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Abstract Motivated by the theory of cluster algebras, F. Chapoton, S. Fomin, and
A. Zelevinsky associated to each finite type root system a simple convex polytope,
called generalized associahedron. They provided an explicit realization of this poly-
tope associated with a bipartite orientation of the corresponding Dynkin diagram.

In the first part of this paper, using the parametrization of cluster variables by their
g-vectors explicitly computed by S.-W. Yang and A. Zelevinsky, we generalize the
original construction to any orientation. In the second part we show that our construc-
tion agrees with the one given by C. Hohlweg, C. Lange, and H. Thomas in the setup
of Cambrian fans developed by N. Reading and D. Speyer.

Keywords Generalized associahedra - Cluster algebras - Cluster complexes -
g-vectors - c-sortability - Cambrian fans

1 Introduction

Much information on the structure of a cluster algebra A can be deduced directly
from a purely combinatorial gadget: its cluster complex. It is an abstract simplicial
complex whose vertices are the cluster variables of .4 and whose maximal simplices
are given by clusters. In this paper we restrict our attention to finite type cluster
algebras; under such assumption the cluster complex is finite.

A complete classification of finite type cluster algebras was given in [5]: it is iden-
tical to the Cartan—Killing classification of semisimple Lie algebras and crystallo-
graphic root systems. In the same paper, under the assumption that the initial cluster
is bipartite, Fomin and Zelevinsky provided an explicit combinatorial description of
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the cluster complex obtained by labeling its vertices with almost-positive roots in the
corresponding root system.

They constructed a function on ordered pairs of labels, called compatibility degree,
encoding whether the corresponding cluster variables are compatible (i.e. they belong
to the same cluster), exchangeable or neither. Its definition is purely combinatorial
and does not refer to the cluster algebra but just to the labels. The description of
the cluster complex they presented is in terms of this function: compatible pairs of
almost-positive roots form its 1-skeleton; higher dimension simplices are given by
the cliques of the 1-skeleton.

In [6] the authors improved on this combinatorial model explaining how almost-
positive roots give a geometric realization of the cluster complex. They showed that
the positive real span of the labels in any simplex of the cluster complex is a cone in
a complete simplicial fan: the cluster fan. Among the applications of this realization
there is a parametrization of cluster monomials in .A with points of the root lattice Q
and an explicit formula for all the exchange relations in the coefficient-free case.

Further study ([3]) of the cluster fan showed that it is the normal fan of a distin-
guished polytope: the generalized associahedron of the given type. Its description is
completely explicit: the authors discussed all the constrains that its support function
must satisfy and then provided a concrete function that meets them.

As noted above the construction in [6] and [3] depends on the labeling of cluster
variables of A by almost-positive roots; such a parametrization is provided by their
denominator vectors with respect to a bipartite initial cluster. Using the notion of
g-vectors from [7], in [18] Yang and Zelevinsky generalized this parametrization of
cluster variables to a family of parametrizations, one for each acyclic initial cluster,
by a subset I1(c) of the associated weight lattice (as is customary we use a Coxeter
element c in the Weyl group to keep track of the orientation of the initial cluster; see
(1) and (2) for details on the conventions we adopt).

The first goal of this paper is to extend the results from [6] and [3] to each of
these new parametrizations. Retracing the steps in those papers, for any choice of
acyclic initial cluster, we will construct a complete simplicial fan realizing the cluster
complex and we will show that it is the normal fan to a geometric realization of a
generalized associahedron. We can summarize our claims as follows:

Theorem 1 Let A be a cluster algebra of finite type with an acyclic initial cluster
and let ¢ be the Coxeter element encoding the initial orientation. Let I1(c) be the
labeling set and (e||®). its compatibility degree function both constructed in [18].
Then

1. Every c-cluster in I1(c) (i.e. every maximal subset of Il (c) consisting of pairwise
compatible weights) is a Z-basis of the weight lattice P.

2. The positive linear spans of the simplices in the clique complex induced by (e||e).
on I1(c) form a complete simplicial fan fCH realizing the cluster complex. Cluster
monomials of A are in bijection with points of P.

3. .7-'!7 is the normal fan to a simple polytope: a geometric realization of the associ-
ated generalized associahedron.

4. If A is coefficient-free then all its exchange relations are explicitly determined by
the labels of exchangeable cluster variables.
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The proof will be split into sub-statements, namely Theorems 2, 3, 4, and 5. Some
of these results were already proved in less generality or were already conjectured;
we will provide explicit references in Sect. 2.

It turns out that our polytopes are the same as those studied in [11] in the setup
of Cambrian fans developed by Reading and Speyer. The construction we propose,
however, is different from the one by Hohlweg, Lange, and Thomas. This provides us
with an alternative prospective on c-cluster combinatorics that allows us to recover all
the exchange relations of the associated coefficient-free cluster algebra and to answer
positively to Problem 4.1 posed in [10].

To explain what we mean by “different” recall that the definition of Cambrian fans
is given in terms of its maximal cones as opposed to the definition of cluster fans that
builds up from the 1-skeleton. Indeed to each Coxeter element ¢ of a finite type Weyl
group W one can associate a lattice congruence on the group itself (seen as a lat-
tice for the right weak order). This produces a coarsening of the associated Coxeter
fan obtained by glueing together cones corresponding to elements in the same class
(recall that the Coxeter fan is the complete simplicial fan in the weight space of W
whose maximal cones are the images of the fundamental Weyl chamber under the
action of the group). The approach used in [11] to show that the Cambrian fans are
polytopal follows the same philosophy: they begin from the generalized permutahe-
dron associated to W seen as intersection of half-spaces and, again using the lattice
congruence induced by c¢, they remove a certain subset of them to make it into a
generalized associahedron.

The second goal of this paper is to show that the generalizations of the cluster
fans we propose coincide with the Cambrian fans of Reading and Speyer. To do so
it suffices to show that the polyhedral models for the generalized associahedra we
build are the same as the realizations given in [11]. Note that in type A the interaction
between the geometric realizations of the associahedron by Hohlweg, Lange, and
Thomas and the original realization by Chapoton, Fomin, and Zelevinsky has been
already investigated in [2].

The paper is structured as follows: in Sect. 2, after having recalled the required
terminology and having set up some notations, we discuss in more detail our general-
izations of the results in [6] and [3] and we provide an idea of the strategy we adopt to
prove them. We then recall some more terminology and explain how our construction
relates to Cambrian fans and to the polytopes from [11].

In Sect. 3 we introduce the main tool of the paper: the set of c-almost-positive
roots @ap(c). Many arguments from [6] and [3] require to perform an induction on
the rank of the cluster algebra; the labeling of cluster variables by almost-positive
roots is ideal for such a purpose. In our case, however, we are given a set of weights
to parametrize the vertices of the cluster complex therefore we cannot generalize
those proofs directly. The solution we adopt is to identify the weight lattice with the
root lattice in such a way that the restriction to a smaller rank cluster sub-algebra can
be expressed easily in terms of the labels in a new set @,p(c) (the image of I1(c)
under this identification).

Section 4 deals with bipartite orientations. We show that, in this case, our results
follow directly from their analogues from [6] and [3].

Section 5 contains the proofs of some technical results we need in Sect. 6 where
we complete the proofs of the main results of the first part of the paper.
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The paper is concluded by Sect. 7 where we show that our realizations of the
generalized associahedra coincide with those constructed by Hohlweg, Lange, and
Thomas and therefore that our generalization of cluster fans is a different presentation
of Cambrian fans.

2 Preliminaries

We start by setting up notation and recalling some terminology and results from [18].
Let I be a finite type Dynkin diagram; with a small abuse of notation denote by [
also its vertex set. Let W be the associated Weyl group with simple reflections {s;};e;
and let A = (a;;);, jes be the corresponding Cartan matrix.

Recall that an element ¢ of W is said to be Coxeter if every simple reflection ap-
pears in a reduced expression of ¢ exactly once. To each Coxeter element ¢ associate
a skew-symmetrizable matrix B(c) = (b;}); jer as follows. For i and j in I, write
i <. jifi and j are connected by an edge and s; precedes s; in a reduced expression
of c. Set then

—aj; ifi<cj
bjj =1 aij if j <1 (1)
0 otherwise.
Note also that Coxeter elements are in bijection with orientation of I under the con-
vention

J=i o i< @

Remark I In each Weyl group there is a distinguished class of Coxeter elements (call
them bipartite) corresponding to orientations of / in which each node is either a
source or a sink. Following the notation of [6], we denote bipartite Coxeter elements
by t.

