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Abstract Given a framed quiver, i.e., one with a frozen vertex associated with each
mutable vertex, there is a concept of green mutation, as introduced by Keller. Maximal
sequences of such mutations, known as maximal green sequences, are important in
representation theory and physics as they have numerous applications, including the
computations of spectrums of BPS states, Donaldson—Thomas invariants, tilting of
hearts in derived categories, and quantum dilogarithm identities. In this paper, we study
such sequences and construct a maximal green sequence for every quiver mutation
equivalent to an orientation of a type A Dynkin diagram.

Keywords Quiver - Cluster algebra - Maximal green sequence

1 Introduction

A very important problem in cluster algebra theory, with connections to polyhedral
combinatorics and the enumeration of BPS states in string theory, is to determine
whether a given quiver has a maximal green sequence. In particular, it is open to
decide which quivers arising from triangulations of surfaces admit a maximal green
sequence, although progress for surfaces has been made in [7,8,17] and in the physics
literature in [1]. In [1], they give heuristics for exhibiting maximal green sequences for
quivers arising from triangulations of surfaces with boundary and present examples of
this for spheres with at least 4 punctures and tori with at least 2 punctures. They write
down a particular triangulation of such a surface and show that the quiver defined by

B Gregg Musiker
musiker @math.umn.edu

1 University of Minnesota, Minneapolis, MN, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10801-016-0716-4&domain=pdf
http://orcid.org/0000-0001-9381-8087

554 J Algebr Comb (2017) 45:553-599

this triangulation has a maximal green sequence. In [7,8], this same approach is used
on surfaces of any genus with at least 2 punctures. In [17], it is shown that there do
not exist maximal green sequences for a quiver arising from any triangulation of a
closed once-punctured genus g surface. It is still unknown the exact set of surfaces
with the property that each of its triangulations defines a quiver admitting a maximal
green sequence.

Outside the class of quivers defined by triangulated surfaces, there has also been
progress in proving that certain quivers do not have maximal green sequences. In [5],
it is shown that if a quiver has non-degenerate Jacobi-infinite potential, then the quiver
has no maximal green sequences. This is used in [5] to show that a certain McKay
quiver has no maximal green sequences, and in [22] it is shown that the X7 quiver has
no maximal green sequences. Other work [18] illustrates that it is possible to have two
mutation-infinite quivers that are mutation equivalent to one another where only one
of the two admits a maximal green sequence.

Even for cases where the existence of maximal green sequences is known (e.g.,
for quivers of type A), the problem of exhibiting, classifying, or counting maximal
green sequences has been challenging and serves as our motivation. By a quiver of
type A, we mean any quiver that is mutation equivalent to an orientation of a type
A Dynkin diagram. In the case where Q is acyclic, one can find a maximal green
sequence whose length is the number of vertices of O, by mutating at sources and
iterating until all vertices have been mutated exactly once. In general, maximal green
sequences must have length at least the number of vertices of Q. However, even for the
smallest non-acyclic quiver, i.e., the oriented 3-cycle (of type A3), a shortest maximal
green sequence is of length 4. (While we were in the process of revising this paper,
it was shown in [9] that the shortest possible length of a maximal green sequence
for a quiver Q of type A, is n 4+ t where r = #{3-cycles of Q}. See Remark 6.7 and
Sects. 8.1 and 8.3 for more details.) With a goal of gaining a better understanding of
such sequences, in this paper we explicitly construct a maximal green sequence for
every quiver of type A. As any triangulation of the disk with n 4+ 3 marked points
on the boundary defines a quiver of type A,, our construction shows that the disk
belongs to the set of surfaces each of whose triangulations define a quiver admitting
a maximal green sequence. We remark that the latter result has also been proved in
[9] by constructing maximal green sequences of type A, quivers of shortest possible
length. Additionally, the maximal green sequences constructed in [9] are almost never
the same as the maximal green sequences constructed in this paper.

In Sect. 2, we begin with background on quivers and their mutations. This section
includes the definition of maximal green sequences, which is our principal object of
study in this paper. Section 3 describes how to decompose quivers into direct sums
of strongly connected components, which we call irreducible quivers. We remark that
this definition of direct sum of quivers, which is based on a quiver gluing rule from
[1], coincides with the definition of a triangular extension of quivers appearing in [2].
Using this notion of direct sums in Theorem 3.12, we show that for certain direct sums
of quivers, to construct a maximal green sequence, it suffices to construct a maximal
green sequence for each of their irreducible components. We refer to the class of
such quivers for which Theorem 3.12 holds as ¢-colored direct sums of quivers (see
Definition 3.1). In Sect. 4, we show that almost all quivers arising from triangulated
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surfaces (with 1 connected component) which are a direct sum of at least 2 irreducible
components are in fact a -colored directed sum.

For type A quivers, irreducible quivers have an especially nice form as trees of
3-cycles, as described by Corollary 5.2. This allows us to restrict our attention to
signed irreducible quivers of type A, which are defined in and studied in Sect. 5. We
then construct a special mutation sequence for every signed irreducible quiver of type
A in Sect. 6, which we call an associated mutation sequence. This brings us to the
main theorem of the paper, Theorem 6.5, which states that this associated mutation
sequence is a maximal green sequence. Section 6 also highlights how the results of
Sect. 3 can be combined with Theorem 6.5 to get maximal green sequences for any
quiver of type A (see Corollary 6.8).

The proof of Theorem 6.5 is somewhat involved. The proof of Theorem 6.5 essen-
tially follows from two important lemmas (see Lemmas 7.2, 7.3). Our proof begins by
attaching frozen vertices to a signed irreducible type A quiver Q to get a framed quiver
O (see Sect. 2 for more details). We then apply the associated mutation sequence p
alluded to above, which is constructed in Sect. 6, but decompose it into certain sub-
sequences as jt =, 0 --- 0 [k O [, and apply each mutation subsequence M, one
after the other. In Lemma 7.2, we exphc1tly describe, for the resulting 1ntermed1ate
quivers, the full subquiver that will be affected by the next iteration of mutations p .

We will refer to this full subquiver of My 0ol 0 ﬁo(é) affected by M, as Ry.

Lemma 7.3 then explicitly describes how each of these full subquivers, Ry, is affected
by the mutation sequence - Together, these lemmas lead us to conclude that the
associated mutation sequence . = K, 0 Ok Ok is a maximal green sequence.

Furthermore, these two lemmas imply that the final quiver M, O 0L O 0(/Q\) is

isomorphic (as a directed graph) to Q, the co-framed quiver where the directions of
arrows between vertices of Q and frozen vertices have all been reversed. In particular,
such an isomorphism is known as a frozen isomorphism since it permutes the vertices
of Q while leaving the frozen vertices fixed. We refer to this permutation, of vertices
of Q, as the permutation induced by a maximal green sequence (we refer the reader
to Sect. 2 for precise definitions of these notions). One of the benefits of proving
Theorem 6.5 using the two lemmas mentioned in the previous paragraph is that we
exactly describe the permutation that is induced by an associated mutation sequence of
a signed irreducible quiver of type A. (See the last paragraph in Sect. 2 and Definition
7.1.) This is a result that may be of independent interest.

Finally, Sect. 8 ends with further remarks and ideas for future directions, including
extensions to quivers arising from triangulations of surfaces other than the disk with
marked points on the boundary.

2 Preliminaries and notation

The reader may find excellent surveys on the theory of cluster algebras and maximal
green sequences in [5, 14]. For our purposes, we recall a few of the relevant definitions.
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2 2
(@QF) = 1/ \3 - 1‘/—L\;3 = (12Q, F)
4/ 4/

Fig. 1 An example of quiver mutation

A quiver Q is a directed graph without loops or 2-cycles. In other words, Q is a
4-tuple ((Q)o, (Q)1, s, 1), where (Q)o = [M] :={1,2,..., M} is a set of vertices,
(Q)1 is a set of arrows, and two functions s,¢ : (Q); — (Q)o are defined so that
for every o € (Q)1, we have s(x) = t(a). An ice quiver is a pair (Q, F) with
Q a quiver and F C (Q)o frozen vertices with the additional restriction that any
i, j € F have no arrows of Q connecting them. We refer to the elements of (Q)o\ F as
mutable vertices. By convention, we assume (Q)o\F = [N]and F = [N+1, M] :=
{N+1,N+2,...,M}. Any quiver Q can be regarded as an ice quiver by setting
0=1(0.9.

The mutation of an ice quiver (Q, F') at a mutable vertex k, denoted 1y, produces
a new ice quiver (ur Q, F) by the three step process:

(1) Forevery 2-pathi — k — j in Q, adjoin a new arrow i — j.

(2) Reverse the direction of all arrows incident to k in Q.

(3) Delete any 2-cycles and arrows between frozen vertices created during the first
two steps.

We show an example of mutation in Fig. 1 depicting the mutable (resp. frozen) vertices
in black (resp. blue).

Since we will focus on quiver mutation in this paper, it will be useful to define a notation
for arrows obtained by reversing their direction. Given @ € (Q) where s (o) 5 t(a),
formally define «®P to be the arrow where s(@°P) = #(«) and 7(«°?) = s(«). With
this notation, step (2) in the definition of mutation can be rephrased as: if « € (Q);
and s(«) = k or (o) = k, replace o with a°P.

The information of an ice quiver can be equivalently described by its (skew-
symmetric) exchange matrix. Given (Q, F), we define B = Bp r) = (bij) €
ZN*M .— (N x M integer matrices} by bij = #{( 5 Jj) € (O} —#{( 5 i) e
(Q)1}. Furthermore, ice quiver mutation can equivalently be defined as matrix muta-
tion of the corresponding exchange matrix. Given an exchange matrix B € ZN>*M,
the mutation of B at k € [N], also denoted g, produces a new exchange matrix
Uk (B) = (b;j) with entries

b —bjj cifi =kor j =k
7| bij + sgn(bix) [bixbijl+ : otherwise

where [x]+ = max(x, 0). For example, the mutation of the ice quiver above (here
M = 4 and N = 3) translates into the following matrix mutation. Note that mutation
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of matrices (or of ice quivers) is an involution (i.e., (ix o ux)(B) = B).

0 2 0 0 i o -2 2 0
2
Bor=|-2 0 1 0 2 0o -1 0| =Buwo,r-
0 -1 0f -1 -2 1 0] —1

In this paper, we focus on successively applying mutations to a fixed ice quiver. As
such, if (Q, F) is a given ice quiver, we define an admissible sequence of (Q, F),
denoted i = (i1,...,14), to be a sequence of mutable vertices of (Q, F) such that
ij #ijyforall j € [d — 1]. An admissible sequence i = (i1, ..., ig) also gives rise
to a mutation sequence, which we define to be an expression ;t = p;, o- - - o ;, with
ij #ij41 forall j € [d — 1] that maps an ice quiver (Q, F) to a mutation equivalent
one!. Let Mut((Q, F)) denote the collection of ice quivers obtainable from (Q, F)
by a mutation sequence of finite length where the length of a mutation sequence is
defined to be d, the number of vertices appearing in the associated admissible sequence
i= (i1, ..., ig). Given a mutation sequence v of ‘0 e Mut( Q), we define the support
of v, denoted supp(v), to be the set of mutable vertices of Q appearing in the admissible
sequence which gives rise to v.

Given a quiver Q, we focus on successively mutating the framed quiver of Q, which
we now define. Following references such as [5, Section. 2.3], given a quiver Q, we

define its framed (resp. coframed) quiver to be the ice quiver Q (resp. Q) where

(D)o (= (é)o) = (Q)oU[N +1,2N], F = [N+1,2N],and (Q); := (Q); u{i —

N+i:ie[N]}@esp. (Q); := (O U{N+i—i:iel[N]}). Wewill denote
elements of Mut( Q) by Q. In the sequel, we will often write frozen vertices N + i of
R= Mut(Q) asi’. Thus, F = [N] where S’ := {x’ : x € S} forany S C (Q)o. In
this paper, we consider ice quivers Q € Mut(Q) up to frozen isomorphism (i.e., an
isomorphism of quivers that fixes frozen vertices). Such an isomorphism is equivalent
to a simultaneous permutation of the rows and of the first N columns of the exchange
matrix B@'

A mutable vertex i of an ice quiver Q € Mut(Q) is said to be green (resp. red) if
all arrows of Q connecting an element of [N] and i point away from (resp. toward)

~

i. Note that all mutable vertices of Q are green and all vertices of Q are red. By the
sign coherence of ¢- and g-vectors for cluster algebras [10, Theorem 1.7], it follows
that given any Q¢ Mut(Q) each mutable vertex of Q i is either red or green.

