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Abstract A growing number of firms in software industry

are embracing free entry strategy to promote product

adoption. The prevalence of free strategy can be partly

attributed to the positive network externalities exhibited by

the information goods. In this paper, we model a new

firm’s entry into an existing market with the free strategy.

Consumers can use the new product’s basic functionality

for free and pay a subscription fee for accessing the add-

ons. The entrant firm’s new product infringes on the market

in one of the three ways: homogeneous product competi-

tion, high-end encroachment and low-end encroachment.

We find that the equilibrium market structure varies across

the three settings. In particular, there exists a Bertrand

equilibrium when the new firm provides a homogeneous

product. When the new firm offers a heterogeneous pro-

duct, our results show that the network externalities

intensify the price competition and thus lead to a reduction

in the profits. Moreover, whether the new firm should

encroach on the existing market with high-end product or

low-end product depends on the level of switching cost. If

the switching cost is low, the new firm will benefit more

from high-end encroachment and vice versa. We also find

that it is not always optimal for the new firm to adopt the

free entry strategy. In the high-end encroachment, the new

firm will be better off providing a product for free if the

network intensity is high enough, whereas in the low-end

encroachment, the free strategy is dominant only when the

network intensity falls within a given threshold.

Keywords New product entry � Free strategy � Network
externalities � Pricing � Switching cost

1 Introduction

New product entry is quite common in many industries,

especially in information industry due to the rapid product

innovations. The incumbent firm enjoys temporary mono-

poly power until a new firm enters the market with a com-

peting product. The new entrant firms adopt different

strategies when introducing their products into the market.

In recent years, free strategy has become one of the most

prevalent business models among mobile app developers

and Internet start-ups. The free strategy enables consumers

to use the basic functionality without any payment, but if

they want to access the add-ons for richer features and

functionality, an additional payment is required. For exam-

ple, the antivirus software AVG AntiVirus Free provides

essential antivirus protection free of charge. For more

advanced functionalities such as online shield and data safe,

customers have to pay a premium for the AVG AntiVirus

Pro. In addition, mail software such as MailChimp and

Mailjet, and online games like League, provide users free

access to the basic product. It is also a common practice for

mobile app providers to offer free applications with in-app

purchases. Examples of free apps include mobile games like

Supercell’s Clash of Clans and King’s Candy Crush Saga.

Market research firm Gartner predicted that 94.5% of global
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mobile app downloads in 2017 are estimated to be free, and

the free applications with in-app purchases will account for

48% of the total revenue [17].

A critical reason for the firms to provide free offerings is

that most of information goods exhibit positive network

externalities, which refers to an increase in the utility that a

user derives from a product when more and more consumers

use the same product [21]. In the presence of positive net-

work externalities, the fact of more users implies higher

consumer valuation for the product, which in turn brings

more and more consumers and thus expands its market share.

Therefore, the free strategy promotes product diffusion and

increases consumer installed base, which contributes to

boosting the sales of value-added products. As a motivating

example, consider the competition between the popular video

game app Minecraft and the Minecraft-like CraftWorld.

Minecraft is a very popular pay-to play sandbox game which

was first released to the public on 17 May 2009. An iOS

version of Minecraft was released on 17 November 2011 at

the price of $6.99. After the release of Minecraft, some video

games were released with various similarities with Minecraft

since the game is so popular. CraftWorld, which was released

on Windows Phone Store on December 13, 2011, cites

Minecraft as one of direct inspirations for the design aspect

of the game. CraftWorld uses free strategy and also provides

additional features and functionality by charging a fee.

In our paper, we study the entry of a new firm that offers

a product including two parts: a base product and the

associated add-ons. The new firm provides the base product

for free and charges a price for its add-ons. When intro-

ducing a new product into the market, the entrant firm not

only attracts new customers from the untapped market but

may also capture customers who switch from the incum-

bent firm. Typically, the switching cost is incurred if a

consumer abandons the initial used product and moves to

the other firm’s product [23, 24]. The underlying sources of

switching cost may include converting data to new format,

replacement of equipment, and learning a new system. It

has long been recognized that switching cost is a barrier for

the adoption of a new product and it hinders the new firms’

entry to the market. While the free strategy is effective to

generate a large user base for the new firm, a higher

switching cost reduces consumers’ incentive to switch to

the new firm. Therefore, in this paper we focus on the

impact of network externalities and switching cost on the

firms’ pricing strategies. In particular, we address the fol-

lowing research questions: How does the new firm’s free

strategy affect the market structure when the products

offered by the firms are heterogeneous? Should the new

firm infringe on the market with high-end product or low-

end product? Whether is it always optimal for the new

entrant firm to offer a free product? If not, under what

conditions should the new firm adopt the free strategy?

What are the equilibrium prices if the new firm offers a free

base product? How do the network externalities and

switching cost affect the new firm’s strategy choice, the

firms’ profits and consumer welfare?

