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Abstract

The concept of weighted infinitesimal unitary bialgebra is an algebraic meaning of
the nonhomogenous associative Yang—Baxter equation. In this paper, we equip the
space of decorated planar rooted forests with a coproduct which makes it a weighted
infinitesimal unitary bialgebra. Further, we construct an infinitesimal unitary Hopf
algebra on decorated planar rooted forests in the sense of Loday and Ronco. We
then introduce the concept of symmetric 1-cocycle condition, which is derived from
the dual of the Hochschild cohomology. We study the universal properties of the
space of decorated planar rooted forests with the symmetric 1-cocycle, leading to the
notation of a weighted 2-cocycle infinitesimal unitary bialgebra. As an application, we
obtain the initial object in the category of free cocycle infinitesimal unitary bialgebras
on the undecorated planar rooted forests, which is the object studied in the well-
known noncommutative Connes—Kreimer Hopf algebra. Finally, we construct a pre-
Lie algebra on decorated planar rooted forests.
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1 Introduction

Weighted infinitesimal unitary bialgebras first appeared in [39] and were further
studied in [21,44,46,47], in order to give an algebraic meaning of nonhomogenous
associative classical Yang—Baxter equations [39]. More precisely, a weighted infinites-
imal unitary bialgebra is a module A, which is simultaneously an algebra (possibly
without a unit) and a coalgebra (possibly without a counit) such that the coproduct A
is a weighted derivation of A in the sense that

A(ab) =a - A(b) + Aa) -b+r(a®b) fora,b € A,

where A € k is a fixed constant.

Parallel to the well-known fact that the solutions of a classical Yang—Baxter equa-
tion give rise to Lie bialgebras and quantum groups [11], Aguiar [1] introduced the
associative Yang—Baxter equation (AYBE)

113712 — 12123 + 1313 =0,

and showed that any solution r of AYBE in an algebra A endows A with an infinitesimal
unitary bialgebra of weight zero, involving a principle derivation. This result was
generalized by Ogievetsky and Popov in [39], by the concept of nonhomogenous
associative classical Yang—Baxter equation

F13r12 — 112723 + 123r13 = Aris.

In [39], Ogievetsky and Popov clarified an algebraic meaning of this equation, involv-
ing a coproduct given by

Ay(a)=a-r—r-a—ia®1) foraecA. (1)

Here,r € A® A isasolution of the nonhomogenous associative classical Yang—Baxter
equation. Note that Eq. (1) satisfies

Ar(ab)y =a-Ar(b)+ Ay(a) -b+Xa®b) fora,be A,

which is precisely the compatibility condition of a weighted infinitesimal unitary
bialgebra, see [39,46] for more details.

We would like to emphasize that weighted infinitesimal unitary bialgebras give a
uniform version of two infinitesimal bialgebras that have been studied intensely. The
first one introduced by Joni and Rota [30] is aimed at giving an algebraic framework for
the calculus of Newton divided differences. Aguiar [1] defined a notation of antipode
for infinitesimal bialgebras, giving the notation of infinitesimal Hopf algebras. After
that, there have been several interesting developments of infinitesimal bialgebras and
infinitesimal Hopf algebras in mathematics and mathematics physics, including asso-
ciative Yang—Baxter equations [1], Drinfeld’s doubles [1], Lie bialgebras [2], pre-Lie
algebras [4] and Dendriform algebras [4]. In combinatorics, Aguiar [3] showed a
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simple proof of the existence of the cd-index of polytopes, based on the theory of
infinitesimal Hopf algebras. The second one was defined by Loday and Ronco [36]
and further studied by Foissy [16,17], in the sense that

A(ab) =a-Ab)+ A(a)-b—a®b fora,b € A.

Rooted forests are important objects studied in combinatorics and algebra. The con-
nection of Hopf algebras with combinatorics was first discovered in the pioneering
work of Joni and Rota [30]. One of the most prominent examples is the Connes—
Kreimer Hopf algebra of rooted forests, which was introduced and studied extensively
in [10,12,22,28,31,38]. Particularly, the Connes—Kreimer Hopf algebra can be used
to treat a problem of renormalization in quantum field theory [7,9,25,31]. Many other
Hopf algebras have been built on rooted forests, such as Foissy—Holtkamp [14,15,29],
Grossman—Larson [22] and Loday—Ronco [35]. It has been observed that most of
them possess universal properties which have an interesting application in renormal-
ization [25,32]. It should be pointed out that Bruned, Hairer and Zambotti [8] used
typed decorated rooted trees to give a description of a renormalisation procedure of
stochastic PDEs, and a generalized Connes—Kreimer Hopf algebra on typed decorated
tooted trees was studied by Foissy [18]. Thus, it would be interesting to construct
weighted infinitesimal unitary bialgebras on some combinatorial objects, especially
on various decorated rooted forests.

Inspired by the concept of multioperator group introduced by Higgins [27],
Kurosh [33] proposed the notation of algebras with (one or more) linear operators.
Later, Guo [24] constructed the free objects of such algebras in terms of some com-
binatorial objects. There such structure was called an Q2-operated algebra, where €2
is a set indexing the linear operators, see also [6,20,23,26]. We emphasize that the
Connes—Kreimer Hopf algebra Hrt of planar rooted forests equipped with the graft-
ing operation B is an operated algebra. More generally, the space Hrr(2) generated
by decorated planar forests whose vertices are decorated by a set €2, together with a set
of grafting operations { B, | w € €}, is the initial object in the category of ©2-operated
algebras [32,43].

In the present paper along the line of operated algebras, we combine the Q2-operated
algebra (Hrr(X, Q), {B} | @ € Q}) with weighted infinitesimal unitary bialgebras,
leading to the concept of 2-operated infinitesimal unitary bialgebra of weight A. More-
over, we derive a symmetric 1-cocycle condition from the dual of the Hochschild
cohomology. Involving this new 1-cocycle condition, we pose the concept of €2-
cocycle infinitesimal unitary bialgebras of weight 1. Based on these new concepts,
we prove that the decorated planar rooted forests Hrr (X, 2) are the free objects in
these categories provided suitable operations are equipped.

Pre-Lie algebras, also called Vinberg algebras, first appeared in the work of Vinberg
on convex homogeneous cones [42] and also appeared independently at the same time
in the study of the deformation and cohomology of associative algebras [19], see Bai’s
note [5] for their relations with some related algebraic structures. One interesting
example is perturbative quantum field theory [31], where insertion of Feynman graphs
into each other equips them with a pre-Lie algebraic structure. In 2004, Aguiar [4]
gave a natural way to construct a pre-Lie algebra from an infinitesimal bialgebra of
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weight zero. Recently, we found that this construction does also hold for an arbitrary
infinitesimal unitary bialgebra of weight A [21]. As a consequence, by Theorem 3.11,
a pre-Lie algebra structure on decorated planar rooted forests is built. This highlights
the combinatorial nature of pre-Lie algebras and promotes their further study.

Structure of the paper In Sect. 2, we recall the concept of weighted infinitesi-
mal unitary bialgebra and show that some well-known algebras possess a weighted
infinitesimal unitary bialgebra.

In Sect. 3, we first recall the concepts of planar rooted forests and decorated planar
rooted forests. By posing a symmetric version of a Hochschild 1-cocycle condition
(Eq. (7)), we then construct a new coproduct on decorated planar rooted forests
Hrr(X, Q) to equip it with a new coalgebraic structure (Theorem 3.10). Further
Hrr(X, Q) can be turned into an infinitesimal unitary bialgebra of weight A with
respect to the concatenation product and the empty tree as its unit (Theorem 3.11).
Viewing weighted infinitesimal bialgebras in the framework of operated algebras, we
propose the concept of weighted €2-cocycle infinitesimal unitary bialgebras (Defini-
tion 3.14 (a)), when a symmetric 1-cocycle condition is involved. Thanks to these
concepts, we show that Hrr (X, 2) is the free Q2-cocycle infinitesimal unitary bialge-
bra of weight A on a set X (Theorem 3.16). Finally, we obtain that the undecorated
planar rooted forests are the free cocycle infinitesimal unitary bialgebra of weight A
on the empty set (Corollary 3.18).

