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Abstract

Parallel to operated algebras built on top of planar rooted trees via the grafting oper-
ator BT, we introduce and study V-algebras and more generally Vq-algebras based
on planar binary trees. Involving an analogy of the Hochschild 1-cocycle condition,
cocycle Vq-bialgebras (resp. Vq-Hopf algebras) are also introduced and their free
objects are constructed via decorated planar binary trees. As a special case, the well-
known Loday—Ronco Hopf algebra HiR is a free cocycle VV-Hopf algebra. By means
of admissible cuts, a combinatorial description of the coproduct A g(q) on decorated
planar binary trees is given, as in the Connes—Kreimer Hopf algebra by admissible
cuts.
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1 Introduction

The rooted tree is a significant object studied in algebra and combinatorics. Many
algebraic structures have been equipped on rooted trees. One of the most important
examples is the Connes—Kreimer Hopf algebra [10], which is employed to deal with a
problem of renormalization in Quantum Field Theory [5,8,11,12,21,24]. Other Hopf
algebras have also been constructed on rooted trees in different situations, such as
Loday—Ronco [27], Grossman-Larson [18] and Foissy-Holtkamp [13,14,22]. Further-
more, other algebraic structures, such as dendriform algebras [28], pre-Lie algebras [9],
operated algebras [19] and Rota-Baxter algebras [38], have been established on rooted
trees. Most of these algebraic structures possess certain universal properties. For exam-
ple, the Connes—Kreimer Hopf algebra of rooted trees inherits its algebra structure
from the initial object in the category of (commutative) algebras with a linear opera-
tor [13,34].

As a special case of rooted trees (rooted), planar binary trees play an indispensable
role in the study of combinatorics [36], algebraic operads [7,31], associahedrons [30],
cluster algebras [23] and Hopf algebras [2,4,27]. In [27], Loday and Ronco defined
a Hopf algebra Hir (with unity) on planar binary trees, which is a free associative
algebra on the trees of the form | Vv T, that is, the trees such that the tree born from
the root on the left has only one leaf. The Hrr (without unity) is the free dendriform
algebra on one generator [27,29]. Later, Brouder and Frabetti [4] showed that there
exists a noncommutative Hopf algebra on planar binary trees which represents the
renormalization group of quantum electrodynamics, and the coaction which describes
the renormalization procedure. In the algebraic framework of Chapoton [6] for Bessel
operad, a Hopf operad is constructed on the vector spaces spanned by forests of leaf-
labeled binary rooted trees. Aguiar and Sottile further studied the structure of the
Loday—Ronco Hopf algebra by a new basis in [2], where the product, coproduct and
antipode in terms of this basis were also given.

The concept of an algebra with (one or more) linear operators was introduced by
Kurosh [26]. Later, Guo [19] constructed the free objects of such algebras in terms
of various combinatorial objects, such as Motzkin paths, rooted forests and bracketed
words by the name of 2-operated algebras, where 2 is a nonempty set used to index
the operators. See also [3,17,20]. The Connes—Kreimer Hopf algebra of rooted trees
can be viewed as an operated algebra, where the operator is the grafting operation B™.
More generally, the decorated (planar) rooted trees with vertices decorated by a set
Q, together with a set of grafting operations {B; | & € Q}), are an Q-operated alge-
bra [25,38]. Indeed, it is the free $2-operated algebra on the empty set or equivalently
the initial object in the category of Q2-operated algebras.

It is well known that the noncommutative Connes—Kreimer Hopf algebra of planar
rooted trees is isomorphic to the Loday—Ronco Hopf algebra of planar binary trees [14,
22]. Now, the former can be treated in the framework of operated algebras [38]. So,
there should be an analogy of operated algebras on top of planar binary trees, which
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is introduced and explored in the present paper by the name of Vv-algebras or more
generally Vv q-algebras. Let us emphasize that the binary grafting operation Vv on planar
binary trees has subtle difference with the aforementioned grafting operation B on
rooted trees—the V is binary, while BT is unary. Thanks to these new concepts, the
decorated planar binary trees Hy g (£2) can be viewed as a free cocycle Vq-bialgebra
and further a free cocycle Vqo-Hopf algebra on the empty set, involving an analogues
of a Hochschild 1-cocycle condition on planar rooted trees [15]. In particular, the well-
known Loday—Ronco Hopf algebra HiR is a free cocycle V-Hopf algebra. This new
free algebraic structure on planar binary trees validates again that most of algebraic
structures on rooted trees have universal properties.

Our second source of inspiration and motivation is the admissible cut on rooted
trees which was introduced by Connes and Kreimer [10]. We adapt from this cut to
expose the concept of admissible cut on decorated planar binary trees. Surprisingly,
the admissible cuts on decorated planar binary trees make it possible to give a combi-
natorial description of the coproduct on the decorated Loday—Ronco Hopf algebras.
We point out that our admissible cut is different from the one introduced by Connes
and Kreimer [10], see Remark 2.5.