To answer the above questions, we establish a framework

in an incumbent-entrant setting where the new firm offers a

free base product and the incumbent firm offers one single

product. To investigate the impact of high-end encroachment

and low-end encroachment on the new firm’s profit, we

model consumers as heterogenous in terms of their valuation

on product quality. Our analysis generates several interesting

findings. First, we find that it is not always optimal for the

new entrant to use free strategy to compete with the existing

firm. In the high-end encroachment, the firm will be better

off providing a free product if the network intensity exceeds

a given threshold. This result gives a possible explanation

why so many instant messaging applications, which exhibit

strong network externalities are introduced into the market

for free and only the value-added goods or services are

charged for. On the other hand, in the low-end encroach-

ment, the free strategy is optimal for the new firm only when

the network intensity falls within a given threshold. Second,

in the case of high-end encroachment, the new entrant firm

gains high valuation customers from the existing firm, while

in the case of low-end encroachment, the new firm only

captures low-valuation consumers from the untapped mar-

ket. If the new entrant firm could choose between high-end

encroachment and low-end encroachment, the level of

switching cost is a key factor to consider for the firm. If the

switching cost is relatively low, the new firm will benefit

more from high-end encroachment, whereas if the market is

characterized by a high switching cost, low-end encroach-

ment will be better. Further, while one may expect that an

increase in the network intensity will result in higher profits

for the firms, we find that higher network intensity actually

reduces the profits. This happens because the network

externalities intensify price competition between the firms.

The rest of the paper is organized as follows. In Sect. 2,

we review the related literatures. Section 3 presents our

model setup. In Sect. 4, we identify the market structure

and derive market equilibriums under different quality

levels. Section 5 presents theoretical and numerical anal-

ysis of the equilibrium outcomes. Section 6 studies an

extension in which the price of the new firm’s base product

is endogenously given. Finally, we conclude our paper and

discuss the future research directions in Sect. 7.

2 Related work

Our work is related to four streams of literature, i.e.,

software versioning, free trial strategy, add-on pricing and

new product pricing.
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There is a rich literature that studies software versioning

in various contexts (e.g., [1, 10, 37, 42, 43]). Shapiro and

Varian [35] conclude that the information goods providers

will offer free versions only when they are likely to achieve

the following goals: building awareness, gaining follow-on

sales, creating a network, attracting eyeballs and gaining

competitive advantage. Jing [19] investigates the role of

network externalities in a software provider’s product line

decisions in a monopoly setting. He concludes that a low-

quality product should be offered for free under very

general conditions to enlarge the network for its high

quality product. Cheng and Tang [6] focus on a monopolist

software provider that offers a free low quality version and

a high quality version. The monopoly trades off consumer

valuation upshift due to the existence of network effects

and the demand cannibalization due to the provision of free

product. In our paper, we generalize the model in Cheng

and Tang [6] by specifically analyzing the free strategy in

an incumbent-entrant setting. Niculescu and Wu [29]

compare a monopoly’s profit under three business models:

feature limited freemium, uniform seeding and charge for

everything. They find that offering a feature-limited ver-

sion for free is optimal when the customers’ prior on pre-

mium features is either low or high. In our model, the base

product is similar to the limited version in Niculescu and

Wu [29], but we focus on the price competition between an

incumbent and a new entrant firm that uses free strategy.

In the literature on free trial strategy, some studies

investigate the effect of free trial on consumer demand and

the firms’ decisions. Gallaugher and Wang [16] empirically

study the impact of network externalities on software pri-

ces and emphasize the role of free goods in web server

market. Bawa and Shoemaker [3] focus on consumer goods

and examine the effect of free sampling on the evolution of

market shares. Conner [7] focuses on the commercial

software and its ‘‘clone’’ with a lower quality, the clone in

some sense can be viewed as a free product by setting its

price to zero. She finds that when the network effect is

large, it is profitable for an innovator to allow a ‘‘clone’’ of

its product. More recently, several studies examined soft-

ware free trial strategy of different forms (e.g., [4, 5, 14]).

A common finding in these papers is that the strength of

network externalities or word-of-mouth effect is a critical

factor in deciding which strategy to implement for provi-

ders. Cheng and Liu [5] explore two free trial strategies:

time-locked free trial and limited version free trial in the

context of network externalities and consumer uncertainty.

In another paper,Cheng et al. [4] extend the work in Cheng

and Liu [5] by adding the hybrid strategy which combines

the time-locked free trial and limited version to the optimal

strategy analysis. Unlike the prior studies that focus on a

monopolistic firm, we specifically investigate the free

strategy in the context of new product entry and analyze the

impact of the switching cost and network externalities on

the firm’s entry decision and product pricing.

Our study also relates to the literature on add-on pricing.

As a complement to the base product, the offering of add-

ons can improve user experience. Verboven [41] examines

the pricing practice of base products and optional add-ons

by considering various alternative models: a model in a

monopoly setting, a model of brand rivalry with full con-

sumer information and a model of brand rivalry with lim-

ited consumer information. In his model, the add-ons are

sold at high prices as premium products. Ellison [11]