Let K= Mg 00 L be a mutation sequence of Q Define {Q(k)}o<k<d to be
the sequence of ice quivers where Q(O) = Q and Q(]) = (/JL,J. ..o ,u,,)(Q). (In
particular, throughout this paper, we apply any sequence of mutations in order from
rlght to left.) A green sequence of Q is an admissible sequence i = (i1, i, ...iq)
of Q such that i; is a green vertex of O(j — 1) foreach 1 < j < d. The adm1551ble
sequence i is a maximal green sequence of Q if it is a green sequence of Q such that

U In the sequel, we will identify an admissible sequence with the mutation sequence it defines.
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in the final quiver @(d), the vertices 1,2, ..., N are all red?. In other words, @(d)
contains no green vertices. Following [5], we let green(Q) denote the set of maximal
green sequences of Q7.

Proposition 2.10 of [5] shows that given any maximal green sequence w of Q, one

has a frozen isomorphism Q(d) = Q. Such an isomorphism amounts to a permutation
of the mutable vertices of Q, (i.e., E(a’ ) = Qo for some permutation o € Sy where

Qo is defined by the exchange matrix Bo = B _o that has entries (Bo);, j=Bi .¢,j.o)-

0
We call this the permutation induced by . Note that we can regard o as an element
Goy wherei -0 =i foranyi € [N + 1,2N].

3 Direct sums of quivers

In this section, we define a direct sum of quivers based on notation appearing in [1,
Section. 4.2]. We also show that, under certain restrictions, if a quiver Q can be written
as a direct sum of quivers where each summand has a maximal green sequence, then
the maximal green sequences of the summands can be concatenated in some way to
give a maximal green sequence for Q. Throughout this section, we let (Q1, F1) and
(02, F») be finite ice quivers with N1 and N, vertices, respectively. Furthermore, we
assume (Q1)o\F1 = [Ni]and (Q2)o\F2 = [N1 + 1, Ni + N2].

Definition 3.1 Let (ay, ..., ax) denote a k-tuple of elements from (Q;)o\F; and
(b1, ..., by) a k-tuple of elements from (Q2)o\ F2. (By convention, we assume that
the k-tuple (ai, ..., a) is ordered so that a; < a; if i < j unless stated otherwise.)
Additionally, let (R}, F1) € Mut((Q1, F1)) and (R, F») € Mut((Q», F>)). We define
the direct sum of (R, F) and (R,, F»), denoted (R, Fi) ®{,"""*"") (R, F»), to be
the ice quiver with vertices

.....

=[Ni+MN]JuFuUF

(R Py @@ (R F) = (R0 (R2)o = (Q1)o L (@2

and arrows

(R, F) @82 (Ra, F2)), = (Ri, F)1 U (Ra, )i U fa % bici e ).

(ar,....ar)

2 Note that since we identify an admissible sequence with the mutation sequence defined by it, we have
that maximal green sequences are identified with maximal green mutation sequences, as they are referred
toin [19].

3 By identifying maximal green sequences with maximal green mutation sequences, we abuse notation and
write an element of green(Q) either as an admissible sequence i = (i, ..., ig) or as its corresponding
mutation SEqUENCe L = [Lj; O - O [Ljy-
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Observe that we have the identification of ice quivers

mk) ~ A p b)) AT
Ql @(aly---,ak) Q2 = Ql @(al ’’’’’ ai) Q27
where the total number of vertices M = 2(N| + N») in both cases.
We say that (Ry, F1) @) (R, F,) is a t-colored direct sum if t =

(at,....ax)
#{distinct elements of{a; ..., ar}} and there does not exist i and j such that

#la; > bj) > 2.

Remark 3.2 Our definition of the direct sum of two quivers coincides with the defi-
nition of a triangular extension of two quivers introduced by Amiot in [2], except
that we consider quivers as opposed to quivers with potential. We thank S. Ladkani
for bringing this to our attention. He uses this terminology to study the representation
theory of a related class of quivers with potential, called class P by Kontsevich and
Soibelman [16, Section. 8.4].

Remark 3.3 The direct sum of two ice quivers is a non-associative operation as is
shown in Example 3.5.

Definition 3.4 We say that a quiver Q is irreducible if
— (b1,....bx)
0=0 ea(a:,...,ai) 0))

for some k-tuple (aj ..., ax) on (Q1)p and some k-tuple (b1, ..., br) on (Q2)o implies
that Q1 or Q> is the empty quiver. Note that we define irreducibility only for quivers
rather than for ice quivers because we later only study reducibility when F = §.

Example 3.5 Let Q denote the quiver shown in Fig. 2. Define Q to be the full sub-
quiver of Q on the vertices 1, ..., 4, Q3 to be the full subquiver of Q on the vertices
6,..., 11, and Q3 to be the full subquiver of Q on the vertex 5. Note that Q1, O»,
and Q3 are each irreducible. Then

_ (5.8.11,8.9.11)
0=0190111344 @23

where 023 = 0> @ gg; 03 s0 Q is a 3-colored direct sum. On the other hand, we could
write

5.5
Q0=0n @21,6; 03

where Q1 = 01 @E?’ilégﬁi)l b 0> so Q is a 2-colored direct sum. Additionally, note

that

(5,8,11,8,9,11) _ (5,8,11,8,9,11) 5)
Q1O 111344 923=0190113449 (QZ D 6) Q3)

(5.8.11,8.9,11) )
75 (Ql @(171’1’3,4’4) QZ) 69(6) 03
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Fig. 2 The quiver Q used in

5
Example 3.5 / \
1 6

where the last equality does not hold because Q| & g ? 1138494)1 D Q> is not defined as

5 is not a vertex of Q. This shows that the direct sum of two quivers, in the sense of
this paper, is not associative.

Our next goal is to prove that Q has a maximal green sequence if Q is a ¢-colored
direct sum and each of its summands has a maximal green sequence (see Proposi-
tion 3.12). Before proving this, we introduce a standard form of #-colored direct sums
of ice quivers with which we will work:

oW",..., b‘“ ..... b0 by —
(RF)=01® """ 570, (1)

where 05 € Mut(Q2), ai, ..., a; € (QD\IN11, 6", ..., 6, ..., 6", ... b e
(02)0\[N2], and p is afixed mutation sequence j;, o- - -ou;; where supp(p) C (Q1)o.
We consider the sequence of mutated quivers (R® | F), for each k € [0, d], where
R® .= Wi, o --- o u; R. By convention, k = 0 implies that the empty mutation
sequence has been apphed to (R, F) so R © = R. For every k € [0, d], we define
0,(k) := (Wi, © -+ -0 i )(Ql) and the following set of arrows
s(a) or t(a) €(Q1(k))o \ [N1] and the other end of
Alk):= [a e RW, Fy "0 A M 0 0
aisin{aj, ..., Z}U{b seenbp o b, D }

Observe that the sets A(k) only contain arrows in the partially mutated quivers
which have exactly one of their two ends incident to a vertex in (Q1)o. The next
lemma illustrates how the set of arrows A(k — 1) transforms into the set A (k).

Lemma 3.6 If (i 5 Jj) € A(k), but a,a? ¢ A(k — 1), then there is a 2-path
i ir bt jin (R®=V F) and exactly one of the arrows a1, a2 € (R*V | F),
belongs to A(k — 1).
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Proof By the definition of quiver mutation, the arrow (i = j)eAlk)c (R®, Fy =
(ni, R *k=DF), was originally in A(k — 1), was the reversal of an arrow originally in
A(k — 1), or resulted from a 2-path.

By hypothesis, we must be in the last case. By the definition of A(k), either the
source or target of « is in (E(k))o \ [N i] but not both. Hence, the 2-path i ki & il j
must contain one arrow from (E(k))o \ [N i] to itself and one arrow in A(k — 1). O

In the context of this lemma, we refer to this unique arrow in A(k — 1) as or. We
use Lemma 3.6 to define a coloring function to stratify the set of arrows A (k). This
will allow us to keep track of their orientations as will be needed to prove a crucial
lemma (see Lemma 3.10).

Definition 3.7 Let (R, F) be a ¢-colored direct sum with a direct sum decomposition
of the form shown in (1) and let ® be a mutation sequence where supp(g) C (O1o-
Define a coloring function by

f0 :AQ0) — {ay, ..., a4}
o —> s(a).

We say that « € A(0) has color fo(a) in (R, F). Now, inductively we define a
coloring function on each ice quiver (R®), F) where k € [0, d]. Define f* : A(k) —
{ay,...,a:} by

A l@)  cifa,a® ¢ Atk —1)

) =1 fF1aP) s ifa ¢ A(k—1), a® € Ak — 1),
) cifae Ak—1).

We say that o € A(k) has color f*(a) in (RW, F).

Example 3.8 Using the notation from Example 3.5 and writing
S A AG811891D) (A .05 A
Q = Q] @(111,1’3’414) (QZ @(6) QS) ,

we have a; = 1 and b(l) =35, b(l) 8, b(l) =11,a, =3 and b(z) =8, andaz =4

and b(S) =0, b?) = 11. In Fig. 3, we show Q and 3 Q The label written on an arrow
o of Q or i3 Q indicates its color with respect to Q1.

Our next result shows how the coloring functions { f k }o<k<q defined by anice quiver
(R, F) of the form in (1) and a mutation sequence p = Wi, o - - - o ju;, partition the

arrows connecting a mutable vertex x € (Q1)o and a vertex in {bl.(J) cielrjlju {a}}.

Lemma 3.9 Let (R, F) be a t-colored direct sum with a direct sum decomposition of
the form shown in (refQeqn) and let i be amutation sequence where supp (i) C (Q1)o.

Forany k € [0, d], we have that the coloring function f* is defined on each o € A(k).
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3/ 51

6——6'

O
[

3@

[l ————11'

Fig. 3 The quivers @ and 3 @ with the coloring functions f Land f 2, respectively

Proof We proceed by induction on k. If k = 0, no mutations have been applied so the
desired result holds. Suppose the result holds for (R*~D, F) and we will show that
the result also holds for (R®), F). We can write (R®), F) = (/LyR(k_l), F) for some
y € (Q1)o- Leta € A(k) such that s(@) = x € (Q1)p and t(@) = z € (b : i €
[r;1} U {a}} or vice versa. There are three cases to consider:

(@) x =y,

(b) x is connected to y and there is a 2-path x — y — zorx < y <« zin
(RED,F),

(c) x does not satisfy a) or b).

In Case a), we have that all arrows o € A(k — 1) connecting x and z are replaced by

a® € A(k). By the definition of the coloring functions, these reversed arrows obtain
color f*(a) = f*=1(a®P).
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In Case b), it follows by Lemma 3.6 that an arrow « € A(k) resulting from mutation
of the middle of a 2-path has a well-defined color given by f*~!(@). Further, mutation
at y would reverse both arrows of such a 2-path; hence, vertex y is in the middle of a
2-path in A(k) if and only if it is in the middle of a 2-path in A(k — 1).

Finally, in Case c), the mutation at y does not affect the arrows o connecting x and
z, and therefore, the colors of such an arrow are inherited from its color as an arrow in
A(k — 1). Note that an arrow between x and y would connect vertices of (Q1)o and
thus has no color. O

For the proofs in the remainder of this section, we denote the exchange matrix of
(RO, F),as Bgao_ gy = (B*(X, Y))xelni+Nal.yel2v, +n))- Here BE(x, y) = #{(x >
y) € (R®, F)1} —#{(y > x) € (R®, F) }. (This differs from the notation of Sect.

2 to differentiate it from our notation for the set of vertices {bgj )i [r;1}.) Further-
more, we refine this enumeration according to color using the following terminology.

B(x,y, ) :==#{(x > y) € (R®, F)| : ahas color £} — #{(y = x) € (R®, F); :

ahas color £}.

We proceed with the following two technical lemmas.

Lemma 3.10 Let (R, F) be a t-colored direct sum with a direct sum decomposi-
tion of the form shown in (1) and let i be a mutation sequence of (R, F) where
supp() C (Q1)o. For any k € [0, d], Celt],andx € (Q1)o, all of the arrows of
A(k) with color ag and incident to vertex x either all point toward vertex x or all point
away from vertex x. Moreover, they do so with the same multiplicity.

Proof We need to show that for any x € (Q1)o, k € [0,d], j € [t], and
L elay,...,a} wehave thatbk(x, b;l), l) = bk(x, a;., £) foralli € [r;]. We proceed
by induction on k. If k = 0, no mutations have been applied so the desired results
hold. Suppose the result holds for (R®~D, F) and we will show that the result also
holds for (R(k), F). We can write (R(k), F) = (,uyR(k_l), F) for some y € (Q1)o.
Let x € (Q1)p and z € {bgj) 21 € [rjliu {a;.} be given. There are three cases to
consider:

(@ x=y,
(b) x is connected to y and sgn(bk_1 (x,y)) = sgn(bk_1 (v,2)) #0,
(c) x does not satisfy (a) or (b).