Structure of the Paper. In Sect. 2, we first recall some results concerning the Hopf
algebraic structures on decorated planar binary trees. Motivated by the admissible cut
on rooted trees, we introduce the concept of an admissible cut on decorated planar
binary trees. Having this concept in hand, we give a combinatorial description of
the coproduct of the decorated Loday—Ronco Hopf algebra (Theorem 2.6). We end
this section by showing that Hyg(2) is a strictly graded coalgebra concerning the
coalgebra structure (Theorem 2.12). In Sect. 3, viewing the Hopf algebra of decorated
planar binary trees in the framework of operated algebras, we build Vv-algebras and
more generally Vg-algebras (Definition 3.2), leading to the notations of (cocycle)
Vq-bialgebras and Vvgq-Hopf algebras (Definitions 3.6, 3.7), involving a V-cocycle
condition. With the help of these concepts, we first equip the decorated planar binary
trees HLR (€2) with a free v g-algebraic structure (Theorem 3.5). A family of coideals
of a Vq-bialgebra is also given (Proposition 3.8). We then prove, respectively, that
Hir(2) is the free cocycle Vg-bialgebra and free cocycle Vo-Hopf algebra on the
empty set (Theorem 3.10). In particular, when €2 is a singleton set, we establish,
respectively, the free cocycle V-bialgebra and free cocycle V-Hopf algebra structures
on the well-known Loday—Ronco Hopf algebra Hyr (Corollary 3.11).

Convention. Throughout this paper, let k be a unitary commutative ring which will
be the base ring of all modules, algebras, coalgebras and bialgebras, as well as linear
maps. Algebras are unitary algebras but not necessary commutative. For any set Y,
denote by kY the free k-module with basis Y.

2 Hopf algebras of decorated planar binary trees
In this section, we expose some results and notations concerning Hopf algebraic struc-

tures on decorated planar binary trees, which will be used later. See [7,14,33,35] for
more details.
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2.1 Hopf algebras of decorated planar binary trees

A planar tree is an oriented graph drawn on a plane, with a preferred vertex called
the root. It is binary when any vertex is trivalent (one root and two leaves) [27]. The
root is at the bottom of the tree. For each n > 0, the set of planar binary trees with n
interior vertices will be denoted by Y;,. For instance,

o= n= [} =[]
YY)

Here, | stands for the un1que tree with one leaf. The number of the set Y}, is given by
the Catalan number 7= (” +1)' [27].

Let ©2 be a nonempty set throughout the remainder of the paper. For each n > 0,
let Y, (€2) denote the set of planar binary trees in Y, with interior vertices decorated
by elements of 2. Denote by

Yoo () 1= |_| Y, (Q) and Hir(Q) = kYoo (Q) = @kyn(sz).
n=0 n=0

A planar binary tree T in Y,(2) is called an n-decorated planar binary tree or

n-tree for simplicity. The depth dep(7") of a decorated planar binary tree T is the
maximal length of linear chains from the root to the leaves of the tree. For example,

dep(]) = 0 and dep (Y) =1.

Let T € Y,,(2) and T’ € Y,,(2) be two decorated planar binary trees and « an
element in 2. The grafting v, of T and T’ on « is the (n + m + 1)-decorated planar
binary tree T Vo T’ € Yyant1(S2), obtained by joining the roots of T and T’ and create
a new root, which is decorated by «. For any decorated planar binary tree T € Y, (£2)
with n > 1, there exist unique elements T! € (), T" € Y, 4—1(Q) and ¢ € Q
such that

T=T'v, T,

where T! and T are the left-hand side of T and the right-hand side of T', respectively.

For instance,
\ﬁva | = M, \%\/ay= ﬁ\@’y.
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A multiplication * on Hpr(£2) with unit | is given recursively on the sum of depth
as [14, Sec. 4.3]

|«T:=Tx|:=T and T« T :=T vy (T"«T)+ T+ TV T", (1)

where T = T! vy T" and T' = 7'l Vg T' are in Yoo (2) with «r, B € Q. Let us agree
to fix the notation * to denote the multiplication given in Eq. (1) hereafter.

Example 2.1 We have

\(*5 « :%+3X%+y§%.

In the undecorated case, the description of the coproduct in the Loday—Ronco
Hopf algebra Hyr was first introduced in [27, Proposition 3.3]. In the decorated
case, Foissy [14, Sec. 4.3] equipped the k-algebra Hy g (£2) with a coproduct Ay g(q)
described recursively on dep(T') for basis elements T € Y5, (£2) as

Arre)(T) = Q| ifT =|; (2)
andforT = T! Vo T,

Arr@)(T) i= ALr@) (T Vo TT) == (T vy T") ® |
+ (x, Va)(ALR(SZ)(Tl) ® ALr)(T))), 3)

where (x, Vy) 1= (x ® V4) o 723 and 13 is the permutation of the second and third
tensor factors.

Example 2.2 We have

s () = o 1416 .
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Foissy [14] also defined linear maps
eLr@ - HIR(2) — Kk, |+ 1k and T+ 0 for | #T € Yoo (R2)
and
| :k - HR(R), lxrH|.

