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Abstract We study the Hecke algebra H(q) over an arbitrary field F of a Coxeter
system (W, S) with independent parameters q = (¢s € F : s € §) for all generators.
This algebra always has a spanning set indexed by the Coxeter group W, which is
indeed a basis if and only if every pair of generators joined by an odd edge in the
Coxeter diagram receives the same parameter. In general, the dimension of H(q)
could be as small as 1. We construct a basis for H(q) when (W, §) is simply laced.
We also characterize when H(q) is commutative, which happens only if the Coxeter
diagram of (W, §) is simply laced and bipartite. In particular, for type A, we obtain
a tower of semisimple commutative algebras whose dimensions are the Fibonacci
numbers. We show that the representation theory of these algebras has some features
in analogy/connection with the representation theory of the symmetric groups and the
0-Hecke algebras.

Keywords Hecke algebra - Independent parameters - Fibonacci number -
Independent set - Grothendieck group

1 Introduction

Let W := (S : (st)™* =1, Vs,t € §) be a Coxeter group. The (Iwahori-)Hecke
algebra of the Coxeter system (W, S) is a one-parameter deformation of the group
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algebra of W, which has significance in many areas, such as algebraic combinatorics,
knot theory, quantum groups, representation theory of p-adic groups, and so on. We
generalize the definition of the Hecke algebra of (W, S) from a single parameter to
multiple independent parameters.

Definition 1.1 Let F be an arbitrary field. The Hecke algebra H(q) = Hs(q) of the
Coxeter system (W, S) with independent parameters q = (qs € F : s € §) is the
(associative) F-algebra generated by {7 : s € S} with

e quadratic relations (Ts — 1)(Ts + gs) = O forall s € S,
e braid relations (I3 1;Ts - - - ), = (I;T5T; - -+ ), forall s, t € S.

Here (aba - - - ), is an alternating product of m terms.

The algebra H(q) can be represented by the Coxeter diagram of (W, §) with extra
labels g, for all vertices s € S. For simplicity, we only draw the labels of the vertices
but not the vertices themselves. For example, we draw

1=0—1—0—1—0—1—0
for the usual Coxeter system of type Bg whose Coxeter diagram is
S| =52 — 83 — 4 — 55 — S6 — 57 — S8

with independent parameters q = (g5, : 1 <i <8)=(1,0,1,0,1,0,1,0).

The quadratic relations for H(q) can be rewritten as Ts2 = (1 — g)Ts + g5 for
all s € S.1f g; # 0, then Ty is invertible and 7,”! = ¢ 'T; + 1 — ¢;"!. For any
w € W with a reduced expression w = st ---r where s,f,...,r € S, the element
Ty := TsT; - - - T, is well defined thanks to the word property of W (see, e.g., [3,
Theorem 3.3.1]).

If g¢ = g forall s € §, then H(q) is the usual Hecke algebra of (W, §) with
parameter ¢. If one only insists g; = ¢; whenever my,; is odd, then H(q) is the
Hecke algebra with unequal parameters in the sense of Lusztig [7]. Now, we allow
q = (gs € F : s € S) to be arbitrary. The following result may be well known to the
experts, and we include a proof for it in the end of Sect. 3 for completeness.

Theorem 1.2 The algebra H(q) is always spanned by {T,, : w € W}, which is indeed
a basis if and only if H(q) is a Hecke algebra with unequal parameters, i.e., s = q;
whenever my; is odd.

In general, we show that the algebra H(q) could be much smaller than the group
algebra FW.

Theorem 1.3 If there exist s,t € S with mg; odd such that qs and q; are distinct
nonzero parameters, then one has Hs(q) = Hg\r(q) where R consists of all elements
r € S connected to s via some path with odd edge weights and nonzero vertex labels
in the Coxeter diagram of (W, S).
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Thus, we always assume without loss of generality that H(q) is collapse free, i.e.,
if my; is odd and gy # ¢;, then at least one of g; and ¢; is 0. We next characterize
when H(q) is commutative.

Theorem 1.4 The algebra H(q) is collapse free and commutative if and only if (W, S)
is simply laced and exactly one of qs and q; is 0 for any pair of elements s, t € S with
Mgy = 3.

We construct a basis for H(q) (not necessarily commutative) when (W, S) is simply
laced (Theorem 4.3). It implies the dimension of a commutative H(q), giving one
motivation for our study of the commutative case.

Corollary 1.5 Let G be the underlying graph of the Coxeter diagram of (W, S),
and let T(G) be the set of all independent sets in G. If H(q) is collapse free and
commutative, then its dimension is | Z(G)| (the Merrifield-Simmons index of the graph
G). In particular, if (W, S) is of type A,,, then the dimension of H(q) is the Fibonacci
number Fy 5.

Example 1.6 Let IF be a field with at least 3 distinct elements 0, 1, and c. Let H(q) be
given by the diagram below.

o=1=E~[1

Removing the boxed elements gives 3 connected components 0, 0 =1, and

1 — 0 — 1. Thus, the dimension of H(q) is 2-8-5 = 80 by Theorems 1.2, 1.3, 1.4,
and Corollary 1.5.

Theorem 1.4 shows that if H(q) is collapse free and commutative, then the Coxeter
diagram of (W, §) must be a simply laced bipartite graph. Here a bipartite graph is a
graph whose vertices can be partitioned into two disjoint sets U and V such that every
edge connects one vertex in U and one in V. Computations in Magma suggest the
following conjecture, which is verified for type A (Theorem 5.4). This gives another
motivation for our study of the commutative case.

Conjecture 1.7 Ifthe Coxeter diagram of (W, S) is a simply laced bipartite graph G,
then a collapse-free H(q) has minimum dimension equal to |Z(G)|, which is attained
when H(q) is commutative.

For the irreducible simply laced Coxeter systems of type A, D, A, and D, the
dimensions of collapse free and commutative Hecke algebras H (q) are given below,
which all happen to satisfy the Fibonacci recurrence.

Note that the Coxeter diagram of A, is a cycle of length n, which is bipartite if
and only if n if even. However, the dimensions given above for A, make sense for all
integers n > 1. This is because we can define a commutative algebra H(G, R) whose
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Coxeter diagram Dimensions Known as OEIS entry
Ap(n>1) 2,3,5,8,13,... Fibonacci numbers F;, 12 A000045
Dy (n >2) 4,5,9,14,23,... ? A000285
én (n>3) 4,7,11,18,29,... Lucas numbers L, A000032
D, (n =5) 17,24, 41,65,106,... ? A190996

dimension is |Z(G)| for any (unweighted) simple graph G with vertex set V(G) and
edge set E(G) and for any R € V(G), such that a collapse-free and commutative
Hecke algebra H(q) is isomorphic to H(G, R) where G is the Coxeter diagram of the
simply laced (W, S) and R = {s € S : gy = —1}. This algebra H(G, R) is defined as
the quotient of the polynomial algebra F[x, : v € V(G)] by its ideal generated by
(x2:reR)U{x2—x,:v e V(G)\ R}U {xux, : uv € E(G)}.

It is also a quotient of the Stanley-Reisner ring of the independence complex of G [5].

We show the following results on the representation theory of H(G, R). The pro-
jective indecomposable H(G, R)-modules are indexed by Z(G — R), where G — R
is the graph obtained from G by deleting R and all edges incident to R. The simple
H(G, R)-modules are all one dimensional and also indexed by Z(G — R). The Cartan
matrix of H(G, R) is a diagonal matrix. The algebra H(G, R) is semisimple if and
only if R = .

We next apply the above results to type A. Let G = P,_1 be a path with n —
1 vertices. One sees that the dimension of the algebra H(P,—1, R) is equal to the
Fibonacci number F, 1. We further assume that this algebra is semisimple, i.e., R = ¢,
and write H, := H(P,—1,?). If char (F) # 2 then H,, is isomorphic to the Hecke
algebra H(q) of the Coxeter system of type A,_1 with independent parameters q =
0,1,0,1,...)orq = (1,0, 1,0, ...). We summarize our results on the algebra H,
below. The reader who is familiar with the representation theory of the symmetric
group G,, and/or the 0-Hecke algebra H,,(0) can see certain features of our results in
analogy with &,, and/or H,(0).

The semisimple commutative algebra H,, has F,;; many nonisomorphic simple
modules, which are all one dimensional and indexed by compositions of n with internal
parts larger than 1. The Grothendieck group Go(H,) of finite-dimensional representa-
tions of H,, is a free abelian group on these simple ,,-modules. The tower of algebras
He : Hy = Hy <> Hp <> --- has a Grothendieck group

Go(Ha) == EP Go(Ha)

n>0

with a product and a coproduct given by the induction and restriction along the embed-
dings H,, & Hy — Hpm+n-

Although not a bialgebra, Go(H,) has a self-dual basis consisting of simple H,,-
modules for all n > 0. We provide explicit formulas for the structure constants of the
product and coproduct of G (H,) in terms of this self-dual basis, which are naturally
all positive. This result connects Go(H,) to the Grothendieck groups of the finite-

@ Springer



J Algebr Comb (2016) 43:521-551 525

dimensional (projective) representations of the O0-Hecke algebras H,(0), or equiv-
alently, the dual Hopf algebras NSym of noncommutative symmetric functions and
QSym of quasisymmetric functions. It turns out that Go(H,) is a quotient algebra of
NSym and a subcoalgebra of QSym, but its antipode satisfies a different rule than the
antipodes of QSym and NSym. The Bratteli diagram of the tower H, is a binary tree
on compositions with internal parts larger than 1.

This paper is structured as follows. We first provide preliminaries in Sect. 2. Then,
we discuss when H(q) collapses or becomes commutative in Sect. 3. We study the
algebra H(q) of a simply laced Coxeter system in Sect. 4 and investigate the simply
laced bipartite case in Sect. 5. We provide more results on the commutative case in
Sect. 6 and give the type A specialization in Sect. 7. Finally, we give remarks and
questions in Sect. 8.