For a given Coxeter element ¢ denote by Ag(c) the coefficient-free cluster algebra
with the initial B-matrix B(c). Let {w;}ic; be the set of fundamental weights asso-
ciated to I and wy the longest element in W. Set A(i; ¢) to be the minimum positive
integer such that

Ch(’;c)a)i = —wj*

where w;* := —wow; (cf. Proposition 1.3 in [18]).
By Theorem 1.4 in [18] the set of weights

M(c):={"wi:iel,0<m=<h(i;c)}

parametrizes the cluster variables in A (c). The correspondence is given associating
to each cluster variable its g-vector as defined in [7]; in particular cluster variables in
the initial cluster correspond to fundamental weights.

The set I1(c) can be made into an abstract simplicial complex of pure dimen-
sion n — 1 (the c-cluster complex) as follows. The cluster algebra structure induces a
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permutation on I7(c)

I L Jwi if A= —j
e ()= {ck otherwise

and a (unique) rcn -invariant c-compatibility degree function defined by the initial
conditions

@M =[(c" = r ],

where [e; ¢;] is the coefficient of ¢; in e expressed in the basis of simple roots and
[e]+ denotes max{e, 0} (cf. Proposition 5.1 in [18]).

Note that the action of 157 on I1(c) is, by construction, compatible with the ac-
tion of wg on [; that is any rf -orbit contains a unique pair {w;, w;+} (or a single
fundamental weight w; if i =i*).

Call two weights A and w in I1(c) c-compatible if

Al =o.
This definition makes sense since the c-compatibility degree satisfies
AwI =0 v =o.

The c-cluster complex A7 is defined to be the abstract simplicial complex on
the vertex set I1(c) whose 1-skeleton is given by c-compatible pairs of weights and
whose higher dimensional simplex are given by the cliques of its 1-skeleton. We
refer to its maximal simplices as c-clusters; this name already appeared in the work
of Reading and Speyer in a different setup, we will discuss later on how the two
notions are related.

The first step in order to construct a complete simplicial fan realizing the c-cluster
complex is to show that we can associate an n-dimensional cone to each c-cluster.

Theorem 2 Each c-cluster in Af is a Z-basis of the weight lattice P.

Remark 2 Theorem 2 was conjectured in [7] (Conjecture 7.10(2)) and then proved
in [4] (Theorem 1.7) under the assumption that the initial exchange matrix is skew-
symmetric.

Let FT be the collection of all the cones in Pg that are positive linear span of
simplices in the c-cluster complex.

Theorem 3 ]—'CH is a complete simplicial fan.

Remark 3 This is a generalization of Theorem 1.10 in [6], and our proof is inspired
by the one in that paper. In particular we will deduce the result from the following
proposition (mimicking Theorem 3.11 in there).
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Proposition 1 Every point | in the weight lattice P can be uniquely be written as

M= Z m,\)\ (3)

rell(c)

where all the coefficients m; are non-negative integers and mym, = 0 whenever
n
)T #£0

The expression (3) is called the c-cluster expansion of .

A simplicial fan is said to be polytopal if it is the normal fan to a simple poly-
tope. Recall that, given a simple full-dimensional polytope 7 in a vector space V, its
support function F is the piecewise-linear function on V* defined by

F: V¥ —R
O —> max{<p(x)|x € T}

and its normal fan is the complete simplicial fan in V* whose maximal cones are the
domains of linearity of F. Note that in dimension greater than 2 not every simplicial
fan needs to be the normal fan of a polytope (see for example Sect. 1.5 in [8]).

Our next goal is to show that the c-cluster fans we constructed so far are poly-
topal. In view of Theorem 3, each function defined on I7(c) extends uniquely to a
continuous, piecewise-linear function on Pg linear on the maximal cones of .7-11.7 .In
particular, every function

f:I—R

satisfying f(i) = f(i*) gives rise to a continuous, rcn -invariant, piecewise-linear
function F. = F¢, 7, by setting

Fe(c"ay) = £ (i)

for all ¢"w; € I1(c), and then extending it to Py as above.
Let Asso{ (W) be the subset of Py defined by

Assol (W) 1= {pePglo) < F.(L), YAe (o)} 4)

Theorem 4 If f : I — R is such that
1. foranyi el

VOENI!
2. forany j el

> aijfi)>0

iel

then ASSOZ (W) is a simple n-dimensional polytope with support function F.. Fur-
thermore, the domains of linearity of F, are exactly the maximal cones of F, CH , hence

the normal fan ofAssog(W) is .7-11,7.
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Remark 4 Theorem 4 is a generalization of Theorem 1.5 in [3]. Its proof uses the
result by Chapoton, Fomin, and Zelevinsky as base case.

The following examples illustrate the above results. We represent a point ¢ € Py
by a tuple (z; := ¢(w;))icr. We also use the standard numeration of simple roots and
fundamental weights from [1].

The construction carried on in this paper, as it will be explained in detail in Sect. 4,
coincides with the one in [6] and [3] when c is a bipartite Coxeter element. Therefore
the first example in which something interesting arises is ¢ = s1s253 in type A3z. In
this case I1(c) consists of two /7 -orbits:

T T T Tc Tc
W = —01t+wy — —w2+ 03 —w3 w3 -1

== ote —> —ortes —> —oy —> & —>

Te

and

Tc Tc
W —— —w| w3 — —w

Tc

It is not surprising that the number of orbits and their lengths are the same as the
Az example in [3]: they depend only on the type of the cluster algebra and not on
the choice of a Coxeter element. Since in this case wow] = —w3 we have 1* =3
therefore we need to impose f (1) = f(3); condition (2) in Theorem 4 becomes

0<f)<f@<2fD)
and the corresponding polytope Assog (W) is defined by the inequalities
max{zy, —z1 + 22, —22 + 23, —23, 23, —21} = f(1)
max{zp, —z1 + 23, —z22} < f(2).

This polytope is shown in Fig. 1. Note that, to make pictures easier to plot and
view, the angles between fundamental weights are not drawn to scale, and each facet
is labeled by the weight it is orthogonal to.

Now let ¢ = 515253 in type C3. Then the set IT(c) consists of three orbits:

Tc Tc Tc
VSt T e e = e
Te

Tc Tc Tc

VeI T e e e = e

Tc
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Te Tc Tc
w3 — 2w +w3 — 2wr+w3 —= —w3

\—/

T
Condition (2) in Theorem 4 reads

f@<2fM)
FH+f3)<2fQ2)
f@2) < @)

as in the corresponding example in [3]. The polytope is given by the inequalities

max{zi, —z1 + 22, —z2 + 23, —z21} < f(1)
max{z2, —z1 + 23, —21 — 22 + 23, —22} < f(2)

max{z3, —2z1 + 23, —2z2 + 23, —z3} < f(3)

and it is shown in Fig. 2 using the same conventions of Fig. 1.

To prove the results we discussed so far will use two types of argument. The first
one is induction on the rank of /. Unfortunately the set I7(c), and in general the whole
weight lattice P, does not behave nicely when considering sub-diagrams of 7. It is
then convenient to introduce an auxiliary set of labels: the c-almost-positive roots:

Dyp(0) = (e = 1) (c)

whose behavior is more manageable. On the one hand the new set is related to the
old one by a linear transformation therefore any property proved for @,,(c) can be
transported back to I7(c).

On the other hand @, (c) is modeled after the set @ introduced in [6]. It differs
from the latter in several respects: first it still consists of g-vectors (in an odd-looking

Fig. 1 Assobf(W) in type A3
for c = 515283
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Fig. 2 Asso{(W) in type C3
for c = 515283

=

basis) and not denominator vectors; second it contains all the positive roots (as @>_
does) but the negative simples are replaced by other negative roots depending on the
choice of the Coxeter element c. However, contrary to what happens for I7(c), it
retains a notion of subset corresponding to a Dynkin sub-diagram. In order to use in-
duction on |/] it will then suffice to show that the c-compatibility degree on @,p(c) is
preserved when restricting to a sub-diagram of I (this is the content of Proposition 5).

To explain the second type of argument we need an observation on Coxeter ele-
ments. For a given Coxeter element ¢, we call a simple reflection s; initial (resp. final)
if ¢ admits a reduced expression of the form ¢ = s;v (resp. ¢ = vs;). Conjugating any
Coxeter element by an initial or final reflection produces another Coxeter element;
call such a conjugation an elementary move and call two Coxeter elements related by
a single elementary move adjacent. The following is a well-known fact.

Lemma 1 Any Coxeter element can be reached from any other via a sequence of
elementary moves.

A proof can be found in [9] Theorem 3.1.4.