Recall [33] that a bialgebra (H, xy, 1y, A, ¢) is called graded if there are k-
submodules H®™, n > 0, of H such that

(a) H=@, o H";
(b) H® g@ C H(p+q), p.q > 0;and
© AHD) P, ey HP @ HD,n > 0.

Elements of H™ are called to have degree n. H is called connected if H® = k and
kere = @n>1 H®™ Tt is well known that a connected graded bialgebra is a Hopf
algebra [32].

Lemma 2.3 [14,Sec.4.3][33, Sec. 6.3.5] The quintuple (HLR (2), *, |, ALR(Q), ELR(Q))
is a connected graded bialgebra with grading Hyr(2) = @,>0KY,(2) and hence a
Hopf algebra.

If Q@ is a singleton set, then Yo (£2) is precisely the planar binary trees (without
decorations) and one gets the Loday—Ronco Hopf algebra on planar binary trees [27,
Thm. 3.1].

2.2 A combinatorial description of A;p(g)

Next, we give a combinatorial description of the coproduct A g(q) by the admissible
cut which was introduced by Connes and Kreimer [10] on rooted trees and further
studied by Foissy [16] on decorated rooted trees. This notion of cut of rooted trees can
be adapted to decorated planar binary trees as follows.

Let T € Y5 (S2) be a decorated planar binary tree. The edges of T are oriented
upwards, from root to leaves. A (non-total) cut c is a choice of edges connecting
internal vertices of 7. Note that an edge connecting a leaf and an internal vertex is not
in a cut. In particular, the empty cut is a cut with the choice of no edges. The cut ¢
is called admissible if any oriented path from a vertex of the tree to the root meets at
most one cut edge. For an admissible cut c, cutting each edge in c into two edges, T is
sent to a pair (P¢(T), R°(T)), such that R(T') is the connected component containing
the root of T and P¢(T') is the product of the other connected components with respect
to the multiplication * given in Eq. (1), from left to right. The total cut is also added,
which is by convention an admissible cut such that

RE(T) = | and PS(T) =T.
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The set of admissible cuts of T is denoted by Adm, (7). Let us note that the empty
cut is admissible. Denote by

Adm(T) := Adm,(T) \ {empty cut, total cut}.

Example 2.4 (a) Consider the decorated planar binary tree 7 = % witha, B,y €

Bﬁ% total

no | yes

Q. It has 22 non-total cuts and one total cut.

cutc empty Eé%

Admissible?| yes | yes

P(T) |

<
e

(b) Consider the decorated planar binary tree 7 = ﬂ\@/y with o, B, y € Q. It has

22 non-total cuts and one total cut.

cutc empty ﬂ%y P T_a P Ta i total
Admissible?| yes yes yes yes yes
RE(T) ﬂ\@/y \%/y M \K |
PE(T) | \/3\( \% %( . \K ﬂ\?y

Remark 2.5 1t should be pointed out that our admissible cut is different from the one,
which is introduced by Connes—Kreimer on undecorated planar rooted trees [10] and
further studied by Foissy on decorated planar rooted trees [16]. For example, under
the framework of [16], Foissy gave

) 8

l, l,
- B . B
RNy =17 and PNy =15

The undecorated case can also be found in [10, Figure 5]. Note that the cutting edge
is deleted. However, our admissible cut ¢ cuts each cutting edge into two edges.

Now, we are ready to give a combinatorial description of the coproduct A g(q).

Theorem 2.6 Let T € Yoo () \ {|}. Then,
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Arrey(T) = Y PR =TR|+|®T
ceAdm,(T)

+ ) PUT)®RUD). )
ceAdm(T)
Proof We prove Eq. (4) by induction on the depth dep(T) > 1. For the initial step of

dep(T) = 1,wehave T = Y« forsomea € 2. Since o has only one internal

vertex and each edge in a cut can’t connect a leaf and an internal vertex, T has only
two cuts—the total cut and the empty cut. Thus, Adm, (7") consists of the total cut and
the empty cut, and so

ALR@(\%):\(@H@\K.

For the induction step of dep(T') > 2, we may write T = T’ v, T" for some
T, T" € Yo (2) and o € 2. We have two cases to consider.