2 Preliminaries

2.1 Coxeter groups and Hecke algebras

A Coxeter group is a group with the following presentation
Wi=(S:5>=1, (sts-- ), = (tst-- I, V5,1 €S, 5 £ 1)

where the generating set S is finite, my; = mys € {2,3,...} U {oo}, and (aba - - ),
is an alternating product of m terms. By convention, no relation is imposed between
s and ¢t if mg; = o0o. The pair (W, S) is called a Coxeter system.

The Coxeter diagram of (W, §) is an edge-weighted graph whose vertices are the
elements in S and whose edges are the unordered pairs {s, t} with weight m, for all
s,t € S such that ms; > 3, s # t. An edge with weight mg; < 5 is often drawn as
ms; — 2 many multiple edges between s and . An edge is simply laced if its weight
is 3. If every edge is simply laced, then the Coxeter system (W, §) and its Coxeter
diagram are both called simply laced.

An element w in W can be written as a product of elements in S. Among all
such expressions, the shortest ones are called reduced, and the length of a reduced
expression of w is called the length of w and denoted by £(w). A nil-move deletes s2,
and a braid-move replaces (sts - - - ), with (¢st - --),,, in the expressions of w € W
as products of elements in S. By [3, Theorem 3.3.1], W satisfies the following word

property.

Word property Any expression of w € W as a product of elements in S can be
transformed into a reduced expression of w by braid-moves and nil-moves, and every
pair of reduced expressions for w can be connected via braid-moves.

A subset I € S generates a parabolic subgroup Wy := (I) of W. The pair (Wy, I)
is a Coxeter system whose Coxeter diagram is the edge-weighted subgraph of the
Coxeter diagram of (W, §S) induced by the vertex subset I < S. If Sp,..., S are
the vertex sets of the connected components of the Coxeter diagram of (W, §), then
W = Wg, x---x Wg,. Thus, (W, §) is irreducible if its Coxeter diagram is connected.
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There is a well-known classification for finite irreducible Coxeter groups, among
which type A is of particular interest. The symmetric group &, is the Coxeter group of
type A,—1 with generating set S consisting of the adjacent transpositions s; := (i, i+1)
fori =1, ..., n— 1. The Coxeter diagram of &, is the path §1 — 2 — -+ — Sp—1 .

The (Iwahori-)Hecke algebra Hs(q) of a Coxeter system (W, S) is a one-parameter
deformation of the group algebra of W. Let IF be a field, and let ¢ € . Then, Hg(q)
is defined as the [F-algebra generated by {7 : s € S} with

e quadratic relations: (T;, — 1)(Ty +¢g) =1, Vs € S,
e braid relations: (T3 T; Ty - - - )y, = (L T5T; -+ ), Vs, t €S, s #1t.

The specialization of the Hecke algebra Hs(q) at g = 1 gives the group algebra FW,
and the specialization at ¢ = 0 gives the 0-Hecke algebra Hs(0). If (W, S) is of type
Ap—1, then we write H,(q) := Hs(q) and 'H,,(0) := Hs(0).

If w € W has a reduced expression w = st---r, where s,¢,...,r € S, then
Ty = T;T; - - - T, is well defined thanks to the word property of W. It is well known
that {Ty, : w € W} is a basis for Hg(g). One has

2.1)

rp |0 =@ +qT, sw) < w),
U T, Lsw) > L(w),

forall s € S and w € W. This gives the regular representation of Hg(q).

2.2 Representation theory of associative algebras

We review some general results on the representation theory of associative algebras
(see,e.g., [2, §I]). Let F be a field, and let A be a finite-dimensional (unital associative)
[F-algebra. Let M be a (left) A-module. If M has no submodules except 0 and itself,
then M is simple. If M is a direct sum of simple A-modules, then M is semisimple.
The algebra A is semisimple if it is semisimple as an A-module. Every module over
a semisimple algebra is also semisimple. If M cannot be written as a direct sum of
two nonzero A-submodules, then M is indecomposable. If M is a direct summand of
a free A-module, then M is projective.

The (Jacobson) radical rad(M) of M is the intersection of all maximal A-
submodules of M, which turns out to be the smallest submodule N of M such that
M/ N is semisimple. One has rad(M| & M;) = rad(M;) @ rad(M,) if M| and M, are
two A-modules. The radical of the algebra A is defined as rad(A) with A itself viewed
as an A-module. If A happens to be commutative, then all nilpotent elements in A
form an ideal of A, called the nilradical of A, which is always contained in rad(A).
The top of M is the quotient module top(M) := M /rad(M). The socle soc(M) of M is
the sum of all minimal submodules of M, which is the largest semisimple submodule
of M.

Every A-module can be written as a direct sum of indecomposable A-submodules.
Let A itself as an A-module be a direct sum of indecomposable A-modules Py, . .., P.
Although P; is not simple in general, its top C; is. Moreover, every projective indecom-
posable A-module is isomorphic to some P;, and every simple A-module is isomorphic
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to some C;. Suppose without loss of generality that {Py, ..., P} and {Cy, ..., Cs}
are complete lists of nonisomorphic projective indecomposable A-modules and sim-
ple A-modules, respectively, where £ < k. Then, the Cartan matrix of A is [a;}; je[e)
where g;; is the multiplicity of C; among the composition factors of P;.

The Grothendieck group Go(A) of the category of finitely generated A-modules is
defined as the abelian group F/ R, where F is the free abelian group on the isomorphism
classes [M] of finitely generated A-modules M, and R is the subgroup of F generated
by the elements [M] — [L] — [N] corresponding to all exact sequences 0 — L —
M — N — 0 of finitely generated A-modules. The Grothendieck group Ko(A) of
the category of finitely generated projective A-modules is defined similarly. We often
identify a finitely generated (projective) A-module with the corresponding element in
the Grothendieck group Go(A) (Ko(A)). It turns out that Go(A) and Ky(A) are free
abelian groups with bases {Cy, ..., C;} and {Py, ..., Py}, respectively. If L, M, N
are all projective A-modules, then the exact sequence 0 - L —- M — N — Ois
equivalent to the direct sum decomposition M = L @ N. If A is semisimple, then
Go(A) = Ko(A) since P; = C; for all i.

Let B be a subalgebra of A. The induction N 4 ‘g of a B-module N from B to A
is the A-module A ® p N. The restriction M | g of an A-module M from A to B
is M itself viewed as a B-module. The induction and restriction are well defined for
isomorphic classes of modules.

2.3 Representation theory of symmetric groups and 0-Hecke algebras

The (complex) representation theory of the symmetric group is fascinating and has rich
connections with symmetric function theory. The simple CS,,-modules S are indexed
by partitions A of n, and every CS,-module is a direct sum of simple CS,,-modules,
i.e., C&, is semisimple. Thus, the Grothendieck group Go(CS,) = Ko(CS,) is a
free abelian group on the isomorphism classes [S ] for all partitions A of n. The tower
of groups G, : G9 — G| — G, < --- has a Grothendieck group

Go(C8.) := (P Go(CE).

n>0

Using the natural embedding &,, x &,, <> &,,4,, one can define the product of S,
and S, as the induction of S, ® S, from &,, x &, to &,,4, for all partitions u - m
and v I n, and define the coproduct of S, as the sum of its restriction to G; x &,,_; for
i =0,1,...,n,forall partitions A F n. This gives Go(CS,) a self-dual graded Hopf
algebra structure, as the product and coproduct share the same structure constants,
namely the Littlewood-Richardson coefficients.

The Frobenius characteristic map ch sends a simple S to the Schur function s;,
giving a Hopf algebra isomorphism between the Grothendieck group G¢(CS,) and
Sym, the ring of symmetric functions (see Stanley [11, Chapter 7]).

The 0-Hecke algebra H,(0) has analogous representation theory as the sym-
metric group S,. We first review some notation. A composition is a sequence
a = (af,...,a) of positive integers. Let 0; := a1 +--- + ¢ fori = 1,...,¢.
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The size || of the composition « is the sum of all its parts ay, ..., ¢, i.e., |o| = op.
If |@| = n then we say that « is a composition of n and write o« = n. The descent
set of a is D(«) := {o1,...,00—1}. Sending o to D(«) gives a bijection between
compositions of n and subsets of [n — 1].

Now recall from Norton [8] that the 0-Hecke algebra 7, (0) has the following
decomposition

M, (0) = EP P (0)
af=n

where the P, (0) is pairwise nonisomorphic indecomposable H,, (0)-modules. The
top of P, (0) is one dimensional and denoted by C, (0). Thus, the two Grothendieck
groups Go(H,(0)) and Ko(H,, (0)) are free abelian groups on the isomorphism classes
of C,(0) and P, (0), respectively, for all compositions «. Associated with the tower of
algebras H,e(0) : Hp(0) — H1(0) — H2(0) < - -- are two Grothendieck groups

Go(Ha(0) := P Go(Ha(0)) and Ko(Ho(0)) := D) Ko(H,(0)).

n=0 n>0
They are dual graded Hopf algebras with product and coproduct again given by
induction and restriction of representations along the natural embeddings H,, (0) ®
H,(0) < Hin10(0) of algebras. The duality is given by the pairing (P, (0), C(0)) :=
8« g for all compositions « and S.
For later use, we review the explicit formulas for the product of Ko(H,(0)) and the

coproductof Go(H,(0)). Letae = (ay, ..., a¢)and B = (B, . . ., Bx) be compositions
of m and n, respectively. We write

af = (a1, ..., B1,...,Br) and o> B:=(a1,..., a1, + B, B2, - -+, Br)-

Foranyi € {0, 1, ..., m}, letr be the largest integer such that o, := o1 + - - - + o 18
no more than i, and write

a<i = (a1, ...,0, 0 —0) and o; = (Or41 — 1,42, ...,0p)
where we ignore i — o, if it happens to be 0.