considers two models when consumers have both vertical

and horizontal taste heterogeneity: a standard competitive

price discrimination model and an add-on pricing model. In

the former model, all prices are observed by consumers,

while in the latter one the add-on prices are unobserved. He

shows that if the consumers with a low valuation for add-

ons are more sensitive to price differences, the add-on

pricing can soften competition and increase equilibrium

profits. Shulman and Geng [38] extend Ellison’s model by

allowing for quality asymmetry. Then, they examine the

impact of add-ons pricing on firm profits when boundedly

rational consumers exist. Erat and Bhaskaran [12] focus on

the role of a customer’s mental account of the base product

in the add-on purchase decision and explore the effect of

this behavioral bias on a company’s optimal pricing and

development decisions. Using a parsimonious model,

Fruchter et al. [15] characterize the optimal pricing policy

of a seller with monopoly power when it sells a primary

offering with an optional add-on. A recent study by Etzion

and Pang [13] analyze the competition between two firms

that sell differentiated physical products and can choose to

offer a complementary add-on service. Although they

model the complementary add-on service with network

externalities, the primary offering does not exhibit network

externalities. In contrast to their work, our paper focuses on

the information goods which display positive network

externalities. In addition, the base product in our paper are

offered free of charge.

In the literature on new product pricing, Moorthy [27]

investigates the product quality design levels and optimal

pricing strategies for the earlier and later entrants. He

shows that the early entrant has a first-mover advantage to

compete with the later entrant by means of preempting the

best position. Schmidt and Porteus [33] consider two

competing substitute products in a vertically differentiation

model, where the new product enters the market in the way

of either high-end encroachment or low-end encroachment.

Schmidt [32] further studies the low-end and high-end

encroachment strategies on the foundation of Schmidt and

Porteus’s [33] linear reservation price framework. In a

recent paper, [18] examine an incumbent’s optimal strategy

for its new product in a duopolistic market. They compare
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three sequential entry strategies and find that the price,

quality and the intensity of competition have a great impact

on the incumbent’s decision. Prior literature on new pro-

duct pricing have also addressed some important strategic

issues involving new product entry, such as product

upgrades [26], entry order decisions [25], entry timing

[34, 39, 39, 40] and entry strategy under firm heterogeneity

[28]. However, few academic literature in this stream

explore the free strategy, which plays an important role in

the introduction of new products. In this paper, we examine

a firm’s optimal entry strategy by focusing on the role of

network externalities and the offering of a free product.

The study by Mehra et al. [26] is the most relevant to our

research. They develop a game-theoretic model involving

an incumbent and an entrant to investigate the competitive

upgrade discount pricing strategy. The entrant in their

paper employs price discrimination between the new cus-

tomers and the old customers of the existing firm. They

assume that both products are of the same quality. We relax

this assumption and study the entrant’s encroachment

under different quality levels. In addition, our model is

different from the model in Mehra et al. [26]. In our model,

the products are vertically differentiated and consumers are

heterogeneous to their valuations on product quality,

whereas Mehra et al. use the Hotelling model and the

products in their model are horizontally differentiated.

3 Model

We develop a new product entry model by considering two

firms, labeled as Firm A and Firm B. Firm A is an

incumbent while Firm B is an entrant that offers a new

product to infringe on the existing market. Before Firm B

enters the market, Firm A sells product A of quality vA at

price pAm. Firm A is assumed to myopically set the product

price due to the rapidly changing technologies [9]. In other

words, the decisions of firms and consumers are best

responses to the current options available to them. Con-

sumers have different valuations for the product, and those

who have positive valuation for product A in the market

can be divided into two segments: those who do not buy

product A and those who buy it. The proportions of the two

types of consumers are represented by r and 1� r,

respectively ð0� r� 1Þ. In the later period, Firm B enters

the market with its substitute product B. Product B contains

two parts: the base product and the add-ons. The quality of

product B is denoted by vB, and vB ¼ vBb þ vBa, where vBb
is the quality of the base product and vBa is the quality of

the add-on. The add-on is a complement of the base pro-

duct and thus cannot exist without the base product. Firm B

can strategically decide the quality of its product so as to

compete with the incumbent firm. Both product A and

product B display positive network externalities with the

same network intensity a ð0� a� 1Þ.
In the second period, Firm B enters the market and

provides a base product for free. We later drop this free

strategy assumption in the extension and examine the

condition under which it is more profitable for the new

entrant firm to provide a product for free than offering it for

a fee. The free strategy allows consumers to use the basic

functionality for free, but for access to the additional fea-

tures they have to pay a fee. The price of the add-ons is

denoted by pBd. In response to Firm B’s infringement, the

incumbent resets a lower price pAd for product A

(pAd\pAm) in the competition period. The firms simulta-

neously determine their respective prices. When product B

is introduced into the market, some consumers who pre-

viously use product A will switch to product B. The cost

that they incur from switching is denoted by c (c[ 0).

Without loss of generality, we normalize the mass of

consumers in the market to 1. The consumer’s willingness

to pay for a given product, denoted by h, is uniformly

distributed over [0,1]. Each consumer in the market

demands at most one unit of product from either firm. A

consumer of type h derives a net utility of ðhþ aQÞv� p

from using the product of quality v, where Q is the

expected network size [21], hv is the intrinsic value or

standalone value derived from using the product and aQv is
the network-generated value from the user base [19].

Specially, if the product is free, we have p ¼ 0. If some

consumers switch to the competing firm’s product, they

incur a switching cost and thus obtain a net utility of

ðhþ aQÞv� p� c.