Case 1. dep(T") = 0 and dep(T") > 1, or dep(T") > 1 and dep(T”) = 0. Without
loss of generality, we consider dep(T’) = 0 and dep(T") > 1. Then, T! = | and
T =| Ve T".ByEq. (3),
Arr@)(T) = Arr@) (I Va T =(Va T ® |
+ (Vo) (ALr@) () ® ALr@)(T))

=T+ Vo) ®|®ALre)(T"))  (byEq. (2)

= T®|+(*,va>(|®|®(Tf®|+|®T’

+ Y PC(T’)®RC(T’)>>

ceAdm(TT)

(by the induction hypothesis)

=T®|+(*,va)<|®|®T’®|+|®|®|®T’

+ Y 1®I® P ®RC(T’)>
ceAdm(TT)
=TRI+(U*xTH®(Va D+ U*xD®(VaT")
+ Z (| PY(T") ® (| Vo RY(T"))
ceAdm(T")
=TRI+[®(UVa TH+T " ®(|Val)
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+ Y PUIN)®( Ve RU(T)
ceAdm(T7")

=TQ®I+I®T+ Y,  P(T)R(T.
ceAdm(T)

Case2.dep(T!) > 1and dep(T") > 1. Then, T = T' vy T" with T! # |and T” # |.
It follows from Eq. (3) that

ALr@)(T) = ALr@) (T Vo T") = (T vo T ® |
+ (6, Va) (ALr@) (T ® ALr@)(TT))

= T®|+(*,va)<<Tl®|+|®Tl

+ Y PrheRrRT)

ceAdm(T!)

®(Tr®|+|®Tr

+ Z PIT) ® R"J(T’))> (by the induction hypothesis)
'eAdm(T")

:T®|+(*,va)(Tl®|®T’®|+Tl®|®|®T’
+T'®I® Y. PUT)®RY(T)
¢'eAdm(TT)
HIRT' QT ®|+|T'® QT
+l®T'® Y PUTH®RUT)
c’eAdm(T")
+ ) PUUHRR(THRT ®|
ceAdm(T!)
ceAdm(T?)
+ ) > PrhHeR(TH®PIT)® RC’(T’))
ceAdm(T!) ¢'eAdm(T™")
=TI+ T *THR(Va D+ T ®(Va T")
+ Y @« PYTT) @ (| Vo RE(TTY)
c’eAdm(T")
+T" (T Vo )+ 1@ (T v T
+ Y PYINH (T vy RU(TT))

c'eAdm(T")
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+ > (PUTH AT @ (RE(TY) Vo )
ceAdm(T)
+ > PUTH®RUT) Vo T7)
ceAdm(T!)
+ Y Y (P« PYTN)) @ (RUT!) vy RE(TT))
ceAdm(T!) ¢'eAdm(T™")
=TRI+I®T+T'+«THQ(Va D+ T' @ (IVa T")
+T @ (T vy )
+ Y (T PYTN (Ve RO
c’eAdm(T7)
+ Y PYINH® (T vy RU(TT))
c’eAdm(T7)
+ ) (PUTH TR (RUT) Va |)
ceAdm(T!)
+ ) PUTH®RUTH Ve T
ceAdm(T))
+ Y Y (P PYT)) @ (RET!) v RE(TT)).
ceAdm(T!) ’eAdm(T")

(&)

We may draw the decorated planar binary tree T graphically as

Then, all kinds of admissible cuts in Adm(7) can be illustrated graphically as:

T, 1,7, 17,7 T, T T, T T, T T, T T T

;

Note that the last eight terms in Eq. (5) are precisely corresponding to the eight
kinds of admissible cuts in Adm(7"). Thus,

Adm(T) =

Arr@)(T) = Apr@)(T' Ve T =T ® | +|® T + Z PS(T) ® R(T).
ceAdm(T)

This completes the proof. O
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Example 2.7 (a) Consider the planar binary tree T = f}{? . By Theorem 2.6 and

Example 2.4 (a), we have
y y Y
ALR(X)(%)= \%®I+I®W+W®\K+\(®W.

(b) Let T = ﬂ\@y. It follows from Theorem 2.6 and Example 2.4 (b) that

ALr(x) (ﬁ\@/y> =ﬁ\@y®|+|®ﬁ\@v+<}(*\ﬁ>®\ﬁ
DY 0NN N

=ﬂ\@/y®|+|®ﬁ\gy+(}%+ﬁ<%)®\%
+}(®\ﬁfy+\{®3\%.

Observe that the results in (a) and (b) are consistent with the corresponding ones
in Example 2.2.

As adirect consequence of Theorem 2.6, we may give another proof of the following
result, which was obtained in [14, Sec. 4.3] and [33, Sec. 6.3.5].

Corollary 2.8 For eachn > 0,

ALr@ kY () S P kY, (Q) @ kY, ().
p+qg=n

Proof Let T € Y,(2). Denote by Int(7T) the set of interior vertices of 7. Then,
[Int(T)| = n. For an admissible cut ¢ in Adm, (T), write

P(T) =Ty *---% T and R°(T) = Ty for some k > 0.

Here, we use the convention that P°(T) = | when k = 0. By [14, Sec. 4.3], the
number of interior vertices of each summand in 77 * - - - % Ty is Zf: 1 IInt(T;)]. So, by
Theorem 2.6, the number of interior vertices of each summand in Ay gy (T) is

k
Z [Int(7})| + [Int(Ti41)| = [Int(T)| = n,

i=1
whence

ALr) € @D kYp(2) @ kY, (),
ptg=n

as required. O
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Remark 2.9 By Theorem 2.6, the fact that Hy g (€2) is a connected graded bialgebra is
obvious.