Proposition 2.1 (Krob and Thibon [6]) For any a |= m and B = n, one has

P, (0) &P3(0) 1= (P (0) @ Py(0)) 1 1700 = Pup(0) & Papp(0),

m m
A(Ca(0) 1= D" CaO) | 3 o) =D Casy (0) ® Ca, (0).
i=0 =0
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For example, one has P»;3(0) ® P223(0) = P213223(0) @ P21523(0). Let & be the
empty composition of n = 0. Then

A(C121(0)) = Cy(0) ® C121(0) + C1(0) ® C21(0) + C11(0) ® C11(0)
+C12(0) ® C1(0) + Ci21(0) ® Cy(0).

The representation theory of the 0-Hecke algebras is connected with the dual
graded Hopf algebras QSym of quasisymmetric functions and NSym of noncommu-
tative symmetric functions. There are dual bases for QSym and NSym consisting of
the fundamental quasisymmetric functions F, and the noncommutative ribbon Schur
Junctions s, for all compositions «. Krob and Thibon [6] introduced two Hopf algebra
isomorphisms

Ch: Go(He(0)) = QSym and ch : Ky(H.(0)) = NSym

defined by Ch(C,(0)) = F, and ch(P,(0)) = s, for all compositions «. There is an
injection Sym < QSym of Hopf algebras given by inclusion, as well as a surjection
NSym — Sym of Hopf algebras by taking commutative image.

3 Collapse and commutativity

Let (W, S) be a Coxeter system and let IF be a field. Recall from Definition 1.1 that
the Hecke algebra H(q) = Hs(q) of the Coxeter system (W, S) with independent
parameters = (qs € F : s € §) is the (associative) [F-algebra generated by {7 : s €
S} with

e quadratic relations (T — 1)(Ty + g5) = O forall s € S,
e braid relations (T T; T - - - )y, = (Tt T5T; - - - )y, forall s, t € S.

In this section, we study when the algebra H(q) collapses or becomes commutative.

We first study the parabolic subalgebras of H(q). We know that any subset R € §
generates a Coxeter subsystem (Wg, R) of (W, S). However, the subalgebra of H(q)
generated by {7, : r € R}isnotnecessarily isomorphic to the Hecke algebra H r (q) of
the Coxeter system (Wg, R) with independent parameters (g, : » € R).Forexample, if
there exist two elements s and 7 in S such that g, and g, are distinct nonzero parameters
and my; is odd, then the algebra Hy)(q) is two dimensional, but Theorem 3.2 below
gives Ty = 1 in H(q). To guarantee an isomorphism between these two algebras, we
assume that R C S is admissible, i.e., if mg is odd fors € Randt € S\ R then
either g, = 0 or ¢, = 0. If R is admissible, then one sees that S\ R is also admissible.
We denote the generating set of Hz(q) by {7/ : r € R}, which satisfies the relations
(T — (T +q,) =0and (T/T/T/-- ), = (T/T/T/ - - )m,, forall r, 1 € R.

Proposition 3.1 For any R C S, there is an algebra surjection from Hg(q) to the

subalgebra of H(q) generated by {T, : r € R} by sending T! to T, for all r € R,
which is an isomorphism when R is admissible.
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Proof Sending T/ to T, for all r € R gives an algebra map ¢ : Hr(q) — H(q)
whose image is the subalgebra of 7 (q) generated by {7, : r € R}. Suppose that R is
admissible and define

T/, ifs€R,

v(Ty) =141, ifseS\R, g #0,
0, ifseS\R, g;=0.

One sees that the quadratic relations are preserved by 1. We next check the braid
relations. Let s, ¢ € S with mg, = m.

If s and 7 are both in R then ¥ (Ty) = 7, and ¥ (T;) = T satisfy the same braid
relation as T, and T;.

Ifs e Randt € S\ R, then ¥ (T;) € {0, 1}. When m is even, one has

W TV TV (Ts) -+ = W TDYT)Y(T7) -+ Im-

When m is odd and g; = 0, one has ¥ (7;) = 0 and the above quality still holds. When
m is odd and ¢g; # 0, one has ¥ (7;) = 1 and the admissibility of R implies g; = O.
Thus,

W TOY TP (T) -~ = (TH V2 = (1) =D2 = (TP (T)Y(TE) - - Y-

It follows that i is a well-defined algebra map. Restricted to the image of ¢, the
map v is nothing but the inverse of ¢. Thus, the result holds. O

We say that a path in the Coxeter diagram of (W, S) is odd if all its edges have odd
weights, and nonzero if all its vertices, including the two end vertices, correspond to
nonzero parameters. The collapsed subset of S consists of all elements r € § that are
connected to some other vertex s (depend on r) with g; # ¢, via an odd nonzero path.

Theorem 3.2 If R is the collapsed subset of S, then (i) T, = 1, Vr € R, (ii) T; ¢ T,
Vs € S\ R, and (iii) H(q) = Hs\r(qQ).

Proof By definition, for any r € R, there exists an odd nonzero path (r, s, ..., t) from
rtosome ¢ € S such that g, # g;. We show (i) by induction on the length of the path.
First assume that the length is 1, i.e., there is an edge between r and ¢ with an odd
weight m := m,,. The braid relation between T, and T; implies that

Tr(TthTr e Tr)m = (TthTr e Tt)m+l = (TtTth e Tt)mTt-

Using the quadratic relations for 7, and 7;, one obtains

Qr(TtTth o )m—1+ (1 - qr)(TrTlTr e )m = qr(TtTth v ‘)mfl
+(1 - qr)(TtTth : )m

Hence,
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(QV_QI)(TtTth T )m—1 =(QV_qz)(TthTr T = (QV - CII)(TtTrTI o T)m.

Since g # 0, g; # 0, and g, # ¢;, one can apply the inverses of 7}, T;, and (g, — g;)
togetT, =T; = 1.

Now suppose that the path (7, s, ..., ) has length at least two. If g, # g5 then
T, = 1 by the above argument. Otherwise, ¢, = ¢5; # ¢; and one has Ty = 1 by
induction, since (s, ..., t) is an odd nonzero path of smaller length. Then, applying
Tr_1 to the braid relation between 7, and T gives T = 1. This proves (i).

To show (ii), we assume Ty € FF forsomes € S.Ifg; = 0, then {s} is admissible, and
thus, the subalgebra of H(q) generated by T is two dimensional by Proposition 3.1,
which is absurd. Therefore, g; # 0. Let U be the set of all elements in S that are
connected to s via odd nonzero paths, including s itself. Then, g, #= O forallu € U.
One sees that U is admissible, and hence, the subalgebra of H(q) generated by {7}, :
u € U} is isomorphic to the algebra Hy (q) by Proposition 3.1. If |{g, : u € U}| = 1,
then H g (q) has a basis indexed by Wy, and hence, Ty ¢ [, a contradiction. Therefore,
{gy : u € U}| = 2. This forces s € R and establishes (ii).

Finally, one sees that S\ R is admissible. By Proposition 3.1, Hs\  (q) is isomorphic
to the subalgebra of H(q) generated by {7 : s € S\ R}. Hence, (iii) follows from (i).

O

By Theorem 3.2, we may always assume without loss of generality that H(q) is
collapse free, i.e., if mg, is odd and g # ¢, then either g5 or g, is 0. We next develop
some lemmas in order to characterize when 7 (q) is commutative.

Lemma33 If S = {s,t}, g = 0 # g4, and m := my, is odd, then H(q) has
dimension 2m — 3 and a basis

(LT -k, (GLT - ) k=0,1,2,...,m—12}.

Proof Since g = 0 # q; and m is odd, it follows from the defining relations for H(q)
that

(LT T)m = (LTLTs - T)ms1 = (LGTT - T)m Ty
= QI(TthTt ) m—1 + (1= qr)(TthTt )m

which implies (T,T T, Vo1 = (TTT, -y and thus (T Ty -+ sy =
(T;Ti T - - - )m—1. Similarly,

(LTI )m = (LT T - - T)mgt = Ti(LTT, - )m
=q(LTTs - )m—1 + A —q) (LT T - ).

Thus, (I, TTs - - T)m—1 = (G TT: - - T)m and (T - )m—2=(GTT; - )m—1.
It follows that H(q) is spanned by the desired basis. Then, it remains to show that the
dimension of H(q) is at least 2m — 3.

To achieve this, we define an H(q)-action on the F-span of Z := {(sts--- )¢,
(tst-- ) :k=0,1,2,...,m—2}where (sts---)g = (tst---)o = 1 by convention.
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The dimension of FZ is by definition |Z| = 2m — 3. Define

Tylist ) = (sts it 0<k<m-—3,
Ti(sts )k = (18t -+ s, 0<k<m-—3
Ty(sts -~ = (sts -, l<k<m-2,

Ti(tst -+ g = qe(sts - Dp—1 + (L —q)st -k, 1<k<m-—2,
Ts(tst -+ )m—o = T;(sts -+ )2 = (515 Jp—2.

One sees that the quadratic relations for 7 and 7; are both satisfied by this action, and
so is the braid relation because

(I, LT - )2 = (LT T - )(z) = (sts - )2, Yz €Z.

Hence, FZ becomes a cyclic H(q)-module generated by 1. This forces the dimension
of H(q) to be at least 2m — 3. O

Lemma 3.4 Suppose that there exists a path (s = so, S1, 52, ..., Sk = t) consisting
of simply laced edges in the Coxeter diagram of (W, S), where k > 1. If g5, # 0 and
mgs, < 3foralli € [k], and q; = 0O, then T;T; = T; T, = Tj.

Proof We show T;T; = T;T; = T, by induction on k. One has TS2 = T, since g; = 0.
One also sees that Ty, is invertible and Ty, | Ty, Ty, , = Ty, Ty, , Ty, for each i € [k]. If
k =1, then

TSTZTS = (TsTth)Ts = Tt(TsTth) = thTsTt = qusTt + (l - qr)TthTt-

Since g; # 0, one has T, T; = T;T;T;, and thus, Ty = T; T using T,_I. Then, T;T; =
TTT, = T,T, T, =T} = T;.

Now assume k > 2. If ms, = 3, then 7,T; = T;T; = T, by the above argument.
Assume mg; = 2, 1.e., TyT; = T;T;. Let r = sg—1. Then, T, Ty = T;T, = T; by
induction hypothesis. Thus,

LT, =T1,T,T, = T,,T, = T,T,T; T, = T, T; T, T, = thTs =q T + (1 —g)T; Ts.