We will construct maps oiil relating sets of c-almost-positive roots for adjacent
Coxeter elements. These maps will not be linear so, a priori, they might not preserve
all the properties we are interested into. Our strategy will be to show that, for any
Coxeter element c, there exist a bipartite Coxeter element ¢ and a sequence of ele-
mentary moves relating the two, such that all the corresponding maps oiil preserve
the desired properties. This will reduce our statements to the bipartite case. Our re-
sults will then follow from another important property of the set of c-almost-positive
roots: when the Coxeter element is bipartite, there exists a bijection

i Ds 1 — Dyp(2)

which is induced by a linear map. This will allow us, in this particular case, to deduce
our results from their analogs from [6] and [18].
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As a byproduct of the construction we get an explicit description of the exchange
relations of Ap(c). Two cluster variables x; . and x,, . in it are exchangeable if and
only if (A|[x)T =1 = (u||A)[. Denote by T the cyclic group generated by /7. The
proof of Theorem 4 relies on the fact that, except in some degenerate cases, for any
pair of weights A and u in I1(c) corresponding to a pair of exchangeable cluster
variables, the set

e+ )l o

consists of two vectors: A + @ and another one denoted by A W, 1.
Use Theorem 3 to label all cluster monomials in Ay (c) by points of P:

— mj,
Theorem 5 All the exchange relations in Ay(c) are of the form
Xx,cX,c = Xpa4u,c + XAWep,c-

We now discuss the connection of F, Ln with the Cambrian fan defined in [14]. First
recall some definitions and results from [11].

Let D be the fundamental Weyl chamber, i.e., the R-span of the fundamental
weights. The Coxeter fan F is the complete simplicial fan in Pr whose maximal
cones are the images of D under the action of W. It is well known that the correspon-
dence

w — w(D)

is a bijection between W and the set of maximal cones of F; moreover F is the
normal fan to a distinguished polytope: the permutahedron (see e.g. [12]).

Using the (right) weak order, W can be regarded as a lattice with minimal and
maximal element e and wy, respectively. To each lattice congruence on W corre-
sponds a fan that coarsens F as shown in [13]; maximal cones in the new fan are
obtained gluing together cones of F corresponding to elements of W belonging to
the same equivalence class.

Fix a Coxeter element ¢ and one of its reduced expressions. For any subset J C I,
denote by ¢, the sub-word of ¢ obtained omitting the simple reflections {s;}icr\s.
Let ¢ be the formal word obtained concatenating infinitely many copies of c¢. Every
reduced expression of w € W can be seen as a sub-word of ¢*°; call the c-sorting
word of w the lexicographically first sub-word of ¢* realizing it. The c¢-sorting word
of w can be encoded by a sequence of subsets I, I, ... Iy of I (the c-factorization
of w) so that

W=cnCp---Cp.

Note that the c-factorization of w is independent on the reduced expression chosen
for c: it depends only on the Coxeter element itself.
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Definition 1 An element w in W is

— c-sortable if its c-factorization is such that
L2ohL2o---21

— c-antisortable if wwy is ¢~ !-sortable

As an example pick ¢ = 515253 in type A3z, then sys357 is c-sortable with the c-
factorization {2, 3}, {2}, the element sps351525] is c-antisortable while s,53551 is nei-
ther.

For any element w in W, again in the weak order, there exist a unique minimal c-
antisortable element above it and a unique maximal c-sortable below it; denote them
by nCT (w) and nj(w), respectively.

Proposition 2 (cf. [15]) For any w € W the sets
()" (@)
and
(=)~ (d w)

coincide; they are intervals in the lattice W with minimal element ni(w) and maximal

element JTCT (w).

Define a lattice congruence on W by setting
v~w & ni(v):nj(w). 5)

The c-Cambrian fan ff (defined in [16]) is the complete simplicial fan obtained
from F by coarsening with respect to the lattice congruence (5); its maximal cones
are parametrized by c-sortable elements.

In [11] it was shown that, for any point a in the fundamental Weyl chamber, there
is a unique simple polytope Assof (W) with normal fan F, CC and such that a is a vertex
of Assof (W).

We have now all the required notations to state our last result.

Theorem 6 For every f : 1 — R satisfying the hypothesis of Theorem 4 there exists
a point a € D such that the polytopes Assol (W) and Assog (W) coincide.

As a direct consequence we get

Corollary 1 The c-Cambrian fan ]—'CC and the c-cluster fan ]—'CH coincide.
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3 The set @,;(c)

Fix a Dynkin diagram 7 and let @ = @ LI @_ be the corresponding root system.

For convenience we identify I with {1, ..., n} so that a chosen Coxeter element is
cC=5]"8,.
Fori eI let
Bi i=5n---Siv1¢. (6)

Remark 5 Tt is known that the roots (6) are exactly the positive roots that are mapped
into negative roots by ¢; moreover they form a Z-basis of the root lattice Q since the
linear map sending each «; to f{ is unitriangular.

We call @yp(c) := P U{—p}ies the set of the c-almost-positive roots and define
a bijection rc‘p 1 @ap(c) = Pyp(c) by setting, for o € Pyp(c),

C s — C
—B; ifa= ﬁi
co otherwise.

rcd’ (@) := {
Definition 2 The c-compatibility degree on ®,p(c) is the unique r{ﬁp -invariant func-
tion

(o]|®)& 1 Dyp(c) X Pyp(c) — N
defined by the initial conditions
NP
(—=Bfller). =l il
These definitions are justified by the following proposition.

Proposition 3 The linear map
¢e = (c_1 — 1) :Pr — ORr

is invertible and restricts to an isomorphism of the weight lattice P with the root
lattice Q sending I1(c) to ®ap(c). Moreover ¢ intertwines tf and rc‘.p and transform
the compatibility degree (o||o)£[ on I1(c) into the compatibility degree (ollo)‘f on
Dyp(C).

Proof To show that ¢, is a lattice isomorphism, in view of Remark 5, it suffices to
establish that

fe(wr) = —Pf.

Using the well-known property

w—ao; ifi=j
Siw; = h .
wj otherwise,
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we have
C

Qc(wi) =58p -+ S10; — ©; =8y -+ Sip1(Siw; — ;) =8y -+ Siy1(—0;) = —p; .

The sets I1(c) and @,p(c) have the same cardinality. Indeed Proposition 1.7 in
[18] states that, for every i, the sum h(i, c) + h(i*, ¢) is equal to the Coxeter number
h, hence

1))=Y (hi.0)+1) = Z(h(z ) +h(i*, Z(h+2) |@ap(©)].
iel zeI ze]

To conclude the proof of the first part it suffices to check that any weight in I7(c) \
{wi}ier 1s mapped to a positive root. This was already showed in [ 18] during the proof
of the inequalities (1.8) in it.

To show that, for any a € @yp(c),

—1(.® (-1
o) (tc (O{)) =T (¢c (O{))
there are two cases to consider:

L. if o = 7 then

o (xF (B)) = . (=) =wi =t (—i) =7 (¢ (B))
2. if a # B for any i then

qb;l(tf)(a)) :¢;1(ca) = (ci1 - 1)_1ca :c(ci1 - 1)_ o=T, (¢ (a))

To conclude the proof it is sufficient to show that both compatibility degrees satisfy
the same initial conditions. On the one hand we have

(—Blla)? =l il
and on the other
(6 (=)o @) = (@il @) =[(c' =) (' = 1) we],. O
+

Remark 6 As in the case of I1(c) the action of rcd’ on @, (c) and the action of wo on
I are compatible, i.e. there exists m € Z such that

d\m
()" (~87) =8
ifand only if j =i or j =i*.
We can now rephrase Theorems 2, 3, 4, 5, and Proposition 1 in this new setup.
Let Af be the abstract simplicial complex having elements of @,,(c) as vertices
and with subsets of pairwise compatible roots as simplices; similarly to the case of

I1(c), we call c-clusters the maximal (by inclusion) simplices.
In view of Proposition 3, Theorem 2 is equivalent to the following.
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Theorem 7 Each c-cluster in Ag’ is a Z-basis of the root lattice Q.

Definition 3 For any y in Q we call a c-cluster expansion of y an expression
=Y me
a€Pyp(c)

where all the coefficients m, are non-negative integers such that myms = 0 whenever
@182 #0.

The counterpart of Proposition 1 is the following:

Proposition 4 Any y in the root lattice Q admits a unique c-cluster expansion.
Remark 7 Our proof of Proposition 4 will mimic, step by step, the proof of Theo-
rem 3.11 in [3]. A sketch of a different proof, more similar to the others in this paper,
will be also given.