By Lemma 3.9, we know that b*(x,2) = X cipicpy b (*. 2. £) and b1 (y, 2) =
ZZe{a,- e[t} pk-1 (v, z, £). Thus, from the definition of 1, and the proof of Lemma 3.9,
we have that

—bk’l(x,z,ﬁ) : Case a)
br(x,z,0) = 1 B e )b (. 2 0) + 65 (x, 2, 0) < Case b)
pl(x,z,0) : Case c).

@ Springer



564 J Algebr Comb (2017) 45:553-599

By induction, each expression on the right-hand side of the equality is independent
of the choice of 7 € {b(J) cielrjliu {a }. Thus, b¥(x, z, €) is independent of the

choice of z € (b : i € [r;]} U {aj}. o

Lemma 3.11 Let (R, F) be at-colored direct sum with a direct sum decomposition of
the form shown in (1), let 1 be a mutation sequence of (R, F') where supp(p,) C (Q1o,

and letk € [0, d]. In any (R(k) F), the arrows incident to the frozen vertex a (for all
i € [t]) have color a;.

Proof Let a; € {aj, ..., a;} be given. We proceed by induction on k. If k = 0, no
mutations have been applied so the desired result holds. Suppose the result holds
(R®=D | F) and we will show that the result holds for (R®, F). We can write
(RO, F) = (uyR*"D F) for some y € (Q1)o. As y # a, there are only two
cases to consider:

(b) a; is connected to y and there is a 2-path a; — y — zora, < y < zin
(RED.F),
(c) a; does not satisfy b).

First, in Case b), if there is a 2-patha; — y — zin (R*=D | F) (resp. a; <y <z
in (R*=D, F)), then by induction the arrow (a] — y) € (R*~V, F); (resp. (a] <
y) € (R*=V F)|)has color a;. Thus, if there is a 2-patha] — y — zin (R*~D, F)
(resp.a; <y < zin (R* =D F)), then there is an arrow a >z € (R® | F); (resp.
al{ «—zE€ (R(k), F)1) of color a;.

In Case c), the mutation at y does not affect the arrows a connecting a; and any
vertex z € (R®, F)g. Therefore the color of such an arrow is inherited from its color
as an arrow in A(k — 1). By induction, such arrows have color a;. O

We now arrive at the main result of this section. It shows that if Q is a t-colored
direct sum each of whose summands has a maximal green sequence, then one can
build a maximal green sequence for Q using the maximal green sequences for each
of its summands.

OO, b b, 5D
Theorem 3.12 Let Q = Q1 & @r.. ! a 1 a) Q» be a t-colored direct sum of

quivers. If&1 € green (Q1) and Ez e gféen (Q2), then M, 0 [, € green Q).

Proof of Theorem 3.12 Let o; denote the permutation of the vertices of Q; induced
by 22 Observe that under the identification in Definition 3.1, we let

M M 0 0
~ o\, b,l ..... b by ~
0=0 EB(an iy 02
Ob® O by
We also have that Q1 ® al a .].. @ ' a) Q2 is a t-colored direct sum of the form

shown in (1).
We first show that M Q is a s-colored direct sum (for some s). Let By = Hig

o---oM;.Since M, € green(Q1), we have that M @ = Q?c? and so for each frozen
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vertex a} with j € [t], we obtain that x; := a; - 01 € (Q1)o is the unique mutable

vertex of Q that is connected to a} by an arrow. Furthermore, (x; < a}) € (p, @)1
is the unique arrow of x| @ connecting these two vertices.
By Lemma 3.9, for any a} we have that bd(xj, a;) = Zee{ai: ielrl) bd(xj, a}, £).

Since Qlal has no 2-cycles, sgn(bd(xj,a £)) <Oforany £ € {a; : i € [t]}. By
Lemma 3.11, &; has color a; so b9 (x;, a ap) = bd(x],a aj). By Lemma 3.10, given
any x; :=a; - o1 € (Q1)o we have that bd(x/, z) =b? (xj,z,a;) = —1forany z €