This implies Ty T; = T; T; = T,, which completes the proof. m]

Now, we provide a characterization for when H(q) is commutative. It implies that
there exists q € S such that 7(q) is collapse free and commutative if and only if the
Coxeter diagram of (W, S) is simply laced and bipartite.

Theorem 3.5 Suppose that H(q) is collapse free. Then, H(q) is commutative if and
only if the Coxeter diagram of (W, S) is simply laced and exactly one of g5, q; is 0 for
any pair of elements s, t € S withmg = 3.

Proof We first assume that H(q) is commutative. Let s,¢ € S with mg > 3. We
need to show that my, = 3 and exactly one of ¢g; and ¢, is 0. To attain this, we first
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show that {s, t} is admissible. By symmetry, it suffices to show that ¢,q; = O for any
r € S\ {s,t} with m,; odd. Suppose to the contrary that g,q; # 0. Then, g, = g5
since H(q) is collapse free. Let R be a maximal subset of S containing s such that
qa = qp whenever a, b € R and mgy, is odd. Then, r € R. The maximality forces R
to be admissible. By Proposition 3.1, Hr(q) is isomorphic to a subalgebra of H(q)
and thus commutative. It also has a basis {T,, : w € Wr} by Theorem 1.2. Hence,
mys < 2, a contradiction.

Therefore, {s, ¢} is admissible. Then, Hy ;)(q) is isomorphic to a subalgebra of
‘H(q) and hence commutative. Since my, > 3, Theorem 1.2 implies that mg, is odd
and g; # g;. Then, exactly one of g; and g, must be 0 since H(q) is collapse free. By
Lemma 3.3, the dimension of Hy ;) (q) is 2m — 3, and hence, m; = 3. This proves
one direction of the theorem. The other direction follows from Lemma 3.4. m|

Finally, using the results in this section, we obtain a proof for Theorem 1.2. One can
check that {T,, : w € W} spans H(q) using the word property of W and the defining
relations of H(q). If g = g; whenever my; is odd, then {T, : w € W} is a basis for
‘H(q) by Lusztig [7, Proposition 3.3]. Conversely, suppose that {T, : w € W}is a
basis for H(q). Let s, t € S with m := my, odd. The dimension d of the subalgebra
of H(q) generated by Ty and T; equals the cardinality of the subgroup (s, #) of W,
which is 2m by the word property of W. On the other hand, if ¢; # ¢;, then either
d =1 < 2m when g5q; # 0 by Theorem 3.2, ord < 2m — 3 < 2m when g;q; = 0
by Proposition 3.1 and Lemma 3.3. Hence g; = ¢;.

4 The simply laced case

In this section, we study a collapse-free Hecke algebra H(q) with independent para-
meters q = (gs € F : s € S) of a simply laced Coxeter system (W, S). We first give
some lemmas in order to construct a basis for H(q).

Lemma 4.1 If (W, S) is simply laced, then S decomposes into a disjoint union of
S1, ..., Sk such that

(i) the elements of each S; receive the same parameters and are connected in the
Coxeter diagram of (W, S),
(i) if s € §;, t € S}, i # J, then either mg = 2 or exactly one of g5 and q, is 0.

Proof We remove from the Coxeter diagram of (W, §) all the edges whose two end
vertices correspond to distinct parameters. Let S, ..., Sx be the vertex sets of the
connected components of the resulting graph.

If s,t € S;, then there exists a path from s to 7, whose vertices have the same
parameter. Thus, (i) holds.

If s € S;,t € §j,i # j,and my, = 3, then one has g; # g,, and thus, exactly one
of g and ¢; is 0 since H(q) is collapse free. Hence, (ii) holds. O

Let W; := (S;), where S; is as in Lemma 4.1, for all i = 1, ..., k. We say an
element w; € W; dominates S; if i # j and there exists € S; and ¢ € §; such that
qs = 0, mg; = 3, and s occurs in some reduced expression of w;. Let W(q) be the
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set of all elements (wy, ..., wx) € Wi x --- x W such that w; = 1 whenever some
w; dominates S;. We need to define an H(q)-action on FW(q). Let s be an arbitrary
element in S. Then, s € S; for some i € [k]. Letw = (wy,...,wx) € W(q). We

define Ty (w) := (T3 (W), ..., Ty (W)x) € FW(q) as follows.

If S; is dominated by some w ;, then Ty acts trivially on w, meaning that 7y (w) := w.
Otherwise, T acts nontrivially on w: if £(sw;) < £(w;) then T3(w); = (1 — q)w; +
gsw; and Tg(w); = w; for all j # i;if £(sw;) > £(w;), then Ty(w); = sw;,
Ty(w); = 1forall j # i such that s dominates S;, and T5(w); = w; forall j # i
such that s does not dominates S;. In other words, if S; is not dominated by w; for
all j # i, then T acts on the ith component of w in the same way as the regular
representation of the Hecke algebra Hs;, (¢5) (see (2.1)), and for all j # i, one has

w;, if s does not dominate S;,

Ty (w); =’

1, if s dominates S;.

Lemma 4.2 One has a well defined H(q)-action on FW(q) such that every element
(w1, ..., wr) in W(q) is equal to Ty, - - - Ty (1).

Proof Lets € S; and let w = (wy, ..., wg) € W(q). We first show that T5(w) €
FW(q). We may assume that 7 acts nontrivially on w, i.e., S; is not dominated by w ;
forall j #i.If £(sw;) < £(w;), then w € W(q) implies

Ts(w) =0 —g)w+q(wy, ..., wi—1, SW;, Wit+1, ..., wk) € W(q).

Ife(sw;) > £(w;), then Ty (w) € W(q) since Ty(w); = sw; and Ty (w) ; = 1 whenever
s dominates S.

Next, we verify the quadratic relation for the action of 7. If T acts trivially on
w, then Tf = (1 — g5)T; + g5 clearly holds. Assume that 7§ acts nontrivially on w
and apply 7y again to Ty (w). For the i-th component, this is the same as the regular
representation of Hg, (gs) (see 2.1). Hence, TS2 = (1 — g5)Ts + g5 holds for the i-th
component. Let j # i. If s does not dominate S}, then Ty(w); = w; is fixed by
T;. If s dominates S;, then Ty(w;) = 1 is also fixed by T, and g; = 0. Hence,
7}2 = (1 — g5)Ts + g5 also holds for the j-th component for all j # i.

Next, we verify the braid relation between Ty and T; for any ¢t € S; \ {s}. If one
of Ts and T; acts trivially on w, then so does the other. Thus, we may assume that
T, and T; both act nontrivially on w. Then, they both act on the i-th component of w
by the regular representation of Hg, (g5), and hence, the braid relation holds for this
component. Let j # i and let T (s, ¢) be any product of 75 and T; that contains both
of them. If either s or r dominates S;, then T'(s, #) sends w; to 1. If neither of s and ¢
dominates S, then T'(s, t) fixes w;. Hence, the braid relation between T and 7; also
holds for the j-th component for all j # i.

Next, assume that t € S; and i # j. First consider the case when s dominates ;.
Since g; = 0, one has T3 (w); = w; if £(sw;) < €(w;) and Tx(w); = sw; if £L(sw;) >
£(w;). In either case, T; acts trivially on T5(w), i.e., T; (T3 (w)) = T5(w). On the other
hand, since ¢; # 0, one sees that 7; dominates nothing and thus fixes all components of
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w except the j-th one. Since s dominates S, one also has Ty (T;(w)); = Ty(w); = 1.
Hence, Ty (T; (w)) = T (w).

Similarly, if  dominates S;, then one has T 7;(w) = T;(w) = T;T;(w). For the
remaining case, that is, when s does not dominate S; and ¢ does not dominates S;,
one has mgy = 2 by Lemma 4.1 (ii). We need to show that both actions of T;7; and
T; Ty on w are the same. One sees for both actions that 7y and T; act separately on
w; and w; by the regular representations of Hg; (gs) and Hsg i (g:), respectively. Let
h e [k]\ {i, j}. If S, is dominated by either s or ¢, then both 7;7; and T; Ty send wy,
to 1. Otherwise, both T3 7; and T; T; fix w;. Hence, T T;(w) = T; T5(w).

Therefore, one has a well-defined action of H(q) on FW(q). One sees that every
element (wq, ..., wy) in W(q) is equal to T, - - - T, (1) by induction on £(w1) +
-+« 4 £(wy). This completes the proof. O

Theorem 4.3 Assume that (W, S) is simply laced and H(q) is collapse free. Then,
'H(q) has a basis

B(‘l) = {Twl e ka : (w17 R wk) € W(‘])}

Proof Theorem 1.2 shows that H(q) is spanned by {7, : w € W}. Lets € S;,
teSj,andi # j. lf my = 2, then T, T, = T, T;. If my, = 3, then we may assume
0 = g5 # q; by Lemma 4.1 and it follows from Lemma 3.4 that 7,7, = Ty = T, T}
for all » € §;. Hence, for any w € W, one can write T, = Ty, --- Ty, where
w = (wq, ..., wg) € W(q). This shows that B(q) is a spanning set for 7 (q). On the
other hand, it follows from Lemma 4.2 that B(q) is also linearly independent. Thus,
B(q) is a basis for H(q). O

Corollary 4.4 Suppose that (W, S) is simply laced and let S, ..., Sk be given by
Lemma 4.1.
(1) A collapse-free H(q) is finite dimensional if and only if W; := (S;) is finite for
alli € [k].
(ii) There exists q € FS such that H(q) is collapse free and finite dimensional if and
only if there exists R C S such that the parabolic subgroups (R) and (S \ R) are
finite.

Proof (i) By Theorem 4.3, a collapse-free H(q) is finite dimensional if and only if
W (q) is finite. For any i € [k], there are injections W; <— W(q) — W| x --- x W;.
Hence, W(q) is finite if and only if W; is finite for all i € [k].