In Sect. 4, we first recall the concept of infinitesimal unitary Hopf algebra in the
sense of Loday and Ronco. We then construct an infinitesimal unitary counitary bial-
gebra of weight —1 on decorated planar rooted forests (Lemma 4.5). We prove that
this new infinitesimal unitary counitary bialgebra is connected graded and so it is a
infinitesimal unitary Hopf algebra (Theorem 4.8). We show that our construction is
different from the one investigated by Foissy [16], see Remark 4.4.

In Sect. 5, by investigating the relationship between weighted infinitesimal unitary
bialgebras and pre-Lie algebras (Lemma 5.3), we equip Hrt (X, 2) withapre-Lie alge-
braic structure (Hrr (X, 2), >rr) and a Lie algebraic structure (Hrt (X, ©2), [—,— IrRT)
(Theorem 5.4).

Notation Throughout this paper, let k be a unitary commutative ring unless the
contrary is specified, which will be the base ring of all modules, algebras, coalgebras,
bialgebras, tensor products, as well as linear maps. By an algebra, we mean an asso-
ciative k-algebra (possibly without unit), and by a coalgebra, we mean a coassociative
k-coalgebra (possibly without counit). We use the Sweedler notation:

Aa) = Za(l) R aew).
(a)

For an algebra A, A ® A is viewed as an (A, A)-bimodule in the standard way
a-b®c):=ab®c and (b®c)-a:=b®R®ca, 2)

where a, b, ¢ € A.

@ Springer



Journal of Algebraic Combinatorics (2021) 53:771-803 775

2 Weighted infinitesimal unitary bialgebras and some examples

In this section, we first recall the concept of weighted infinitesimal (unitary) bialge-
bra [21], which generalizes simultaneously the one introduced by Joni and Rota [30]
and the one initiated by Loday and Ronco [36]. We also show that some well-known
algebras possess a weighted infinitesimal (unitary) bialgebra, via a construction of the
suitable coproducts.

Definition 2.1 [21] Let A be a given element of k. An infinitesimal bialgebra (abbre-
viated e-bialgebra) of weight A is a triple (A, m, A), where

(a) (A, m) is an algebra (possibly without unit),
(b) (A, A) is a coalgebra (possibly without counit),

and the coproduct A satisfies the weighted derivation rule on A in the sense that
A(ab) =a-A)+ A(a) -b+Ar(a®b), Va,be A. 3)

If further (A, m, 1) is a unitary algebra and (A, A, ¢) is a counitary coalgebra, then
the quintuple (A, m, 1, A, ¢) is called an infinitesimal unitary counitary bialgebra
(abbreviated e-unitary counitary bialgebra) of weight A.

We shall use the infix notation €- interchangeably with the adjective “infinitesimal”
throughout the rest of this paper.

Remark 2.2 (a) Let (A, m, 1, A) be an e-unitary bialgebra of weight A. Then, A(1) =
—A(1 ® 1) by takinga = b = 1 in Eq. (3).

(b) e-bialgebras introduced by Joni and Rota [30] are e-bialgebra of weight 0, and
e-bialgebras originated from Loday and Ronco [36] are e-bialgebra of weight -1.

(c) Note that our base ring k is a unitary commutative ring, if the base ring k is
further a field, then the e-bialgebra of weight A is equivalent to the one introduced
by Loday and Ronco. Indeed, if the coproduct A satisfies Eq. (3) for A # 0, then
the linear map A’ = —A /2 satisfies the relation

AN@b)y=a-Nb)+A@) - -b—a®b.

The concept of e-bialgebra morphism is given as usual.

Definition 2.3 [21] Let A and B be two e-bialgebras of weight .. Amap ¢ : A — B
is called an infinitesimal bialgebra morphism (abbreviated e-bialgebra morphism)
if ¢ is an algebra morphism and a coalgebra morphism. The concept of infinitesimal
unitary bialgebra morphism can be defined in the same way.

Example 2.4 Here are some examples of weighted e-unitary bialgebras.

(a) Any unitary algebra (A, u, 1) is an e-unitary bialgebra of weight A by taking

Ala) = —Aa® 1) for a € A.
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(b) [45,Example2.4] The polynomial algebra k[x] is an e-unitary bialgebra of weight
A with the coproduct defined by

n—1 n—1
A(l) = —-A(1®1)and A(x") = Zx" ® x" 1 —i—kai ®x" " forn > 1.
=0 i=1

(c) [47] The matrix algebra M, (K) is an e-unitary bialgebra of weight zero with the
coproduct defined by

- -
Y Eis®@Ewn;  ifi <,
Ac(Eij) =10 ifi =,
- Zi;lj Eis @ Es41); ifi > j.

(d) [36, Section 2.3] Let V denote a vector space. Recall that the tensor algebra 7' (V')
over V is the tensor module,

TWV)=koVeV®g - - oV¥g. ..,
equipped with the associative multiplication called concatenation defined by
V] 0 QUjgl Uy > V- ViVj41 -V, for0<i<n,
and with the convention that vivg = 1 and v,4+1v, = 1. It is a well-known free

associative algebra. The tensor algebra 7 (V) is an e-unitary bialgebra of weight
—1 with the coassociative coproduct defined by

n
A+ 0p) 5= D V10 @ Vig1 e g
rt

(e) [45, Example 2.4] The free algebra k(X) generated by a set X (this algebra is
isomorphic to tensor algebra 7' (kX)) can be turned into an e-unitary bialgebra of
weight A with the coproduct defined by

n n—1
AIX2 - Xp) = ) X1 Xt @ Xid - Xn F A Y X1 X @ KiK.
i=1 i=1

3 Weighted infinitesimal unitary bialgebras of rooted forests

In this section, we first recall the concepts of planar rooted forests [41] and decorated
planar rooted forests [14,21,24]. By a symmetric 1-cocycle condition, we define a
coproduct on decorated planar rooted forests to equip it with a coalgebra structure,
leading to the emergence of a weighted infinitesimal unitary bialgebra on it.
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3.1 New decorated planar rooted forests

A rooted tree is a finite graph, connected and without cycles, with a special vertex
called the root. A planar rooted tree is a rooted tree with a fixed embedding into the
plane. The first few planar rooted trees are listed below:

v b by bl

where the root of a tree is on the bottom.
We now collect some basic definitions and facts on decorated rooted trees and
forests that will be used in this paper. See [14,21,24,40] for more details.

(a) Let 7 denote the set of planar rooted trees and M (7) the free monoid generated
by 7 with the concatenation product, denoted by mgr and usually suppressed.
The empty tree in M (7) is denoted by 1.

(b) An element in M (7), called a planar rooted forest, is a noncommutative con-
catenation of planar rooted trees, denoted by F = T} --- T, with Ty, ..., T, € T.
Here, we use the convention that ¥ = 1 whenn = 0.

(c) Let 2 be anonempty set and let X be a set whose elements are not in the set 2. Let
T (X, Q) (resp. F(X, 2)) denote the vertex decorated planar rooted trees (resp.
forests) whose internal vertices (vertices which are not leaves) are decorated by
elements of 2 exclusively and leaf vertices are decorated by elements of X LI Q.
The only vertex of the tree e is regarded as a leaf vertex. The elements in F (X, €2)
are called new decorated planar rooted forests.

(d) Define

Hrr(X, Q) = kF(X, Q) = kM(T (X, Q)

to be the free k-module spanned by F (X, €2).
(e) For w € Q, define

B : Hrr(X, Q) — Hgr(X, Q)

to be the linear grafting operation by taking 1 to e,, and sending a rooted forest
in Hrr(X, Q) to its grafting with the new root decorated by w.

) ForF=T;---T, € F(X,Q) withn>0and T}, --- , T, € 7T (X, ), we define
bre(F) := n to be the breadth of F. Here, we use the convention that bre(1) = 0
when n = 0.