Let F2 be the set of all the cones in the space Qg that are the positive linear
span of simplices of the complex Ag’. A direct consequence of Proposition 4 is the
following counterpart of Theorem 3.

Theorem 8 ]—'Cq) is a complete simplicial fan.
As for the case of I1(c), once Theorem 8 is established, any function defined

on @,p(c) can be extended to a continuous, piecewise-linear function on Qg that is
linear on the maximal cones of F2. In particular, any function

f:1—R
such that f(i) = f(i*) gives rise to a rf’—invariant, continuous, piecewise-linear
function
FCZFC;leR—>R
by setting

Fe(=6f) = f()
and extending, first to @,p(c) and then to O, as prescribed.
Let Assof ’q)(W) be the subset of Qﬁ% defined by

Assol'? (W) = {p € O} | 9(@) < Fele) Ya € Dyp(c) ). (7)

Theorem 9 If f : I — R is such that
1. foranyi el
f@) = f(i*)
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2. forany jeJ
> aijfi)>0
iel
then Assocf’q) (W) is a simple n-dimensional polytope with support function F.. Fur-

thermore, the domains of linearity of F, are exactly the maximal cones of fép , hence
the normal fan ofAssoét’(D (W) is }"f).

Again by Proposition 3, Theorem 9 implies Theorem 4.

The proof of Theorem 9 is based on an explicit characterization of the roots
in @,,(c) belonging to adjacent maximal cones of fc‘p . Namely there exist two c-
clusters Cy and C), such that Cy \ {a} = C), \ {y} if and only if

@N? =1=@wllw)?

(cf. Lemma 9). For all such pairs of roots the set

{E2) (@) @+ (E2)" B)}ez

consists (when I has no connected component with only one node) of precisely two
vectors, o + y and o W, y; their c-cluster expansion are supported on C, N Cy, and
they are disjoint (cf. Proposition 14 and Corollary 4).

Let Ap(c) the coefficient-free cluster algebra with initial orientation given by c;
label its cluster variables by roots in @,,(c) and, in view of Proposition 4, its cluster
monomials by points in the root lattice. Using this notation Theorem 5 can be restated
as follows.

Theorem 10 All the exchange relations in Ay (c) are of the form

Xa,cXy,c = Xaty,c T Xawey,c

for suitable c-almost positive roots o and y such that
@ll)? =1=(rllo)?.

As mentioned before the main advantage of the labels @, (c) over I1(c) is that it
is easier to set up inductions on |/|. Let J C I be a sub-diagram of /. Fix a Coxeter
element ¢ for / and denote by c¢; the sub-word of ¢ obtained omitting all the simple
reflections {s;};es\s. By construction ¢, is a Coxeter element in the Weyl group W;
(we denote by W, the standard parabolic subgroup of W generated by {s;};cs). Let

L=t <1§ajp(cj) —> Dyp(0)
be the “twisted” inclusion map given by

c . _ __RCy
—B; 1foz_.ﬂi,1€J
o otherwise.

(o) == { 3
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From this moment on, unless it is not clear from the context, superscripts @ and
IT will be omitted in order to make notation less heavy.

Denote by (e|[e)/ , the ¢;-compatibility degree on dﬁajp(c 7). The key property is
this:
Proposition 5 Let o and y be roots in dﬁajp(c 7). Then

((@Ile)), = (@l

Remark 8 In the setup of almost positive roots the analog of this statement is point
3 of Proposition 3.3 in [6]; there the map ¢ is the ordinary inclusion. A proof of
Proposition 5 will be given in Sect. 5.

The original construction in [6] does not distinguish among the possible bipartite
orientations of /. With this motivation in mind consider the map « — o between
@yp(c) and Pap(c™!) defined by

Cpel e e
E::{ ﬂl. 1f<x_. el 9)
o otherwise.
Proposition 6 For any o and y in @yp(c)
@[y)e = @[|7) 1.
Proof Initial conditions agree:
X _ —1 —_—
(=Bfll), =la:aily = [@ aily = (=4 @) 1 = (—B{ @) -
It suffices then to show that, for any a € @y (c),
(@) =7\ @.
There are three cases to be considered.

1. If o = —p; for some i € I then on the one hand

- 7 N - —1
Te(=Bf) =—cBf = —s1- - sulsn -+ sip100) =51 5-10; = B ;

on the other hand

1 _ —1 —1
T (B =T (AT ) =B
2. When a = 8/

() =BT =—B =1 si

multiplying and dividing by s;41 - - -5, we get

_——
—
=

ESY
~
I

nt‘l
|

—
|
~

—1\—1 —
S Si(Sit oo Susn - esiv)a = (7)) B =1
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3. Finally for o # £

-1

rc(a)z_azcaz(c_l) oz:rc__l,(a). O

4 The bipartite case

In this section we assume that the Dynkin diagram [ is connected; the statements in
the general case are easily reduced to this. Since any connected Dynkin diagram is a
tree, we can split / into two disjoint subsets /4 and /_ such that every edge in it has
one endpoint in 7 and one in /_. Up to relabeling, this can be done in a unique way.
A bipartite Coxeter can thus be written as

t=tgt_¢ (10)

where ¢ denotes a sign and

(the expression makes sense since the factors commute with each other). By our
assumption there are precisely two bipartite Coxeter elements in W: ¢ = ry¢_ and
=11,

Let @~ _ be the set of almost positive roots, i.e.

D>_1 =D U{—0a;lier

introduced in [6] to parametrize cluster variables in the special case of a bipartite
initial cluster. On it there are two involutions 7 and 7_ defined by

o ifo=—a;andiel_,
tea  otherwise

Te(a) = {
and a unique {r4, T_}-invariant compatibility degree function (e||e)>_; satisfying

(=ai|ly)=—1 =[y; a;il+.

Call two almost positive roots « and y compatible if

@[y)z-1=0=(ylle)>-1. (1)

The cluster complex As_; is the abstract simplicial complex induced on @>_; by
the compatibility degree function; its simplices are subsets of pairwise compatible
almost-positive roots. As before call the maximal simplices clusters and consider the
set F>_1 of all simplicial cones generated by simplices.

As we mentioned in the introduction our construction is based on the results for
the bipartite case given in [6] and [3]. From the first paper we will need the following.
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Proposition 7

1. [Proposition 3.3 (2)] For any pair of almost positive roots « and y , we have
(@|[y)>-1=0

if and only if (y|a)>—1 = 0.
2. [Proposition 3.3 (3)] Let J be a subset of I and denote by Cbé _ the corresponding

set of almost positive roots. Let o and y be roots in ®7_,, then

>_—1°

@lly)=—1 = @Iy’

where (o] |‘)i71 denotes the compatibility degree function on ¢i71.
3. [Theorem 1.8] Each cluster in the cluster complex is a Z-basis of the root lat-
tice Q.
4. [Theorem 3.11] Any y € Q admits a unique cluster expansion. In other words y
can uniquely be written as
y = Z My

D(€¢Z,1

so that all the coefficients my are non-negative integers and mgomey = 0 if
(alla’)>—1 #O0.
5. [Theorem 1.10] F>_; is a complete simplicial fan in Qg.

The results we will need from [3] can be summarized as follows.

Proposition 8 Suppose that I has at least two vertices. Let o and y be almost posi-
tive roots such that («||y)>—1 =1 = (y||la)>—_1. Then we have:

1. [Theorem 1.14] The set

rt @+ )}y

where T denotes the group generated by t4 and t_, consists of exactly two ele-
mentsa+y and oW y.

2. [Lemma 2.3] Any root appearing with a positive coefficient in the cluster expan-
sion of o + y or a Wy is compatible with both o, y, and with any other root
compatible with both o and y .

3. [Lemma 2.4] Let f : I — R be any function such that, for any i € I,

f@) = f(i%)
and

> aijfi)>0

iel

forany jel.Let F~_1: Qr — R be the continuous piecewise-linear function on
OR that is linear on the maximal cones of F>_1, invariant under the action of T ,
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and such that
Fr_i(—ai) = f(@).
Then,
Fs_1(@) + F>_1(y) > maX{Fz—l(a +v), F>q1(aV¥ V)}
The statements regarding « & y are not expressed explicitly in [3] but can be

recovered immediately from the corresponding statements about « + y. Indeed, let T
be such that

oWy = ril(t(a) + r(y)).

Any root appearing with positive coefficient in the cluster expansion of (o & y) is
compatible with t(«), T(y) and with any root compatible with both. Since t pre-
serves the compatibility degree we get 2. Similarly for 3:

Fooi (t(@) + F 1 (1)) > Fai (t@@) + 7(1) = Fo 1 (t(@ W)
since F>_1 is invariant under the action of T we can conclude
Fs_i(o) + F>—1(y) > F>—1(@Wy).