(i1) Suppose that H(q) is collapse free and finite dimensional. Let R := {s €
S : gy = 0}. By Lemma 4.1, we may assume R = §; U --- U §;. Then, (R) =
(S1) x -+ x(Sj)and (S \ R) = (Sj41) X --- X (S) are both finite groups by (i).
Conversely, if there exists a subset R € § such that (R) and (S \ R) are both finite
groups, then H(q) is finite dimensional by (i), where q is defined by ¢; = 0 for all
s € Randgys = 1 forall s ¢ R. O

Example 4.5 (i) It is well known that the Coxeter group of affine type A is infinite
and so is the associated Hecke algebra with a single parameter. However, if one
takes some parameters to be O and others to be 1, the resulting algebra is finite
dimensional, since all the W;s given in the above theorem are of finite type A.
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(i) Let the Coxeter diagram of (W, S) be the complete graph Ks with 5 vertices.
Assume that H(q) is collapse free. There can be at most two different parameters
Oandg # 0. Both R :={s € § : g = 0} and its complement S\ R = {s € S :
qs = q} are admissible subsets of S, the larger one of which contains at least 3
elements and thus gives a copy of the infinite-dimensional Hecke algebra of affine
type Az with a single parameter as a subalgebra of H(q). Therefore, H(q) is never
finite dimensional in such cases.

5 The simply laced bipartite case

By Theorem 3.5, there exists q € F such that H(q) is collapse free and commutative
if and only if the Coxeter diagram of (W, S) is simply laced and bipartite. We give
more results for such case in this section. Recall from graph theory that an independent
set of a graph is a set of vertices of which no two are adjacent. Let Ty := [],,; T; for
all I € Z(G), where Z(G) consists of independent sets in the underlying graph G of
the Coxeter diagram of (W, §).

Corollary 5.1 A collapse-free and commutative H(q) has a basis {T; : I € Z(G)}.
In particular, if (W, S) is of type A, then the dimension of H(q) equals the Fibonacci
number Fy 7.

Proof By Theorem 3.5, the Coxeter diagram of (W, S) is a simply laced and bipartite
graph G with all edges between the two subsets {s € S : g, =0} and {r € S : g, # 0}.
Hence, the subsets Si, ..., Sk given by Lemma 4.1 are all singleton sets. Then, the
basis B(q) for H(q) given in Theorem 4.3 consists of the elements 7 forall I € Z(G).

Now suppose that (W, S) is of type A,, i.e., its Coxeter diagram is isomorphic to
the path P, with n vertices. If an independent set / in P, contains one end vertex of
P,, then removing this end point from / gives an independent set of P,_5; otherwise,
I is an independent set of P,_;. Thus, |Z(P,)| = |Z(Py—1)| + |Z(P,—2)|. One also
sees that |Z(P;)| =i+ 1ifi =0, 1. Thus |Z(P,)| = F,42 foralln > 0. O

Computations in Magma suggest the following conjecture.

Conjecture 5.2 Suppose that the Coxeter diagram of (W, S) is a simply laced and
bipartite graph G. The minimum dimension of a collapse-free H(q) is |Z(G)|, which
is attained when it is commutative.

We will verify this conjecture for type A,. We first need a lemma on the Fibonacci
numbers, which are defined as Fy =0, F; = l,and F,, = F,,_| + F,_, foralln > 2.

Lemma 5.3 Ifk > 4, then k! > Fy43 + 2. Also, ifa > 1 and b > 0, then F,yp =
FoFpi1 + Fu 1 Fp < FaFpyo.

Proof The first result follows easily by induction. It is well known that F,4, =
FyFpy1 + Fa—1 Fp (see Example 7.2). Hence, F,1p < Fy(Fpy1 + Fp) = FFpyp. 0O

Theorem 5.4 Let H(q) be a collapse-free Hecke algebra of type A,, with independent
parameters. Then, its dimension is at least the Fibonacci number F, 1 >, and the equality
holds if and only if H(q) is commutative.
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Proof We prove the result by induction on n. The Coxeter diagram for type A, is
the path §1 — 82 — .- — s, . We write ¢; := ¢y, foralli € [n]. Let Sy, ..., S be
the subsets of S given by Lemma 4.1. Then, S; is a path of length n; > 1 for every
J € [k]. We may assume, without loss of generality, that

Si={sitn+--+nj1<i<n+---+n;}, Vjelkl

If all parameters in q are the same, then H(q) has dimension (n + 1)! > F,4».
Thus, we may assume that there exists j € [k] such that g, = g # O for all s € S;.
Leta=ny+---+nj_1,b=nj,andc =nj1 +---+ng. By convention, a = 0 if
J=1,and c = 0if j = k. One sees that s, and 5,151 both dominate S;.

By Theorem 4.3, H(q) has dimension |W(q)|. We need to count the elements
(wy, ..., wr) in W(q). If w; # 1, then any reduced word of w; | cannot contain s,
and any reduced word of w4 cannot contain sq4p1. It follows that (w1, ..., w;_1)
and (wj41, ..., wy) are arbitrary elements in W(g; : 1 <i <a —1)and W(g; :
a+ b+ 2 <i < n),respectively. Then, the number of choices for (w1, ..., wg) in
this case is at least F,1((b + 1)! — 1) F.4+1, by induction hypothesis. Note that this
still holds even if a = 0 or ¢ = 0, since F} = 1.

Similarly, if w; = 1, the number of choices for (wy, ..., wy) is at least Fy 2 Fo12
by induction hypothesis.

Thus, the dimension of H(q) is at least f(a, b,c) := Far1(b+ D! — 1) Feq1 +
Fy42F.1>. By Lemma 5.3,

fla,b,c) =Far1(0+ D! =2)Feq1 + Fageys.

If b = 1, then this becomes f(a, b, c) = Fyyc4+3 = Fy42. If b =2, then Lemma 5.3
implies that

fla,b,¢) > 3Fg 1 Feq1 + Fayers > FaFgre + Fup1 > Fyy + Fup1 = Fuygo.
If b > 3 then Lemma 5.3 implies that
fla,b,c) > Far1FpraFey1 = Fappr3ber1 = Fuyo.

Therefore, f(a, b, c) > F, 1, always holds.

Finally, assume f (a, b, c) = F, ;. By the above argument, this equality is possible
only if » = 1 and the dimensions of H(qi, ..., ;) and H(ga+2, ..., qn) are Fyio
and F,4p, respectively. Then, H(q1, ..., q4) and H(gs+2, - .., gn) are commutative
by induction hypothesis. The definition for a, b, and ¢ implies ¢, = 0, g4+1 # O,
and g,42 = 0. It follows from Theorem 3.5 that g; = 0 when i = a mod 2 and
qi # 0 otherwise. Hence, H(q) must be commutative. On the other hand, if H(q) is
commutative, then its dimension is F, by Corollary 5.1. This completes the proof.

O

Next, we explain the connection between a collapse-free and commutative H(q)
and the Mobius algebra A(L) of a finite lattice L. According to Stanley [10, § 3.9],
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the Mobius algebra A(L) is the monoid algebra of L over F with the meet operation,
and it is a direct sum of |L| many one-dimensional subalgebras.

Now let Z be a finite rank two poset. Set X := {x € Z : x > y forsome y € Z}
and Y = Z \ X. By abuse of notation, we denote by Z the underlying graph of Z. Let
L be the distribute lattice J(Z) of the order ideals of Z ordered by reverse inclusion
(so that the meet operation is the union of ideals). Suppose that (W, S) is a Coxeter
system whose Coxeter diagram coincides with Z. Denote by H(Z) the Hecke algebra
H(q) of (W, S) with parameters q = (g5 : s € S) given by g = O forall s € X and
gs = 1foralls € Y.

Proposition 5.5 When char (IF) # 2 the algebra H(Z) is isomorphic the Mdbius
algebra of J(Z).

Proof By definition, the algebra H(Z) is generated by {7\ : x € X} U (T, : y € Y}
with relations

T}=T, T}=1, VxeX, VyeY,
.7, =T,T,, Vz,7 € Z,
I, T, =Ty, if x > yin Z (by Lemma 3.4).

One has a basis {77 : I € Z(Z)} for H(Z) by Corollary 5.1.

When char (IF) # 2, one can replace the generator T, with T}’, := (Ty+1)/2, which
is now an idempotent, for every y € Y. One checks that all other relations given above
remain same. Write 7, = T for all x € X. Then, the algebra H(Z) is generated by
(T, x € X}U{Ty/ :y € Y}andhasabasis {T] : I € I(Z)} where T'(I) := [].; T/

Any independent set / in Z(Z) is an antichain in Z, generating an order ideal J ()
consisting of all elements weakly below some element of /. Conversely, an order ideal
of Z corresponds to an independent set I € Z(Z) consisting of all maximal elements
in this order ideal. Hence, sending T’ ([) to the order ideal J(I) forall I € Z(Z) gives
a vector space isomorphism H(Z) = A(J(Z)). To see this isomorphism preserves
multiplications, let /1 and I be two elementsinZ(Z). Then, T’ (1) T’ (1) = T’ (I,01)
where 1 o I is obtained from /; U I by removing all the elements that are less
than some element of 7} U I>. On the other hand, the order ideal J (/1) U J (/) has
maximal elements given by 11 o I» and thus equals J (I o I). This completes the
proof. O

6 The commutative case

By Theorem 3.5 and Corollary 5.1, if H(q) is collapse free and commutative, then the
Coxeter diagram of (W, S) is simply laced with a bipartite underlying graph G, and
the dimension of H(q) is |Z(G)|. In this section, we define and study a more general
commutative algebra for any (unweighted) simple graph G, whose dimension is still
IZ(G)I.
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6.1 Basic results

Let G be a simple graph with vertex set V (G) and edge set E(G), and let R € V(G).
We define an algebra H (G, R) to be the quotient of the polynomial algebra F[x, : v €
V(G)] by the ideal generated by

(x2:r e R)U{x2 —x,:v e V(G)\ R}U {xux, : uv € E(G)}.
The image of x, in the quotient algebra H(G, R) is still denoted by x, forall v € V.