(g) Denote ey := {e, | x € X} and set
Fo = M(ex) = S(ex) U {1},

where M (ex) (resp. S(ex)) is the submonoid (resp. subsemigroup) of F (X, €2)
generated by ex. Suppose that 7, has been defined for an n > 0, then define

fn+1 = M(ex Ui ('—leQBZ)—(Fn)))‘
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Thus, we obtain F,, € F,+1 and

9]
FX, @ =limF, =
n=0

Now elements F' € F,, \ F,_1 are said to have depth n, denoted by dep(F) = n.

Example 3.1 The following are some examples in 7 (X, 2):

I T SO/ VA VA VA VA VA
witho, B,y € Qand x, y € X.

Example 3.2 The following are some grafting operations:

el ol
Bf()=.., BF(..1))="\0", Br(1g..) ="\,

where o, B, w € Qand x, y € X.

Example 3.3 Here are some examples about the depths of some decorated planar rooted
forests.

dep(1) = dep(ex) = 0, dep(e,,) = dep(B;} (1)) = 1,
dep(1%) = dep(B (B (1)) =2,

dep(.. 12 +,) = dep(12)=dep(B] (8y))=1, dep(' V' )=dep(B} (B} (1)e,))=2,
where o, w € Qand x, y € X.

Remark 3.4 [21,44] Now we give some special cases of our decorated planar rooted
forests.

(a) If X = ¢ and Q2 is a singleton set, then all decorated planar rooted forests in
F (X, 2) have the same decoration and so can be identified with the planar rooted
forests without decorations, which is the object studied in the well-known Foissy—
Holtkamp Hopf algebra—the noncommutative version of Connes—Kreimer Hopf
algebra [14,29].

(b) If X = @, then F(X, ©2) was studied by Foissy [14,15], in which a decorated
noncommutative version of Connes—Kreimer Hopf algebra was constructed.

(c) If Qisasingleton set, then F (X, 2) was introduced and studied in [43] to construct
a cocycle Hopf algebra on decorated planar rooted forests.
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3.2 From Cartier-Quillen cohomologies to symmetric 1-cocycle conditions

Given an algebra A and a bimodule M over A, let H*(A, M) denote the Hochschild
cohomology of A with coefficients in M which was defined from a complex with
maps A®" — M as cochains, see [34] for more details. Let (C, A) be a coalgebra and
(B, 8¢, 6p) be a bicomodule over C. The Cartier—Quillen cohomology of C with
coefficients in B is a dual notation of the Hochschild cohomology. Explicitly, it is a
cohomology of the complex Homy (B, C®") with the maps b, : Homg (B, C®") —
Homy (B, C®"*D) given by

n
ba(L) =(d ® L) 066 + » (D (2" ® A ®id2" )L
i=1

+ (=) (L ®id) o §p,

where L : B — C®". In particular, a linear map L : B — C is the 1-cocycle for this
cohomology precisely when it satisfies the following condition:

AoL=(L®id)osp+ (id® L) osg,

see [13,38] for more details. We consider the bicomodule (C, §g, §p) with §g(x) =
dp(x) = A(x) for any x € C. Then, the 1-cocycle is a linear endomorphism L of C
which satisfies:

AoL(x)=(L®id)oAx)+ (d® L)o A(x) forx € C. 4

We call Eq. (4) the symmetric 1-cocycle condition.

Remark 3.5 (a) When L = B™, the symmetric 1-cocycle condition in Eq. (4) given
by

A(F) = ABT(F) = (Bt ®id)A(F) + (id® B")A(F) for F = BT(F) € F,

which is different from the well-known 1-cocycle condition,
A(F)=ABT(F)=BT(F)® 1+ (id ® BH)A(F),

introduced and studied by Connes—Kreimer [10].

(b) Let P be a Hopf operad and let H be the algebra generated by finite rooted forests
equipped with a linear endomorphism ¢. Define o; : H — H,i = 1, 2, by taking
0;(F) = q!'F for any forest F with n vertices, where g1, g2 € k. Moerdijk [38]
showed that the pair

(01,00)=01Q0+0R0: HQH > HQH

giving a PP[¢]-algebraic structure on H ® H, which induces a family of Hopf
P-algebra structures parameterized by o;,i = 1,2. For g1 = 0, g2 = 1, one
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recovers the usual 1-cocycle relation. For g1 = g = 1, this gives the symmetric
1-cocycle condition used in the present paper, see [38, Example 3.6] for more
details. However, the coproducts defined in this paper and the compatibilities
with the coproducts are very different from Moerdijk’s. It is a natural question
to consider infinitesimal Hopf /P-algebras for any infinitesimal Hopf operad P in
Moerdijk’s direction.

3.3 Weighted infinitesimal unitary bialgebras on decorated planar rooted forests

In this subsection, we shall equip a weighted infinitesimal unitary bialgebraic structure
on decorated planar rooted forests.

Let A, u be given elements of k. We now define a new coproduct A on Hrt(X, €2)
by induction on depth. By linearity, we only need to define A, (F) for basis elements
F € F(X, Q). For the initial step of dep(F) = 0, we define

211 ifF=1,
AL (F):= oy ®@e) —A(e, @1+ 1®ey) if F = e, for some x € X,
¢ - Oy - Ae(.xz te .x,,,) + Ae(.xl) . ('xz c .xm)
Frey Doy, -0y if F=ey - -0, withm>2.
(%)

For the induction step of dep(F) 2_1, we reduce the deﬁniti(il to induction on breadth.
If bre(F) = 1, we write F = B} (F) for some w € Q and F € F(X, Q) and define

Ae(F) = AcBS(F) := (B} ®id)Ac(F) + (id ® B )Ac(F). (6)
In other words,
AeBl = (B} ®id)Ac + (id ® B))Ac. (7

If bre(F) > 2, we write F = T1T»---T,, withm >2and Ty, ..., T, € T(X, Q)
and define

AE(F) = Tl . AE(TZ"'Tm) + AG(TI) : (TZ"'Tm) +)¥Tl & T2"'Tm» (8)

where the left and right actions are given in Eq. (2).
Example 3.6 Letx,y € X and «, 8, y € Q2. Then,
Ac(ea) = = Aea @1+ 1® .0),
AG(Iz)Zl’L('){ ® Iz +I; ®ox)_A,(I; ®1+0a®ox +ox ®-a+1® Iz)v

AcGor ) =p(erer @ + 0l @erter @ I2) = A 12 @1+ 000 @ e
Forex ®eu+e: I +1®.,120).

To show (Hrr(X, ), A¢) is a coalgebra, we record the following two lemmas as
a preparation.
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Lemma3.7 Lete,, - o, € Hrr(X,Q) withm > 1andx,...,x, € X. Then,

m m
AG(.X]”‘.Xm):M E .xl....xi®.xi....xm _)\‘ E .xl....xi®.xi+l'.'.xm’
i=1 i=0

with the convention that ey e, = 1 and ey, e, =1.

Proof We prove the result by induction on m > 1. For the initial step of m = 1, we
have

Ae(.)q) = M(.xl & .x1) - A(’xl R1+1® °x|),
and the result is true trivially. For the induction step of m > 2, we get

Ac(oy - -0y, ) =0y - Ac(oy, - -0y )+ Ac(oy) - (0y, -0y, )
+ )L(‘xl Koy, - 'xm) (by Eq. (5))
= o Aoy o) + (1o @ 0n) —h(en @ 1+ 1@ 0r)) - (0 0x,)
+ k(.xl Q @y, -+ ‘xm) (by Eq- ()
= Oy - Ae(‘xz te .xm) + M('xl Q oy -+ 'xm) - )\(.xl Q oy, - 'xm)
—AMl®e, 0, -0 )
+ }\(.xl Q @y, - .xm) (by Eq. (2)
Oy, - Ac (‘xz T .x,,,) + M(‘xl Q oy - ‘xm) -Al® Oy, Oy - - .x,,l)

m m
i=2 i=l

+ (o, @ey -0, ) —A(l D e, ---0, ) (bytheinduction hypothesis)

m m
= MZ‘M Oy Oy D ey ey _)‘Z’M Oy 0y R0y ey,
=2 i=1
oy @oy -0y, ) —A(1Q ey -~ 0y )

m m
=N E .xl....x’_®.xi....xm —A E .Xl"'.xi®.xi+1"'.xm’
i=1 i=0

as required. O

Lemma3.8 Let Fy, F, € Hrr(X, Q). Then,
Ac(F1F2) = F1 - Ac(F2) + Ac(F1) - Fa + A(F1 ® F2).

