,(S),) have size pj, which shows that C,,(S),) is well-covered and gives us
a(Cy(S))) = p1, where pj is the smallest divisor of 7.

What remains is to prove the claim. For this, let

I:{(all,...,a,i),...,(af,...,a,f)}

be an independent set in C,,(S)) of size £. If £ = p, we are done. Thus, we assume
that £ < p;. Since I is an independent set in C,(S),), no two vertices in / are adja-
cent in C,(S)). Hence, the vertices in / are mutually adjacent in C,(S,), and so,
by Lemma 2.8, they are mutually adjacent in Cp‘f‘ (szlxl) X oo X Cka (szk). This

means that for every 1 <i < k, the vertices in [; = {ail, R af} are mutually adja-

centin C i (S i ), and so, no two of them are adjacent in C i (S/ o; ) which means
i i i pi
that /; is an independent set in Cpai (S’ a[) of size £. Thus, for every 1 < i < k, by
i N p;

Proposition 4.2, we may extend /; to an independent set in Cpa,- (S’ a,.) of size p;, say
i p;

I =1al,....al af™, ... al"}. Now, an argument similar to the one used in the
beginning of the proof shows that

T_ 1 1 l ¢ {+1 +1 41 p1

I = {(al,...,ak),...,(al,...,ak),(al s Gy ),...,(al seees Ay )}
is an independent set in C,,(S}) of size p;, which is an extension of /. O

We continue the paper by determining when the circulant graph C,,(S),) is Cohen—
Macaulay. Indeed, we show that it is always Cohen—Macaulay.

Theorem 4.4 Let n > 2 be an integer. Then, the circulant graph Cy(S)) is Cohen—
Macaulay.

Before going into the proof of Theorem 4.4, let us make a comment which deserves
to be mentioned. As it is well-known, for chordal graphs, i.e., the graphs for which
their induced cycles should have exactly three vertices, the notions of well-coveredness
and Cohen-Macaulayness are equivalent. Therefore, for the circulant graphs C,,(S),)’s
which are chordal, we can obtain Theorem 4.4 from Proposition 4.3. But, actually,
this is not the case, since for n = 385, C,,(S,,) is not a chordal graph. In order to see
this, consider U = {0, 5, 12, 23, 28}. Note that n = 5 x 7 x 11. This implies that
5,7,11,28 € S, while 12, 16, 18, 23 ¢ S,,. Therefore,

{0,5}, {5, 12}, {12,23}, {23,28} and {28, 0}
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are edges of C,,(S),), and
{0, 12}, {0,23), {5,23}, {5,28) and {12, 28}

are not. Hence, the induced subgraph of C,(S)) on U is a cycle with five vertices,
which shows that C,,(S)) is not a chordal graph.

We divide the proof of Theorem 4.4 into three parts. First, we prove it for n = p®,
where p is a prime and « > 1 is an integer. Second, we prove the theorem for
n = p“q”, where p < g are two primes and «, 8 > 1 are two integers. This will be
done in a series of steps. Finally, we prove the theorem for an arbitrary integer n > 2
by generalizing the same trick in the second part.

Proof of Theorem 4.4 forn = p®, where p is a prime and « > 1 is an integer By Propo-
sition 4.2, C,,(S),) is a disjoint union of some complete graphs, and so, by the Reisner’s
criterion, it is Cohen—Macaulay. |

In order to do the second part, we need the following explanations and lemmas. Let
p and g be two arbitrary positive integers. For0 <i < p—1land0 < j <g —1, we
let A;;’s be some disjoint sets with the same size. Now, consider

qg—1
Ri=Ja; O<i<p-1
j=0
and
p—1
ci=JaA; 0<j<q-1.
i=0

Let G be the graph with vertex set
p—1
V(G) = U R;i
i=0
and the edge set
p—1 g—1
EG) = ||JE®&r) |U[lJE&Ke |,
i=0 j=0

where Kg denotes the complete graph on the vertex set S.