{bl(J) S [rj]}u{a }. Thus, we have that | 0=0 GBE;U b,(.l.).,x,,;&;) ) 0101
~~~~~ rt
b(l)

is a s-colored direct sum where {bil), P s e, bﬁf)} is a multiset on
(Q2)0\ F2 (with s distinct elements) and {xl, ceus X1y eeny Xz, ..., X} 1S a multiset on
(Q1)o\ F1. Note that in this s-colored direct sum, the bf] )5 are not necessarily given
in increasing order.

Next, we show that M, (M (Q)) is a t-colored direct sum. Since M, Q is a s-colored
direct sum and My =[Lj, 00 u“ is a mutation n sequence with supp(uz) C (Q@2)o,
one defines coloring functions {g }Osksd’ on Q with respect to Q> in the sense of
Definition 3.7. Now an analogous argument to that of the previous two paragraphs
shows that

1) 1
— " yﬁl) ..... W) s~

.....

1,1, (D) =0ror @) N 006,

where y(l) = b(') oo withi € [t], j € [r;]. One now observes that

1 1 ~
Oy oy Dy

(gzogl)(Q) Q101 EB(X ,,,,, ey 0,00 = Q

and thus, all mutable vertices of (Ez oW 1)(5) are red.
Finally, since M; € green(Q;) fori = 1, 2, each mutation of @ along My 01y takes
place at a green vertex. Thus, Hyo € green(Q). O

Remark 3.13 We believe that Theorem 3.12 holds for any quiver that can be realized
as the direct sum of two non-empty quivers, but we do not have a proof.

4 Quivers arising from triangulated surfaces

In this section, we show that Theorem 3.12 can be applied to quivers that arise from
triangulated surfaces. Our main result of this section is that quivers Q arising from
triangulated surfaces can be realized as 7-colored direct sums (see Corollary 4.5).
Before presenting this result and its proof, we recall for the reader how a triangulated
surface defines a quiver. For more details on this construction, we refer the reader to
[11].
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Fig. 4 The quiver Ot defined
by a triangulation T

3

~ /N

| —)

Let S denote an oriented Riemann surface that may or may not have a boundary
and let M C S be a finite subset of S where we require that for each component B
of 3S we have BN M # (3. We call the elements of M marked points, we call the
elements of M\ (M N 9S) punctures, and we call the pair (S, M) a marked surface.
We require that (S, M) is not one of the following degenerate marked surfaces: a
sphere with one, two, or three punctures; a disk with one, two, or three marked points
on the boundary; or a punctured disk with one marked point on the boundary.

Given a marked surface (S, M), we consider curves on S up to isotopy. We define
an arc on S to be a simple curve y in S whose endpoints are marked points and
which is not isotopic to a boundary component of S. We say two arcs y; and y, on
S are compatible if they are isotopic relative to their endpoints to curves that are
non-intersecting except possibly at their endpoints. A triangulation of S is defined to
be a maximal collection of pairwise compatible arcs, denoted T. Each triangulation T
of S defines a quiver QT by associating vertices to arcs and arrows based on oriented
adjacencies (see Fig. 4).

One can also move between different triangulations of a given marked surface
(S, M). Define the flip of an arc y € T to be the unique arc y’ # y that produces a
triangulation of (S, M) givenby T’ = (T\{y })u{y’} (see Fig. 5).If (S, M) is a marked
surface where M contains punctures, there will be triangulations of S that contain self-
folded triangles (the region of S bounded by y3 and y4 in Fig. 6 is an example of
a self-folded triangle). We refer to the arc y3 (resp. ys4) shown in the triangulation
in Fig. 6 as a loop (a radius). As the flip of a radius of a self-folded triangle is not
defined, Fomin, Shapiro, and Thurston introduced tagged arcs, a generalization of
arcs, in order to develop such a notion.

We will not review the details of tagged arcs in this paper, but we remark that any
triangulation can be regarded as a tagged triangulation of (S, M) (i.e., a maximal
collection of pairwise compatible tagged arcs). In Fig. 6, we show how one regards
a triangulation of (S, M) as a tagged triangulation of (S, M). We also note that any
tagged triangulation T of (S, M) gives rise to a quiver Ot (see Example 8.1 for a
quiver defined by a tagged triangulation or see [11] for more examples and details).

We now review the notion of blocks, which was introduced in [11] and used to
classify quivers defined by a triangulation of some surface.

Definition 4.1 [11, Def. 13.1] A block is a directed graph isomorphic to one of the
graphs shown in Fig. 7. Depending on which graph it is, we call it a block of types I,
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Fig. 5 A flip connecting two triangulations of an annulus

Fig. 6 The map identifying a triangulation of a punctured disk as a tagged triangulation of a punctured

_AAADY

I 11 IITa IIIb I
Fig. 7 The Fomin-Shapiro-Thurston blocks

IL, III, IV, or V. The vertices marked by unfilled circles in Fig. 7 are called outlets. A
directed graph I is called block decomposable if it can be obtained from a collection
of disjoint blocks by the following procedure. Take a partial matching of the combined
set of outlets, matching an outlet to itself or to another outlet from the same block is not
allowed. Identify (or glue) the vertices within each pair of the matching. We require
that the resulting graph I' be connected. If I' contains a pair of edges connecting the
same pair of vertices but going in opposite directions, then remove each such a pair
of edges. The result is a block-decomposable graph I'.

As quivers are examples of directed graphs, one can ask whether there is a descrip-
tion of the class of block-decomposable quivers. The following theorem answers this
question completely.
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Theorem 4.2 [11, Thm. 13.3] Block-decomposable quivers are exactly those quivers
defined by a triangulation of some surface.

Remark 4.3 Let QT be a quiver defined by a triangulated surface with no frozen
vertices. In other words, we are assuming that every v € (QT)o is a mutable vertex.
Then

#loa € (O1)1 @ x —> y forsome y € (Q1)o} < 2
#loa € (01)1: y — x for some y € (O1)o} < 2.

We now consider the quivers that are defined by triangulations, but are not irre-
ducible. We show that any such quiver is a #-colored direct sum. The following lemma
is acrucial step in showing that a quiver defined by a triangulation that is not irreducible
will not have a double arrow connecting two summands of Q.

Lemma 4.4 Assume that Q is defined by a triangulated surface (with 1 connected
i

b is a proper subquiver of Q. Then there exists a

component) and that q >

path of length 2 from b to a.oc2

Proof Since Q is defined by a triangulated surface, there exists a block decomposition
{R;}jerm) of Q by Theorem 4.2. By definition of the blocks, &y and oz come from
distinct blocks. Without loss of generality, | is an arrow of R and 3 is an arrow of
R;. Furthermore, in R; with i = 1,2 we must have that s(«;) and 7 («;) are outlets.
Thus, R; withi = 1,2 is of types I, II, or IV, but by assumption R and R; are not
both of type I. When we glue the R; to R; to using the identifications associated
with Q, a case-by-case analysis shows that there exists a path of length 2 from b to
a. Furthermore, the vertices corresponding to a and b are no longer outlets. Thus,
attaching the remaining R;’s will not delete any arrows from this path.

Corollary 4.5 Let Q be a quiver defined by a triangulated surface (with 1 connected
ay
component) that is not irreducible. If ) # « > p then Q is at-colored direct
Q —

sum for some t € N.

Proof Since we are assuming that Q is not irreducible, there exists subquivers Q
and Q> of Q such that we can write Q as the direct sum Q = Q; 695228 0>
where {ay, ..., ar}is amultiset on (Q1)g and {by, ..., b} is a multiset on (Q7)g. Let
aj € {ay,...,ax}andb; € {by, ..., bi} be given. We claim that #{a € (Q)1 : a; =
bj} < 1. Suppose this were not the case, then Q would have a proper subquiver of the

[

[ —

form q; b; By Lemma 4.4, there must be a path of length 2 from b; to ;.

Qo
This contradicts the fact that all arrows between {ay, ..., ar} and {by, ..., by} point
toward the latter. Hence, Q is not only a direct sum but is a #-colored direct sum. 0O

5 Signed irreducible type A quivers

In this section, we focus our attention on type A, quivers, which are defined to be
quivers R € Mut(l <— 2 < --- < n) where n > 1 is a positive integer. We begin
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by classifying irreducible type A, quivers. After that, we explain how almost any
irreducible type A, quiver carries the structure of a binary tree of 3-cycles. In Sect. 6,
we will show how regarding irreducible type A, quivers as trees of 3-cycles allows us
to construct maximal green sequences for such quivers.

Our first step in classifying irreducible type A,, quivers is to present the following
theorem of Buan and Vatne, which classifies quivers in Mut(l <— 2 < --- < n)
where n > 1 is a positive integer. We will say that a quiver is of type A if it is of type
A,, for some positive integer n > 1.

Lemma 5.1 [6, Prop. 2.4] A quiver Q is of type A if and only if Q satisfies the
following:

(1) all non-trivial cycles in the underlying graph of Q are of length 3 and are oriented
in Q,
(i1) any vertex has at most four neighbors,
(iil) if a vertex has four neighbors, then two of its adjacent arrows belong to one
3-cycle, and the other two belong to another 3-cycle,
(iv) if a vertex has exactly three neighbors, then two of its adjacent arrows belong to
one 3-cycle, and the third arrow does not belong to any 3-cycle.

Corollary 5.2 Besides the quiver of type A, the irreducible quivers of type A are
exactly those quivers Q obtained by gluing together a finite number of type II blocks
{Sa}aeln] in such a way that the cycles in the underlying graph of Q are in bijection
with the elements of {Sq }ae[n)- Additionally, each S, shares a vertex with at most three
other Sg’s. (We say that Sy is connected to Sg in such a situation.)

Proof Assume that Q is a quiver obtained by gluing together a finite number of type
IT blocks {Sq }ae[n] in such a way that the cycles in the underlying graph of Q are in
bijection with the elements of {Sy}ve[n]. Then, Q satisfies (i) in Lemma 5.1. By the
rules for gluing blocks together, each vertex i € (Q)o has either two or four neighbors
so (ii) and (iv) in Lemma 5.1 hold. It also follows from the gluing rules that if i has
four neighbors, then two of its adjacent arrows belong to one 3-cycle and the other
two belong to another 3-cycle so (iii) in Lemma 5.1 holds. Additionally, since each
arrow of Q is contained in an oriented 3-cycle, there is no way to partition the vertices
into two components so that the arrows connecting them coherently point from one to
the other. Thus, the quiver Q is irreducible.

Conversely, let O be an irreducible type A quiver that is not the quiver of type
A. We first show that any arrow of Q belongs to a (necessarily) oriented 3-cycle of
Q. Suppose (i = J) € (Q)1 does not belong to an oriented 3-cycle of Q. Then,
there exist non-empty full subquivers Q1 and Q; of Q such that Q = Q; 698)) 0.
(By property i), there cannot be an (undirected) cycle of length larger than 3.) This
contradicts the fact that Q is irreducible.

Not only is it true that every arrow of Q belongs to an oriented 3-cycle of Q,
property i) also ensures that Q is obtained by identifying certain vertices of type II
blocks in a finite set of type Il blocks { Sy }«c[n]. Furthermore, property ii) in Lemma 5.1
implies that these identifications are such that all vertices have two or four neighbors.
By properties i) and iii), these identifications do not create any new cycles in the
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Fig. 8 Labeling arrows of an irreducible quiver of type A

underlying graph of Q. Thus, Q is obtained by gluing together a finite number of type
II blocks {Sq }ae[n] in such a way that the cycles in the underlying graph of Q are in
bijection with the elements of {Sy }ae[n]-

Definition 5.3 Let Q be an irreducible type A quiver with at least one 3-cycle. Define
a leaf 3-cycle S, in Q to be a 3-cycle in Q that is connected to at most one other
3-cycle in Q. We define a root 3-cycle to be a chosen leaf 3-cycle.

Lemma 5.4 Suppose Q is an irreducible type A quiver with at least one 3-cycle. Then
0 has a leaf 3-cycle.

Proof 1If Q has exactly one 3-cycle R, then Q = R is a leaf 3-cycle. If Q is obtained
from the type II blocks {S; };c[x], consider the block S;, . If S;, is connected to only one
other 3-cycle, then §;, is a leaf 3-cycle. If S;, is connected to more than one 3-cycle,
let S;, denote one of the 3-cycles to which §;; is connected. If S;, is only connected
to S;,, then §;, is a leaf 3-cycle. Otherwise, there exists a 3-cycle S;; # S;, connected
to S;,. By Lemma 5.1, there are no non-trivial cycles in the underlying graph of Q
besides those determined by the blocks {S;};<[n] so this process will end. Thus, Q has
a leaf 3-cycle.

Consider a pair (Q, S) where Q is an irreducible type A quiver with at least one