Proof 1t suffices to consider basis elements Fy, F, € F(X, Q) by linearity, and we
shall use this technique tacitly in the later proofs of this paper. If bre(F;) = 0 or
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bre(F,) = 0, without loss of generality, letting bre(F7) = 0, then F; = 1 and by
Eq. (5),

Ac(F1Fy) = Ac(1F) = Ac(F2) —A(1 ® F2) + A(1 ® F2)
=Ac(F)—-2(1Q@1D)-F,+1(1® F)
=Ac(F)+Ac(D) - F+A(1Q F2)
=1-Ac(F)+Ac(l) - 2 +A(1 ® F?).

Ifbre(F)) > landbre(F>) > 1, we proceed to prove the result by induction on the sum
of breadths bre(F) + bre(F>) > 2. For the initial step of bre(F7) + bre(F;) = 2, we
have F| = T} and F> = T; for some decorated planar rooted trees 71, T € 7 (X, Q).
Using Eq. (8), we have

Ac(FiF2) = Ac(NT2) =T - Ac(T2) + Ac(T) - To + 1(Th @ T2)
=F1 - Ac(F2) + Ac(F1) - F2 + A(F @ F2).
For the induction step of bre(F7) + bre(F>) > 3, without loss of generality, we may
suppose bre(F>) > bre(F;) > 1. If bre(F1) = 1| and bre(F,) > 2, we may write

F) = T, for some decorated planar rooted trees 7} € 7 (X, Q). Applying Eq. (8), we
have

Ac(FFP) =AM F) =T - Ac(F2) + Ac(Th) - Fo + AT @ F2)
=F - Acd(F2) + Ac(F) - F2 + A(F @ F2).

Ifbre(Fy) > 2, wecan write F| = T} F’ withbre(T;) = 1 andbre(F;’) = bre(F;)—1.
Then,

Ac(F1Fy) = AT Fi'Fy)

=Ti - Ac(FI'Fy) + Ac(Ty) - (FI' F2) + A(T1 ® Fi'F2) (by Eq. (8))

=T <F1/ AP+ Ac(F)- B+ AM(F' ® Fz)) + Ac(T) - (FI'Fy)
+MT1 @ Fi'F)

(by the induction hypothesis)

=(NF') - Ac(F) + T - Ac(FY) - B+ MT1 Fi' ® F2) + Ac(Th)
(FI'F2) + MT ® Fi'F»)

= (TR - AP + (T AR + AT - '+ 1T @ F))
P+ MT1F' ® F2)

= (TiF\) - Ac(F2) + Ac(T FY') - B> + M(T1 Fi' ® F)

=F1-Ac(F) + Ac(Fy) - Fo + A(F1 @ F») (by the induction hypothesis).

This completes the proof. O
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The following lemma shows that Hrt (X, €2) is closed under the coproduct A.
Lemma3.9 For F € Hrr(X, Q2),

Ac(F) € Hrr(X, Q) ® Hrr (X, €2).

Proof By the methods of decoration of planar rooted forests introduced in Sect. 3.1,
it is enough to show that A, (F) for basis elements F € F (X, 2) is a sum of tensor
products of decorated planar rooted forests whose internal vertices are not decorated by
X. Then, this result follows by the definition of A and the induction on dep(F) > 0.

O
We now state our first main result in this subsection.
Theorem 3.10 The pair (HrT(X, 2), A¢) is a coalgebra (without counit).
Proof By Lemma 3.9, we only need to verify the coassociative law
(1d ® Ae)Ac(F) = (Ae ® id)Ac(F) for F € F(X, ), )

which will be proved by induction on dep(F) > 0. For the initial step of dep(F) = 0,
we have F' = e, o, --- o, for some m > 0, with the convention that F = 1 if
m = 0. When m = 0, we have

(d ® ADA(F) = ([d ® A)A () = A @A) =221 ®1® 1)
= A ® 1= (A ®id)A(1).

When m > 1, on the one hand,

d® Ae)Ae('xl Oy, ‘xm)
m
= ({d® Ac) (MZ%] e @y ey
i=1

m
—A Z o ey, Doy ’xm> (by Lemma 3.7)
i=0

m
=Y ey ey @Ac(oy0y,) —hey ey, R(—A(I® 1))

m—1
— A 0y, oy ®A€(.xi+1'”.xm)
i=0
m m
:MZ.XI....XI_® MZ.Xi....xj(g.xj....xm
i=1 j=i
m

—A E .xi e .xj ® .xj+l ‘e .Xm
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m—1 m
_)\,Z.xl....xi® 'U’Z.xi+l'”.xj®.xj”'.xm
i=0 j=i+l
m
_)‘Z°xi+1 ey ®eg, ey,
j=i
+ 22 (0, -0, RI®1)

m m
2
= U Zz.xl....xi®.x;....xj®.xj....xm

i=1 j=i
m m
_)\"u‘E E .xl"'.Xi®.xi"'.xj®.xj+1"'.Xm
i=1 j=i—1
m—1 m
_)‘ME Z°x1""x,~®'xi+1""xj-®°x_,'""xm
i=0 j=i+1
m m
2 §
+)\‘ Z .xl.'..xi®.xi+l....xj®.xj+l.'..xm
i=0 j=i
m m

2
= ZZ.XI....X’_®QXI_....Xj®.xj....xm

i=1 j=i

m m
Y)Y ey ey @y e By, e
i=1 j=i

m
_)"MZ.XI"'.XI' Rl Rey oy

i=1

m—1 m
Y ey @, ey @y, o

i=0 j=i+l
m m
-‘1-)\-222.X1 ....xi ®.xi+1 ....xj
i=0 j=i
® ey, - ey, (byexpanding the second term ).
On the other hand,

(Ae ® ld) AG (.Xl Oy, "t .Xm)

m
:(Ae ®1d) </’LZ.X1"'.X,' ®.x,- ey

i=1

m
—A Z o e Qey - "xm) (by Lemma 3.7)
i=0
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785

m
:MZAG(.xl rey) @ey ey "l‘)\z(l Q1 Q® ey

i=1

m
_)”ZAG('M ey ) @@y

i=1

m
=y |n

i=1

i
_)‘Z’xr'"xj'®°x/-+1 ey
Jj=0

m
_)“Z m

i=1

i
_)‘Z'm ey D ey ey
j=0

+221®1Q e, o)

m i
12 Y e e @y

i=1j=1
m i
_A“ZZ'XI""%@‘XM
i=1 j=0
m i
SV 3 DNPRINE
i=1 j=1
m l
2
+2 ZZ’XI”"X/'@‘XJ'H
i=0 j=0
mJj
2
=u Zz.xl....xi®.xi...
j=1i=1
m j
_)‘MZZ'M”"X:‘@)’XHl
j=1i=0

m
_)LMZZ°X1"'°M®°XI'”

j=li=1

m ]

+)”222'X1"")‘i ey, -

j=0i=0

i
> en e, e
Jj=1

i
S en e e
Jj=1

"'.xm)
.xm
o
® .x, e .Xm
o
® Oxit1 " Oxy
o Doy ey,
s ey ®.xi crc 0y,
ey ® Oxiv1 " Oxy
cos ey ®.Xi+l Oy,
oy ® Oxj " Oxy
"'.xj ®.Xj "'.Xm
. Q LISPRERY Y
oy Dey ey,
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(by exchanging the index of i and j)

m m
2
= U Zz.xl....xi®.xi....xj®.xj....xm

i=1 j=i
m—1 m
_)\'/"LZ Z .xl....xi®.xi+l ....xj®.xj....xm
i=0 j=i+1

m
_)‘P«Z')ﬂ"'%]‘ Rl ey oy,
j=

m
_)\’/’LZ

—_

.Xl ....x’_ ®'Xi ....xj ®.Xj+l ....xm

Qey - o, ®ey,  ---e (byexchanging the summands).