2.3 Subcoalgebras of coalgebra of decorated planar binary trees

In this subsection, we only consider the aforementioned coalgebraic structure on dec-
orated planar binary trees and show that Hy g (€2) is a strictly graded coalgebra.

Let C be a coalgebra. If there exists a family of k-submodules {C™ | n > 0} of C
such that

(a) C = @}120 C(n);
(b) e(C™)=0,n #0; and
© AC™) S, yen CPRCD . n >0,

then C is called a graded coalgebra. If in particular,
CO =xkand ¢V = P(0),

then C is said to be a strictly graded coalgebra [1, Chap. 4.1], where P (C) is the set
of primitive elements of C.

Definition 2.10 [1, Chap. 3.1] Let C be a coalgebra.

(a) A subcoalgebra M of C is called a simple subcoalgebra if it does not have any
subcoalgebras other than 0 and M.

(b) C is called irreducible if C has only one simple subcoalgebra.

(c) C is called pointed if all simple subcoalgebras of C are one dimensional.

Lemma 2.11 [1, Chap. 4.1] A strictly graded coalgebra is a pointed irreducible coal-
gebra.

Narrowing our attention to the coalgebraic structure of Hyr(£2), we obtain

Theorem 2.12 The coalgebra (HLRr (), ALR(Q). ELR(Q)) iS a strictly graded coal-
gebra with the grading H r(2) = @,>0kY,(82) and hence has only one simple
subcoalgebra k{|}.

Proof By Lemma?2.3, H g (R2) = @,>0kY, () is a graded coalgebra. Since Y (2) =
Yo = {|}, we have kY,(2) = k. Furthermore,

KY1(Q) = k{Y la e Q)

is the set of primitive elements of Hy g (£2) by Theorem 2.6. Thus, Hy g (£2) is a strictly
graded coalgebra. By Lemma 2.11, A1 r (£2) has only one simple subcoalgebra. Then,
the result follows from that kY (€2) = k{|} is a simple subcoalgebra of H r(2). O

Remark 2.13 Summing up, the coradical of the Hopf algebra Hyr(£2) (that is to say
the sum of all its simple coalgebra) is k{|}.
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3 Free cocycle vq-Hopf algebras of decorated planar binary trees

In this section, based on the binary grafting operations vV, on H r(2) with o € €,
we introduce the concept of a V-algebra and more generally a V-algebra, leading
to the emergence of Vv q-bialgebras and V o-Hopf algebras. Further when a v-cocycle
condition is involved, cocycle Vg-bialgebras and cocycle Vq-Hopf algebras are also
introduced. We finally show that Hy g (€2) is a free cocycle Vvg-Hopf algebra.

3.1 Free v g-algebras of decorated planar binary trees

In this subsection, we equip the space Hir(€2) of planar binary trees decorated by
a nonempty set 2 with a free V-algebra structure. Let us first recall the concept of
operated algebras.

Definition 3.1 [19, Sec. 1.2]

(a) Anoperated algebra is an algebra A together with a (linear) operator P : A — A.
(b) An Q-operated algebra is an algebra A together with a set of (linear) operators
Py:A— A a e

Motivated by the above definition and Eq. (1), we introduce V-algebras.

Definition 3.2 (a) A V-algebra is an algebra (A, %4, 1) together with a binary oper-
ation vV : A® A — A such that, fora =a; Vay anda’ = aj vV a) in A,

axpd =ayV(ayxaad)+ (axasa))Va.

More generally, let 2 be a nonempty set.
(b) A vg-algebra is an algebra (A, x4, 14) equipped with a set of binary operations

Vo ={Vg:AQRA > A|a e}
such that
axpa =ay Vg (@ *ad)+ (a*aa)) Ve a, 6)

where a = a; Vg az and @’ = a] Vo d) in A with o, o’ € Q. We denote such a
Vq-algebra by (A, x4, 14, V).

(c) Let (A, x4, 14, Ve) and (A", %4/, 14/, VG) be two Vg-algebras. A linear map
¢ : A — Aiscalled a Vg-algebra morphism if ¢ is an algebra homomorphism
such that ¢ o V4 = V/, 0 (¢ ® ¢) for each o € Q.

(d) A free v-algebra on a set X is a Vg-algebra (A, x4, 14, Vq) together with a
set map j : X — A with the property that, for any (A, %4/, 14/, Vi) and a set
map ¢ : X — A’, there exists a unique Vq-algebra morphism ¢ : A — A’ such
that ¢ o j = .
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Remark 3.3 Let us emphasize that V-algebras are different from operated algebras:
the V-algebra is an algebra equipped with a binary operation satisfying Eq. (6), but
the operated algebra is an algebra equipped with a unary operation.

Example 3.4 1t follows from Eq. (1) that (HL r(R2), *, |, Vq) is a Vg-algebra. Indeed,
it is a free Vg-algebra with a universal property (see Theorem 3.5 below).

The significant role of the binary grafting Vg is clarified by the following universal
property.