4 Market segmentation

Before Firm B enters the market, Firm A has built its user

base by selling product A. The following lemma illustrates

the optimal price of product A and the corresponding

market segmentation in the monopoly period.

Lemma 1 Before Firm B enters the market, the incum-

bent offers its product at the price of vA=2. There are two

segments of consumers in the market. The proportion of

customers who do not buy from the incumbent is r ¼
ð1� 2aÞ=ð2ð1� aÞÞ and the proportion of buyers is

1� r ¼ 1=ð2ð1� aÞÞ.

Figure 1 describes the market segmentation under the

monopoly of Firm A. The consumers located between 0

and r do not buy product A while the consumers between r

and 1 buy it. In addition, if the network intensity a
increases, more consumers will purchase from Firm A

since dð1� rÞ=da[ 0 and thus Firm A gains a larger

market share.
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When Firm B enters the market with its new product, the

incumbent and entrant firms engage in a competition. Firm

B makes a commitment that consumers can use the base

product for free and only the add-on is charged. In

responding to Firm B’s entry, the incumbent lowers its

price for product A. As a result, consumers reconsider their

purchase decisions in face of multiple available options.

Consumers located between [0, r] have three options: use

the base part of product B, use the base part of product B

and pay for the add-ons (i.e., use the whole product B), and

buy product A. Likewise, the consumers between [r, 1]

also have three choices: switch to the base part of product

B, switch to the whole product B, and continue to pay for

product A. Consumers choose the option that provides

them the maximum net utility. Note that there will be no

consumers who use neither product A nor product B in our

model setup, because the consumers who have not buy

from Firm A can get a positive surplus from using Firm B’s

free offering. The options and the corresponding net utili-

ties are listed below.

(1) Consumers who have not purchased product A now

use the free base part of product B and obtain a net

utility of U1 ¼ ðhþ aQBdÞvBb.
(2) Consumers who have not purchased product A now

use the whole product B and obtain a net utility of

U2 ¼ ðhþ aQBdÞvB � pBd.

(3) Consumers who have not purchased product A now

adopt it and obtain a net utility of

U3 ¼ ðhþ aQAdÞvA � pAd.

(4) Consumers who have purchased product A now

switch to Firm B’s free offering and the net utility is

U4 ¼ ðhþ aQBdÞvBb � c.

(5) Consumers who have purchased product A now

switch to the whole product B and the net utility is

U5 ¼ ðhþ aQBdÞvB � pBd � c.

(6) Consumers who have purchased product A now

continue to pay for it. The net utility is

U6 ¼ ðhþ aQAdÞvA � pAd.

All the above expressions are the continuous function of h.
Therefore, consumers who make the same choice will be

contiguous. Note that it is possible that the six segments of

customers do not coexist in equilibrium, because some

options may be dominated. Each possible configuration of

market segments represents a market structure, for exam-

ple, a configuration of segments (1), (2), (3) and (5) con-

stitutes a market structure. In addition, the same

combination of market segments in different orders repre-

sents different market structures. For example, the config-

uration of market segments (1), (2), (3), (5) and that of

segments (2), (1), (3), (5) constitute two different market

structures. One specific assumption about product quality is

given below to achieve a tractable analysis.

Assumption 1 vA [ vBb

Assumption 1 is a key assumption in the analysis of

market structure. When Firm B introduces product B into

the market, different market structures are generated under

different levels of quality of product B. We first analyze the

case of high-end encroachment ðvB [ vAÞ. In the net utility

functions of options (1), (2) and (3), the coefficients of

consumer valuation h are vBb, vB, and vA, respectively.

When vB [ vA, the market structure must encompass the

segments in the order (1), (3), (2), (4), (6) and (5) from the

left, as illustrated in Fig. 2. In this case, we refer to the

marginal consumers as h1, h2, r, h3 and h4. Note that this

does not mean that all the six segments must exist in the

market. It just implies that when the segments exist in the

market, this order must be followed.

We make a further analysis of the possible market

segmentation when vB [ vA. The new customers with very

low valuations will use the free product offered by the new

firm in the second period, from which they can derive

positive net utility. This implies that in equilibrium, the

segment of consumers exercising option (1) exists in the

market. In addition, we assume that the price set by Firm A

after Firm B enters with a free product is low enough such

that there will be consumers purchasing product A from

Firm A. In other words, Firm A’s price should be low

enough to ensure that the segment of consumers exercising

option (3) or the segment of consumers exercising option

(6) exists in the market. Accordingly, the possible market

Fig. 1 Market segmentation in

the monopoly stage

Fig. 2 Possible market

segmentation when vB [ vA
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structures under high-end encroachment are (1)(4)(6)(5),

(1)(3)(6)(5), (1)(3)(2)(5), (1)(6)(5) and (1)(3)(5). Likewise,

a similar result is obtained in the case of low-end

encroachment where ðvB\vAÞ. Consequently, combining

this analysis with Assumption 1, we are left with with three

possible market structures with free strategy, as illustrated

in the following proposition (the proof is given in ‘‘Ap-

pendix 1’’).

Proposition 1 When Firm B enters the market with the

free base product strategy, the specific market structure

depends on the values of vA and vB:

(i) If vB [ vA, there exists a unique Nash equilibrium

and the only possible market structure is

(1)(3)(6)(5).