Note that
m
Z.xl....xi ®1®.xi....xm :Z.Xl....xj ®1®.xj.'..xm'

i=1 j=1
Thus,
(id @ Ac)Ac(oy oy, - -0y, ) = (Ac @ id)Ac(oy 0y, -+~ 0y, ).

Suppose that Eq. (9) holds for dep(F) < n for an n > 0, and consider the case of
dep(F) = n+ 1. We now apply the induction on breadth. Since dep(F) =n+1 > 1,
we have F' # 1 and bre(F) > 1. If bre(F) = 1, then we may write F = B} (F) for
some F' € F(X, ) and w € 2. Hence,

(id ® Ac)Ac(F)
= (id ® Ac)Ac(BS (F))
= (i[d® Ae)((B; ®id)A(F) + (ld ® B;)AE(F)) (by Eg. (6))
= (B ® A)A(F) + (id ® (AB)Ac(F)
(BF ® A)A(F) + (id ® (B} ®id)A,

+(id @ B)A) )A(F) (by Eq. (7))
= (B} ®id ®id)(id ® Ac)Ac(F) + (id ® B} ®id)(id ® Ac)A((F)
+ (d ®id ® B})(id ® Ac)A(F)

@ Springer



Journal of Algebraic Combinatorics (2021) 53:771-803 787

= (B} ®id ®id)(Ac ® id)Ac(F) + (id ® B ® id)(Ac ® id)A(F)

+ (d ®id ® B} )(Ac ® id)A(F)
(by the induction hypothesis)

= (B} ®id ®id)(Ac ® id)Ac(F) + (id ® B} ® id)(Ac ® id)A(F)
+ (Ae ® B )YA(F)

- (((B; ®id)A) ®id)A(F) + (((d® B))A) ® id) A (F)

+ (A ® BNHA(F)
(((B;t Qid)Ac + (id ® B))A) ® id)Ae(f) + (A ® BY)A(F)

((AcB)) ©id)AF) + (Ac © BHAF)

(Ae ®1d)(B} ®1d)Ac(F) + (Ac ® id)(id ® B))Ac(F)
(Ae ® id)((B; ®id)A(F) + (d ® B;)Ae(f))

(Ac ®id)Ac(F) (by Eq. (6)).

Assume that Eq. (9) holds for dep(F) = n + 1 and bre(F) < m, in addition to
dep(F) < n by the first induction hypothesis. Consider the case when dep(F) = n+1
and bre(F) = m + 1 > 2. Then, F = F|F, for some Fi, F, € F(X, 2) with
0 < bre(Fy), bre(F,) < bre(F). Using the Sweedler notation, we write

Ac(Fy) = Z Fi(1) ® Fio) and A (F2) = Z Fy ® Fr).
(F1) (F2)

Thus,

(ld ® Ae)Ae(F] FZ)
= (d® A)(F1 - Ac(F2) + Ac(F1) - Fa + A(F1 ® F2)) (by Lemma 3.8)

(1d ® A¢) Z FiF1) ® Fo0) + Z Fiy ® Fio P>
(F) (F1)

+M(F1 ® F2) | (by Eq. (2))

= Y FiF1) ® Ac(Fa) + Y Fi1) ® Ac(Fig) F2) + A(Fi ® Ac(Fy))
(F2) (F1)

= Z FiF0) ® Fo0) ® Fo3) + Z Fioy® Z Firoy P21y ® o)
(F) (F1) (F2)

+ ZF](I) ® Fio) ® Fi) 2 +)»ZF1(1) ® Fio) ® Fo + AF1 ® Ac(F2)
(Fp) (F1)
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(by induction on breadth and Eq. (2))

= Z FiFyn) ® Fo) ® Fa3)
(F2)

+Y Py ® Y FigyFa) ® Fag) + AF1 ® Ac(F))

(F1) (F2)
+ ZFI(I) ® Fio) ® Fi3) > -H»ZFl(l) Q Fip) ® F,
(Fp) (F1)

= Z F1F0) @ Fr2) ® Fa3)
(F2)

+ Z Z Fiay ® Fie)Foa) @ Fao) + AF1 @ Ac(F2)
(F2) (F1)

+ Y Fiy ® Fig) ® Fig) Fa + 1A(F1) ® F)
(F1)

= Z FiF ) ® Fr0) ® Fa3)
(F2)

+ Z Z Fiay ® FieyF2a) ® Fa0) + A Z Fi1 ® Fr1) ® a0
(F2) (F1) (F2)
+ Z Fiay ® Fio) ® Fi3) 2 + AA(F1) ® F2
(F1)
= Z Ac(F1Fyy) ® Fo) + Z Ac(F11)) @ FioyF2 + MA(F1) @ F>
(Fp) (F1)
(by induction on breadth)

= (A ®1id) Z FiFny ® o) + Z Fiy® FigpFo +AF1 Q@ F»
(F2) (F1)

= (Ae ®id)(F1 - Ac(F2) + Ac(F1) - Fa + A(F1 ® F2)) (by Eq. (2))

= (Ac ®1d)A(F1 F>) (by Lemma 3.8).

This completes the induction on the breadth and hence the induction on the depth. O
Now we arrive at our second main result in this subsection.

Theorem 3.11 The quadruple (HrT(X, ), mgr, 1, A¢) is an e-unitary bialgebra of
weight A.

Proof Note that the triple (HrT(X, ), mgr, 1) is a unitary algebra. Then, the result
follows from Lemma 3.8 and Theorem 3.10. O
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3.4 Free Q-cocycle infinitesimal unitary bialgebras

The main goal of this subsection is to understand weighted infinitesimal unitary bial-
gebras from the point view of operated algebras. This leads to the natural definition
of a weighted 2-cocycle infinitesimal unitary bialgebras. We show that Hrr (X, Q2) is
a free object in one of such categories.

Definition 3.12 [24, Section 1.2]

(a) An Q-operated monoid is a monoid M together with a set of operators P, :
M— M,we Q.

(b) An Q2-operated unitary algebra is a unitary algebra A together with a set of
linear operators P, : A — A, w € Q.

Definition 3.13 [21, Definition 3.17] Let X be a given element of k.

(a) An Q-operated ¢-bialgebra of weight 1 is an e-bialgebra H of weight A together
with a set of linear operators P, : H - H, w € Q.

(b) Let (H, {P, | w € Q}) and (H', {P] | ® € Q}) be two Q-operated e-bialgebras
of weight A. A linear map ¢ : H — H’ is called an Q-operated ¢-bialgebra
morphism if ¢ is a morphism of e-bialgebras of weight » and ¢ o P, = P 0 ¢
for w € Q.

By a symmetric 1-cocycle condition, we then propose

Definition 3.14 Let X be a given element of k.

(a) An Q2-cocycle c-unitary bialgebra of weight X is an Q2-operated e-unitary bialge-
bra(H, m, 1y, A, {Py | ® € Q}) of weight X satisfying the symmetric 1-cocycle
condition:

APy, = (P, ®id)A + (d® P,)A forw e Q. (10)

(b) The free 2-cocycle e-unitary bialgebra of weight A on a set X is an Q2-cocycle
e-unitary bialgebra (Hyx, myx, 1uy,, Ax, {Py, | @ € Q}) of weight A together
with a set map jx : X — Hy with the property that, for any Q-cocycle e-

unitary bialgebra (H, m, 1y, A, {P) | @ € Q}) of weight A and any set map
f X — H such that for any x € X,

A(f(x) =pn(fX)Q f(x) =A(f(x) ® 1y + 11 ® f(x)),

there is a unique Q2-operated e-unitary bialgebras unique morphism f : Hy — H
such that the diagram

x % Hy

L

H

commutes.
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When 2 is a singleton set, we will omit it. From now on, our discussion takes place
on Hrr(X, ) = KF (X, Q). The following results generalize the universal properties
which were studied in [10,13,24,38,43].