Theorem 3.5 The quadruple (HLR(S2), *, |, V) is the free V q-algebra on the empty
set, that is, the initial object in the category of V q-algebras. More precisely, for any
Vq-algebra A = (A, x4, 14, Va Q) there exists a unique V q-algebra morphism
¢ : HLr(2) — A.

Proof (Uniqueness). Suppose that ¢ : Hir(2) — A is a Vq-algebra morphism.
We prove the uniqueness of ¢(7’) for basis elements 7 € Y, () by induction on
dep(T) > 0. For the initial step of dep(T) = 0, wehave T = |and ¢(T) = ¢(]) = 1 4.

For the induction step of dep(T) > 1, we may write T = T} V4 T» for some @ € Q
and then

(1) =¢(T1 Vo T2) = ¢ o Vo(T1, T2) = Vauo (@ ®G)T1, T)
=V (6(T) @ ¢(T2)) = ¢(T1) Vae d(T2).
Here, ¢(Ty) and ¢(T5) are determined uniquely by the induction hypothesis and so
¢(T) is unique. B
(Existence). Define a linear map ¢ : H r(2) — A recursively on depth dep(T)
for T € Yoo (£2) by assigning
é()) =14 and §(T) := ¢(T1 Vo T2) = ¢(T1) Va0 $(T2), @)

where T = T1 vy T» for some T1, T € Yoo (2) and @ € 2. Then, for any Ty, 1> €
Yoo (R2), we have

¢ oVa(T1, T2) = (T Vo T2) = ¢(T1) Vaa $(T2) = Vau(d(T1) @ ¢(T2))
=Vau©o @@ (T, T2)

and so
50 Vg = VA © ($®5)
We are left to check that

QT «T')=¢(T) %4 ¢(T') forany T, T’ € Yoo(R). 8)
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We proceed to prove Eq. (8) by induction on the sum of depths dep(T") +dep(T”) > 0.
For the initial step of dep(T) + dep(T’) = 0, wehave T = T’ = | and

HT+T)=¢(I*]) =¢() =1a=1a%a 1a = () %4 ¢())
= (T) %4 H(T").
For the induction step of dep(T) + dep(T’) > 1, if dep(T) = 0 or dep(T’) = 0,
without loss of generality, letting dep(7)) = 0, then T = | and

ST +T)=¢(|*T)=¢(T") =14 %4 ¢(T') = ¢(|) x4 &(T")
= @(T) *4 H(T)).

So, we may assume that dep(T’), dep(7’) > 1 and write
T=TVeThand T' = T| vg T, forsome a, B € Q.
Hence,

(T «T)=¢(T1 Vo (T2 T")+ (T T{) Vg T;) (by Eq. (1))
=¢(Ti Vo (I % T")) + (T x T{) Vg T5) (by ¢ being linear)
=¢(T) Vau ¢ T) +¢(T * T)) Vap (T;) (by Eq. (7))
=¢(T1) Vaa (6(T2) %4 ¢(T") + (¢(T) %4 ¢(T))) Vap ¢(T5)
(by the induction hypothesis)
= (1) Va (T2 4 BT Vap $(T9))

+ (BT Vaa B(T) 4 BAD) Vap B(TH)
(by Eq. (7))
= (¢(T1) Vaa ¢(T2)) #a (¢(T)) Va,p #(T3)) (by Eq. (6))
=Ty Vo T2) %4 ¢(T{ Vg Ty) (by Eq. (7))
(T xa G(T),

as required. This completes the proof. O

3.2 Free cocycle vo-Hopf algebras of decorated planar binary trees

In this subsection, we prove that Hy g (€2) is the free cocycle Vo-Hopf algebra on the
empty set. Let us first pose the following concepts which are motivated from the binary
grafting operations {V, | a € 2} characterized in Eq. (1) and the coproduct Ay g(q)
given in Eq. (3).

Definition 3.6 (a) A V-bialgebra (resp. Vo-Hopf algebra) is a bialgebra (resp.
Hopfalgebra) (H, *y, 1y, Ay, eg) whichisalsoavg-algebra (H, g, 1y, VQ).
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(b) Let (H, Vg) and (H', V) be two Vg-bialgebras (resp. Vqo-Hopf algebras). A

linear map ¢ : H — H' is called a Vg-bialgebra morphism (resp. Vg-Hopf
algebra morphism) if ¢ is a bialgebra (resp. Hopf algebra) morphism such that
poVyg=V,o0(pQ¢)fora e Q.

Involved with an analogy of the Hochschild 1-cocycle condition [15], we pose

Definition 3.7 (a) An Q-cocycle V-bialgebra or simply a cocycle V-bialgebra

(b)

is a Vg-bialgebra (H, xy, 1y, An, eq, Vq) satisfying the following V-cocycle
condition: for any « € Q and i, 7’ € H,

Ag(h Vg h') = (h Vg ') @ 1 + (km, Vo) (Ag(h) @ Ap(h)),  (9)

where (xp, Vo) := (g ® V) o 703 and 123 is the permutation of the second and
third tensor factor. If the bialgebra in a cocycle Vq-bialgebra is a Hopf algebra,
then it is called a cocycle v o-Hopf algebra.