3-cycle and S denotes a root 3-cycle in Q. We now define a labeling of the arrows of Q,
an ordering of the 3-cycles, and a sign function on the set of 3-cycles of Q. Adding this
additional data to (Q, S) yields a binary tree structure on the set of 3-cycles { Sy }ae[n]-

We begin by letting S := § denote the chosen root 3-cycle, S» denote the unique
3-cycle connected to Sp, and z; denote the vertex shared by S; and S,. (In the event
that Q is a single 3-cycle, we choose z; to be a vertex of S; arbitrarily.) Next, we let
a1, B and y; denote the three arrows of S in cyclic order such that s(y;) = z1 =
t(B1), s(B1) = t(ay), and s(ay) = t(y1). We next label the arrows of S, such that
s(an) = 71 = t(y2), t(aa) = s(Br), and t(B2) = s(y2). See Fig. 8 for examples of
this labeling.

For i > 2, we order the remaining 3-cycles by a depth-first ordering where we
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Fig. 9 A positive (resp.
negative) 3-cycle is shown on

€T 4> Yi
the left (resp. right) / \ \ /

$z<72'z

(1) inductively define S;4 to be the 3-cycle attached to the vertex 7 (c;),

(2) define o4 such that s(oj41) = #(¢;) and then B;41, yi+1 follow «;41 in cyclic
order,

(3) if no 3-cycle is attached to # (), define S;+1 to be the 3-cycle attached to 7(8;)
and s(a;+1) = t(B;) instead, and finally

(4) minimally backtrack and continue the depth-first ordering until all arrows and
3-cycles have been labeled.

Given a 3-cycle S; in the block decomposition of Q, define x; := s(«;), yi 1= s(B;),
and z; := s(y;). The vertex z; of S was already defined in the previous paragraph
and that definition of z; clearly agrees with this one. We say that a 3-cycle S; is
positive (resp. negative) if s(a;) = f(a;) (resp. s(a;) = t(;)) for some j < i. We
define sgn(S;) := + (resp. —) if S; is positive (resp. negative). By convention, we set
sgn(S1) = +. Wedefine 7; := (S;, sgn(S;)) to be a 3-cycle in the block decomposition
of Q and its sign. We will refer to 7; where i € [n] as a signed 3-cycle of Q. For
graphical convenience, we will consistently draw 3-cycles as shown in Fig. 9 with the
convention that sgn(S;) = + (resp. —) in the former figure (resp. latter figure). We
refer to the data Q := (Q, S, {T;}ic[n]) as a signed irreducible type A quiver.

Remark 5.5 If Q is an irreducible type A quiver with more than one 3-cycle, then the
choice of a root 3-cycle completely determines the sign of each 3-cycle of Q. Thus,
Q= (0, S, {T;}ie[n)) depends only on (Q, S), and thus, it makes sense to refer to the
signed irreducible type A quiver defined by (Q, S).

The next lemma follows immediately from Corollary 5.2 and from our definition
of the sign of a 3-cycle S; in Q.

Lemma 5.6 If Q is an irreducible type A quiver with at least one 3-cycle, S is a root
3-cycle of Q and Q = (Q, S, {T;}ic)) is a signed irreducible type A quiver defined
by (Q, S), then Q is equivalent to a labeled binary tree with vertex set {S;};c[,) where
S; is connected to S; by an edge if and only if S; is connected to S; (i.e., S; and S;
share a vertex). Furthermore, a 3-cycle Sj € {S;}ie[n) has a right child (resp. left
child) if and only if S; shares the vertex y; (resp. z ;) with another 3-cycle, .

For the remainder of this section, we assume that Q is a given irreducible type A
quiver and S a root 3-cycle of Q. We also assume Q is a signed irreducible type A
defined by the data (Q, S). For convenience, we will abuse notation and refer to the
vertices, arrows, 3-cycles, etc. of Q with the understanding that we are referring to
the vertices, arrows, 3-cycles, etc. of Q, respectively. Since we will often work with
Q , the framed quiver of Q, it will also be useful to define 0 to be framed quiver of Q
with the additional data of S, the root 3-cycle of Q, and the data of a sign associated
with each 3-cycle of Q. Now for convenience, we will abuse notation and refer to the
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Fig. 10 A signed irreducible type A3 uiver

mutable vertices, frozen vertices, arrows, and 3-cycles of @ with the understanding
that we are referring to the mutable vertices, frozen vertices, arrows, and 3-cycles of
Q respectively. We will refer to Qasa signed irreducible type A framed quiver.
Additionally, we define a full subquiver R of Q or QO to be a full subquiver of Q or
Q , respectively, with the property that the sign of any 3-cycle C of R is the same as
the sign of C when regarded as a 3-cycle of Q or 0.

Example 5.7 In Fig. 10, we show an example of a signed irreducible type A,3 quiver,
which we denote by Q. The positive 3-cycles of Q are T, T3, T4, Ts, T7. For clarity,
we have labeled the arrows of Q in Fig. 10, but we will often suppress these labels in
later examples. We also note that many of the vertices, e.g., z1, ¥2, ¥3, 23, could also
be labeled as x3, x3, x4, x11, respectively, but we suppress the vertex labels x; (which
are shorthand for s(c;)) except for xj.

It will be helpful to define an ordering on the vertices of Q. We label the mutable
vertices of Q according to the linear order

1=s(0y) <t(ay) <t(Br) <t(a) <t(fr) <---<tlay) <t(By) =N
and the frozen vertices of @ according to the linear order
N+1=s(a) <t(@) <t(B) <t(@) <t(B) <--- <t(ay) <1(Bp) =2N.

We call this the standard ordering of the vertices of @

Example 5.8 Let Q denote the signed irreducible type Aj3 framed quiver shown in
Fig. 11. We have labeled the vertices of Q in Fig. 11 according to the standard ordering.
Note that we have suppressed the arrow labels in Fig. 11.

6 Associated mutation sequences

Throughout this section, we work with a given signed irreducible type A quiver Q
with respect to a fixed root 3-cycle S. Based on the data defining the signed irre-
ducible type A quiver Q, we construct a mutation sequence of Q that we will call
the associated mutation sequence of Q. After that, we state our main theorem which
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Fig. 11 The framed quiver of a signed irreducible type A3 quiver with vertices labeled using the standard
ordering

says that the associated mutation sequence of Q is a maximal green sequence (see The-
orem 6.5). We then apply our main theorem to construct a maximal green sequence
for any type A quiver Q (see Corollary 6.8).

6.1 Definition of associated mutation sequences

Before defining the associated mutation sequence of Q, we need to develop some
terminology.

Definition 6.1 Let T; be a signed 3-cycle of Q. Define the sequence of vertices
(x(0, k), x(1,k), ..., x(d, k)) of Q by

. Zk 1ifj =0,

xX(j, k) = [ t(ymj) : ym/.is the unique arrow of Q satisfyings(ym/) =x(j—1,k).
Note that such a sequence is necessarily finite, and we choose d to be maximal, or
equivalently so that sgn(S,,,) = +. When k is clear from context, we abbreviate
x(s, k) as x(s). It follows from the definition of x(j) that x(j) = X forany j € [d]
and that x(d) = x1 or y,,—1. However, x(0) can be expressed as x; for some s € [n]
only if deg(x(0)) = deg(zx) = 4. See Fig. 12. Note that if sgn(S;y) = +, then this
sequence of vertices is simply (x(0), x(1)).

Definition 6.2 For any vertex v of Q which can be expressed as v = y, i.e., as a
point of some signed 3-cycle T} of Q, we define the transport of y; by the following
procedure. We will denote the image of the transport as tr(v). Consider the full sub-
quiver of Q on the vertices of the signed 3-cycles 71,75,. .. ,T;, which we denote by
Oy Inside this subquiver,

(i) move from y; along B to ¢ (Bk),

(ii) move from #(By) along the sequence of arrows ¥, Vi, - - - » Ym, of maximal
length to 7(y;,) where the integers {m;};c[4) are those defined by the signed
3-cycle T (see Definition 6.1),
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Fig. 12 The sequence (x(0), x(1), ..., x(d)) defined by T} where sgn(S;) = —. The transport of yj is

also illustrated for quivers where there is no sequence of the form in (2) of Definition 6.2

(iii) if possible, move from 7 (y;,,) to tr(yx) := t(Bx,) along the sequence of arrows
of the form shown in (2) each of which belongs to a signed 3-cycle 7; for some
i < k, under the assumption that the subsequences A; and A, are of maximal
length, and A, must be non-empty. If no such sequence exists of this form, we
instead define tr(yx) =1 (Vim,)-

I“kl s Bris ey Bras - - gy s :Bkefll’ kg > Iakulv Bres1s Qkeyas Broyas - - - o Qs ,Bksl
Aq A

@)

See Figs. 12, 13, and 14.

We now use the above notation to define the associated mutation sequence of Q.

Definition 6.3 Let Q = (Q, S, {T;}ic[n) be asigned irreducible type A quiver. Define
My = - For each k € [n], we define a sequence of mutations, denoted My as
follows. Note that when we write ¢ below, we mean the empty mutation sequence.
We define

A Y ¥ Bl Tol b
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Yk,
g,y By
Ty =Tk,
x(d) <=—2(d — 1) ——> Yky
Vg Ty,
Ymg_ 1\ /
z(d—2)
Ykoia
Akpy \i"'[i»l
Ty g
QAky L7ES T keto
T(?) T T Lhosq Lheyo Ykoyo
my =k koya
Ym \ /ﬁu
+2
(i —1) Thoyy
(1) ———= Yk Tk, *> Yk,
T;«:TWY
Ymyq Br \ AM
z(0)

||
tr(y)

Fig. 13 The sequence of arrows one follows to compute the transport of y;. Note that in this case, the
sequence Aq is non-empty

/\ .

TYmy Tvnd 1 ‘rk4
TYmg_q
x(d—2)

T, —>yk

o) \ /
7\ A T

2(0) tr(yk)

Fig. 14 The sequence of arrows one follows to compute the transport of y;. Note that in this case, the
sequence Aq is empty

where Moy Bps Bes and M, are mutation sequences defined in the following way

Ko = Iy
M = Wx(d—1) © *+* O [Lx(1) O Mx(0)
) Mu@y i x(d) # x

B = 1w cifx(d) = x;

By o= Hutw: @ Springer
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VANIWANIWAN
\VARVARVAAN

\Tg /16 /Q(R\i 23 27 @ 2
17 8= 9 30 29
\Tg/ \/
19 31

Fig. 15 The signed irreducible type A3 quiver described in Example 6.4

) M, ) 12

0 8 113 O f11 O b7 O Hg O ji15 © f17 © [16

1 pyopzops 9 113041 O f47 O flg © fi15 O 17 O fi19 O fi18
2 11 O[30 fi5 O fig 10 p1g 0 p13 © pat o pgg

3 Jl4 O f11 O 7 O fig 11 pop © p1g © 23 © o2

4 g 01 O fi7 O flg O g 12 p99 0 piog © pia5 © o

S 48 O fi4 O H11 © fi10 13 a2 © p20 © pios © p27 © pi2g

6 pig © 14 © 11 © f113 © 12 14 pg2 o 120 © fia5 © 27 © fig O fiog

T 413 O 41 O fi7 O fig O 115 O [i14 15 p23 0 p13 © pat © w31 © p3p

Fig. 16 The associated mutation of the signed irreducible type A3; quiver in Fig. 15

Note that x(d) = xi or ym,—1 so the transport tr(x(d)) in u B is well defined. Now
define the associated mutation sequence of Q to be u := M, OO O We

will denote the associated mutation sequence of Q by u or by EQ if it is not clear
from context which signed irreducible type A quiver defines p. At times, it will be

useful to wrlte&k ZEA(k) oﬂB(k) OEC(k) OED(k)'

Example 6.4 Let Q denote the signed irreducible type Az quiver appearing in Fig. 15.
In the table in Fig. 16, we describe M for each 0 < i < 15. Thus, the associated

mutation sequence defined by Q is Mg O My, O O O

We now arrive at the main result of this paper.

Theorem 6.5 If Q = (Q, S, {T;}ic)) is a signed irreducible type A quiver with
associated mutation sequence W, then we have p € green (Q).

We present the proof Theorem 6.5 in the next section, as the argument requires
some additional tools.
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Fig. 17 The irreducible quiver 2 4 6
Q in Remark 6.6 Q _ / \ / \ / \
1 3 5 7.
2 7 1
/N /N /N
Q1 = 1l=—3——>14 6 5 3 2 = Q
N K N ¥/
5—>6 4
N ¥/
7

Fig. 18 The two signed irreducible type A quivers that can be obtained from Q

Remark 6.6 For a given irreducible type A quiver with at least one 3-cycle, the length
of  can vary depending on the choice of leaf 3-cycle. Let O denote the irreducible
type A7 quiver shown in Fig. 17. By choosing the 3-cycle 1,2,3 (resp. 5,6,7) to be the
root 3-cycle, one obtains the signed irreducible type A quiver Q; (resp. Q>) shown in
Fig. 18. Then the associated mutations of Q; and 9, are

EQI = /L] O [L3 O [L5 O [47 O L6 O [b] O J3 O L5 O [L4 O JL] O [L3 O 42 O [U]
ng=M30M60M20M10M60M50M40M30M60M50M7OM6~

Furthermore, the maximal green sequence produced by Theorem 6.5, i.e., the associ-
ated mutation sequence of a each signed irreducible type A quiver associated with Q,
is not necessarily a minimal length maximal green sequence. For example, it is easy
tocheckthaty = 3 o o g o 43 0 (7 0 lhg © 42 © U5 O (4] © H4 © [47 IS @ Maximal
green sequence of O, which is of length less than that of EQI or &92.

Remark 6.7 While we were revising this paper, Cormier, Dillery, Resh, Serhiyenko,
and Whelan [9] found a construction of minimal length maximal green sequences for
type A quivers. Therein, they construct a maximal green sequence for any irreducible
type A quiver Q with at least one 3-cycle by mutating first at all leaf 3-cycles of Q, then
mutating at the 3-cycles connected to the leaf 3-cycles of Q, continuing this process,
and then mutating a subsequence of the vertices in reverse. This contrasts with the
maximal green sequences we construct in this paper, which involve some extraneous
steps but whose process can be defined locally and inductively, akin to writing down
the reduced word for a permutation using bubble sort.