Lemma 3.15 [44, Theorem 4.5] Let jx : X — F(X, Q), x — e, be the natural

embedding and mgr be the concatenation product. Then, we have the following.

(a) The quadruple (F(X, 2), mgr, 1, {BZ,‘ | @ € Q2}) together with the jx is the
free Q-operated monoid on X.

(b) The quadruple (Hgrr(X, Q), mgr, 1, {B] | @ € Q}) together with the jx is the
free Q-operated unitary algebra on X.

Theorem 3.16 Let jx : X — F (X, Q), x > e, be the natural embedding and mgr
be the concatenation product. Then, the quintuple (Hrt(X, 2), mgrt, 1, Ac, {Bj; |
w € Q}) together with the jx is the free Q2-cocycle e-unitary bialgebra of weight A on
X.

Proof By Theorem3.11, (Hrr(X, 2), mrr, 1, A¢) is an e-unitary bialgebra of weight
. Then, it follows from Eq. (6) that (Hrr(X, Q2), mgr, 1, A, {B} | © € Q}) is an
Q2-cocycle e-unitary bialgebra of weight A.

We next proceed to show the freeness. Let (H, m, 1y, A, {P, | ® € Q}) be an
Q-cocycle e-bialgebra of weight A and f : X — H a set map such that

AN =p(fX) R fFX) —Afx)® 1y + 1y ® f(x)) forallx € X.

Particularly, (H, m, 1y, {P, | @ € }) is an Q-operated unitary algebra. By
Lemma 3.15 (b), there exists a unique -operated unitary algebra morphism f :
Hrr(X, Q) — H such that f o jx = f.Itis sufficient to check the compatibility of
the coproducts A and A, for which we verify

Af(F)=(fQ f)A(F) forall F € F(X, ), (11)

by induction on the depth dep(F) > 0. For the initial step of dep(F) = 0, we have
F = e, ---e, for some m > 0, with the convention that /' = 1 when m = 0. If
m = 0, then by Remark 2.2 (a) and Eq. (5),

Af(F)=Af(1)=A(lg) = Ay ®1y) = =2 f(1) ® f(1)
=(fRHEAMD) = (f® fHAc(D).

If m > 1, then we have

Af(or - on,) = A(F(o0n) -+ fo,))

== Y (Fer) Flon) - Af ) - (Flon) - o)
i=1

m—1
+AY flor) o f(0r) ® floy,,) - flo,) (byEq. (3))

i=1
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Il
M§

(For) - Flo)

i=1
(10 ® Flor) = (0:) @ 1n = 110 & f(0)) - (Flons) -+ o)
m—1
+A Y flox) f0r) ® flon, ) flox,)
i=1

(by A(f(ey)) = A(f(x) = pn(f(x) ® f(x))
—Mfx)Q1g+ 1 ® f(xi)))

=) flo) - fo)® flog) - flor,) =1 flog) - floy)
i= i=1
® f(ox) - flo,)

Ay flox) e fon ) ® flog) - flox,)
m—1 _ _ ~ _
+A Y flox) for) ® flon )+ flox,)
i=1
=) flon) - for) ® flor) - flon,) =2 Y flo)-+- floy)
i=1 =
® flon, ) flon,)

—f (o) flon,) ® FN=1 D flon) -+ flog ) ® f(or) -+ floy,)

i=1
m—1
HAY flox) for) ® flor, ) e flos,)
i=1

= uif(-xl) s f(0) @ flog) e flog,) —Af(0x) - flog,)® f(1)
- Ai Flox) -+ flox ) ® flox) - floy,)

= Zj (0x,) f(0:) ® o)+ f(o,) = Af(ox) - flon,)® f(1)
—x ZO Flox) - for) ® flon,) - flox,)

m m
(f®f (MZ%. ey @y ey, A ey ey ® ey ~~-x,,,>
i=0

i=1
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= (f ® /)Ac(oy, ---oy,) (byLemma3.7).

Suppose Eq. (11) holds for dep(F) < n for an n > 0 and consider the case of
dep(F) = n + 1. For this case, we apply the induction on the breadth bre(F). Since
dep(F) = n+1 > 1, we have F # 1 and bre(F) > 1. If bre(F) = 1, we have
F = B} (F) for some F € F(X, Q) and w € Q. Then,

A f (F)=A f (B;r (F)) = AP,( f (F)) (by f_ being an operated algebra morphism)
= (Po ® i) A(S(F) + (id ® P,)A(f(F)) (by Eq. (10))
= (Po ®1d)(f ® f)Ac(F)
+ (d ® P,)(f ® f)Ac(F) (by the induction hypothesis on dep(F'))
= (Pof ® NAF) + (f ® Puf)Ac(F)
= (fB ® )Ac(F)
+(f ® fB)Ac(F) (by f being an operated algebra morphism)
= (f ® N(BS @IDA(F) + (f ® /)id ® BJ)A(F)
= (f & N((BS @A) + (d © BHAP))
= (f ® NABF(F)) (byEq. (6))
= (f ® HAP).
Assume Eq. (11) holds fordep(F) = n+1 andbre(F) < m,inadditiontodep(F) <n
by the first induction hypothesis, and consider the case when dep(F) = n + 1 and

bre(F) = m + 1 > 2. Then, F = F{F, for some Fi, F, € F(X, ) with 0 <
bre(F), bre(F,) < m + 1. By the Sweedler notation, we may write

Ac(F) = Z Fiay ® Fio) and A (F2) = Z Py ® Fa).
(Fy) (F2)
By the induction hypothesis on the breadth, we have

AFFD) = (f ® PHAF) =) f(Fia) ® f(Fia),

(F1)

Af(F) = (f ® PA(F) =Y f(Fan) ® f(Fa).

(F2)
Thus,
AF(F) = Af(FiF) = A(f(F) f(F2)
= f(F1) - A(fF(F) + A(f(F1) - f(F2) + A f(F1) ® f(F2) (byEgq. (3))

= f(F)- (Z f(Fa1) ® f(FZ(z))) + (Z f(Fia) ® .f(Fl(z))>

(F2) (F1)

@ Springer



Journal of Algebraic Combinatorics (2021) 53:771-803 793

- f(F) + 2 f(F) ® f(F2)
= Z FED f(Fa) ® f(Fa) + Z F(Fi) ® f(Fi2) f(F2)
(F2) (F1)
+1f(F1) ® f(F) (by Eq. (2))
= Z F(FiF) ® f(Fa) + Z f(Fi1) ® f(Fie) F2)
(F2) (F1)
+1f(F1) ® f(F)

= (f®f)<z FiF) ® F2(2)> +(f® f)(ZFl(l) ® F1(2)F2)

(Fp) (F1)
+(f® HAFI ® Fa)

=(f N | D FiFm ® o+ Y Fin) ® Fig Fa + AF1 © F
(F2) (F1)

=(fN|F-) Fae ko
(P

+<ZF1(1) ®F1(2)) B+ A ® Fy | (by Eq. (2)
(F1)
=(f ® )(F1 - Ac(F2) + Ac(F1) - Fy + M(Fi ® F3))
=(f ® /)Ac(F1F,) (by Lemma 3.8)

=(f ® fA(F).

This completes the induction on the breadth and hence the induction on the depth. O

Let X = (. Then, we obtain a freeness of Hg7 (¥, 2), which is the infinitesimal ver-
sion of decorated noncommutative Connes—Kreimer Hopf algebra by Remark 3.4 (b).

Corollary 3.17 The quintuple (Hrr (¥, Q), mgr, 1, Ac, {B} | © € Q}) is the free
Q-cocycle e-unitary bialgebra of weight A on the empty set, that is, the initial object
in the category of Q2-cocycle e-unitary bialgebras of weight A.

Proof 1t follows from Theorem 3.16 (3.16) by taking X = ¢. O

Taking €2 to be singleton in Corollary 3.17, then all planar rooted forests are deco-
rated by the same letter. In this case, planar rooted forests have no decorations that are
precisely planar rooted forests in the classical Connes—Kreimer Hopf algebra under
the noncommutative version which was introduced by Foissy [14] and Holtkamp [29].