We need to translate the above results to @p(¢); in order to do so we need a
bijection between @>_1 and P,p(¢) induced by a linear map. Note that Proposition 3
together with Lemma 5.2 in [18] already provide a bijection but it is not induced by
a linear map.

Note also that, for a bipartite Coxeter element ¢ = r;7_, the negative roots in
@qp (1) are the roots — B! given by

—a; iel_
_Igif:{ l

—t_a; i€l
Proposition 9 The linear involution

1-:Qr — Or

restricts to an automorphism of Q and to a bijection

r_: @Zfl — @ap(t)
Proof It suffices to show that, for any root « in @>_1, we have t_(a) € Pyp(2). Let
us first deal with roots whose image is negative.
- Ifi € I+, then

t(—a) =—t-a; = —f.
— Ifi el_,then

t

(o) = sjo; = —a; = — ;.
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This also shows that 7_ (—c;) = ,Bf if i € I_. For any other root @ in @>_j, that is,
for any positive root not in {¢;};c;_, the image ¢_ («) is positive since the support of
any positive root is a connected sub-diagram of the Dynkin diagram and 7_ sends any
root to itself plus a linear combination of simple roots indexed by 7_. g

Proposition 10 The map t_ intertwines t; with tT_ty and preserves compatibility
degree. In other words, for any almost-positive roots a and y, we have

T(t—o) =1_t_14 ()
and
(a][y)=—1 = (—allt—y):.

Proof Proceed by direct inspection;

— ift_a=a; = fori e I_, thatis if « = —; withi € I_, then

4 (—(—a)) =u(Bl) = —Bl = —ai =t_aj = 1_T_T4 (—})
—ift_a=p/foriely,ie. ifa=qa; withi € I, then

t(t—e) =7 (B) = —Bl = —t—aj = t_(—o;) = t_T_T4 (o)
— in any other case

wt_a)=t_a=tyao=t_t_tra=1_1_14(x).
To conclude the proof it is enough to show that
(—=ailly)>—1 = (—t—aillt-y):
forany y € @>_j andany i € [.If i is in I then
(—aillY)z—1 =lysaily =ty aily = (=B ll-y), = (- (—a)lli_y),

where the second equality holds because 7_ does not contain s;. If i € /_ then, on the
one hand we have (—«;||y)>—1 = [y; @]+ on the other

(- (—aplli—y), = (@illt-y): = (waillut-y); = (=] |lut—y), = [ut-y: aily.
Now there are three cases:
1. if y is«j with j € I} then ij1_y = r,(ﬁ;) = —,3;. and
laj; 0]y =0=[—p; 0], .
2. If y is —aj with j € I_ then

t

ni_y = () = —pl = —a; = 7.
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3. For any other y we have t;f_y =tt_y =t,y and
[trysaily =y il

since s; does not appear in 7. g
Since the map 7_ is linear, all the properties of @ _; translate t0 @yp(7):

Corollary 2

—

. Forany a and y in @p(t) we have (a|ly); = 0 if and only if (y|la); = 0.
2. For any J C I and any pair of roots a and y in dbajp(tj)

(@lly) = @liy)y,.

3. Each t-cluster in the simplicial complex Afb is a Z-basis of the root lattice Q.
4. Any y € Q admits a unique t-cluster expansion. That is, y can be uniquely written
as

so that all the coefficients my are non-negative integers and mqmy = 0 whenever
(alla); #0.

5. The set F; is a complete simplicial fan in Q.

Proof The only non trivial claim is (2); it is enough to show that it holds when 7\ J =
{j}. Since ¢ is bipartite, s; is either initial or final (cf. (10)). Using Proposition 6 we
can assume it is initial, i.e. j € 1. We have then

(erlley)r = (t—ta|[t—1y)=—1 = (—allt—y)L_, = @]|ly)],
where the second equality holds since, for any root ¢ in q§aJp (ty),
[t—t(@);a;]=0

hence 7_t(e) is in @ Indeed if « is positive then 7_a contains o; only if o does
since 5; does not appear in ¢_; if @ = —p;’ with i € I_ then t_t((—f;’) = o; and
finally if « = — ;7 withi € I\ {j} then 1_1(=B’) = —a;. O

Corollary 3 Suppose that I has at least 2 vertices. If « and y in @, (t) are such that
(ally)e = 1= (ylle):, then

1. The set

{7 (@ " @+ 1" O)}yez

consists of exactly two elements o« +y and o Wy y.
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2. Any root appearing with a positive coefficient in the cluster expansion of o +y or
o Wy y is compatible with both o, vy, and with any other root compatible with both
aandy.

3. Let f: 1 — Ry be any function such that, for any i € I,

OENI(!
and

Y aijf@i)>0

iel

forany j €. Let F; : Qr — R be the continuous piecewise-linear function on
OR that is linear on the maximal cones of F;, invariant under the action of t;, and
such that

Fi(=B}) = f(@®).
Then,
Fi(a) + Fi(y) > maX{Ft(Ol +v), Fila¥ V)}o

5 Some technical results

As anticipated we need to lift elementary moves to the level of ®,p(c). We con-
centrate first on conjugation by initial simple reflections. Fix the Coxeter element
¢ =s1 -8, and consider the bijection

01 : Pap(c) —> Pyp(sic51)

defined by

(=) ifa=—p;
s1o otherwise.

o1(a) = { (12)
Note that o} sends —gf to —B;'“"! for any i # 1.

Proposition 11 The map oy intertwines t. and Ts,¢s,, L.€., for any a in @ap(c), we
have

Tsics ((71 (05)) =0] (Tc(a))-

Moreover it preserves the compatibility degree, i.e. for any a and y in @,p(c)
@|y)e = (Gla||01y)slcs1 .
Proof Tt suffices to notice that o is the composition

(l)c_l w;li‘sl,c ¢slcxl
Dyp(c) —> M (c) —> TI(sics1) —> Pap(sicsy)
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where /¢ p .c 1s the bijection

1 ) o if A= w]
slcsl,c()‘) T {Sl)‘ otherwise

defined by Lemma 5.3 in [18] and ¢, is the map of Proposition 3. Indeed, if o # — B}
then

Gs,c5, © Iﬂx_lcl‘ﬂ,c ) q‘)c_l((x) = (slc_lsl — 1)s1 (c_l — 1)_101 =sia =o1(x)
and
Bsics1 0 Vsros .00 P (=BF) = (s1¢7 51 = 1) (—w1) = a1 =01 (—Bf).

The bijection o satisfies the desired property because all the maps that define it
do. g

To use simultaneously induction on the rank of / and elementary moves we need
to prove some type of compatibility between o1 and ¢. It suffices to inspect their
interaction in the case when ¢ is induced removing only one node (say i) from /.

Proposition 12 For J =1\ {i} and i # 1 let cj be the Coxeter element of W ob-
tained by deleting s; from ¢ and let O’lj be the map corresponding to the conjugation
by sy in Wj. For any root « in @aljp(cj) we have

o1 (Lc(a)) = lsyesy (Glj ((X))
Proof There are three cases to be considered.
1. If = —B; then
o1 (Lc(_.ij)) =01 (_ﬂlc) =1 = Lgyes; (@) = Lsyes (U]J(_ﬂlcj))-
2. fa= —,BJC.J and j # 1 then LC(—ﬂJC-J) = —p therefore

B = 7 =t () =t o (557
3. If « is positive
01 (te(@)) = 01() = 510 = gy 5, (510) = L,c5, (0] (@)).

The last equality holds since, o being positive, sjo # o1 and the third because if
. o0 S1C81 S1CJS1
sja is not positive then « = o) and — ;"' = —f =—aj.

O

Remark 9 The definition of o can be replicated to get the maps o; corresponding
to conjugation by any initial simple reflection s;. It is clear that, to get the maps
corresponding to elementary moves that conjugate ¢ by a final simple reflection, it
suffices to consider the inverses 0171 .
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As a first application of the elementary moves let us show that the definition of
c-compatible pair of roots make sense.

Lemma 2 For any a and y in @yp(c)
@|ly)e=0<% (ylla)c =0.

Proof If c is bipartite the statement is true by point 1 in Corollary 2. It is then
enough to show that the property is preserved under oiil. Suppose that it holds for
¢ =518, If (||y)s,cs5; =0 then

(o7 'allo]y), =0= (0 'yllo] 'a),.