We conclude this section by using Theorem 6.5 to show that any type A quiver has
at least one maximal green sequence.

Corollary 6.8 Let Q € Mut(1 — 2 — --- — n). Then Q has a maximal green
sequence.
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7 v Cix Cax Con Car Yin
[ | |
Cik Coge Cs Cak
/N\/ \ [N S /N /\
Re=yi~— 22l cea(s)<a(s+ 1) tr(a(d)) <— tr(yr) <— Ur <— 20
Ye 2 ) B2 #ZE) TE(s) T(s+1) T ir(a(d) {r(‘yk) Yk Zin

Fig. 19 The local configuration around y; and z; just before My is applied

Proof By Corollary 4.5, Q can be expressed as a direct sum of irreducible type A
quivers {Q1, Q2, ..., Qk}. In other words,

0=0 EB(b<1,1),b<2.1),--4,17((11,1))
=¥l (@@,1),a @2,1),---a(,1y)

®a, )b, jysbd;. i)
(aq,j)sa @ jys-ad;, j))

Q5 where Q';

=Q0;® Q}+1f0r2§j§k—l,andQ}(=Qk.

If Q; isof type A| and @; denotes the unique vertex of Q;, then u(i) ‘= [lg; 1S amax-
imal green sequence of Q;. If Q; is not of type A, then we form a signed irreducible
type A quiver, @), associated with Q; by picking a leaf 3-cycle. Now by Theorem 6.5,
the associated mutation sequence of 0® denoted u(i), is a maximal green sequence
of Q;. By applying Proposition 3.12 iteratively, we obtain pp = u® o -+ o @ o
is a maximal green sequence of 0.

7 Proof of theorem 6.5

In this section, we work with a fixed signed irreducible type A quiver Q
(Q, S, {Ti}ierny) with N vertices. We write u = M, OO 0y for the associated
mutation sequence of Q.

Definition 7.1 Foreach M appearing in p, we define a permutation 7; € &g, = Sy
where &g, denotes the symmetric group on the vertices of Q. In the special case
where i = 0, we define 7 to be the identity permutation. Then for i € [n] where
My = Hig O+ 0 [Lij, We define 7; := (i2, ..., ig) in cycle notation (i.e.,i; - T; = i1
for j € [d — 1] and iy - T; = ip). Note that i1 = y;. We also define

O =T TI7

=TT

where the last equality holds since 7 is the identity permutation. We say that o, is the
associated permutation corresponding to Q.
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7 v Cix Cax Con Ca1n Y
L | |
Yt Crk Cok Cs.e Ca—1,
/\/ ATAT AT /\
lc*’/<7'—s,<7b ca(s)=<a(s+1)-ra(d—1) =—tr(yr) =— Ve =— 2
v, d M) 32 #E) SEs) Hs+ D) C#Hd-1) a(‘yk) g, 2

Fig. 20 The local configuration in the special case when x(d) = x| since tr(x) is not defined

Theorem 6.5 will imply that the associated permutation oy, is exactly the permutation
induced by u (see the last paragraph of Sect. 2).
Let Ty and 7; where k < t be signed 3-cycles of Q. Let Oy ; denote the full subquiver

of Q on the vertices of 771, ..., T and the vertices of T, ..., T),, where the integers
mi, ..., mg € [n] are those defined by 7; as in Definition 6.1. For example, Oy  is the
full subquiver of Q on the vertices of the signed 3-cycles T1, ..., Tx. By convention,

we also define Qp ¢ to be the full subquiver of Q consisting of only the vertex x;. Now
define tr|; ; to be the restriction of the transport to O ;.

Lemma 7.2 For each k € [n), there is an ice quiver Ry that is a full subquiver of
My 0 o0 Eo(é) of the form shown in Fig. 19 (resp. Fig. 20) where the vertices
2k = x(0), x(1), ..., x(d—1), tr(x(d)), and tr(y) (resp. zx = x(0), x(1), ..., x(d —
1), and tr(yx)) are those appearing in the mutation sequence B © Eao © Eew
and the integers my, ma, ..., mq are those defined by Ty in Definition 6.1. Recall that
we only mutate at tr(x(d)) if x(d) # x1. Furthermore, the ice quiver Ry has the

following properties:

e Ry includes every frozen vertex that is connected to a mutable vertex appearing
in Fig. 19 (resp. Fig. 20) by at least one arrow in My 00 Ml o ;,LO(Q) where
x(1) = zl’"d_l, tr(x(d)) = Xpy s tr(yr) == )c/l1 and X(s) := xp, o for*s €
[2,d — 1] (resp. tr(yy) = x), m and x(s) := xmd " for5 sell,d—1]),

e vertices Ym, Yy, Zm, and z,, appear in Ry if and only if deg(yy) = 4 in Q,

e vertices yy, y;, z¢, and zj appear in Ry if and only if deg(zx) = 4 in Q,

e vertices y; and y| appear in Ry if and only if there exists a szgned 3-cycle T in Q
with k < t such that tr| (y;) = zx and such that in My 0 ol 0 (Q) the

vertex x; has been mutated exactly once6, and

4 Ifd = 1, then tr(x(d)) = xml = Xg.
SIfd = 1, then tr(x(d)) = xm1 = xi. Furthermore, d = 1, in this case, if and only if k = 1.

6 Note that this can only happen if there exists j < k such that z; = x; and x(d, k) = y; as in Definition
6.1.
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% v Cixn Cox Cok Cak Yin
Yt Chk O Cs ke Car Ye Ym

L

s=—<—ua(l)=—2(2) z(s-1

ﬁk(§k> =z

Fig. 21 The quiver u k (Ry) before rearrangement

’ ~ o o ’
Yt Chk Cs.k Cak Y  Ym Zm

j Crk Cy ke Car gl;\ ‘j,\]
u, (Ri) = / \ (1,k) (s —1,k) < z(s, k) v(d —1,k) < tr(x(d, k) = tr(yx <—\"/
2y T(L,k) T(2,k) (s k) F(s+1,k) tr(z(d—1,k)  tr(ye) EA Yy

Fig. 22 The quiver p, (Ry) rearranged to look more like Ry |

o inFig. 19 (resp. Fig.20) C1 i = Xp,—1 -O'k__ll, Cirk = x,’nd_l, Csk = Ym; ~Uk__11,

andajzzz y,’nj fors e[2,dland j =d — s+ 2 (resp. Csj := Ym; oo,:_ll and

e

Cs k= y,/njfors ell,d—1]land j =d — s +2).

Additionally, for each k € [n] we have W0 ok o ﬁo(gk’\k) = Qk\’k/-ak.

We will prove Lemma 7.2 in the case where the vertex tr(x(d)) appears in the
mutation sequence p, (i.e., when x(d) # x1). Under this assumption, the following
lemma will allow us to prove Lemma 7.2 inductively. The proof of Lemma 7.2 when
tr(x(d)) does not appear in My, is very similar so we omit it.

Lemma 7.3 Letk € [n] be given and let Ry, be the ice quiver described in Lemma 7.2.
(See Fig. 19.) Then
° &k(ﬁk) has the form shown in Fig. 21 and Fig. 22 (here, the vertices yu, y),,
Zms Ly Y5 Vs 205 2y Vi, and y| appear in Ek(ﬁk) if and only if they appear in
Ri),_ ~
° ﬁk(Rk) is a full subquiver ofgk ool OEO(Q)’
e as one mutates Ry, along My, one does so only at green vertices,
° i (Ry) includes every frozen vertex that is connected to a mutable vertex appear-

ing in Fig. 22 by at least one arrow in i, o ---o jt o EO(Q),
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e the full subquiver of My 0o, oﬁo(é) on the vertices (Q\)o\(ﬁk)o is
unchanged by the mutation sequence ©

e the vertices z¢ and z,, (rather than zj) are the only mutable vertices in ey (Ry)
that are incident to multiple frozen vertices.

Additionally, for each k € [n], the full subquiver Ofﬁk o---op o Eo(é) restricted

to the green mutable vertices outside of (Ry)o, as well as the incident frozen vertices,
equals the original framed quiver Q restricted to those vertices.

Proof of Theorem 6.5 By the third assertion in Lemma 7.3, the associated muta-
tion sequence p = W, 0ty Oy of Q is a green mutation sequence of Q. By
Lemma 7.2,

Mno"'oﬁlO%(Q)Z&no"'oﬁlOEO(Qn,n)Z Qnn-on= Q- 0y

and so every mutable vertex of [ZNCRERY'S Oﬁo(é) is red. Thus, no=n,
RN ogoegreen(Q). |
Remark 7.4 Tt follows from Lemma 5.1 that as one mutates R along My = Wi,

o--- 0, we have that i; in u;; , oo pu; (Ry) is incident to at most four other
mutable vertices.

Proof of Lemma 7.3 The first assertion follows inductively by mutating the vertices
of Ry in the speciﬁed order Ek = ur(yr) © Hir(x(d)) © Hx(d—1) © Mx(d—=2) © *** Hx(1)
O [Lx(0) © My, reading right to left. In particular, as this mutation sequence is applied
to Ry, Remark 7.4 shows that the mutable vertices incident to ye are located further
and further to the right in Figure 19 until we see that they are tr(y;) and z,, at the
end of the sequence. In fact, we observe after mutating R, at y that z is the unique
green vertex of Ry (with the exception of the vertices yg¢, z¢, Vs, Ym, and z,, if they
appear in Ry). As we continue to mutate My (Ry) along the remaining mutations in
Mo the unique green vertex is x(s) for some s € [0, d — 1] or as tr(x(d)) or tr(yx) (as
before, with the exception of the vertices yy, z¢, ¥¢, Ym, and z,,). Iteratively mutating
at this unique green vertex exactly corresponds to performing the mutation sequence
Fag ® Epuy © Feow O ED@(R")' R

The second assertion, ﬁk(Rk) is a full subquiver of&k °-rop, 0 EO(Q)’ follows

since the vertices of Q at which one mutates when applying M, are all vertices of Ry.
One can see that the third assertion follows from the above observation that a unique
vertex becomes green as we iteratively mutate. The fourth assertion holds for u , (Ry)
since it holds for Ry. The fifth assertion follows since the vertices in the support of My
are all disconnected from the vertices in (&k_l 0-::0W Op 0( Q))o\(ﬁk)o. Further,
the sixth assertion is demonstrated inductively as we mutate x(s) for s € [0, d — 1].
Lastly, by restricting to the green mutable vertices outside of (Ry)o and the incident
frozen vertices, it is clear that the mutation sequence My, leaves this full subquiver
unaffected. O
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Fig. 23 The subquiver R=R, 2/2
of 11,(0) T

= Y2 21 Xy 28]

<
o~
I\
-
2
—

Y

Proof of Lemma 7.2 'We prove the lemma by induction. Fork = 1, observe that s O(@ )

has the full subquiver R shown in Fig. 23 where we assume that n > 1. We show that
R has all of the properties that R; must satisfy. Note that tr(y;) = xj and fork = 1 one
has thatx(l) = x;m, = x1. Since deg(y1) = 2, no vertices y, y,,, Zm. and z,, appear
in R, as desired. Since only vertex x; has been mutated to obtain 2 (Q) Nno arrows
between vertices of a signed 3-cycle T; with 1 < r and vertices of s 51gned 3-cycle T;
with i < 1 have been created. Furthermore, there is no signed 3-cycle 7; of Q with
1 <t where tr|; ;(y;) = z1. Note that in this degenerate case, tr(y;) = x(1) and so no
Cit’s or/C\i,T’s appear in Ry, and X(1) = Hr(yl) = x{. Thus, the quiver R satisfies all
of the properties that R must satisfy. Further, in this special case 50,\0 contains only
the vertex x; and x| and oy is the identity permutation. Thus, &0@; indeed equals

-
Qo0 - 00

Now assume that k > 1 and that My 0 o0 &0( @) has a full subquiver Ry

with the properties in the statement of the lemma. To show that (O OM oM, O(@)
has the desired full subquiver ﬁk“, we consider four cases:

(i) deg(yk) = 2 and deg(zx) = 4,

(i) deg(yx) = 4 and deg(zx) = 2,
(iii) deg(yx) = 4 and deg(zx) = 4, and
(iv) deg(yx) = 2 and deg(zx) = 2.

Suppose that we are in Case i). By the properties of the ice quiver Ry, this means
that vertices Y, ¥, Zm, and z),, d_o not appear in Rg. This also implies that £ = k + 1.
Now Lemma 7.3 implies that « (Ri) has the form shown in Fig. 24 where the vertices

ye and y; appear p, (Ry) if and only if they appear in Ry. Note that the quiver in Fig. 24
is the same as the quiver in Fig. 22 with the notation updated accordingly. In particular,
the integers m(kH) ;Hl), Elkjll) € [n] and the vertices x (1, k+1), ..., x(d +

1,k+1)e (Q)o are those deﬁned by Ty following Definition 6.1. Since the signed
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/ — ~ — /
Yy Cl k41 Caks1 Cayiks1 = Yk

P T Lo

C1A+L Cak+1 Cav1k+1 = Yk
c 1l == (1,

PAYAN AN YA
AN

2(2,k+1) z(s,k+1)<z(s+1,k+1) a(dk+1)<tr(z(d+ 1,k + 1)) <= tr(yrs1) < Ve t1
Gor B0k 1)

|

(Y1) Ve

F2k+1) Bs,k+1)  F(s+1,k) F(dk+1)  (e(d+ Lk + D)

Fig. 24 The quiver k (Ry) obtained by mutating Ry, in Case (i)

3-cycles Ty and Tj4 share the vertex zj (i.e., zx = Xx+1), we have that

m(1k+1) =k+1, m;kH) =my, ..., m;.kH) =mj_q, ..., mék:ll) =mg B
and
x(Lk+1D) =z, x2,k+1) =x(1), ..., x(s,k+1)

=x(s—=1), ....,x(d+ Lk+1) =x(d).

This implies that tr(x(d + 1,k 4+ 1)) = tr(x(d, k)) and tr(yx+1) = tr(yx). Now we
also obtain that

FSLk+1) =7 ke, = 2,1 = X(1, k) and X (s, k + 1)

/ ! =
= xm(k+1) =X D = Xy = x(s, k)
d+1—s5+2 j

for s € [2,d] where j = (d + 1) — s + 2 and that
H‘(x(d +1Lk+1)= x;n(kJrl) = x,/nl = EI:(yk) and a‘(}’kﬂ) = x;n(kJrl) = x//<+1 = Z;c
2 1

where the last equality follows from the fact that 7y and Ty share the vertex z. Thus,
we have labeled the vertices of &k(ﬁk) accordingly in Fig. 24. Furthermore, that the
signed 3-cycles Ty and Tj share the vertex z; implies that zx1 = tr|g+1.,(y;) if and
only if zx = tr|x (yr)-
Next, observe that for any s € [d] we have Cs - T 1 Cy.x since we do not
mutate C ; when applying My Additionally, X, kD) _ | = Xmg—1 and Y kD = Ym;
d+1 Jj+1

(for j = (d+ 1) —s + 2 where s € [2,d]) follows from (3). Comparing with
the fifth bullet point of Lemma 7.2, we obtain C;x = Csy - rk_l = Csx+1 and

—_—

Csx =Cs - tl:l = C/S\k: for any s € [d].

Now let Cyy1 k+1 = yk and Cy41 k+1 = y,’c. Note that yi "71:1 = yi since yi has
. - -1 _—1 -1
not been mutated in Hy_ 00 EO(Q)' Furthermore, yr -0, 1, = Yk T, = Yk
by the definition of 7 s0 Cy41 k+1 = Yk - ak_l, as desired.
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Chk Cs i Cak
Chk Cs i Cak / \
w(Br) = se<—a(Lk) -+ a(s—1,k) < a(s, k) v(d — 1, k) = tr(z(d, k) = tr(y,) —=
T(Lk) T(2k) B(s, k) Fs+1k)  r(x(d, k) tr(yr) 2

Fig. 25 The quiver obtained by mutating Ry, in Case ii)

We now construct an ice quiverﬁthat is the full subquiver of M o000 Eo(é)
on the vertices of My (Ry), as well as the vertices x;, vr, Zr and corresponding frozen
vertices x/., y., z,. of any signed 3-cycles 7, of Q where k < r and zx] or yry1 is a
vertex if 7. Companng this construction of R to the quiver Ry | appearing in Fig. 19,