Corollary 3.18 Let F be the set of planar rooted forests without decorations. Then, the
quintuple (KF, mgr, 1, Ac, BT) is the free cocycle e-unitary bialgebra of weight
A on the empty set, that is, the initial object in the category of Q2-cocycle e€-unitary
bialgebras of weight A.
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Proof 1t follows from Corollary 3.17 by taking €2 to be a singleton set. O

4 Infinitesimal unitary Hopf algebras of rooted forests

In this section, we first recall the concept of infinitesimal unitary Hopf algebra under
the view of Loday and Ronco. We then construct an infinitesimal unitary Hopf algebra
on decorated planar rooted forests which is different from the one investigated by
Foissy [16].

4.1 Aninfinitesimal unitary Hopf algebra in the sense of Loday and Ronco

We first recall the convolution product on an infinitesimal unitary bialgebra in the
sense of Loday and Ronco [36].

Let A = (A, m, 1, A, ¢) be a e-unitary counitary bialgebra of weight —1.1If f, g €
Homg (A, A), their convolution product is the map f x g : A — A defined to be the
composition:

fxg=m(f ®gA.

Note that 1 o ¢ is the unit with respect to *. By the associativity of m and the coas-
sociativity of A, we have * is associative. The algebra (Homg (A, A), %) is called
convolution algebra. See [36, Section 2.4] for more details.

Definition 4.1 [16,36]

(a) An e-unitary counitary bialgebra A = (A, m, 1, A, ¢) of weight —1 is called
an infinitesimal unitary Hopf algebra if the identity map id € Homg(H, H)
is invertible with respect to the convolution product . This inverse is called the
antipode of A and denoted by S.

(b) A bialgebra (H,m,u, A, ¢) (either classical or infinitesimal unitary) is called
graded if there are k-submodules H M 5 >0, of H such that

o
(i) H= & H™;

n>0
(i) HPH? C HP™, p,q > 0;
(iii) A(HH)C @ HP®H?,n>0.

pt+q=n

H is called connected graded if in addition H° = k and kere = @, ., H". It is
well known that a connected graded bialgebra is a Hopf algebra.

n>1

The e-unitary Hopf algebra satisfies many properties analogous to those of a clas-
sical Hopf algebra [16,36].

Remark 4.2 Let A = (A,m, 1, A, &) be an e-unitary counitary bialgebra of weight
—1.
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(a) A(1) =1® 1.If we regard 1 as the unit map, then it is a coalgebra morphism.

(b) The counit ¢ is an algebra morphism.

(c) If A is connected graded, then it is an e-unitary Hopf algebra in the sense of Loday
and Ronco [16]. Its antipode S, inductively defined by

S()=1and S(x) = —x — Y _x'S(x") for x € kere.
(x)
(d) If A is further an e-unitary Hopf algebra with the antipode S, then

(i) S(1)=1landeco S =s¢.
>ii) S(ab) = ¢e(a)S() + e(b)S(a) — e(a)e(b)1 foralla,b € A.
(i) AS@)=S@)R1+1® Sa) —e(a)l ®1 foralla € A.

Particularly, for any a € A, if e(a) = 0, then S(a) is a primitive element [16].

4.2 Aninfinitesimal unitary Hopf algebra on decorated rooted forests

By linearity, we only need to define A¢(F') for basis elements F € F (X, €2). For the
initial step of dep(F) = 0, we define

191 ifF =1,
Ay(F) = Q1 +1® e if F = ey for some x € X,
CT T Y oy Aoy o) + Ap(on) - (0, - 0,
—oy, Doy, -0y, if FF=eoy ---0y withm > 2.

For the induction step of dep(F) > 1, we reduce the definition to induction on breadth
and define
(B ®id)A¢(F) + (id ® B )A((F)  if F = B} (F),
A¢(F) :=
V=N 1 AT T+ AT - (T T,
-1 T - Ty ifF=T---T, with m > 2.

Example 4.3 Letx,y € X and «, 8, y € Q. Then,

Ae(‘a):'a®l+1®‘0{7

AZ(Ié)ZI; ®1+'a®',\‘ +'x®°a+1®zé’
A[(.ng)Z.XI'; ®1+-x°a®'x+-x-x ®-a+0x®zi +1®°XI;5
A((X.\/;y ) :x.\/z.xy ® 1+Ii ® oy +0a ® o x °y+-x oy ® -o(+°x ® I()y +1 ®X'\/;)' .
Remark 4.4 We emphasize that our coproduct is mainly different from the one studied

by Foissy [16] who constructed an infinitesimal Hopf algebra under the view of Loday—
Ronco on undecorated planar rooted forests. In his work,

AD)=.R1+1®.,
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A=1®1+.®.+111,
ACH=1®14+..0.+.®1 +1®.1,
AVI=VRI+.91+..0.+10 V,

which are different from the corresponding ones suppressed decorations in Exam-
ple 4.3.

We now construct an e-unitary bialgebra of weight A with counit on Hrr (X, €2).

Lemma4.5 Let (HrT(X, 2), mgr, 1, Ac) be the e-unitary bialgebra of weight A in
Theorem 3.11. Then, there is a counit on Hrt(X, 2) if, and only if, A is invertible in
k.

Proof For the necessary condition, by the counicity, we have
(erT @ id)Ac (1) = (erT ® 1) (=21 @ 1) = —AerT(D1 =1,

so A has an inverse in k, namely —egrr(1). Conversely, for any forest F € 7 (X, Q2),
define ert : Hrr(X, 2) — k by taking

7 ifF =1,

er(F) = {O otherwise, (12)

and extending by k-linearity. We now apply the induction on dep(F) > 0 to check the
counicity conditions:

(erT @ Id)Ac(F) = Bi(F) and (id ® erT)Ae(F) = B (F), (13)
where B; : HrT(X, Q) — Kk ® Hrr(X, Q) is defined by F — 1x ® F and B, :
Hrr(X, Q) — Hrr(X, Q) ®@Kkisgivenby F — F ® 1g.

For the initial step of dep(F') = 0, we have F' = oy, o,, --- o, for some m > 0,
with the convention that F = 1. When m = 0, by Eq. (12), we have

(erT @ Id)Ac(F) = (erT @ id)Ac(1) = —Aerr(1) @ 1 = Ix @ 1 = Bi(1).
When m > 1, by Lemma 3.7,

(erT ® 1d) A (F)

WE

m
.xl....xi®.xi....xm —A E .xl....xi®.xi+l....xm)
i=0

(err @ id) (12

1

ML

(err @id) (=AY e ey @y, ey, ) by Eq. (12))

o e Doy ey, —AlQ ey ""xm)

(erT ® id)( —A

i=1
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= —Aerr(D) ® Oy O,

— 1k®F = Bi(F) (byEq. (12).

Suppose that Eq. (13) holds for dep(F) < n for an n > 0 and consider the case of
dep(F) = n+ 1. We next apply the induction on breadth. Since dep(F) =n+1>1,

we have F' 7 1 and bre(F) > 1. When bre(F) = 1, we may write F' = B;O“(F) for
some F' € F(X, ) and w € 2. Then,

(ert ® id) Ac(F) = (erT @ id)Ac (B (F))
= (err @ id) (B} @ i) A(F)+(d @ B)A(F)) (b Eg. (6)
= (err ®id)(id ® BJ)Ac(F) (by Eq. (12))
= (id ® B} (er ® id) Ac (F)
=>{d® B:f )(Ix ® F) (by the induction hypothesis)
=1k ®F = Bi(F).
Assume that Eq. (13) holds for dep(F) = n + 1 and bre(F) < m, in addition to
dep(F) < n by the first induction hypothesis. Consider the case whendep(F) = n+1

and bre(F) = m + 1 > 2. As in the proof of the coassociativity, let F = F; F; for
some Fy, F» € F(X, Q) with 0 < bre(F}), bre(F,) < bre(F). Thus,

(erT ® 1d)Ac(F) = (erT Q id) A (F| F?)
= (err ® id))(Fl “Ae(F) + Ac(Fy) - Fy +AF ® Fz) (by Lemma 3.8)

(erT ® id) (Z Fi1 1) ® Fy) + Z Fiy® FioyF2 +AF1 ® Fz) (by Eq. (2))
(F2) (F1)

Z eRT(F1F21)) ® Fo0) + Z erT(F1(1)) ® F1(2)F2 + AerT(F1) ® I

(F2) (F1)
= Y err(Fi1)) ® Fio)F2 (by Eq. (12))
(F1)

= 1x ® F1 F, = B;(F) (by the induction hypothesis).