Lemma 4.5 If p < q are two positive integers, then the graph G is well-covered with
o(G) = p.
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Proof We first construct a maximal independent set in G. In order to do this, we take
xo € Ry arbitrarily and without loss of generality we assume that xo € Agg. Then, we
choose x1 € R1\A19. Now, {xg, x1} is an independent set in G. Again, without loss
of generality, we may assume that x| € Aq;. Next, we choose x2 € Ry\ (A2 U Azy).
Note that {xg, x1, x2} is again an independent set in G. As p < g, we continue this

process to get x,—1 € Ap_1 p—1 and the maximal independent set {xo, ..., Xp_1} in
G. Now, it is clear that all maximal independent sets in G are of this form and they all
have p elements. Therefore, G is well-covered with «(G) = p. O

In the following lemma, we prove that the graph G for p < g is Cohen—Macaulay.
We set dim(G) = p + ¢ and call it the dimension of G.

Lemma 4.6 If p < q are two positive integers, then the graph G is Cohen—Macaulay.

Proof We prove the lemma by induction on dim(G). If p = 1, then V(G) = Ry and
E(G) = E(KR,). Therefore, G = K, which is Cohen—Macaulay. Thus, the lemma
holds true for dim(G) = 3. Let then p > 2 and suppose that the assertion is true for
all graphs G’ with the same structure as G and with dim(G’) < p+¢q. By Lemma4.5,
the graph G is well-covered, and also the induced subgraph of G on § = Cy_1 is
complete. Now, consider

q—2
Ri=[Ja; O<i<p-1
j=0

and

p—2
ci=JAa; 0<j=<q-.
i=0

We show that G\ Ng[x] is Cohen—-Macaulay for all x € S. In order to do this, let
x € § be given. Without loss of generality, we may assume that x € A,_1 4_1. Then,
Ngl[x] = Rp—1 U Cy—1 and so G\ Ng[x] is a graph with the vertex set

p—2
V(G\NglxD) = | J R}
i=0
and the edge set
p—2 q—2
E@G\Nolx) = | | J EKg) | U [ EKep)
i=0 j=0

Thus, G\ Ng[x] has the same structure as G with dimension p +¢ —2 < p +¢q. By
the induction hypothesis, we obtain G\ Ng[x] is Cohen—Macaulay.
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On the other hand, G\ S is a graph with the vertex set
p—1
VG\S) = J R
i=0

and the edge set

q—2

p—1
EG\S) = | |J E&g) |V | |JEKe)
rt

j=0

Thus, G\ S has also the same structure as G with dimension p+¢g — 1 < p +¢q. Thus
again, by the induction hypothesis, we obtain G\S is Cohen—Macaulay. Moreover,
since p < ¢, we have p < g — 1 and so Lemma 4.5 shows that x(G\S) = p = «(G).

Now, Lemma 2.7 implies that G is Cohen—Macaulay. O

Proof of Theorem 4.4 forn = p®qP, where p < g are two primesand «, § > 1 are two
integers In order to prove the theorem in this case, it is enough to show that the circu-
lant graph C,, (S),) has the same structure as the above-mentioned graph G. We obtain
then, using Lemma 4.6, it is Cohen—-Macaulay. For0 <i < p—land0 < j < g —1,
let

Aijj={x €[n]| x =i (mod p) and x = j (mod g)}.

It is easy to see that the A;;’s are disjoint sets with the same size n/pq and form a
partition for [n]. Now, we may show that

g—1
Ri=|JAij={xelnlx=i(modp)}
j=0
and
p—1
Cj= UAZ-J- ={x e[n]|x=j (modq)}.
i=0

Then, C,(S),) is exactly the graph with the vertex set

p—1
VCi(S) = Ri
i=0
and the edge set
p—1 qg—1
EC(S)) = [ JE®&r) |U||JEKKe) |
i=0 j=0
which has the same structure as the above-mentioned graph G. O
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We now generalize the above construction of the graph G. Let p; < --- < p,, be

arbitrary positive integers. Suppose that 1 < r < m is given. We let A;, _ ;.’s be
some disjoint sets with the same size. Now, consider
pi—1
c"=J U Aniiin | O<ip<p—1,1<r<m).

te{l,....m\{r} \\i;=0

Let G be the graph with vertex set

pr—1 m pr—1
vier=J =l U 4.
i=0 r=1 \i,=
and the edge set
m pr—1
eo=J[U E(chm) :
r=1 \'i,=0 v

where K g denotes the complete graph on the vertex set S.
Lemma 4.7 The graph G is Cohen—Macaulay with «(G) = p;.