Therefore (y||a)scs; = 0. -

Our next goal is to show that “distant” roots are compatible. We need to introduce
some terminology. For any positive root « define its support to be the set

Supp(a) := {i € I|[a; ;] # 0} (13)
and extend the definition to @, (c) declaring
Supp(—,Bl.C) = {i}. (14)

Remark 10 If o and y are roots with supports contained in two different connected
components of / then («||y). = 0 since . preserves connected components.

We can improve on Remark 10.

Definition 4 Call two roots « and y spaced if, for any i € Supp(«) and for any
J € Supp(y), aij =0.

Remark 11 Note that if (—f; [|a) # O then o and — B are not spaced.

Proposition 13 Let o and y be roots in @,,(c). If a and y are spaced then
(ally)e=0.

Proof Using Remark 10 we can assume that / is connected. If any of o and y is a
negative root we are done by Lemma 2 and Remark 11. Let then both o and y be
positive roots.

Supports of positive roots are connected subgraphs of the Dynkin diagram /. Since
o and y are spaced, there must exist at least one vertex on the shortest path connecting
Supp(«) and Supp(y) not belonging to either of the supports. Let i be the nearest to
Supp(«) of such vertices. Let I’ be a connected component of I \ {i} of type A and
containing one of the two support; there exists such a component because we are in
finite type. Assume « is the root whose support is contained in I’ (the other case is
identical). We will proceed by induction on the cardinality of I’.
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Let j be the only vertex in Supp(«) connected to i. Without loss of generality we
can assume j <. i,1.e., s; precedes s; in any reduced expression of c. If this is not the
case we can use Proposition 6 since two roots are spaced if and only if their images
under the involution § > § are spaced.

Apply 7.~ I to both « and y; they are positive so T, ! acts as ¢~! on them. By
construction we have

Supp(z; ') € I\ {j}
and
Supp(z,'y) S (1\ 1) Ui}

where both relations hold since s; is applied before s; and « belongs to a type A
component of /. If one among rc_loz and 7 1y is negative we are done (again using
Lemma 2 if needed) otherwise the statement follows by induction on |I’|. 0

To complete the proof of Proposition 5 we need to sharpen Lemma 1. From this
moment on we will denote a word on the alphabet {s;};c; (up to commutations) by
w; the corresponding element in W will be denoted by w. For convenience we will
record a sequence of elementary moves by the corresponding word. As an example in
type A4 (again using the standard numeration of simple roots from [1]) the sequence
of elementary moves

5185283854 —> §285354851 — 51535452

will be encoded by w = s557; indeed
(5251)(51525354) (5251) " = 51535452.

The key observation is given by the following Lemma.

Lemma 3 For any pair of Coxeter elements ¢ and ¢’ and for any i € 1, there exists a
sequence of elementary moves connecting ¢ and ¢’ that does not contain s;.

Proof The result is obvious once we notice that both the sequences of simple moves
w=s; and W =5, - -5, acts in the same way on ¢ =57 - - - y,. O

The Dynkin diagram [ is in general a forest. For any leaf i in I, i.e., for any node
belonging to a single edge, denote by iy the only other node of / connected to i.

Lemma 4 For any leaf i € I and for any Coxeter element c there exist a bipartite
Coxeter element t and a sequence of elementary moves w such that
1. c=wrw™!

2. W contains neither s;, nor s;,.

Proof According to Lemma 3 we can find a sequence of elementary moves w not
containing s;, that transform c into either of the bipartite Coxeter elements. By con-
struction s; commutes with all reflections appearing in w since it commutes with all
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the simple reflections except s;,. Therefore, using commutations relations, we can
always find such a w containing at most one copy of s;. Choosing now a bipartite
Coxeter element ¢ in which s; and s;, appear in the same order in which they appear
in ¢ we see that w does not contain s; . O

Let i be a leaf of I and ¢ be any Coxeter element. Let  and w be, respectively,
the bipartite Coxeter element and the sequence of elementary moves constructed in
Lemma 4. To fix ideas suppose that s; appears on the left of s;, in ¢ (and in ¢); the
other case can be dealt with exactly in the same way but multiplying on the right
instead of on the left. Denote by c; and ¢; the corresponding Coxeter elements for
the Dynkin sub-diagram J = I \ {i}. By our assumption c; = s;c and ¢; = s;¢.

Lemma S In the notation just established w is a sequence of elementary moves in
W, conjugating tj and cj.

Proof

1 O

1_ WIjW .

cj=sic= s,-wtw*1 = WS;IW

We now have all the required tools to prove Proposition 5.

Proof (Proposition 5) We can assume, without loss of generality, / to be connected.
It suffices to show that the result holds when J is obtained from / removing one node
i.Let @ and y be roots in @,p(cy). There are two cases to consider depending on the
relative position of Supp(«), Supp(y) and i.

1. If Supp(«) and Supp(y) belong to different connected components of J then

@|ly)!, =0=(@ll(y)),.

The first equality holds because of Remark 10 and the second one is an instance
of Proposition 13.

2. If Supp(e) and Supp(y) belong to the same connected component of the Dynkin
diagram J then we can assume i to be a leaf of /. Let iy be the only vertex in /
connected to i. By Lemmata 4 and 5, there exist a sequence of elementary moves
w and a bipartite Coxeter element ¢ such that

c=wrw!

cj = WZ‘JW_1

and w contains neither s;, nor s;,. Denote by oy the composition of the maps o;

corresponding to w. By construction neither of owa and owy contains i in its
support. Using point 2 of Corollary 2 we can conclude

@|[¥)e = (owat|lowy): = (owallowy)!, = (@|l¥)],. O
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6 Proof of the main results
To prove Theorem 7 we will use the following easy observation.

Lemma 6 Let J C I be a Dynkin sub-diagram. There is a bijection between c-
clusters in @qp(c) containing {—pB; }ier\g and cj-clusters in d5 (C])

The existence of such a bijection is a direct consequence of the fact that if —g{ is
in a c-cluster C, then for any other root y in that c-cluster i & Supp(y). In particular
any positive root in C is contained in a complement of the space generated by

{_'Bic}—ﬂi‘eCﬂ¢,'
Definition § Call a c-cluster C in @, (c) positive if C C .

Proof (Theorem 7) As already mentioned in Remark 5, the set

{_IBic}iel

is a Z-basis of Q. By Lemma 6 it suffices to show that the theorem holds for any
given positive cluster C. Apply rc_l to C; since it is positive rc_l acts on all the roots
initas ¢c~!. Since ¢! is a product of reflections, C is a Z-basis if and only if ‘L';l Cis
a Z-basis. Continue to apply rc’l until one of the roots is sent to a negative one. This
will happen because, similarly to the case of IT(c), any t.-orbit contains precisely
two negative roots {— B, —p7.} or a single negative root —f{ if i = i*. Remove the
negative root just obtained again using Lemma 6 and conclude by induction on the
rank of the root system. d

Remark 12 The proof just proposed is a straightforward adaptation of the proof of
Theorem 1.8 in [6] to the new setup of c-almost positive roots.

Proof (Proposition 4) Let ¢ =1 ...sy,; for y € Q write

— mopeBi e

iel

where the coefficients m _ —p¢ are the non- negative integers uniquely defined (since the
change of basis a; — B is triangular) by the recursive formula

i—1
m_ﬂic = |:—y — Zm_ﬁ;’B;’ an]
Jj=1 +

(we use the convention that the empty sum is 0). By construction y, the positive part
of y, is in the positive cone of the sub-root lattice generated by

{a; |m,5ir =0}.
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Clearly y € Q has a unique c-cluster expansion if and only if y; does. Without loss
of generality we can thus assume that y is in the positive cone Q.

The root —pB; can appear with a positive coefficient in a c-cluster expansion of y
only if the coefficient [y; ;] is negative therefore the result holds for y = 0 and we
can assume y # 0.

If Zae‘m my is a c-cluster expansion of y then

rc_ly :c_ly =c_1( Z maoz) = Z mac_loz = Z MyT.—10

aed aed aed

is a c-cluster expansion of 7 'y. In other words y has a unique c-cluster expan-
sion if and only if 7/ 1y does. Applying T I"a sufficient number of times y can be
moved outside of the positive cone. We can then take its positive part and conclude
by induction on the rank of the root system. g

Remark 13 This proof, as its analog in [6], has the advantage of considering one
Coxeter element at a time. An alternative strategy could have been the following. The
claim holds for bipartite Coxeter elements by point 4 in Corollary 2. Using the fact
that the maps o; preserve compatibility degree one can then transfer the property to
other sets of c-almost positive roots.

As in [6], Theorem 8 follows from Proposition 4. For the sake of completeness we
replicate the proof here.

Proof (Theorem 8) It suffices to show that

1. no two cones of F2 have a common interior point
2. the union of all cones is Q.