Similarly, we obtain that (id ® err) A (F) = B,(F) holds for F € F(X, 2), com-
pleting the proof. O

We now give a graduation of Hr (X, 2) by defining
H":=H} (X, Q) =K{F € F(X,Q) | |[V(F)| =n} forn >0,

where |V (F)| is the number of vertices of F. Then

o0
Her(X, Q) =@ H"; HPHY C H'™, p,.q > 0;
n=0
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H'=k; Bf(H" Cc H"" weQ. (14)

Lemma 4.6 Let (HrT(X, 2), mpgr, 1, A¢) be the e-unitary bialgebra of weight A in
Theorem 3.11. Then, A respects the graduation in the sense

Ac(HY e @ H? ® HY forn =0
ptq=n

if, and only if, u = 0.

Proof If u # 0, A does not respect the graduation by Eq. (5). Conversely, consider
© = 0. By linearity, we only need to verify

Ac(F) € Z H? ® HY for F € F(X, Q), (15)
prq=n
which will be proved by induction on n > 0. For the initial step of n = 0, we have
V(F) <0and so F = 1. Then, Eq. (15) follows by Eq. (5).

For k > 0, assume that Eq. (15) holds for n < k and consider the case of n =
k+ 1> 1.Ifbre(F) = 1, we have two cases to consider.

Case 1. F = o, for some x € X. By Eq. (5),
Ac(F)=Ac(oy) = -A(1Re,+0,@1) c H @ H'.

Case 2. F = B} (F) for some w € Q and some F € F(X, Q). By the induction
hypothesis,

A(F) € Z HP @ HY.
ptq=k

Then, it follows from Eq. (14) that

Ac(F)=Ac(B) (F)=(B} ®id)Ac(F)+(d ® BH)A(F)e >  HP®HY,
p+q=k+1

as required.
If bre(F) > 2, we may write F = F F, for some Fp, F, € F(X, ) and so

V()| =IVFD|+ [V(F)| =k + 1, (16)
which is greater than |V (F1)| and |V (F>)|. By the induction hypothesis, we have

Ac(F)) € Z HP' @ H' and A (F>) € Z HP* @ H?.
pi+qi1=|V(F1)| P2+q2=|V(F?)|
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Thus,

Ac(F) = Ac(F1F2)
=F1-Ac(F1) + Ac(F1) - F, +AF1 ® F, (by Lemma 3.8)

€F- Z H? @ H? | + Z HPM @ H!' | - F,
P2+q2=|V(F2)| pi+q1=|V(F1)|
P Y arem
p+q=k+1
C Z HIVEIgr: o g2 4 Z HP @ HO HIV (72
P2+q2=|V(F2)| pi+q1=|V(Fi)|
+ Y H'®H
p+q=k+1
C Z HIVEDI+r & o2 Z HP @ HOTIV()]
p2t+q2=|V(F2)| pr+q1=|V(F1)|
+ Y HP®HY (byEq. (14))
p+g=k+1
c Y HP®H! (byEq.(16)).
p+q=k+1

This completes the induction. O

Remark 4.7 In general, the coproduct A, respects another graduation, counting the
number of vertices decorated by elements of €2.

When A = —1 and ¢ = 0, we have an e-unitary Hopf algebra under the view of
Loday and Ronco.

Theorem 4.8 The quintuple (Hrr(X, 2), mgr, 1, Ag, err) is an €-unitary Hopf
algebra.

Proof Taking A = —1 in Lemma 4.5, the (Hgrr(X, 2), mgr, 1, Ag, err) i8S
an e-unitary counitary bialgebra of weight —1. By Eq. (14) and Lemma 4.6,
(HrT(X, ), mpgr, 1, Ag,erT) is connected and graded. Thus, the quintuple
(HrT(X, ), mgr, 1, Ay, erT) is an e-unitary Hopf algebra. O

5 Pre-Lie algebras of decorated rooted forests
In this section, we recall the connection from weighted e-bialgebras to pre-Lie alge-

bras [21]. Using Theorem 3.11, we then construct a new pre-Lie algebraic structure
on decorated planar rooted forests.
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5.1 Pre-Lie algebras and infinitesimal unitary bialgebras

In this subsection, we first recall the concept of pre-Lie algebra and show the connection
from weighted e-bialgebras to pre-Lie algebras.

Definition 5.1 [37] A (left) pre-Lie algebra is a k-module A together with a binary
operation > : A ® A — A satisfying the left pre-Lie identity:

(a>b)y>c—a>b>c)=bBra)>>c—br>(ar>c) for a,b,c € A.

The close relation between pre-Lie algebras and Lie algebras is characterized by
the following result.

Lemma 5.2 [19, Theorem 1] Let (A, &) be a pre-Lie algebra. Define for elements in
A a new multiplication by setting

l[a,b]:=a>b—br>a for a,b € A.

Then, (A, [—,—]) is a Lie algebra.

The following result captures the connection from weighted e-bialgebras to pre-Lie
algebras [21].

Lemma5.3 [21] Let (A, m, A) be an e-bialgebra of weight A. Define
D:A®A—> A a®bi>a>b:=)Y byaby),
(b)
where b1y, b(o) are from the Sweedler notation A(b) = 3, b(1) ®b(2). Then, (A, 1>)

is a pre-Lie algebra.

5.2 A new pre-Lie algebras on decorated rooted forests

In this subsection, as an application of Theorem 5.3, we equip Hrr(X, 2) with
a pre-Lie algebraic structure (Hrr(X, 2), >rr) and a Lie algebraic structure
(Hrr(X, ), [—,— IrT). We also give the combinatorial descriptions of >grr and
[—,— ]rT, respectively.

Theorem 5.4 Let Hr1(X, Q) be the €-unitary bialgebra of weight X in Theorem 3.11.
(a) The pair (Hrr(X, 2), >Rt) is a pre-Lie algebra, where

Fi DRt 2 = Z FyqyF1Fa) for Fi, Fr € Hrr(X, ).
(F2)

(b) The pair (HrT(X, ), [—,— IrT) is a Lie algebra, where

[F1, 2]t := F1 gt F2 — F> DRy F1 for Fi, Fr € Hrr(X, Q).
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Proof By Theorems3.11 and 5.3, (HrT(X, €2), D>rr) is a pre-Lie algebra. The remain-
der follows from Lemma 5.2. O

Example5.5 Let F; =.,, F, =1, F3=.,.witha, 8 € Qand x, y € X. For the
sake of simplicity, we consider the case of © = 0 and A = —1. By Theorem 5.4, we
have

Fl ‘>RTF2= ISOX +'a°x',‘3+°/3-x-a+ox Iga
ForrF3=.,10 + 10,

Moreover,

AG(F?a):Aé('y):'y ®1+1®0y,
Ac(RBRr F3) = 10 ®1+00a®p+eyep @+, @1 +1®., 15
+ R+ @ +ea®epey Fep ®eney +1Q1IFL,.

Applying Theorem 5.4, we obtain

ey enerapFeyeperea Fayen it

1 e Fenexepey Fepereasy Fox il

FIDRT (FaDRT F3) = oy 10 i eyeaerep toyeporea toyer il +o00, 18
e e eaeiepey Fepereaey o lhl.

(Fy >Rt F2) >R F3

Thus
Fi>rr (Fa Drr F3) — (F1DRT F2) DRT F3 = ooy 10 + 100y 0,
which is symmetric in F| = ., and F> = !# and hence

(F1 >Rt F2) >RT F3 — F1 DR (F2 DRT F3) =(F2 >RT F1) DRT F3
— F >Ry (F1 DRt F3).
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