This algebra H (G, R) generalizes the commutative algebra H(q) by the following
result.

Proposition 6.1 If H(q) is collapse free and commutative, then it is isomorphic to
H(G, R) as an algebra, where G is the underlying graph of the Coxeter diagram of
W,S)and R :={s € S:q; =—1}.

Proof The algebra H(q) has another generating set {x; : s € S} given by

TYa qu = 07
X =Ty — 1, qs = —1,
(I =T5)/(1 +g5), otherwise.

If H(q) is collapse free and commutative, then one can check that the relations for
{T; : s € S} are equivalent to the relations for {x; : s € S} in the definition of H(G, R)
using Lemma 3.4. Thus, the result holds. |

Remark 6.2 (i) Theset R = {s € § : g, = —1} associated with H(q) depends on
char (F). For example, an element s € S with g, = 1 belongs to R if and only if
char (F) = 2. However, once R is chosen for the algebra H(G, R), our results on
‘H(G, R) do not depend on char (F) any more.

(ii) By Theorem 3.5, if H(q) is collapse free and commutative, then R = {s €
S : gs = —1} must be an independent set of G. But the commutative algebra
H(G, R) is well defined for any simple graph G and any subset R € V (G).

(iii) The Stanley-Reisner ring of the independence complex of G is defined as the
quotient of the polynomial algebra F[y, : v € V(G)] by the edge ideal generated
by (yuyv : uv € E(G)) (see, e.g., [5]). The algebra H(G, R) is a further quotient
of the Stanley-Reisner ring of the independence complex of G.

Now, we study the algebra H(G, R) and our results will naturally apply to the
commutative algebra H(q) by Proposition 6.1. We first need some notation. For any
U C V(G), we write

Xy = qu and X := qu_

uelU uelU

where x,” := 1 —x, forall v € V(G). One sees that Xy # 0if and only if U belongs
to Z(G), the set of all independent sets in G. We define the length of a nonzero
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monomial X; to be the cardinality |/| of the independent set /. We partially order
the nonzero monomials by their lengths. We denote by N (U) the set of all vertices
that are adjacent to some vertex u € U in G. We will often identify a subset U of
V(G) with the subgraph of G induced by U, whose vertex set is U and whose edge
setis {{u, v} € E(G) : u,v € U}. We will also write “+” and “—” for set union and
difference. For example, we write G — R for the subgraph of G induced by V(G) — R,
and hence, Z(G — R) consists of all independent sets of G — R. We give two bases
for H(G, R) in the following proposition, which generalizes Corollary 5.1.

Proposition 6.3 The algebra H(G, R) has dimension |Z(G)| and two bases {X| :
I € I(G)} and

{X140Xg_p_;:1€L(G—R), JEI(R—NU)}. (6.1)

Proof The defining relations for H(G, R) immediately imply that it is spanned by
{X;: I CI(G)}. Let FZ(G) be the vector space over [F with a basis Z(G). We define
an action of H(G, R) on FZ(G) by

0 0, ifvelNRorlUf{v}é¢Z(G),
X =
! I U{v}, otherwise.

It is not hard to check that this action satisfies the defining relations for H(G, R). For
any I € Z(G), one has X;(#) = I. This forces the spanning set {X; : I € I(G)} to
be a basis for H(G, R).

One sees that any independent set of G can be written uniquely as I + J for some
I € Z(G-R)and J € TZ(R— N(I)), and the shortest termin Xy y X 5_p_; 18 X747.
Thus, (6.1) is also a basis for H(G). O

Let G’ be a subgraph of G induced by V' C V(G), and let R" = V' N R. The
following corollary allows us to study the induction of H(G’, R")-modules to H(G, R)
and the restriction of H(G, R)-modules to H(G’, R').

Corollary 6.4 The subalgebra of H(G, R) generated by {x, : v € V'} is isomorphic
to H(G', R').

Proof Thereisaninjection¢ : H(G’, R") — H(G, R) of algebras defined by sending
the generators x|, for H(G’, R’) to the generators x,, for H(G, R) for all v € V.
By Proposition 6.3, the algebra H(G’, R’) admits a basis consisting of the elements
X = [lyes X, forall I € Z(G"). The map ¢ sends this basis to the basis {X; : I €
Z(G")} for the subalgebra of H(G, R) generated by {x, : v € V'}, giving the desired
isomorphism. O

6.2 Projective indecomposable modules and simple modules

We first decompose the algebra H(G, R) into a direct sum of indecomposable sub-
modules.
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Theorem 6.5 There is an H(G, R)-module decomposition

HG. R = P PiG.R (6.2)
ICZ(G—R)

where each P;(G, R) = H(G, R)X;X;_p_; is an indecomposable H(G, R)-
module with a basis

{Xi4sXg_p_;:J €I(R=N()} (6.3)

and hence has dimension |Z(R — N (I))|. The top of P; (G, R), denoted by C;(G, R),
is one dimensional and admits an H(G, R)-action by

1, ifvel,
Xy = .
0, ifveG-1.

Proof Let I € Z(G — R). Since xyx, = O0foranyv € G — R — I, and x,x, = 0
whenever v € I and u € N(v), one has

X1+7Xg g g ifJ—1€Z(R—N()),

) (6.4)
0, otherwise

XJ(XIX(_;,R,]) = [

for any J € Z(G). Hence, (6.3) spans P; (G, R). By Proposition 6.3, H(G, R) has a
basis (6.1) which is the union of the spanning sets (6.3) for all / € Z(G — R). This
implies the direct sum decomposition (6.2) of H(G, R) and forces the spanning set
(6.3) to be a basis for P; (G, R). The dimension of P; (G, R) is then clear.

Now, we prove that P; (G, R) is indecomposable and find its top. Since xr2 =0
for any r € R, the elements in (6.3) are all nilpotent except X; X ;_p_;. The span
Nj; of these nilpotent elements is contained in the nilradical of H(G, R) and hence
in the radical of P; (G, R). By (6.4), the quotient P; (G, R)/Nj is isomorphic to the
one-dimensional H(G, R)-module C; (G, R). It follows that the radical of P; (G, R)
equals Ny, and the top of P; (G, R) is isomorphic to C; (G, R). Then, P; (G, R) must
be indecomposable as its top is simple. O

By Theorem 6.5, {P;(G,R) : I € Z(G — R)} and {C;(G,R) : I € Z(G — R)}
are complete lists of pairwise nonisomorphic projective indecomposable H(G, R)-
modules and simple H (G, R)-modules, respectively. The proof of Theorem 6.5 shows
that the radical of P; (G, R) is spanned by {X;1;X;_p_; : 0 # J € Z(R — N(I))},
and hence, the radical of H(G, R) is the ideal generated by {x, : r € R}. This ideal
coincides with the nilradical of H(G, R), showing that H(G, R) is a Jacobson ring.
Some other consequences of Theorem 6.5 are listed below.

Corollary 6.6 Theorem 6.5 implies the following results.

(1) The algebra H(G, R) is semisimple if and only if R = ().
(ii) Foranyl € Z(G —R) one hasP;(G, R) = H(G, R) ®c-r,2 C1(G—R, V).
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(iii) The socle of P;(G, R) is the direct sum of FX 11y X;_p_; = C;(G, R) for all
maximal J in T(R — N(I)).

@iv) The Cartan matrix of H(G,R) is the diagonal matrix
diag{|[Z(R— N())|: 1 € Z(G — R)}.

(v) A complete set of primitive orthogonal idempotents of H(G) is given by
(X1 Xg_p_;: 1 €Z(G - R)}.

Proof (i) An algebrais semisimple if and only if its radical is 0. The radical of H(G, R)
is generated by {x, : r € R}, which is 0 if and only if R = ¢.

(ii) There is a bilinear map H(G, R) x C;(G — R, ) — P;(G, R) defined by
sending (X, z7)t0 Xy X1 X;_p_; forall J € Z(G), where z; is an element spanning
C;(G — R, ¥). This induces an algebra surjection

¢ H(G, R) ®nG-r.» Ci1(G — R, 0) - P1(G, R)

which sends X; ®wG-r,m 21 10 Xy X[ X5_p_; forall J € Z(G). One sees that
H(G, R) @1 G-r,p) C1(G — R, ) is spanned by {X; @ -rp 21 : J € Z(R —
N (1))}, which is sent by ¢ to the basis (6.3) for P;(G, R). Hence, ¢ must be an
isomorphism.

(i) If J is maximal in Z(R — N (1)), then F X7, ;X ;_ p_; admits the same action
of H(G, R) as C;(G, R). Thus, FX; s X;_p_, is a simple submodule of P; (G, R)
and must be contained in the socle of P; (G, R). Conversely, we need to show that any
simple submodule M of P;(G, R) is contained in the direct sum of FX;4,X;_p_;
for all maximal J € Z(R — N(1)). Using the basis (6.3) for P; (G, R), one writes an
arbitrary element of M as

z= >, ciXipyXg g cs€F.
JEL(R—-N())

Let K be a minimal independent set in Z(R — N (I)) such that cg # 0. It suffices to
show that K is also maximal in Z(R — N (I)). If not, then there exists r € R — K such
that K +r € Z(R — N(1)). For any J € Z(R — N(I)), one sees that

_ 0, ifre JUNUIUJ),
X X1 i Xg_pop = - .
Xivi+rXg_p_; #0, otherwise.

Thus, in the expansion of x,z in terms of the basis (6.3), the coefficients of
XivxkXg_p_yand Xjyx1rX5_p_;are 0 and cg # 0, respectively. It follows that
xrz ¢ Fz and M is at least two dimensional. This contradicts the simplicity of M.

(iv) Let I € Z(G — R). We order the elements X;1;X;_p_; by |J| forall J €
Z(R — N(I)). This induces a filtration for P; (G, R), under which

X1+JX5—R—I’ vel,

xpX1+7X, =
vAI+TAG_R_] [0, vl
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Hence, every simple composition factor of P; (G, R) is isomorphic to C; (G, R). The
Cartan matrix follows.