Proof The proof is same as the proof of Lemmas 4.5 and 4.6 by using induction on
P+ + Pm. O

Proof of Theorem 4.4 for an arbitrary integern > 2 Inorder to prove the theorem in this
general case, it is enough to show that the circulant graph C,, (S),) has the same structure
as the above-mentioned graph G. We obtain then, using Lemma 4.7, it is Cohen—

Macaulay. We may write n = p‘l)” ... pu™, where the p;’s are distinct primes in such
away that 2 < p; < --- < p,, and the ;s are positive integers. For 1 < r < m and

0<ir<pr—1,1let
Aj i ={xe[n]|xzir (modpr)foralllfrfm}.

Itis easy to see that the A;, . ;,.’s are disjoint sets with the same size n/py ... p, and
form a partition for [n]. Now, we may show that

pi—1
C.(pr) — U U Ai] ‘‘‘‘ i im = {x e [n] |_x = ir (mod pr)}

te{l,...m\{r} \\i;=0

ForO<i < j<n-—1/1let{i,j} € E(Cy(S))) be given. Then, |i — j| € S}, and so
ged(j —i,n) # 1. Thus, j —i = 0 (mod p,) for some r, which implies that there
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exists 0 < i, < p, — l such thati, j = i, (mod p,). This means that i, j € Cl.(rp’),
thus {i, j} € E(KC.(,,,)) and hence

m pr—1

wineUJlU E(Kc;rl’ﬂ)

r=1 \i,=0

The converse of the above observation is also true and thus C,, (S),) is exactly the graph
with the vertex set

pr_l
vicasy = | ¢
ir=0

and the edge set

m pr—1
ecisy) =U| U E(Kem) |-
r=1 i,=0 "
which has the same structure as the above-mentioned graph G. O

Here, we completed the proof of Theorem 4.4. It is worth mentioning that this
theorem has an easy proof for even n’s which we give below.

Proof of Theorem 4.4 for an arbitrary even integer n By Proposition 4.3, «(C,(S})) =
2, and thus, dim A(C,(S),)) = 1. On the other hand, forall 0 <i <n — 2, ged (|(i +
1) —il, n) = 1, which means that {i, i + 1} ¢ E(C,(S},)), thus {i, i + 1} is a face of
A(Cy(S))), or equivalently, is an edge of the 1-skeleton A (C,,(S))) of A(C,(S))).
Therefore, 0, 1, ..., n— lisapathin A!D(C,(S))). This implies that A(D(C,,(5))) is
connected and so A(C,(S),)) is. Now, Lemma 2.3 implies that A(C,(S,,)) is Cohen—
Macaulay and so C,,(S),) is, as required. O

We continue the paper by studying the f-vector of A(C,(S;,)). When n is an even
integer, we may compute the f-vector of A(C,(S))) easily. Indeed, in this case,
since dim A(C,(S}))) = 1, the f-vector is (f_1., fo, f1). It is obvious that f_; = 1
and fy = n. For computing fi, we may write as follows, where ¢ is the Euler phi
function:

n—1

n—1
1 1
fi = |E(CSD)| = 1ECa(S)| = 5 gdegc,,@,,)(i) =3 ,;W) = %go(n).

Therefore, the f-vector of A(Cy, (S,’l)) is (1, n, %(p(n)). In the following proposition,
we compute the f-vector of A(C,(S),)) in general. It is easy to check that when # is
an even integer, the proposition agrees with the above observation.
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Proposition 4.8 Letn > 2 be an integer and p| be the smallest divisor of n. Then, the
f-vector of A(Cn(S))) is (f=1, fo. f1, ..., fpi—1), where for each 0 < i < py, we

have
iy = (_) (it (m) (Pz) (pk)
l pLp2--- Pk ] i [

Proof By Proposition 4.3, «(C,(S,)) = pi, and thus, dim A(C,(S))) = p; — L.
Therefore, the f-vectoris (-1, fo, f1,..., fp;—1). Wenow compute the components.