(ii) If vB\vA, there exists a unique Nash equilibrium

and the only possible market structure is

(1)(2)(3)(6).

(iii) If vB ¼ vA, there exists a Bertrand equilibrium.

According to Proposition 1, the equilibrium market

structure changes with the quality of product B. When

vB [ vA , Firm B enters the market in a way of high-end

encroachment to attract the high-valuation consumers,

namely consumers in segment (5). When vB\vA, Firm B

introduces its new product in a way of low-end encroach-

ment for drawing the low-end consumers, namely those in

segments (1) and (2). Proposition 1 also shows that if

Product B is of the same quality as Product A, then neither

firm gains positive profit. This is because when vB ¼ vA, all

customers will buy from the firm that charges a lower

price, and so the firm whose price is a little higher obtain

no profit. In that case, both firms will cut their prices, and

consequently the prices are reduced to zero. Therefore, if

Firm B enter the market with a homogeneous product, the

firms compete themselves down to zero profit under Ber-

trand competition.

5 Analysis

In this section, we analyze the equilibrium prices and

profits of the two firms when the entrant firm’s new product

infringes on the market in two ways: high-end encroach-

ment and low-end encroachment.

5.1 High-end encroachment

5.1.1 Equilibrium outcomes in the high-end encroachment

We first analyze the case where vB [ vA. In this case, Firm

B’s new product infringes on the market to attract high-end

consumers. As a direct consequence of Proposition 1, the

only possible market structure is (1)(3)(6)(5). In equilib-

rium, the market is characterized by h2 ¼ h3 ¼ r. A sim-

plified figure of the market segmentation is shown in

Fig. 3, where h1 denotes the marginal consumers who are

indifferent between exercising option 1 and option 3, and

h4 denotes the marginal consumer indifferent between

option 6 and option 5.

As shown in Fig. 3, in equilibrium, consumers located in

½0; h1� use the free base part of product B, consumers

located in ½h1; r� and ½r; h4� purchase product A from Firm

A, while those in ½h4; r� correspond to the users of the

whole product B.

The marginal consumers between two adjacent seg-

ments receive equal utility from either segment. Hence,

these marginal consumers are described by the following

equations:

ðh1 þ aQBdÞvBb ¼ðh1 þ aQAdÞvA � pAd; ð1Þ

ðh4 þ aQAdÞvA � pAd ¼ðh4 þ aQBdÞvB � pBd � c: ð2Þ

We denote the demand of product A and the demand of

product B by qAd and qBd, where qAd þ qBd ¼ 1. The profit

of Firm A in the duopoly period, denoted by p1d, is gen-

erated from consumers in ½h1; h4�, who buy product A at

price pAd. Firm B’s profit, p2d , is completely contributed by

customers in ½h4; 1�, who are willing to pay for the add-ons

of product B at price pBd. Thus, the demand of add-ons of

product B, denoted by qBad, determines the profit of Firm

B. Hence, we have

qAd ¼h4 � h1; ð3Þ

qBd ¼h1 þ ð1� h4Þ; ð4Þ

qBad ¼1� h4: ð5Þ

In the rational expectation equilibrium, we have

qjd ¼ Qjdðj ¼ A;BÞ. In equilibrium, the incumbent and the

entrant seek to set their respective prices pAd and pBd to

maximize their profits by solving the following problems:

Fig. 3 Simplified market

segmentation when vB [ vA
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ðP1Þ maxpAd p1d ¼ pAdqAd s.t. 0\h1\r\h4\1:

ð6Þ

ðP2Þ maxpBd p2d ¼ pBdqBad s.t. 0\h1\r\h4\1:

ð7Þ

The constraint in the above optimization problems ensures

that the values of qAd, qBd and qBad are positive. Solving the

optimization problems for pAd and pBd yields the equilib-

rium prices. The closed form of expressions of prices and

profits under high-end encroachment are

p�Ad ¼
m2 þ ðvA � vBbÞðmðavB þ cÞ þ aðvA þ vBÞðcðvA � vBbÞ � avAvBaÞÞ

mð3vBa � vA þ vBÞ þ 3aðvA þ vBÞðvA � vBbÞvBa
;

ð8Þ

p�Bd ¼
vBað2p�Ad þ avAÞ

vA � vBb
� c; ð9Þ

p�1d ¼
vBaðp�AdÞ

2

m
; ð10Þ

p�2d ¼
ðmþ aðvA þ vBÞðvA � vBbÞÞðp�BdÞ

2

ðvB � vAÞm
; ð11Þ

where m ¼ ðvB � vAÞðvA � vBbÞ � 2avAvBa.
In equilibrium, the condition m ¼ ðvB � vAÞðvA �

vBbÞ � 2avAvBa [ 0 is required to ensure that the new

entrant firm derives positive profit.

5.1.2 Impact of switching costs on profits

The following result shows the impact of switching cost on

firms’ prices and profits under high-end encroachment.

Proposition 2 When Firm B enters the market with free

strategy under high-end encroachment, as the switching

cost increases, the price of product A and the profit of Firm

A increase, whereas the price of product B’s add-on and

the profit of Firm B reduce.

Proposition 2 states that the switching cost has a posi-

tive impact on Firm A but a negative impact on Firm B.