(v) This follows from the decomposition of H (G, R) given in Theorem 6.5 and the
equality

Z XiXg g ;= Z Z(—l)”\”XJ:l.

I€Z(G—R) JeI(G—-R)ICJ

The reader who is not familiar with primitive orthogonal idempotents can find more
details in [2, § 1.4]. 0O

6.3 Induction and restriction

Let G’ be an induced subgraph of G and let R" = G’ N R. By Corollary 6.4, the fol-
lowing induction and restriction are well defined for isomorphism classes of modules:

e the induction M 1 g;I;, :=H(G, R) ®1 ¢, g’y M of an H(G', R")-module M to

H(G, R),
e the restriction N |, g;li(,, of an H(G, R)-module N to H(G’, R').

Proposition 6.7 Assume R = (, and hence, R' = . Write (G, R) = (G) and
(G', R") = (G'). Then, for any I' € Z(G'),

CrGht = P G

1€T(G):ING' =TI

Proof Suppose that C;/(G”) = Fz. Using the universal property of the tensor product,
one obtains an algebra surjection

¢ H(G) @Ky Fz — H(G)X[/Xa/_l/

which sends X; ®n iy z to XyXpXg _, foral J € Z(G). One sees that
‘H(G) ®H ) Fz is spanned by

(X1 ®nhz: 1 €L(G), ING =1'}
since x,z = 0 for all v € G’ — I’. This spanning set is sent by ¢ to
{XiXg p:1€Z(G), ING' =1"}

which is a basis for H(G)X; X, _, since it is a spanning set triangularly related
to {X; : I € Z(G), I NG’ = I}, a linearly independent set in H(G). Thus, ¢ is
an isomorphism. Using the length filtration induced by |/| for all I appearing in the
above basis, one sees that the composition factors of H(G)X X, _;, are C;(G) for
all I € Z(G) with IN G’ = I, each appearing exactly once. This completes the proof
as H(G) is semisimple by Corollary 6.6 (i). O
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Proposition 6.8 Let I € Z7(G — R) and J € Z(G' — R'). Then, C;(G, R) | g;f;, =
Cing/(G', R') and

Pi(G R) 1 g = t Px(G, R).
KeZ(G—R):KNG'=J

Proof The restriction of C; (G, R) follows easily from the definition. By Corollary 6.6
(i1) and Proposition 6.7,

G,R ~ G',R G,R
P;(G . R) 1 SR =Ci G — R Gt SR

=Ci(G =R.N1 Gy

~ G-R® A G.R
=C/G =R Gt Gk

= ) Ck(G-R.M) 1 &5y
KeZ(G—R), KNG'=J

~ EB Px (G, R).

KeZ(G-R), KNG'=J
This completes the proof. O

Remark 6.9 1Tt is not hard to obtain the simple composition factors of the induction of
a simple H(G’, R")-module to H(G, R). But the restriction of a projective indecom-
posable H(G, R)-module to H(G’, R’) is not always projective.

7 Commutative Hecke algebras of type A

We apply the previous results to commutative Hecke algebras of type A with indepen-
dent parameters.

7.1 Decomposition of Fibonacci numbers

Let (W, S) be the Coxeter system of type A, whose Coxeter diagram is the path
§1 — §2 — -+ — Sy . We often identify s; with i and write q := (g1, ..., q,) € F".
Let H(q) be a collapse-free and commutative Hecke algebra of (W, §) with indepen-
dent parameters . Then Theorem 3.5 implies that either ¢; = O forall odd i € [r] and
qi # Oforalleveni € [n], or the other way around. Proposition 6.1 provides an alge-
bra isomorphism H(q) = H(P,, R), where R := {i € [n] : g = —1}. Note that the
set R obtained from H(q) depends on char (F). For example, ifq = (1,0, 1,0, 1, ...),
then R = () and H(P,, R) is semisimple if char[F £ 2, but R = {1,3,5,...} and
‘H(P,, R)isnot semisimple if char () = 2. However, the algebra H(P,, R) is defined
for any subset R C [n], and our results do not depend on char (IF). We first give decom-
positions of the Fibonacci numbers.
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Proposition 7.1 Let R C [n]. Then,

Faro= D, |Z(R—=ND)

1€Z(P,—R)

Proof Let G be asimple graph, and let R € V (G). By Proposition 6.3, the dimension
of H(G, R) is |Z(G)|. By Theorem 6.5, H(G, R) is the direct sum of P;(G, R) for
all I € Z(G — R), and the dimension of each P; (G, R) is |Z(R — N(1))|. Hence,

IZ@G) = D> |T(R—-NT)I.

1eZ(G—R)

Now, take G = P,. We know that |Z(P,)| = F,+2 by Corollary 5.1. Thus, the result
holds.

Example 7.2 Let R := [m]forsomem € [n—1]. Then, the subgraph of P, induced by
Risthepath P,.If I € T(P,—[m+1]),thenZ(R—N(l)) =Z(R).IfI € Z(P,—R)
containsm + 1,then I —{m+1} € Z(P, —[m+2])and Z(R — N(I) = Z([m — 1]).
Thus, we recover a well-known identity Fy42 = Fpa2Fnm+1 + Fn+1 Fo—m-

Example 7.3 Let X and Y be the subsets of odd and even numbers in [n], respectively.
Then,

Fapz = 3 20 -NOI = 32 plX=N )|,

Icx jcy

This writes a Fibonacci number as a sum of 2/%! or 2/¥! many powers of 2. Some small
examples are provided below.

n=1 2=14+1=2 n=2 3=2+41
n=73 S=2+1+1+1=4+1 n=4 8=4+2+1+1
n=>5 13 =442424+1+1+14+141 =84+24241 n=~6 21 = 844424242+ 14141

7.2 The semisimple commutative case

Now, we study the representation theory of the semisimple commutative algebra H,, :=
H(P,—1, D), where H := F by convention. We write @ x n if @ = (a1, ..., o) is a
composition of n with all internal parts larger than 1,1i.e.,; > 1 whenever | <i < ¢£.

Proposition 7.4 The algebra H,, decomposes into a direct sum of Fy,+| many one-
dimensional simple submodules C indexed by o < n, with the H,-action on Cy given
by x; = 1 ifi € D(a) or x; = 0 otherwise.
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Proof For any composition « of n, one sees that D(«) is an independent set of P, if
and only if o has no internal parts equal to 1. Thus, the result follows from Theorem 6.5.

Since H,, is semisimple, its two Grothendieck groups Go(H,) and Ko(H,,) are
the same. Given nonnegative integers m and n, the subalgebra of H,,, generated
bY X1,y Xm—1> Xm+1»---» Xm4n—1 1S isomorphic to H,, ® H,, giving a natural
embedding H,, ® H;, <> Hy+n- Thus, there is a tower H, : Ho < H; — Hp —

- of algebras, whose Grothendieck group Go(H,) := ,,~ Go(Hy) has a product
and a coproduct defined by -

Ca®Cpi=(Ca®Cp) 150", and AC)i= > Colliny

0<i<m

for all @ o< m and B o n. One sees that the product & and the coproduct A are well
defined, with unit u sending 1 to Cy, and counit € sending Cy to 1 and C,, to O for
all @ o< n, n > 1. Applying Proposition 6.8 immediately gives the following explicit
formulas for the product and coproduct below. See §2.3 for the notation of8, o > S,
<, and O~j.

Proposition 7.5 For any o o« m and B  n, one has

Cop @ Cypp, if af ocm +n,

and A(Cy) = Co.. ® Cq_..
Corp, otherwise, (Ca) Z o< i

0<i<m

Cy ®Cy ={

For example, one has C3; ® C41 = Ci3241 ® Ci361, C121 ® C32 = Cjo42, and
A(Ci122)=Cy ® C122+C; ® C22+C11 ® C12+C12®C2+Ci21 ® C1+C122®Cy.

Corollary 7.6 (i) The graded algebra and coalgebra structures of Go(H,) are dual
to each other via the pairing defined by (Cy, Cg) 1= 84, g for all a o« m and
B o« n, with a self-dual basis {Cy : o« x n, VYn > 0}.

(ii) There is a surjection o : Ko(He(0)) — Go(He) of graded algebras and an
injection t : Go(He) > Go(He(0)) of graded coalgebras such that the two maps
are dual to each other.

Proof The first assertion holds since it follows from Proposition 7.5 that
(Ca ®Cp, Cy) = (Ca ® Cp, A(C))), (Cy, Ca) = €(Ca). (7.1)

For the second assertion, first recall the representation theory of the O-Hecke algebra
H, (0) from §2.3. We define the surjection o by

ﬂmmnz{%’ﬁ““” (72)

0, otherwise.
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We define the injection ¢ by sending C,, to C (0) forall @ o< n. One sees that o and ¢ are
maps of graded algebras and coalgebras, respectively, by comparing Proposition 7.5
with Proposition 2.1. It is not hard to check that

(0(Py(0)), Cp) = (Pa(0), L(Cp)) = 80, p. Ve |=m, VB oxn.

This shows that o and ¢ are dual maps. Hence, (ii) holds. O

Remark 7.7 (i) Comparing the definitions for H,, and H,, (0), one sees that the former
is a quotient of the latter by the relations 7;7;+1 = Oforalli = 1,...,n—2. Thus,
any H,-module is automatically an H,(0)-module. This induces the injection
t: Go(He) = Go(H4(0)) given in the previous proposition. On the other hand,
C,(0) = top(P,(0)) admits an H,-action and is hence isomorphic to C, if and
only if the composition « has all internal parts larger than 1. This induces the
surjection o : Ko(He(0)) — Go(H,) defined in (7.2).

(ii) It is well known that the number of partitions of 7 is no more than the Fibonacci
number F,;1. One may suspect that the surjection Ko(H,(0)) = NSym —»
Sym = G¢(C&,) factors through the surjection o : Ko(He(0)) — Go(H,)-
This is not true since the commutative image of the noncommutative ribbon Schur
function s, is the ribbon schur function sy, but f(P,(0)) = 0 if « is a com-
position with an internal part equal to 1. Similarly, one sees that the injection
Go(CG,) = Sym — QSym = G(H,.(0)) does not factor through the injection
t:Go(He) = Go(He(0)), since the image of the injection i is spanned by C, (0)
foralla ocn,n > 0,but F, € Sym wheno = 1", n > 3.