A free cocycle Vvg-bialgebra on a set X is a cocycle V-bialgebra (H, *g, lg,
Ag,eq, Vq) together with a set map j : X — H with the property that for any
cocycle Vo-bialgebra (H', g/, 15/, Agr, egr, V) andany setmap¢ : X — H',
there exists a unique Vgq-bialgebra morphism ¢ : H — H’ such that ¢ o j = ¢.
The concept of a free cocycle Vv -Hopf algebra is defined in the same way.

When Q2 is a singleton set, the subscript €2 in Definitions 3.2 and 3.7 will be suppressed
for simplicity.

The following result gives a family of coideals of a cocycle Vvg-bialgebra. Recall

that a submodule / in a coalgebra (C, A, ¢) is called a coideal if I/ C kere and
A(l) C1®C+C®I. Abiideal of a bialgebra A is a submodule of A which is both

an

ideal and a coideal of A.

Proposition 3.8 Let (H,*y, 1y, Ay, e, Va) be a cocycle Vv q-bialgebra and C a
coideal of H. Then, we have the following.

(@) Hvq H :={h{ Vg hy | hi,hy € H} is a coideal of H for each o € Q.
(b) The ideal generated by C is a biideal.

Proof (a) Let o € Q2. We first show H Vo, H C kerey. Let

h=hyVqhye HVvy H with h{,h, € H.

Using Sweedler notation, we can write

Ag(hy) = Zhl(]) ® h12) and Ag(hy) = ZhZ(l) ® ha).
(h1) (h2)

Then,

hi Vg hy = (eg ®id) o Ag(hy Vg h) (by the counicity)
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= (en ®id) (U Vo h2) ® Ly

+ (e Vo) (A (1) ® Ap () (by Eg. (9)
= ep(h1 Va h2) ® 1y + (ep ®1d) 0 (kp, Va)

(Z hay ® h1<z)) ® <Z haq) hz@))

(h1) (h2)
= en(h1 Vg h2) ® 1p + (eg ®id) o (xH, Va)

Z hiy ® h12) ® hay ® ha2)
(h1),(h2)

= eg(h1 Vg 12) ® 1y + (eg ®@1id)

D7 (hiay #m b)) @ (hi) Va ha@)
(h1),(h2)

(by (xp, Vo) := (¥ ® Vq) 0 123)
=eg(h Vo h2) ® 1y

+ Z eg(hiqy *m hay) ® (h12) Ve h22))
(h1),(h2)

=eg(hi Vo i) ® 1y

+ ) (Sﬂ(hl(l)) K 5H(h2(1))>(h1(2) Va ha2)
(h1).(h2)

=eg(h1 Vo h2) ® 1y

+ Z <8H(h1(1)) *K h1(2>) Ve (SH(hz(l)) *K hz(z))
(h1),(h2)

=eg(h1 Vo h2) ® 1y
+ hy vy ha  (by the counicity),

which implies
eg(hi Vg h2) ® 1lg =0 and so ey (hy V4 hy) = 0.
We next show
HveHC(HV,H)®Q@H+HQ®(HVy H).
Indeed, for any iy v, ho € H Vo H,

Ag(hy Vg ha) = (h1 Vo h2) ® 1y
+ (ka1 Vo) (A (h1) ® Ag(ha))  (by Eq. (9))
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=1 Ve h2) ® 1 + (xp, Va)

< Z (h1(1) ® h12)) ® (ha(1) ® hz(z)))

(h1),(h2)
=(h1 Vo h2) ® 1y
+ Z (h11) *H h21)) ® (h12) Va h22))
(h1),(h2)
€e(HVo HH®Q H+ H® (H vy H).

Thus, H Vv, H is a coideal.
(b) Suppose that [ is the ideal generated by C. Then, wecan write I = Hxy Cxy H
and so

Ap(l) = Ag(H g Cxg H) = Ag(H) x5 Ag(C) g Ag(H)
CH@H) g (CRH+H®C)xy (HQH)
=Hxyg Cxyg H)Y® (H+*HxH)

+(H*xH+«H)Q (H*y Cxy H)
=IQH+H®I.

Thus 7 is a biideal of H. O
As a consequence of Proposition 3.8 (a), we obtain a family of coideals of Hy g (£2).

Corollary 3.9 The H1R(2) Vo HLR(R2) is a coideal of H R (R?) for each a € Q.

Proof 1t follows from Proposition 3.8 (a). ]

Now we are ready for our main result of this section.
Theorem 3.10 Let Q2 be a nonempty set.

(a) Thesextuple (HLR(£2), *, |, ALR(Q), ELR(Q), V@) isthefree cocycle v o-bialgebra
on the empty set, that is, the initial object in the category of cocycle v -bialgebras.

(b) The sextuple (HLR(S2), *, |, ALR(Q), ELR(Q), V) IS the free cocycle Vv q-Hopf
algebra on the empty set, , that is, the initial object in the category of cocycle
Vq-Hopf algebras.