This finding is consistent with prior research on the impact

of switching cost (e.g. [8, 23, 24]). The switching cost

provides the incumbent firm an advantage by locking in its

existing customers. As the switching cost increases, the

existing customers are less willing to move to the new firm.

Thus Firm A can charge a higher price and thus gains a

higher profit. On the other hand, Firm B responds the

increased switching cost by lowering its price, so as to

induce the old customers to purchase its product. However,

the increase in the switching cost eventually leads to a

reduction in Firm B’s profit.

We use Fig. 4 to further demonstrate the impact of

switching cost on the equilibrium profits. In performing the

numerical analysis, we set vA ¼ 90, vB ¼ 100, vBb ¼ 70

and a ¼ 0:01. Figure 4 shows that as the switching cost

increases, Firm A will be better off while Firm B will be

worse off. When c ¼ 5:5074, the firms gain the same profit.

When c\ð[ Þ5:5074, Firm B’s profit is higher (lower)

than Firm A’s profit.

5.1.3 Impact of switching costs on consumer surplus

and social welfare

We now investigate the welfare implication of the impact

of switching cost by computing consumer surplus and

social welfare. Substituting the equilibrium prices and

demands to consumer’s net utility functions, we get the net

utility for each customer segment. Accordingly, the total

consumer surplus (CS), is given by

CS ¼
Z h1

0

U1dhþ
Z r

h1

U3dhþ
Z h4

r

U6dhþ
Z 1

h4

U5dh;

ð12Þ

Social welfare (SW), is defined as the sum of consumer

surplus and industry profit:

SW ¼ CSþ p�1d þ p�2d: ð13Þ

It is analytically intractable to deal with Eqs. (12) and

(13) to examine the impact of switching cost on consumer

surplus and social welfare. Hence, we resort to numerical

analysis. Figure 5 is depicted using the same numerical

example discussed previously. In Fig. 5, we find that a

higher switching cost results in lower consumer surplus,

which contrasts with the result in Mehra et al. [26]. This

happens because when the switching cost is high, the

incumbent firm (i.e., Firm A) can charge a high price to

consumers for its product after Firm B enters the market.

Because in our model setup the incumbent firm does not

Fig. 4 The impact of switching cost on firms’ profits when vB [ vA
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implement price discrimination between the old customers

and the new customers, all consumers are charged the same

price that increases in the switching cost. This impact is

high enough to more than offset any benefit in consumer

surplus due to the increased switching cost. While our

result that an increase in the switching cost hurts con-

sumers is inconsistent with that in Mehra et al. [26], it

actually consists with prior studies (e.g., [2, 23, 30])

according to which switching costs reduce consumer sur-

plus. We also observe from Fig. 5 that social welfare first

decreases in the switching cost and then slowly increases in

it. This happens because switching cost is a barrier for

consumers to adopt a new product that may otherwise fit

them better. The higher the switching cost, the lower utility

that consumers derive. Since Firm A can benefit from a

higher switching cost, there must exist a threshold value

that when switching cost exceeds this value, the social

welfare will increase. The threshold value in Fig. 5 is equal

to 11.0809. When c[ 11:0809, social welfare increases in

the switching cost.

5.1.4 Impact of network intensity on profits, CS and SW

Although we have obtained closed form expressions for p�1d
and p�2d in the case of high-end encroachment [(see

Eqs. (10) and (11)], the derivatives of p�1d and p�2d with

respect to a are too complex to derive. Hence, we use

numerical methods to illustrate the impact of network

intensity. To examine the impact of network intensity (a)
on equilibrium outcomes, we ran extensive numerical

experiments with different switching cost (c). We find that

the trajectory patterns of equilibrium prices, profits, con-

sumer surplus and social welfare turn out to be identical for

different values of c. Hence, we use a representative

example shown in Figs. 6 and 9 to report these results. In

this example, we set vA ¼ 90, vB ¼ 100, vBb ¼ 70 and

c ¼ 5. However, the trajectory pattern of Firm A’s demand

(q�Ad) with respect to a turn out to be different for different

values of c, and so does the demand of Firm B’s add-ons

(q�Bad). Therefore, we use Figs. 7 and 8 to report the results

of impact of a on q�Ad and q�Bad respectively for different

values of c.

Figure 6 shows that an increase in the network inten-

sity results in a decline in the firms’ prices in equilibrium.

Fig. 5 The impact of switching cost on CS and SW when vB [ vA

Fig. 6 The impact of network intensity on equilibrium prices and

profits when vB [ vA

Fig. 7 The impact of network intensity on firm A’s demand when

vB [ vA
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Moreover, we observe in Fig. 6 that for a given a, Firm B

gains a higher profit compared to Firm A. As the network

intensity strengthens, both firms’ profits decrease. While

the results of prior studies on network externalities sug-

gest that in a monopoly market, a firm’s profit increases

in the network intensity (e.g., [6]), our numerical results

show that in a duopolistic setting, the firms’ profits may

decrease in the network intensity due to the intensifica-

tion of price competition. We also observe that Firm B’s

price is higher than Firm A’s price. The reason is that

when vB [ vA, the paying customer are all switchers from

Firm A as illustrated in Fig. 3. These customers are also

high valuation customers who have high willingness to

pay for the high quality product. Therefore, Firm B can

charge a higher price to them for its high quality product.