we verify that R indeed equals Ry and satisfies the five properties listed as bullet
points in Lemma 7.2.

Next, suppose that we are in Case ii). In this situation, we have that m = k 4 1
and the vertices yy, yé, z¢, and zz do not belong to Ri. Now Lemma 7.3 implies that
My (Ry) has the form shown in Fig. 25. We let T, (resp. T,) be the signed 3-cycle

not equal to Ty | that contains zx41 (resp. yx41), if they exist. Define R to be the ice
quiver that is a full subquiver of (OOl O, O(Q) on the vertices

/ /! / /7 / / /7 !/ /
yk-‘rlv yk-l,-]» Zk+11 Zk+]7 tr()’k), Zkv yka yks tr(x(d))9 xkv ypv yp» Zps Zpa )’qs yqv qu Zq

where we include y, and y}, (resp. zp, 2, Vg, Yg» Zq» and z;) in R if and only if
yp and y;, (resp. zq, 2y, Yq. Vg 2» and z;) appear in Ek(ﬁk), i.e., depending on if
deg(yk+1) = 4 and if deg(zx+1) = 4. See Flg 26.

Just as above, we claim that the ice quiver R equals Ry and satifies the five bullet
points in the statement of Lemma 7.2. It is easy to see that R is a full subquiver of
M O o O O(@) that includes every frozen vertex that is connected to a mutable

vertex appearing in Fig. 26 by at least one arrow in p PERERCY ARy 0).In particular,

My (Ry) has this property and no vertices of T, or T, and neither yxy1 nor zixyi

have been mutated in PR /Ll o ,uO(Q) Furthermore, defining m(kH) € [n],

x(0,k+1),andx(1,k+1) € (Q)o just as we did in Case 1), following Definition 6.1,
and using the fact that sgn(7Ty41) = +, we have mng) =k+1,x0,k+1) = z441,

and x (1, k + 1) = xx+1. Hence, we obtain that
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/ =~ /

Zp Chkr1 = Tk Yq

31' Ciis1 = u (7,:] Yq
E:(/1/<— 1 =<— tr(x +1)<7t1(yk <~ Yhtl =—— Zg
\\\R / /
Zhi1 Yy, Yk+1 Zq

Fig. 26 The quiver R = R | that we obtain in Case (ii)

tr(x(1,k + 1)) = tr(x;y1) = tr(yx) and Z:n(“”—l =z,
1
as desired. Additionally, the fact that sgn(7y41) = + also implies that

/ / /
(V1) = Xe1 = ypandx gpp) = X = Y,
1

as desired. These calculations are reflected in the quiver R shown in Fig. 26, thus
verifying the first three bullet points of Lemma 7.2.

Furthermore, since deg(zx) = 2, there is no signed 3-cycle 7; with k + 1 < ¢ such
that trlg41. (V) = Zk+1 in W0 ok o ﬁo(é) vertex x; has been mutated exactly
once. The fourth bullet point follows. Now observe that tr(y;) = Xy, = X;. Since we
have applied a maximal green sequence to Qy and since tr(x(d, k)) is only connected
to the frozen vertex x,/c, Proposition 2.10 of [5] implies that tr(x(d, k)) = xi - O'k_l . We
thus have the fifth bullet point.

Case iii) is similar to Case ii), but with some key differences. In this situation, we
again have that m = k + 1, but this time both y, and z, are relevant. Now Lemma 7.3
implies that My (Ry) has the form shown in Fig. 27. We let T, (resp. T,) be the signed

3-cycles incident to zg (resp. y1) if they exist. Define R to be the ice quiver that
is a full subquiver of My o-rop o &O(Q) on the vertices

/ / / / / /

Vk+1s Yk 1> Zht1s Zpa 1o TR s Zs Yioo Vi tr(x(d)), Xp, Ve, Yy
/ / / /
Yps Yp>ZpsZps Vqs VgrZq5 g

where we include y, and y; (resp. z,, z;, Vg yt’l, 24, and z;) in R if and only if
yp and y,, (resp. zq, 24, Yq, Yy» 2¢» and z;) appear in Ek(ﬁk), i.e., depending on if
deg(yk+1) = 4 and if deg(zx+1) = 4. See Fig. 28.

We claim that the ice quiver R has the properties in the statement of Lemma 7.2.
It is easy to see that R is a full subquiver of H oo o Eo(é)' That R includes
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y; 51\,;9 Cs.k é;/k y;{‘ yin z':n

j 01 k C k CJA;‘. ylk )AK ]
 (Be) = / \/kz—l(l k) z(s — 1,k) < z(s, k) z(d — 1,k) < tr(z(d, k)) < tr(yx 3]
2 F(L, k) T(2,k) (s, k) F(s+1,k)  tr(x(d k) tr(yr) 2, Y

Fig. 27 The quiver obtained by mutating Ry, in Case (iii)

Zp Yy Cirs1 = T Ya

ve  Cigtr =z -0 Yq
=Yp 2+ 1 z(Lk+ 1)) =—tr(yps1) <— Ur+1 =— 2
Yp Z;c+1 Z;c yfﬂ y;f-&-l Ztll

Fig. 28 The quiver R = Ry | that we obtain in Case (iii)

every frozen vertex that is connected to a mutable vertex appearing in Fig. 28 by at
least one arrow in p, o---op oy, (Q) follows from the fact that My (R) has this
property and from the fact that no vertlces of T, or T, and neither yk+1 nor Zk+1 have

been mutated in @ Mo om0 MO(Q) Now observe that tr(y;) = X, = X;. Asin

Case ii), Proposition 2.10 of [5] implies that tr(x(d, k)) = xj - O’k
Let m(kH) € [n] be the integer from the definition of 7T and let x(0, k +
1), x(1, k + 1) € (Q)g be the vertices from the definition of Ky . As in Case ii), we

are using the fact that sgn(7x+1) = +. Now notice that m(k+1) = t()_,kH)

x(0,k+1) = zx41,and x(1, k + 1) = xz41. We now obtaln that

=k+1,

tr(x(d, k + 1)) = tr(xq1) = tr(ye),

as desired. The fact that sgn(7y+1) = + implies that

tr(Ye41) = Xkt1 = Yk
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Ymgiq
Amgyq Brmgia

(d+1Qe—zd@4——+%2
md
Ym g By

z(d—1,0) "

Fig. 29 A full subquiver of Q showing one possible configuration of the signed 3-cycles Ty, Ty 41, and
Ty, as described in the proof of Lemma 7.2 at the end of Case (iii)

Since deg(zx+1) = 4, the vertices y, and y, both appear in R. Now it is clear
that deg(zx+1) = 4 if and only if tr|s41,¢(y¢) = zx+1 and the signed 3-cycle Ty Iias
the property that vertex x, has been mutated exactly once in p M 0o O 0(Q)

Hence, we see that the vertex y; is positioned in R exactly where y; is positioned in
Ri+1, see Fig. 19. These calculations are reflected in the quiver R shown in Fig. 28,
and we see that this quiver has the properties that the desired quiver R should have.
The proof of the five bullet points of Lemma 7.2 in Case iii) concludes in the same
way as the proof for Case ii).

In addition, we illustrate how in Case iii), for each ¢ € [n] satisfying k < ¢ < ¢
there is an ice quiver R, ¢ that is isomorphic to Ry and that appears as a full subquiver
of W, OOl oW, (Q) Furthermore, we show that Rg ¢ = Ry. This analysis will
be used in the argument for Case iv), which is given below.

As we are in Case iii), we know that both vertices y; and z; are of degree 4
and the signed 3-cycles T, Tx+1, and T; appear in a full subquiver of Q of the
form shown in Fig. 29 or 30. It follows that y, and zy, which are incident to zj
inp 41 O TOM, O Eo(é)’ will not be mutated until after applying the mutation
SEqUENCES [y, [, s+ - s 4, where k < r < £ (see Fig. 31). To be precise, the
quiver in Fig. 31 is a full subquiver of My (0 op 0 ﬂo(é)’ which we define as
follows. Letting k < r < £ be the integer such that z, = tr(yy) and e such that
x(e,r) = Xg+1 = Yk, this full subquiver includes the vertices of Ry_ as well as the
mutable vertices of the signed 3-cycles Tmér) = Ti+1, T’”y)l’ R ng)’ T’"Y) =T,
as in Definition 6.1, and their corresponding frozen vertices.

We now mutate the quiver shown in Fig. 31 along My By Lemma 7.3, this does

not affect the full subquiver of My O o0 Eo(é) on the vertices (/Q\)o\(ﬁk)o.
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Yk+1
a% &1
a ()
Uk LA LY,
T &
oy \ Me 1
Tk ﬁ'rn(T)
I(Q,g) e I(l,é) T y@x(e o 277/.) e—1
N

e(l,r) —— > Yy

N A
z(0,7)

tr(ye)

Fig. 30 A full subquiver of Q showing the other possible configuration of the signed 3-cycles Ty, Ty 1,
and Ty, as described in the proof of Lemma 7.2 at the end of Case (iii)

Ykyr < Urtl Zp
y;c Yk k1o 11 o _1/,,,1' 2 y;ni,._)l
e
Car /
l/ /tr(yk) rle—=2r)—x(e—2,1)
tr(z(d, k)) r 1,7 Yr A

— ~_

C1 k : I

tr(yx) z(1,7) T
: tr(z(d, k)) i /
l -7/'(“)\ #{Lr) (0.7) = (0,7’
Cl,k/ / ¥(2,k) - 7
\ N Z/ y/
w(1,k) =< %1, k) . \
y/ \ |

Ye
\T(/
22 —

Fig. 31 The full subquiver of k1 O TOM O ﬁo(@ on the vertices and frozen vertices shown here
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o /
Yk+1 Zk+1

tr(x(d, k)) “k Yy x(lr) - Yr A

o U~ *
ok : tr(yr)
z(1, k) z(1,7)
/ T 2(0,7) = z(0,7)’

Cik \ (2, k)

2y =<— 2(1, k)

yé m \ ) y

Fig. 32 The full subquiver of Mooy 0 ﬁo(é) on the vertices and frozen vertices shown here

Thus, we conclude that Moo o Eo(é) has the quiver shown in Fig. 32 as a full
subquiver. We observe that the permutation Uk:l] has the vertices y; and zx as fixed

points. However, rk_l maps zx > tr(yx) and fixes yx. These equalities are illustrated
in Fig. 32.

Next, we relabel the vertices of the quiver in Fig. 32 to obtain the quiver shown
in Fig. 33. In particular, since sgn(7y) = — with x; = zi, note that zx = x(1,¥¢),
x(s, k) = x(s + 1, £), and tr(yx) = tr|,¢(y¢). Define EH],@ to be the full subquiver
of&k 0-::op 0 EO(Q) on the red vertices appearing in Fig. 33, the neighbors of y,
and z¢, as well as the frozen vertices to which these all are connected. One observes
that EH 1.¢ and Ry are isomorphic as ice quivers. Furthermore, we will see that EH 1.e
has the same vertices as Ry with the exceptions of yx and tr|x ¢(ye).

For k < ¢ < ¢, we define Ec, ¢ analogously as the full subquiver of
M, 0o 0 Eo(é) on the set of vertices (E]H_]’g)() . r,;l] rk_+12 - rc__ll.With this
definition, we observe that R ¢ is identical to R ¢ except possibly at two vertices.
In particular, for k < ¢ < ¢, if T, does not appear in Fig. 29 (resp. Fig. 30), then the
mutation sequence H, does not involve any vertices that appear in R, ¢. Consequently,

after mutation by . , we obtain Rev10=Rey

On the other hand, when 7, fork < ¢ < ¢,i.e.,c = m§r) for some s, does appear in
Fig. 29 (resp. Fig. 30), then the mutation sequence M, as indicated by bold arrows in

Figs. 33, 34 involves vertices y -O’C__ll and z; ~O’C__11. In this case, EC-‘,—I,Z = Ec,g with
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y;<:+1 Z;c+1
Yk+1 241 ,““—>y/<)
i Ne_1
l T\io(ye) = 2 - 0 Yo wle —2.r) —=x(e—2,r)
—
Yo =Yk 0f "
~~ Z/
tr(x(d +1,¢)) k Yy L, A
—~ . \N
Chk : tr(z(d + 1,0))
x(2,0) z(1,7)
/ \~ 2(0.r) = x(0,7)
o / #2,0)
x(1,0) =<— %(1,0)

Yy Yt 2 Zy

Fig. 33 The quiver that appears in Fig. 32 with its vertex labels updated so that the part of Ry ¢ that
appears here looks like the corresponding part of the quiver Ry

the relabeling yy - o 1 = Yk-og Vand 7, - o, 11 = 2k - O, ~ 1 since each application of

4, permutes these two vertices by 7. !, This isomorphism of full subquivers follows
from Lemma 7.3.
We obtain the identity z¢ -0 = tr], ) ,(ve) for m{

orr = mY) < ¢ < £ when s = 1, which is implicit in Fig. 34, by Lemma 7.5. We

leave this argument until after completing the proof of Lemma 7.2 (see below). We also
observe, by the specialization ¢ = ¢ — 1, that yy - a[ll = Cgy1eand zg-0,_ 11 = tr(ye)-
Consequently, we eventually arrive at the configuration in Fig. 35 with configurations
of the form as in Fig. 34 as intermediate steps. In summary, we conclude that Ry ¢ = R,
as desired.

Next, suppose we are in Case (iv). Since deg(zx) = 2, this case is similar to Case
(i). However, here we have deg(yx) = 2 as well, and so the quiver M, (Ry) looks

) ()

<c<mg_ whens € [2, e]

like Fig. 22, but without yg, y;, Z¢, Zj» Ym» Yy, Zm. DOr z,,. The green vertex y; and
y; may or may not appear in the quiver My (Ry). In the latter case, k = n and we

have applied the entire mutation sequence p to @ In the former case, we see that
t =k+1,and T; can be realized as a signed 3-cycle T; appearing in one of Fig. 29 or
30. Now by the argument at the end of Case iii), R; ; = R; is indeed a full subquiver
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/
Yk+1

/
(s —1,r ]*> i a— ym(\:)

TN/

x(s—2,7)

x(1, /14>/,

z(s—1,r) \ /{
LS—QT
"2(0,

z(0,7)
Fig. 34 The effect of applying PRy R O CEERY ogo(/Q\) where mgg] <c< m§r). If
c= m§.’> — 1, the mutation sequence [0 is indicated by the bold arrows. Note that, as in the statement
g

of Lemma 7.5, we have that tr| () (y¢) = 2k ~oc_1
nlS+1’€

of Fig. 35 with the desired properties. The five bullet points of Lemma 7.2 follow
immediately.
Lastly, for all four cases, we wish to describe the quiver obtained by M o0

M, o Eo(éks\k)' To this end, we decompose the vertices of é;; into two sets: (1)
(Qi,0)0 \ (Rx)o and (2) (Ri)o N (Qk,x)o- By induction, we have

— —_—
My ooy o g (Quo1k—1) =k—1k—1 " Ok—1
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Cag1,e -
Cae tr(ye) Zhp1 0y ==Yy " 0 <Y, )
! \ N4
Ca S 2 J{
+ T

tr(z(d + 1,1)) (e—2,7) o, =—x(e—2,7)
Ye
Cj@ old 1,00
z(d+1,0) CO, L —— Yy O
o ) pae) e

8

i@q(;dgw 1\ /T
/ i

2(1,0) < F(1,0)
\ \ (0.7
rp— o

Fig. 35 The effect of applying Py g o0y 10 00 Oﬁo(é) where Cyy1.0 = Y - rr[_ll

and Cyq1,0 = yli, as desired. The mutation sequence , is indicated by the bold arrows

Hy

and we observe that (61;)0\ (Ek)o C (Qk/; 1)o- The fifth bullet point of Lemma
7.3 implies that the quiver 1, |, o---opu op, (Qk k|(Qk k)O\(Rk)o) is unchanged by

the mutation sequence p o and the permutation t fixes all vertices in (Qk x)o \ (Ru)o.
It follows that

Kook oK, (Qk k|(Qk k)O\(Rk)O) - Qk k|(Qk Do\Ro | k-

7 We define Qk k= (resp. Q k| =— ) to be the ice quiver that is a full subquiver of

(Qr.x)0\(Rp)o (Qk,0)0\(Ri)o

é/;(resp. Oy.k) on the vertices of (@)0 \ (Rp)o-
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Additionally, the first bullet point of Lemma 7.3 indicates how the vertices of the
second set, i.e., (Ek)o N (Qk.x)o, are affected by M- Comparing Figs, 19, 21, we see

that the vertices of Ry have been permuted cyclically exactly as described by ;. We