Proof (a) It follows from Lemma 2.3 that (H1r(2), *, |, ALr(@), €LR(Q)) is a bial-
gebra. Furthermore, the (HLR(S2), *, |, ALRrQ), ELR(Q), VQ) 1S a Vq-bialgebra by
Eq. (1) and a cocycle Vvg-bialgebra by Eq. (3).

We are left to show the freeness of Hy g (€2). For this, let (H, *g, 1y, Ay, €q, \/gz)
be an arbitrary cocycle Vv g-bialgebra. In particular, (H, *xy, 1 g, \/’Q) is a Vg-algebra.
So, by Theorem 3.5, there exists a unique algebra homomorphism ¢ : Hi g () — H
such that

Eo\/az\/;o@@@foranyaefz. (10)
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It remains to check the following two points:

A od(T) = (¢ ® p) o ALg)(T), (11)
EH Oa(T) = €LR(Q)(T) forall T e YOO(Q). (12)

We prove Eq. (11) by induction on dep(7") > 0. For the initial step of dep(7') = 0,
we have T = | and

Agodp(T)=Apodp(N=Au(lp)=1g® 1y =¢() ® ()
=RV =)o ALr@)() = (¢ ®¢) o ALre)(T).

For the induction step of dep(T) > 1, we may write T = T1 V4 T for some Ty, T €
Yoo (2) and o« € 2. Using the Sweedler notation,

Aprey(Th) = Z T1(1) ® T1(2) and Apg)(T2) = Z Ty ® Tr). (13)
(T) (T2)

Then,
A o¢(T)

= Ap o d(T1 Vo o) = Ay (¢(T1) Vi, ¢(T2)) (by Eq. (10))
= (A(T1) Vi, ¢(T2)) ® 15y + (xm, Vo)

(80 @(1) ® An($(12)) Oy Eq. O)

=¢(T1 Vo T) ® 1 + (kp, V;)((@@J@ALR(Q)(TD)

® ((0_5 ® a)ALR(Q)(Tz)))

(by Eq. (10) and the induction hypothesis)

=GP Va T &) + (o, v@((@ ® ) ALr (1))
((¢ ® ) ALr@)(T2) )

=G09)(Tva ) ®1) + (xn, v )( (¢Tan @ (M)
(T),(T2)
® (E(sz) ®$(T2(2)) >
(by Eq. (13))
=0 ¢>)((T1 Vo T2) ® |> + (¢(T1(1)) *H ¢(T2(1))>

(T1),(T2)
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® (E(Tl @) Vg 0_5(T2(2)))
=@0d(Tva T 1)

+ Z (Tia1) * o) @ 9(T12) Vo Ta2)
(T1),(T2)

(by ¢ being an algebra homomorphism and Eq. (10))
=@8d(Tva T )
+ (5@5)( Z (Thy * To(1y) ® (T12) Va Tz(z)))
(1), (T2)

=@ed(Ti Ve |)

+ (¢ ® P) o (x, Va)<ALR(Q)(T1) ® ALR(Q)(T2)>

= ($®5)<(T1 Vo 12) ® | + (%, Va)<ALR(sz)(T1) ® ALR(Q)(T2)>>

= (@ ®p) o ALr)(Ti Vo T2)
= (@ ®¢) o ALr)(T).

We next prove Eq. (12). If T = |, then

enod(T) =epod(]) =en(ly) = lx = eLre)(])-

IfT # |, then T canbe writtenas T = T1 V T» for some T1, T» € Yoo (2) and @ € Q2.
By Eq. (10),

enod(T) =epod(Ti Vo T2) = e ((T1) Ve, ¢(T2)) =0 = eLry(T), (14)

where the second last step employs Proposition 3.8 (a). This completes the proof of
Item (a).

(b) By Lemma 2.3, (HLr (), *, |, ALr( ), €L R(2)) 1S a Hopf algebra. It is further a
Vqo-Hopf algebra by Eq. (1) and a cocycle Vo-Hopf algebra by Eq. (3). Then, Item (b)
follows from Item (a) and the well-known fact that any bialgebra morphism between
two Hopf algebras is compatible with the antipodes [37, Lem. 4.04]. O

Taking €2 to be a singleton set in Theorem 3.10, all planar binary trees in Hy g (£2)
are decorated by the same letter. In other words, planar binary trees in Hr(£2) have
no decorations in this case and that are precisely the planar binary trees in the classical
Loday—Ronco Hopf algebra Hir. So

Corollary 3.11 (a) The classical Loday—Ronco Hopf algebra HiR is the free cocycle

V-bialgebra on the empty set, that is, the initial object in the category of cocycle
V-bialgebras.
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(b) The classical Loday—Ronco Hopf algebra Hy R is the free cocycle V-Hopf algebra
on the empty set, that is, the initial object in the category of cocycle V-Hopf
algebras.

Proof 1t follows from Theorem 3.10 by taking 2 to be a singleton set. O
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