By Proposition 4.1, for every 0 < j < p; — 1, the induced subgraph of C,(S))
on K; is a complete graph. This implies that to construct an independent set, we
have to choose only one element from each K ;. Now, we are going to enumerate the
number of independent sets of size i. To construct an independent set [ of size i,
say starting from Ko, we may choose each (ay, az, ..., a;) from this set. Hence, the
number of elements that we may choose from this set is equal to |Ko| = n/p;. For
choosing (b1, b, ..., bi) as the second element of I from the other K ;’s, we must
have gcd(a; — bj, pj) = 1 for every 1 < j < k. Without loss of generality, we
take K. Therefore, b; can be every element and so we have p 19171 choices for b.
For choosing b, we cannot deal with b,’s in the form of b, = ay + pat. Therefore,
for by’s, we have p*2 — pr®2~! choices. A similar argument shows that for all b s
(3 < j < k), we have p;* — pj‘"!'_l choices. Hence, all in all, we have

ar Ak

Dtk—l)

P (P2 = p2® ) (™ = i

choices for (b1, by, ..., b). For choosing (c1, c2, ..., cr) as the third element of
from the other K;’s, we must have ged(a; — ¢;, pj) = ged(bj — cj, pj) = 1 for
every 1 < j < k. Without loss of generality, we take K;. Therefore, c; can be every
element and so we have p¢! ~! choices for c;. For choosing ¢, we cannot deal with
¢2’s in the form of ¢; = ay + pat and ¢ = by + pat’. Therefore, for ¢;’s, we have
P2%2 — 2p>*2~ 1 choices. A similar argument shows that for all ci’sB=<j=<k),we
have p;% —2p j"‘!'_l choices. Hence, all in all, we have

P17 (P22 = 2p22 7Y L (™ = 2T

choices for (cq, ¢, ..., cr). Proceeding in this way, finally we may choose

plal—l(pzaz — (- 1)p2°‘2_1) .. (pka" — (- I)Pkak_l)

elements as the ith element of /. Since for constructing independent sets of size i,
we may start from each K; (instead of K¢) and continue on to the other K ;’s, so the
number of independent sets of size i is equal to
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pr\ _n _ _ _
fio1= (l. ) XX p1T (P2 — a2 (% — Y

% plal—l(p2a2 _ 2p2(x2—1) o (pkak _ zpkak—l)

X p1 TN (P — (i — Dp2® ™ (™ — (= DT,

Now, to deduce the closed-form formula for f;_, we may polish the above expres-
sion as follows:

1 n _ _ _
fl-]=<1;>xzx<p1°” 1p20‘2 1...pk""‘ 1(p2—1)...(pk—1)>

X (Plo”_lpzaz_l kTN pr = 2) (i — 2))

X
—~
=

Sy T (= = 1) (= = 1))

.>X—X(P2~~-Pk)
l pP1p2 ... Pk

— 2= ... (pr — 1))
pPip2... Dk

;@2—2)...(”—2))
2. Pk

;(PZ—(I'—1))-~~(Pk—(i—1))>
o Dk

: ) x <;> x (pa(p2 — D(p2 —2)
l pPip2... Pk
(== 1))

X
—~ TN TN T
=
<

X

(Pe(pe — D(pr = 2) ... (pk — (0 — 1))

(”,‘) x (LY x (’9_2>(u)... (p,")(i!)

i PiP2--- Pk i i

_ ( n )z (i')k]<p1><pz) (1%)
P1D2 - - Pk ) i i) \i)

as required. O

As an application of the above proposition, we obtain the following result about
the nonvanishing of the reduced Euler characteristic of A(C,(S))).
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Proposition 4.9 Let either n > 2 be an even integer or n = p% be a prime power
with o > 1. If A is the independence complex of the circulant graph Cy(S)), then

X(A) #0.

Proof First, we suppose that n > 2 is an even integer, that is, n = 2k for some k > 1.
In this case, by the observation just before Proposition 4.8, we obtain that f_; = 1,
fo=nand f; = 5¢(n), and so

Y(A) =1—n+ %(p(n) =1 -2k +ko2k) =k <% - (2- <p(2k))) .