Figures 7 and 8 show that the impact of network inten-

sity on firms’ demands depends on the level of switching

cost. When c ¼ 4, q�Ad first increases in a and then

decreases in it, while q�Bad always increases in a. When c

becomes higher such that c ¼ 7, an increase in a gener-

ates higher demand for Firm A’s product but lower

demand for Firm B’s add-ons. Figure 9 shows that the

network intensity has a positive impact on consumer

surplus and social welfare. This happens because the

utility that consumers derive from a product increases in

the network intensity. In addition, the intense competi-

tion caused by the increased network intensity leads to

lower product prices. As a result, consumer surplus

increases. The rise in social welfare implies that the

increase in the consumer surplus fully compensates for

the reduction in industry profits.

5.2 Low-end encroachment

5.2.1 Equilibrium outcomes in the low-end encroachment

Now we study Firm B’s entry into the market in the way of

low-end Encroachment, i.e., vA [ vB. According to

Proposition 1, the only possible market structure in this

setting is (1)(2)(3)(6) as shown in Fig. 10. The marginal

consumer, who is indifferent between using only the base

part of product B and buying the add-ons of product B, is

located at h5, and the one who is indifferent between

buying the add-ons of product B and buying product A is

located at h6.
In Fig. 10, consumers in ½0; h5� use the free product

offered by Firm B, consumers in ½h5; h6� buy the add-ons of

product B, while those in ½h6; r� and [r, 1] buy product A

from Firm A. Since the customers located in [r, 1] use pro-

duct A for two periods, there exist no customers switching to

product B in this setting. In other words, when Firm B enters

the market with a lower quality product compared to that of

the existing one in the market,i.e., vA [ vB, it can not take

any market share from the incumbent firm.

The locations of the marginal customers, h5 and h6, are
derived by solving the following equations:

ðh5 þ aQBdÞvBb ¼ ðh5 þ aQBdÞvB � pBd; ð14Þ

ðh6 þ aQBdÞvB � pBd ¼ ðh6 þ aQAdÞvA � pAd: ð15Þ

With the above boundary points, we get the demand of

product A in the second period,

qAd ¼ 1� h6: ð16Þ

For Firm B, the number of consumers that use its free

offing and the number of customers that pay for the add-

ons are given by

Fig. 8 The impact of network intensity on the demand of firm B’s

add-ons when vB [ vA

Fig. 9 The impact of network intensity on CS and SW when vB [ vA
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qBd ¼ 1� qAd; ð17Þ

qBad ¼ h6 � h5: ð18Þ

Both firms set their respective prices to maximize the

profits. The corresponding optimization problems are given

by

ðP3Þ maxpAd p1d ¼ pAdqAd s.t. 0\h5\h6\r\1

ð19Þ

ðP4Þ maxpBd p2d ¼ pBdqBad s.t. 0\h5\h6\r\1

ð20Þ

The constraint in the optimization problems guarantees that

the number of customers in each segments are positive. In

equilibrium, the closed form expressions for prices and the

corresponding profits in the low-end encroachment are

p�Ad ¼
vA � vB � avB þ p�Bd

2
; ð21Þ

p�Bd ¼
vBaðvA � vB � 2avA � avBÞð1þ aÞ
4vAð1� aÞ � ð1þ aÞðvB þ 3vBbÞ

; ð22Þ

p�1d ¼
ðvA � vB � avB þ p�BdÞ

2

4ðvA � vB � aðvA þ vBÞÞ
; ð23Þ

p�2d ¼
vBað1þ aÞ2ðvA � vB � avB � 2avA þ p�BdÞ

2

16ðvA � vB � aðvA þ vBÞÞðvA � vBb � aðvA þ vBbÞÞ
:

ð24Þ

The firms’ profits in this setting are not affected by the

switching cost because no customers switch to the new firm

when it enters with a low-end product. Hence, we do not

observe the term c in the expressions of the equilibrium

profits.

In equilibrium, the consumer surplus is

CS ¼
Z h5

0

U1dhþ
Z h6

h5

U2dhþ
Z r

h6

U3dhþ
Z 1

r

U6dh;

and the social welfare is given by

SW ¼ CSþ p�1d þ p�2d;

where U1 ¼ ðhþ aqBdÞvBb, U2 ¼ ðhþ aqBdÞvB � p�Bd and

U3 ¼ U6 ¼ ðhþ aqAdÞvA � p�Ad.

5.2.2 Impact of network intensity on profits, CS and SW

We use numerical examples to investigate the impact of

network intensity on firms’ profits, consumer surplus and

social welfare in this case. The numerical analysis is per-

formed by setting vA ¼ 90, vB ¼ 80, vBb ¼ 50. Note that

the value of c is not given in that there are no consumers

switching to the new product under low-end encroachment.