(iii) Unfortunately, Go(H,) is not a bialgebra: one checks that A(Cj; ® Cy) #
A(Cq1) ® A(Cy) where the product on the right- hand side is tensor-component-
wise. Thus, it does not fit into Zelevinsky’s theory on positive self-dual Hopf
algebras [12]. One also checks that Go(H,) is not a weak bialgebra (c.f. [4]), nor
an infinitesimal bialgebra (c.f. [1]).

Next, we consider the Bratteli diagram of the tower of algebras Hy — H; —
‘Hp < ---. It has vertices at level n indexed by « o n, forn =0, 1,2, ..., and it has
an edge between @ o« n and B o n — 1 if and only if C, | o, = Cg. One can draw
this diagram using Proposition 7.5. The first 5 levels are illustrated below.

4 31 22 13 121
~N S \ N
3 21 12
NS e
2 11
\1/
|
?
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7.3 Antipode

We consider the antipode of Go(H,). In general, let A be an algebra with product p
and unit «, and let C be a coalgebra with coproduct A and counit €. The convolution
product of two maps f, g € Homp(C, A) isdefinedas fxg := o (f ®g)oA.One
can check that u o € is the two-sided identity element for this convolution product.

Let (A’, i/, u’) be another algebra and (C’, A’, €) be another coalgebra such that
there exists an algebra surjection o : A — A’ and a coalgebra injection ¢ : C' — C.
Then, u’ = o ou, € = € o, and the following diagram is commutative, where
fli=0oforandg :=0co0gouL

c—2.coct® Aga—t sy (1.3)

Lj\ ) 1®JA Fag &a@a , &a

Lol o . R U N Y

The antipode S of a Hopf algebra H is nothing but the two-sided inverse of the iden-
tity map 1x under the convolution product for the endomorphism algebra End p(H).
In other words, S is defined by the commutative diagram below.

SRy
HQH—HQ®H

el LN
=

H

F H
7

AH®H——®—S»H®H

Iy

Note that the definition for the antipode S only requires H to be simultaneously an
algebra and a coalgebra. Moreover, if the antipode S of H exists, and if there is an
algebra surjection o : H —» H’ and a coalgebra injection ¢ : H' < H, then one sees
from (7.3) that S’ := o o S o ¢ is the antipode of H’.

The antipodes of the dual graded Hopf algebras QSym and NSym are well known
to the experts. If « = (oy, ..., 0p) is a composition of n, then its reverse is the
composition rev(e) := (ay,...,a1), its complement is the unique composition «¢
of n with D(a) = [n — 1]\ D(«), and its conjugate is the composition w(«) :=
(rev(a))€ = rev(a®). For example, if « = 21321, then rev(«) = 12312, a¢ = 13122,
and w(a) = 22131. The antipodes of QSym and NSym are defined by S(Fy) =
(=D)"Fy(a) and S(s¢) = (—=1)"Sy () for all o |=n, n > 0, where {Fy} and {s,} are
dual bases for QSym and NSym.

However, the same rule does not work for G (7, ). To give the antipodes of G (H,),
we introduce a free Z-module Comyp with a basis consisting of all compositions. By
Proposition 2.1, we can define a product « ® 8 := «f + o > B and a coproduct
Aa) = ZOsislal a<;®a-; for all compositions « and 8, such that there is an algebra
isomorphism Comp = Ko(H,(0)) and a coalgebra isomorphism Comp = G(H(0)).
The basis of all compositions for Comp is self-dual under the pairing («, B) := 8q,.
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There is an algebra surjection o : Comp — Go(H,) defined by

Cy, xn,
o(a) = o n. Yo =n, Vn>0
0, otherwise,

and a coalgebra injection ¢ : Go(H,) < Comyp sending C,, to @ forall & x n,n > 0.
They are dual to each other by Corollary 7.6 (ii). One can check that Comyp is not a
bialgebra, but its antipode exists, giving the antipode of Go(H,).

Proposition 7.8 The map S sending a to (—1)"ac for all @« = n, n > 0, is the
antipode of Comyp. Consequently, the antipode of Go(H,) is 0 o S o t, which sends
Cy to (=1)'Cye if both @ & n and o < n hold for some n > 0, that is, if « €
{22---2,122---2,22---21,122---21}, or sends Cq to 0 otherwise.

Proof 1f S is the antipode of Comp then o o § o ¢ is the antipode of Go(H,). Thus, it
suffices to show that

n n
D S @i =uoce(@) =D asi®S(@-i), Vel n

i=0 i=0

We only show the first equality and one can check that the same argument works for
the second equality. It is trivial when o = {J. Assume n > 1 below. Then, uoe(a) = 0.
For any B o n, it follows the self-duality of Comp that

n n n
<Z S(a<i) ® o, ﬂ>=Z<S(a<i> ® i, A(B)) = D (S(a<i), B=i)-(o=i, Boi).
i=0 i=0 i=0

(7.4)
Thus, it suffices to show that the sum of L; := (S(a<;), B<i) - (a=i, B=i) fori =
0, 1,...,nequals 0. One sees that

Li = [(_l)i’ if (<) = Baiv o0 = Pi

0, otherwise.

Let N be the setof alli € {0, 1, ..., n} such that L; #~ 0. It is trivial if N = @.

Suppose that i € N. One sees that D(a<;) = D(a) N[j — 1] and D(as;) =
D@)N{j+1,...,n— 1} for any j; similarly for . Hence, («¢<;)° = f<; implies
(a<j) = B<jforall j <i,and a-; = B, implies o~ ; = B~ forall j > i.

Since (a<;)¢ = B<i, the number i — 1 must belong to exactly one of D(«) and
D(pB). This forces a-; # B~ forall j < i — 1. Similarly, since o~; = B-;, the
number i + 1 belongs to both or neither of D(«) and D(B). This forces (a<;)¢ # B<;
forall j > i+ 1.Hence, N C {i — 1,i,i + 1}.

If i belongs to exactly one of D(«) and D(B),then N = {i, i 4+ 1} since (a<j+1)" =
B<iviand a1 # Bi—1.

If i belongs to both or neither of D(«) and D(B8), then N = {i — 1,i} since
(<it1)® # B<iv1and a1 = Bi—1.

In either case, above equation (7.4) equals 1 — 1 = 0. This completes the proof. O
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8 Questions and remarks
8.1 Dimension

If the Coxeter system (W, S) is simply laced, then using the basis for H(q) provided
in Theorem 4.3, one can obtain recursive formulas for the dimension of H(q). Is there
anything else (e.g., closed formula and combinatorial interpretation) one can say about
this dimension? More generally, how to write down a basis for H(q) of an arbitrary
Coxeter system?

8.2 Type A

In type A, we know that the dimension of a collapse free and commutative H(q)
is a Fibonacci number; for example, one can take ¢ = (0,1,0,1,...) or q =
(1,0, 1,0,...). What if H(q) is not commutative?

For instance, let q be a sequence of m — 1 zeros followed by n — 1 ones. Then, H(q)
is a quotient of H,,, (0) ® FS,, and has dimension (m — 1)!(n!+m — 1), by Theorem 4.3.
How does the representation theory of this algebra connect to the representation theory
of H,,(0) and G,,?

Here is another example. If q consists of @ many copies of 0 followed by » many
copies of g # 0 and then ¢ many copies of 0, one can use Theorem 4.3 to show that

dim H(q) = c!(@!((b + D! +a) + (a + Dlo).

If q consists of ¢ many copies of g # 0 followed by b many copies of 0 and then ¢
many copies of ¢’ # 0, then

dimH(q) = b!((a + D!+ b) + (b — DI((a + D!+ b — D((c + D! — 1.

What is the representation theory of H(q) in these two cases?

A final remark for type A: The tower of algebras Hy — H; — Hy < --- is
different from the tower of algebras defined by Okada [9], whose dimensions are n!
and whose Bratteli diagram is the Young-Fibonacci poset.

8.3 Other types
Our results on the commutative algebra H(G, R) applies to affine type A. Let G
be the cycle C,, with vertices 1,...,n and edges {1,2},...,{n — 1,n}, {n, 1}. We
know that H(C,, R) has a basis indexed by Z(C,). One checks that if n > 3, then
IZ(Cp) = Z(Py—1) UI(P,_3), which is the shadow of the decomposition

H(Cn, R) = H(Pp—1, RN [n = 1]) ® H(Py—1, RN [n — 1]Dxp.

Hence, for n > 3, one has |Z(Cy,)| = Fu+1 + Fn—1 = Ly, where L, is the n-th Lucas
number. When R = {J the algebra H(C,,, ¥) is semisimple and has all simple modules
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one dimensional. Unfortunately, we do not have a tower of algebras H(C,,, ¥), since
there is no natural embedding C,, < C, 1, and thus have no further result in this
direction.

One can also take G to be the Coxeter diagram of finite type D,, (n > 2) or affine type
f)n (n > 5). The dimension of H(G, R) is 4, 5,9, 14,23, ... (OEIS entry A000285)
or 17,24, 41, 65, 106, ... (OEIS entry A190996) in these cases.

8.4 Power series realization

In Sect. 7, we defined an algebra and coalgebra structure for the Grothendieck group
Go(H,) of the tower of algebras H, : Ho — H; — Hr — ---, with a self-
dual basis consisting of the simple modules, which are indexed by compositions with
internal parts larger than 1. This is further extended to Comyp with a basis indexed by all
compositions. Is there a Frobenius type of characteristic map for Go(H,), or in other
words, is there a power series realization of Go(H,) as both an algebra and a coalgebra,
similarly to Go(CS,) = Sym, Go(H.(0)) = QSym, and K¢(H,(0)) = NSym? And
how about Comp?
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