Now, k > 1 implies that % is not an integer, while 2 — ¢(2k) is an integer, thus

X(A) #0.
Second, we suppose that n = p® is a prime power with @ > 1. In this case, by

Proposition 4.8, we obtain that forevery 0 <i < p, fi_1 = (’i’)pi("‘_l), and so

p—1 p
X)) =) (=D fi== (=1 fii
i=0

i=—1

Now, & > 1 implies that p®~! > 1, thus ¥ (A) # 0. O

There are nice properties about the nonvanishing of the reduced Euler characteristic
X (A) of A due to a conjecture of Hoshino in his PhD thesis [11, Conjecture 5.38] (see
also [14]). Based on this point and Proposition 4.9, and also by using Theorem 4.4
and [6, Corollary 4.8], we can make the following observation: If either n > 2 is an
even integer or n = p* is a prime power with o > 1, then the regularity and depth of
the edge ring of A(C,(S))) is equal to the smallest divisor of n.

As the last result of this paper, we determine when the circulant graph C,(S),) is
Gorenstein.

Theorem 4.10 The circulant graph C,(S)) is Gorenstein if and only if n = 1, n = 4,
n = 6orn = p, where p is a prime number.

Proof (=): For simplicity, we set A = A(C,(S))). If n = 1, then we are done. Thus,
we suppose that n > 2, and we write n = p{" ... p;*, where the p;’s are distinct
primes in such a way that 2 < p; < --- < pi and the o;’s are positive integers. If
k =1and a; = 1, then n = p; and again we are done. Hence, we suppose that either
k > 2 or o; > 2. This implies that S, # {0}, thus C,(S},) has no isolated vertices,
and so A = core(A). Therefore, Theorem 2.4 implies that X (A) = (=P~ We
claim that p; = 2. This implies that ¥ (A) = —1, and so, by Theorem 4.4, we obtain
n= %(p(n). Therefore, ¢ (n) = 2, which means that either n = 4 or 6, as required.
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What remains is to prove the claim. By Proposition 4.8, the f-vector of A(C,(S))))
is (f-1, fo, f1, ..., fp,—1), where for each 0 < i < pj, we have

() @ () ()

k k
;(p‘;‘l“...p,i‘k“)l‘l [T =0 [Jws—i+D.
’ j=1 j=1

Ji—1

Suppose, on the contrary, that p; is odd. Therefore, X (A) = 1, and so,
n—fi+tfr— (=DM =2

By letting fi 1 = fa;—1, where

k k
aici =P Y T [T =[] —i+ D e,
j=1 j=1

the above equality can be written as

n n 1 n
n—(—a1)—|—(—a2)—-~+(—1)p' (—a —1> =2,
2! 3! pi! 7

which in turn is equivalent to

a | @ —19p1—1
1]——4+ = —... 1y} 9
n< 2!+3! + (=1 o )

or

n((pll)—(SX4X-~-Xp1)a1+(4x5x--~Xp1)a2

— e (DM ap ) =2(p1)

This latter equality shows that n | 2(p;!), and so, n | (p1!), thatis, pi" ... pi* | (p1)).
But for all j > 2, one has p; < p; and hence p; 1 (p1!). This implies that k = 1,
and so, n = p‘f“, where, in this case, or; must be at least 2. Hence, p?”_l > 3 and so
the complete graph Kp?] -1 is not Gorenstein. But, by Proposition 4.2, CP?I (S; o ) isa

disjoint union of p; complete graphs Kpal—l , and thus C 1 (S’ al) is not a Gorenstein
1 1 Py

graph by Lemma 2.5. This is a contradiction.

(<): Again we set A = A(C,(S))). If either n = 1 or n = p, where p is a prime
number, then S;, = {0}, and thus C p(S;,) is an independent set of p vertices. Hence,
core(A) = {#}, and so by Theorems 2.2 and 2.4, A is Gorenstein. If either n = 4 or 6,
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then A is isomorphic to the one-dimensional sphere S!, and thus it is again Gorenstein.
Thus, C,,(S),) is Gorenstein. o

Finally, we close the paper by mentioning a point related to the Gorenstein property
and circulant graphs. By Theorems 3.6 and 4.10, the first set of Gorenstein circulant
graphs that we have found are the graphs C,(S,) forn = 1 and 2, and the second set
of Gorenstein ones are the graphs C,, (S,g) forn =1, 4, 6 and p, where p is a prime
number. Note that the independence number of these Gorenstein circulant graphs is
1,2 or p. In [13], Rinaldo has given a characterization of Gorenstein circulant graphs
with independence number two.
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