conclude that

Mooy o (D) =k - hok—1 =Qu,k - Ok
which completes the proof of Lemma 7.2. O

Lemma 7.5 Using the notation from the proof of Lemma 7.2, for any s € [2, e] and
any ¢ € [n] satisfying m( 2 <c< m( _ponehaszy-o. " = trIm(r> Z(yZ) (see Fig. 34).

. )
Additionally, for any ¢ € [n] satisfying r = m,

< c < £ we have zi 'O'C_l = tr(yp).
Proof For c = k + 1, we have

-1 _ —1_—1
Tk " Opq1 =2k O Tpyq

= tr(yg) - T (see Fig. 32)
=tr(x(l,k+1)) - ‘L’k_H (using that sgn(Tg41) = +)
=x0,k+1) (by the definition oftx41)
= 7 (by Definition 6.1)
= trlg+1,0(e), (by Definition 6.2)
as desired. Now suppose that z; - o, = tr| Q) Z(yg) where s € [e] and m(r) <c<
m”|. Then for ¢ € [n] satisfying m"”| < ¢ < m( ), we have
Zk'O'C_IZZk'U(]r) lr;(})...fc—l
tr| " Z(yg) T (,) T 1 (by induction)
s 1
=x(1, m(r) DT (,) l'_(i) +1 . 1 (note that x (1, m(r) D=x(s—1,r))
= x(0, m(’)l) T~ O ..rgl (note that x (0, m(,’)l) =x(s—2,7))
=l ()T &1“ sttt (ote thatx (0 m” ) =l o0 (30)

= tflm(r)l V0,
o

as desired. We remark that the last equality in the previous computation fol-
lows from observing that trlm(r) e(yg) is not mutated in any of the mutation
s—1°
sequences [ o) . j»---s Mo and thus, it is unaffected by any of the permutations
T s—1
-1

<r>1+1

T !, By induction, this completes the proof. O
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Fig. 36 The marked surface (S, M) from Example 8.1 and the triangulation of this surface defining O in
Example 8.1

8 Additional questions and remarks

In this section, we give an example to show how our results provide explicit maximal
green sequences for quivers that are not of type A. We also discuss ideas we have for
further research.

8.1 Maximal green sequences for Quivers arising from surface triangulations

The following example shows how our formulas for maximal green sequences for
type A quivers can be used to give explicit formulas for maximal green sequences for
quivers arising from other types of triangulated surfaces.

Example 8.1 Consider the marked surface (S, M) with the triangulation given as T
shown in Fig. 36 on the left. The surface S is a once-punctured pair of pants with
triangulation

T=TiuTru{n, e}

where o, oz, 3 € Ty and By, B2, B3, v € To. We assume that the boundary arcs b;
with i € [5] contain no marked points except for those shown in Fig. 36. The other
boundary arcs may contain any number of marked points. As in Sect. 4, let Ot be
the quiver determined by T and let vs € (Q)¢ denote the vertex corresponding to arc
6 eT.

We can think of the marked surface (S;, M) determined by ¢y, B, b1, ¢2, B2, b2,
B3, b3 as an my-gon where m; = #M; and we can think of T; as a triangula-
tion of Si. Similarly, we can think of the marked surface (S, M) determined by
a1, c3, 1, bs, ce, a3, ¢5, by, a2, ca, by as an mp-gon where my = #Mj and we can
think of T as a triangulation of S,. Thus, the quiver Qr;, determined by T;, is a type
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Y3
VOIRN PUAN
Qr, = IL'(ll) 51) o yél) : zél) wy wo Vo,
T2
1
N
2
us?
@) @ T o
Y Y3
AN VAN
Q _ (2) ! (2) (2) 3 (2) (2)
T2 Ty 21 7 Y2 3 7(2) Ys
2 / \ 5
252) s ws zéz) s wy

Fig. 37 Two of the direct summands of the quiver Q7 from Example 8.1

A quiver for i = 1, 2. Furthermore, we have

(
Or = QT1 D Vg VB, UB3) Or T, @Ezrr;

(Uozl Vay 5 Uocg)

where
ve

7
N

Ve.

R = v

By Corollary 6.8, Or, and Qr, each have a maximal green sequence w 21 for

= 1, 2. Since R is acyclic, we can define ER to be any mutation sequence of R
where each mutation occurs at a source (for instance, put ER = [y, © My, © uvn).
Then ER is clearly a maximal green sequence of R. Now Theorem 3.12 implies that
ER oW om o &QTI is a maximal green sequence of Q.

Suppose that T| and T, are given by the triangulations shown in Fig. 36 on the
right. Then we have that Qt, and Qr, are the quivers shown in Fig. 37 where we
think of the irreducible parts of Qt, and Qr, as signed irreducible type A quivers
with respect to the root 3-cycles S](I) and Sl(z), respectively. In this situation, O, and
O, have the maximal green sequences

WO = iy © g © g, © Mgl) oV o pVopll

(2) (2) 2 (@) )

EQTz—/JvuMOH«ng/Jv Oy  OH 7Oy
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respectively, where

M(z) =K, <2>
M(l)—um M()—M<2>0M<2)OM<2>
(1)—M <1>0,u(1)ou <1> M(z)—M <2>0M(2)0M<2>0M,<2)

M(l)—u <1)0M(1)0M<1>°“ 5 “(32)_

(1) — ) —
22 Myél) o ,U«x;l) o Mél) o Mygl) My

()—Mmou @O R @O DO

M <2>0M (2)0M<2>0M (2)
M <2>0M (2>0M<2>0M (2>

and /,L o ,uQTZ o /,LQTI is a maximal green sequence of Q. In general, if we have a
quiver Qr that can be realized as a direct sum of type A quivers and acyclic quivers,
we can write an explicit formula for a maximal green sequence of Q.

Problem 8.2 Find explicit formulas for maximal green sequences for quivers arising
from triangulations of surfaces.

Using Corollary 4.5, we can reduce Problem 8.2 to the problem of finding explicit
formulas for maximal green sequences of irreducible quivers that arise from a triangu-
lated surface. In [1], the authors sketch an argument showing the existence of maximal
green sequences for quivers arising from triangulated surfaces. However, we would
like to prove the existence of maximal green sequences by giving explicit formulas
for maximal green sequences of such quivers.

Some progress has already been made in answering Problem 8.2. In [17], Ladkani
shows that quivers arising from triangulations of once-punctured closed surfaces of
genus g > 1 have no maximal green sequences. In [7, 8], explicit formulas for maximal
green sequences are given for specific triangulations of closed genus g > 1 surfaces.
In [9], a formula is given for the minimal length maximal green sequences of quivers
defined by polygon triangulations. It would be interesting to understand, in general,
what are the possible lengths that can be achieved by maximal green sequences of a
given quiver.

8.2 Trees of cycles

Our study of signed irreducible type A quivers was made possible by the fact that
such quivers are equivalent to labeled binary trees of 3-cycles (see Lemma 5.6). It
is therefore reasonable to ask whether one can find explicit formulas for maximal
green sequences of quivers that are trees of cycles where each cycle has length at least
k > 3. In our construction, we define a total ordering and a sign function on the set of
3-cycles of an irreducible type A quiver (with at least one 3-cycle), and these data were
important in discovering and describing the associated mutation sequence. One could
use a similar technique to construct an analog of the associated mutation sequence for
quivers that are trees of oriented cycles.

Problem 8.3 Find a construction of maximal green sequences for quivers that are
trees of oriented cycles.
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8.3 Enumeration of maximal green sequences

In the process of revising this paper, the problems posed in this section have been
solved. For posterity, we keep this section as it appeared in the original arXiwv version.
A solution to Problem 8.4 appears as [12, Corollary 6.10]. A solution to Problem 8.5
appears in [9].

For a given signed irreducible type A quiver Q with root 3-cycle 7 and with at least
two 3-cycles, our construction produces a maximal green sequence p = (7)) of Q
for each leaf 3-cycle in Q. It would be interesting to see how many maximal green
sequences of Q can be obtained from the maximal green sequences w as the choice
of the root 3-cycle T varies. B

Problem 8.4 Determine what maximal green sequences of Q can be obtained via
commutation relations and pentagon identity relations applied to the maximal green
sequences in {u(7) : T is a leaf 3-cycle}.

Additionally, in [5] there are several tables giving the number of maximal green
sequences of certain small rank quivers by length. These computations may be useful
for making progress on the problem of enumerating maximal green sequences of
quivers.

As discussed in Remark 6.6, the associated mutation sequences constructed here
are not necessarily the shortest possible maximal green sequences. This motivates the
following problem.

Problem 8.5 Provide a construction of the maximal green sequences of minimal
length, possibly by showing how to apply pentagon identity relations to the associated
mutation sequences.

8.4 Further study of maximal green sequences

Note that maximal green sequences of a quiver Q can be thought of as maximal chains
(from the unique source to the unique sink) in the oriented exchange graph [5, Section.
2]. In the case that Q is of type A, the exchange graph is an orientation of the 1-skeleton
of the associahedron. The oriented exchange graph is especially nice in the case when
Q is a Dynkin quiver (i.e., an acyclic orientation of a Dynkin diagram of types A, D,
or E). For example, it is the Hasse graph of the Tamari lattice in the case Q is linear and
equioriented and it is the Hasse graph of a Cambrian lattice (in the sense of Reading
[20]) as is noted in [15, Section. 3]. In particular, this means that we consider the finite
Coxeter group G whose Dynkin diagram is the unoriented version of Q and a choice
of Coxeter element ¢ compatible with the orientation of Q, and then, maximal green
sequences are in bijection with maximal chains in the Cambrian lattice, a quotient of
the weak Bruhat order on G. Note that this bijection is studied further in [19] where
each c-sortable word is shown to correspond to a green sequence.

To indicate the difficulty of describing the set of maximal green sequences once we
consider quivers with cycles, we focus on the A3 case here. In the case where Q is a 3-
cycle(withl — 2,2 — 3,3 — 1), there is not a corresponding Cambrian congruence
that one can apply to the weak Bruhat order on the symmetric group G = S4 to
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obtain the desired Hasse diagram. In particular, the corresponding Cambrian lattice is
constructed from the geometry of the affine A; root system instead of from a finite
Coxeter group. Intersecting this coarsening of the Coxeter Lattice with the Tits Cone
yields 11 regions rather than the 14 we obtain in the acyclic case [21].

Nonetheless, we can still compute maximal green sequences in this case and see that
they are indeed the set of oriented paths through a certain orientation of the 1-skeleton
of the associahedron. There are six possible maximal green sequences of length 4:
H10[L30 U201, 2O 1O[A3O U2, [A3OMUIOMU] O[3, U3OU1OM20MUT, 10420302, and
U3 o 1o o uy o 3. We can find three more maximal green sequences of length 5:
M2 O[3 O [42 O JL] O [42, 43O (4] O U430 U2 O U3, and py o wp o g o U3 o ih. Asin
Figure 22 of [5], there are no other maximal green sequences of this quiver. To obtain
these sequences of length 5, we select any of the first three maximal green sequences
of length 4. We then apply the relation ;41 o ; ~ i+1 o i o (Li+1 (where the
arithmetic is carried out mod 3) and apply the vertex permutation (i, + 1) to the
vertices at which one mutates later in the sequence.

In an attempt to understand this example in terms of the Coxeter group of type A3z,
i.e., S4, we consider the presentation described in [4] for quivers with cycles. In this
case, if we let s1 = (14), 5o = (24), s3 = (34), we obtain

L2 2_ 2 3 3 3 2
S4 = <S1, 52,583 087 =85 =855 = (5152)” = (5253)” = (s5351)° = (s51528352)" = 1>-

Unlike the acyclic A3 case where the permutation in S4 corresponding to the longest
word, i.e., 4321, is the only element of S4 whose length as a reduced expression, e.g.,
515253515253, is of length 6, in the Barot—Marsh presentation, the permutations 4321,
3412, 2143, 1342, and 1432 all have reduced expressions of maximal length, namely
4.

Further, if we visualize the order complex of S4 under this presentation, we obtain
atorus (see Example 3.1 of [3]) rather than a simply connected surface like the acyclic
case and there are no permutations with reduced expression of length 5; hence, reduced
expressions in this presentation cannot correspond to maximal green sequences. We
thank Vic Reiner for bringing his paper with Eric Babson to our attention. Hence,
understanding the full collection of maximal green sequences for other quivers with
cycles, even those of type A, appears to require more than an understanding of the
associated Coxeter groups.

Since our original preprint, in recent work [12] (resp. [13]) of the first author
and Thomas McConville, an analog of the weak order on §,, known as the lattice
of biclosed subcatgories (resp. biclosed sets of segments) is constructed. In [12]
and [13], it is shown that the oriented exchange graph of quivers of type A can be
obtained as a lattice quotient of these. This lattice congruence generalizes the Cam-
brian congruence in type A. Additionally, the results in [12,13] do require techniques
from representation theory of finite dimensional algebras, which further suggests that
understanding the full collection of maximal green sequences for quivers with cycles
may require more than elementary techniques.
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