Assume by contradiction that there exists a point in the common interior of two cones.
Since Qg is dense in Qr we may assume that such point is in Qg. Clearing the
denominators there is then a common point in Q which contradicts the uniqueness of
the c-cluster expansion. Therefore the interiors of any two cones are disjoint.

Since any y € Q has a c-cluster expansion the union of all the cones R4 C contains
Q; since this union is closed in Qg and stable under the action of R it must contain
all of Or and we are done. O

To prove Theorem 9 we will apply the criterion provided by Lemma 2.1 in [3]. Let
us restate it in the particular case we need.

Lemma 7 Let F, be a continuous piecewise-linear function

Fo:Or— R
linear on the maximal cones of the fan .7-";1) (as such F, is uniquely determined by its
values on @,p(c)). Then .7:5’ is the normal fan to a unique full-dimensional polytope

with support function F. if and only if F, satisfy the following system of inequalities.
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For any pair of adjacent c-clusters Co and C,, let a be the only rootin Cy \ Cy, and
y the only root in C, \ Cy. Let

Mo +my,y = Z msd (15)
8€CyNC,

be the unique (up to non-zero scalar multiple) linear dependence on the elements of
Cq U Cy, with my and m,, positive. Then

mo Fe(@) +my Fe(y) > Y msFe(8). (16)
8eCyNCy

In particular the domains of linearity of F, are exactly the maximal cones of fép .

To apply Lemma 7 we make the relations (15) more explicit by exploring the
interaction of o1 and .. Note that, having established Theorem 8, any vector-valued
function on @,p(c) can be extended to a continuous piecewise-linear map on Qg; in
particular this is the case for 7, and o;.

To avoid degenerate cases, from now on, assume that every connected component
of I contains at least 2 vertices. As before, let ¢ be s1---s,.

Lemma 8 Let o and y be roots in @ap(c) such that

(Ol||)/)c =1= (V“a)c-
Then
o o1(@) +o1(1))

is either o + y or
w(t @+ ')
and it is different from a + y only if one of the two roots (say, o) is — B{; in this case
o (o1(=Bf) +0o1(y)) =y —a1 € Q4.
Proof If both @ and y are positive roots then
0'1_1(0'1 (@) + o1 (y)) = 01_1(5‘10{ +s1y) = 01_1 (sl((x + y)).

Let

a+y= Z mgd

3By (c)

be the c-cluster expansion of o 4 y; all the roots § such that ms # 0 are positive;
therefore

o (si@+y) =0, (S1(ZMs5)) =o' (1@ +y))=a+y.
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It remains to consider the case in which one of the two roots is negative (they
cannot be both negative); we can, by symmetry, assume « to be the negative one. If
a = —p7 withi # 1 then

Ufl(al(_ﬁic) + 01 ()/)) = Ufl(—slﬁf +Sl)’) :Ufl(sl(y _ ﬁ;))
Let

y—B= ) msd

3edyp(c)

be the c-cluster expansion of y — ;. None of the roots § appearing with a positive
coefficient is —B{ since

[y —Bfia1] =0

(—py is the only negative root in @, (c) having o with non-zero coefficient). There-
fore on y — B the actions of 51 and of o are the same. We get

o (@ (=B + o) =07 (v =) =0y (1 — ) =¥ — B
Finally if o = —B{ then on the one hand we have
o1 (01(=B]) + o)) =oi (a1 +s1y) =07 (s1(y —a))
y — o isin Q4 therefore
o '(siy —an) =0 (o1(y —a))) =y —ai.
On the other hand
(o (=B + 7 ) = e (Bf + e y) = (¢ (v —a)
we can interchange ¢! and rc’l because y — «y is in Q4 and conclude
(e 'y —a) = (. (y —an) =y —ar. O
Proposition 14 Let o and y be roots in @ap(c) such that
@lly)e=1=(yll@)c.
Then

{'L'Z.n (T;m (Ol) + T;m (V)) }mEZ

consist of exactly two elements, one is a 4 y; denote the other by o J. y .

Proof If c is bipartite there is nothing to prove by point 1 in Corollary 3. In view of
Lemma 8, for any other Coxeter element ¢ = sy - - - s, and any integer m we have

ts"]’csl (;;g;l (01 (Ol)) + ‘L'ST:.';] (ol(y))) =0 rc’"al_l (01 " (@) + oyt (y)).
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For a suitable m’ in {m, m + 1} we get
olrc’”al_l(alt;’”(a) + o1t () = mrc’"’(r;”’/(a) + T;m/(l/))-
Therefore
{o1(@) +01(y), 01(@) Wye5; 01(0)} S or{a+ v, a ¥, v}

and the claim follows reversing the role of ¢ and sjcs;. O

Remark 14 Following Remark 1.15 in [3], if / contains a component of type A1 let o
and —a be the corresponding roots. In view of Remark 10 they are both compatible
with any root in @,p(c) \ {1, —a1}. By direct inspection, we have

(—ailler)e =1 = (a1]| = ar)e.

In this case their sum is 0 and it is natural to declare —o; W, a1 to be 0 too.

Corollary 4 If

@[y)e =1=(ylla)

then every root appearing with positive coefficient in the cluster expansion of either
o+ y or a W, y is compatible with o, y and with any other root compatible with
botha and y.

Proof The statement is true in the bipartite case by point 2 in Corollary 3. For an
arbitrary Coxeter element ¢ = s1 - - -5, the result can be deduced using elementary
moves: from the previous proof we have

{o1(@) +01(¥). 01(@) Wy o5y 21 () } =01 ({ + v, a6 y}) 17)

and the claim follows since o7 preserves compatibility degrees. O
Lemma 9 In every dependence relation (15) we have

(a]ly)e=1=(ylla)ec. (18)

Furthermore, after normalization the relation (15) is just the c-cluster expansion of
a+y:

o+y= Z msé.
3€Dyp(c)

Proof Normalize (15) so that coefficients are coprime integers. By Theorem 7 all the

coefficients in
m ms
Y
o=——"y+ E —6
My v m

seConC, ¢
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are integers forcing my = 1 (it is positive by hypothesis). In a similar fashion m,, = 1.
To show (18), using the 7.-invariance of the compatibility degree, it suffices to
consider the case o = —f;. We have

)/=,3,-C+ Z mgd

8eC_penCy

and thus

(=Billy). =ly:aily =1

since i is not in Supp(§) for any 6 in C_pNCy.

The fact that, after the normalization, the dependence (15) is the c-cluster expan-
sion of @ + y is a direct application of Corollary 4. Any root appearing with non-zero
coefficient in the cluster expansion of o + y is compatible with «, y, and with any
other root compatible with both « and y, therefore it is a root in C, N C,,. g

Proposition 14 together with Corollary 4 and Lemma 9 allow us to compute ex-
change relations. Let Ag(c) be the coefficient-free cluster algebra with initial ex-
change matrix B(c) and denote by {xqy,c}aed,y(c) its cluster variables. Due to Propo-
sition 4 all the cluster monomials are in bijection with points of Q. Namely we can

write
— ms
Xy o= X350

3€Dyp(c)
where
= % o
8€Pap(c)

is the cluster expansion of y € Q.
Proof (Theorem 10) The statement is true when c is a bipartite Coxeter element (cf.
(5.1)in [5]). Let ¢ = 51 - - - 5,,. We have

YasiesiXysiest = X6 () Kol ()¢

=X —|—x

o7 @)W (v).e

+

al’l(a)-‘rofl(y),c

=Yo7 @07 siest T KXoy (o] @)oo () siest

:-xol-‘r%S]CSl +‘x‘¥ws1m1 Y,S1C81* 0

Recall Remark 6: by construction of the map 7., there is one z.-orbit in @y, (c) for
each wg-orbit in 7, i.e., there exists — ,6;' such that

if and only if j € {i, i*}.
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Since o sends —pf to {:l:ﬂf 77} the .-orbit of —pB; gets mapped to the T;y; -
. sjes; . . ’
orbit of —B;” . In particular, for any function

f:1—R
such that
f)=f(")
we get a family of maps, one for each Coxeter element c,
Fe=Fqp:Ppc) — R

defined setting F.(—p;) := f(i) and extending by t.-invariance. These maps are
invariant under the action of o;, that is

Fsicsi (Ui (05)) = Fe() (19)

for any c, any i initial in ¢, and any « in @,,(c). From now on assume that F; has
been defined in this way and extend it to a continuous, piecewise-linear function

F.:Or—R
linear on maximal cones of F..
Proposition 15 Fix any function
f:I—R
such that
1. foranyi el
f@=f(i")
2. forany j el
> aij fi) > 0.
iel

Then for any pair of roots a and y in @, (c) such that
(@lly)e=1=(ylle)c
the following inequality holds:
Fe(@) + Fe(y) > max{Fe(a +y), Fe(a W, y)}.

Proof The bipartite case was taken care of by point 3 in Corollary 3. Let c =51 - - -5,
be any Coxeter element. Using elementary moves, (17) and (19) we get
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Fy 51 (01(@)) + Fyyes, (01(2))
= Fe(a) + Fe(y)
> max{Fe(a + y), Fo(a We )}
= max{Fy,cs, (01(a + 7)), Fyjes; (01( We 1)) }
= max{ Fy cs, (01(2) + 01(¥)), Fyyes, (01(00) Wy, 5, 01(1)) }

as desired. O

Proof (Theorem 9) It is enough to note that the Proposition 15 together with
Lemma 9 satisfy the requirements of Lemma 7. g

7 Relation between T and the c-Cambrian fan F¢
We start by recalling some results and terminology from [11].

Definition 6 (cf. Proposition 1.1 in [11]) Fix a Coxeter element ¢ and call an element
w € W a c-singleton if w is both c-sortable and c-antisortable.

Note that both wg and the identity element of W are c-singletons for any choice
of c. Denote by wy the c-sorting word of wy.

Theorem 11 (cf. Theorem 1.2 in [11]) An element w € W is a c-singleton if and only
if it has a reduced expression which is a prefix of Wo up to commutations.

Theorem 12 (cf. Theorem 2.6 in [11]) For any ray p of fcc , there exist a unique
fundamental weight w; and a (non unique) c-singleton w such that

o =R, - ww;.

Conversely for any c-singleton w and any fundamental weight w;, the weight ww;,
lies on a ray offcc.

We will use Theorems 11 and 12 to relate the rays of FC to the elements of the
set I1(c).

Definition 7 Given a Coxeter element ¢ € W, we call a reduced expression ¢ =
§1-- Sy greedy if

h(i,c) = h(j,c)

wheneveri < j.
Lemma 10 Any Coxeter element c admits a greedy reduced expression.
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Proof Consider a reduced expression s7 - - - 5, for ¢ and suppose h(i,c) < h(i +1,c)
for some i. Let i be the minimal index with this property. Using Proposition 1.6 in
[18] we can deduce that i and i + 1 are not connected in the Coxeter graph. Indeed
if they were connected then we would have i <. i + 1 and thus h(i,c) > h(i + 1, ¢)
which is in contradiction with our assumption. Therefore s; and s;+; commute and
S1-+-Si+18; - -8, is another reduced expression for c¢; we can now conclude by in-
duction. O

Remark 15 Greedy reduced expressions, in general, are not unique; for example
s2845153 and s4s75153 are both greedy reduced expression of the same Coxeter el-
ement in type A4 (again we used the standard numeration of roots from [1]).

Lemma 11 For any vertices i and j of the Dynkin diagram at distance d from each
other the difference h(i, c) — h(j, ¢) is at most d.

Proof 1t is enough to observe that if i and j are adjacent then either i <. j or
J <ciso|h(i,c) —h(j,c)] <1 by Proposition 1.6 in [18]. Therefore each step on
the minimal path in I connecting i and j contribute at most 1 to the difference
h(i,c) —h(j,c). O

Fix a greedy reduced expression for c. With some abuse of notation, we denote
this expression also as c. Denote by w,, the sub-word of ¢ obtained by omitting in
the /th copy of c all the transpositions s; such that k(i, c) < /. Observe that having
taken a greedy reduced expression for c, if we write Iy, ... I, for the c-factorization
of w,,, then

L2021y

In particular if w,, is a reduced word then w,,, the corresponding element of W,
is c-sortable. Let m. = max;e/{h(i, ¢)}, our goal is to show that the word wy,_ is a
reduced expression for wy.

Proposition 16 For anyi € I and any m < h(i, c) we have ¢ w; = W, w;.

Proof Let Iy, ..., I, be the c-factorization of w,, with respect to the fixed greedy
reduced expression of c. Observe that, for any j appearing in I;4+; and for any k
missing from 7,

|h(k,c) —h(j,c)| =2
and so, by Lemma 11, s; and s; commute. Consider now the element
W=CN\LCIN\L " CI\I -

Since m < h(i, c¢), the reflection s; will not appear in w and so ww; = w; hence
W, Ww; = Wy, ;. Form the previous consideration we can move all the elements in
the /th copy of ¢ in w up to the /th block of w,, and obtain

m
C Wi =C116'1\11 ~~c1mc1\1ma),- =W;;Ww; = W,,@;. O
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Proposition 17 w,,,_ is a reduced expression of wy.

Proof To show that w,,_ is an expression of wy it is enough to show that both wg and
Wy, act in the same way on the weight space (the representation of W as reflection
group of Pp is faithful). Fundamental weights form a basis of the weight space so it
is enough to see how wg and wy,, act on them. For any i we have wow; = —w;+. On
the other hand, using Proposition 16, we conclude that

h(i,c)

Wi @i = Wh(j c)®j =C w; = —wj*.

Therefore w,,, is a word representing wg. The fact that it is a reduced expression
follows from considerations on its length; each reflection s; appears exactly A (i, ¢)
times in it. Proposition 1.7 in [18] states that, for every i, the sum h(i, ¢) + h(i*, ¢) is
equal to the Coxeter number %, hence

> (hG.c) +h(i*. c)) = I|h = ||

iel
but in this way we are counting the contribution of each i twice, i.e.

1 1
[(Win) <) hii,c)= 5 D (h. )+ h(i*, ) = = |®| = Dy | = (wo).

° ‘ 2
iel iel

Note that, in view of last Proposition, for any m < m., w,, is a reduced expression
in W (and w,, is c-sortable).

Proposition 18 Fix a greedy reduced expression for c. Then W,y is the lexicograph-
ically first reduced expression of wg as a sub-word of ¢*. In other words Wy, is the
c-sorting word of wy.

Proof 1t is enough to show that w,,«; is a negative root for any i not in 7,,. We have
0 < (@i, wi) = (Wntti, W) = (Wndi, Wow;) = (Wi, —wi+)
thus (wp, i, w;*) < 0 and so wy,,«; is a negative root. O

Remark 16 Combining together Theorem 11 and Proposition 18 we get another char-
acterization of c-singletons: they are all the prefixes of w,,, up to commutations.

Proposition 19 The sets of rays of FT and FE coincide.

Proof Fix a greedy reduced expression for c. Let p be a ray of .7-'CC . By Theorem 12
there exist a c-singleton w and a fundamental weight w; such that

p=Riww;.
Let m be the minimum integer such that w is a prefix of w,,. By Proposition 16

ww; =Wpow; =c"w; € I1(c).
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On the other hand, given any element ¢ w; of I1(c), let w,, be the corresponding
sub-word of ¢ as in Proposition 16; it is a c-singleton therefore ¢ w; = W, w; is a
point on a ray of Z< by Theorem 12. 0

We can now define the polytope Assof (W). For any point a in Pg and for any ray
p of FE such that p =R, - ww j» denote by Hj, the half-space

H‘; = {(p € Py lp(ww;)) < (a,a)j)}.

The main result in [11] is that, if a lies in the interior of the fundamental Weyl cham-
ber, the intersection of half-spaces

Assod (W) := ﬂ H,
as p runs over all rays of ff is a simple polytope and its normal fan is ff .

Proof (Theorem 6) In view of Proposition 19, the two polytopes become
Assol(W)={p € Pi | o(c"wi) < (a,w)Vi € 1,0<m < h(i,c)}

and
Assol (W) ={g € P& | g(c"wy) < FG)Vi € 1,0 <m < h(i, 0)}.

For any function f : I —> R let a be the point in Pr defined by the conditions

(a,wi) == f(i)

for all i € I. Imposing condition 2 of Theorem 4 on f is equivalent to ask for a to lie
in the fundamental Weyl chamber; indeed « is in it if and only if the scalar product

(«ej, a) is positive for every j € I. Since oj =), ; a;jw; we have

(aj,a)= (Zaija),-,a> = Zaij(a,a)i) = Zaijf(i) > 0.

iel iel iel

We can thus conclude that, for any function f : I —> R satisfying conditions 1 and
2 of Theorem 4, choosing a as above, we get

Asso? (W) = Assol (W). 0

Remark 17 1t is clear that, imposing condition 1 of Theorem 4, from our construction
we get only the polytopes from [11] obtained from points a invariant under the action
of —wy.
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