We show the results of numerical analysis in Figs. 11

and 12. Figure 11 shows that for a given network intensity,

Firm B’s profit is lower than Firm A’s profit. In addition,

the increase in the network intensity causes the firms to

respond by reducing their respective prices. In Fig. 11 we

also observe that Firm A sets a higher price and gains a

larger demand compared with Firm B. This happens

because when vB\vA, all customer who buy from Firm A

in the monopoly period still purchase from it after the entry

of Firm B, and the consumers who have not purchased

from Firm A now choose to buy from it. In this case, Firm

B only gains low valuation consumers from the untapped

market. As the network intensity increases, Firm A’s

demand increases whereas the demand of Firm B’s add-ons

decreases. As a result, Firm B’s profit reduces. For Firm A,

the benefit from the increased demand is not high enough

to make up the profit loss caused by the reduction in prices.

Consequently, Firm A’s profit declines as well. According

to Fig. 12, an increase in the network intensity results in

higher consumer surplus and higher social welfare. This

result is the same as that in the setting where Firm B enters

with a high-end product. Therefore, we could conclude that

under both high-end encroachment and low-end

Fig. 10 Simplified market

structure when vA [ vB

Fig. 11 The impact of network intensity on prices, demands and

profits when vB\vA
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encroachment, the network intensity has a negative impact

on the firms’ profits but a positive impact on the consumer

surplus and social welfare.

To compare Firm B’s profits under high-end

encroachment and low-end encroachment, we plot Fig. 13

to illustrate the profit difference between the two cases

with respect to the switching cost and network intensity.

For this example, we set vB ¼ 100 and vBb ¼ 70 when

Firm B adopts high-end encroachment strategy, and vB ¼
80 and vBb ¼ 50 when it adopts low-end encroachment. In

both settings, we set vA ¼ 90. Figure 13 shows that when

the switching cost is relatively low, the high-end

encroachment strategy generates higher profit than the

low-end encroachment strategy. However, as the switch-

ing cost increases, Firm B might derive more profit by

using low-end encroachment strategy. In addition, from

Fig. 11 we observe that higher network intensity reduces

the profit difference between the high-end encroachment

and low-end encroachment. In other words, if the market

is characterized by strong network intensity, the profit that

the new entrant firm derives from high-end encroachment

may be close to the profit derived from low-end

encroachment.

6 Extension: free or not free?

In this section, we extend the basic model to a more general

case in which Firm B offers the base product at price pf
rather than give it away for free. We then examine under

what conditions providing a product for free is a dominant

strategy for the new entrant firm. Similar to Sect. 5, we

analyze the equilibrium market outcomes when the new

firm infringes on the market with high-end product and

low-end product, respectively.

6.1 High-end encroachment

When Firm B offers a high-end product, i.e., vB [ vA, the

marginal customers located at h1 and h4 as illustrated in

Fig. 3, are described by the following equations:

ðh1 þ aQBdÞvBb � pf ¼ ðh1 þ aQAdÞvA � pAd; ð25Þ

ðh4 þ aQAdÞvA � pAd ¼ ðh4 þ aQBdÞvB � pBd � c: ð26Þ

where QBd ¼ h1 þ 1� h4 and QAd ¼ h4 � h1 by employ-

ing the concept of rational expectation equilibrium.

The optimization problems of the firms are written as

ðP5Þ maxpAd p1d ¼ pAdðh4 � h1Þ s.t. 0\h1\r\h4\1:

ð27Þ

ðP6Þ maxpBd;pf p2d ¼ pfh4 þ pBdð1� h4Þ
s.t. 0\h1\r\h4\1; pBd [ pf � 0:

ð28Þ

Lagrangean function of Eq. (28) is formulated as

LðpBd; pf ; lÞ ¼ pf h4 þ pBdð1� h4Þ þ lpf : ð29Þ

The derivation of equilibrium solutions are presented in the

appendix.

If l[ 0, it is optimal for the new entrant firm to offer a

free product, whereas, if l\0, charging a price for the base

product as well as for the add-ons are more profitable than

offering a free product. Since the expression for l is so

complex that it is analytically intractable to derive the

specific condition for l[ 0 to hold. We thus turn to

numerical analysis. For this example we set vA ¼ 90,

vB ¼ 100, vBb ¼ 70 and c ¼ 5. We examine how the net-

work intensity affects the condition under which the free

Fig. 12 The impact of network intensity on CS and SW when vB\vA

Fig. 13 Firm B’s profit difference between high-end and low-end

with respect to c and a under free strategy
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strategy is dominant for Firm B. In Fig. 14 we find l\0

when a\0:0172, and l[ 0 when a[ 0:0172. This

implies that for this particular example, it is optimal for

Firm B to offer a free product only when the network

intensity is higher than 0.0172. Otherwise, Firm B is better

off setting prices for both the base product and the add-ons.

6.2 Low-end encroachment

Now we analyze the optimal strategy for Firm B when it

enters the market with a low-end product, i.e., vB\vA. The

indifferent points, h5 and h6, as illustrated in Fig. 10, are

described by the following equations:

ðh5 þ aQBdÞvBb � pf ¼ ðh5 þ aQBdÞvB � pBd; ð30Þ

ðh6 þ aQBdÞvB � pBd ¼ ðh6 þ aQAdÞvA � pAd: ð31Þ

where QBd ¼ h6 and QAd ¼ 1� h6.
The firms’ optimization problem in this setting are given

below,

ðP7Þ maxpAd p1d ¼ pAdð1� h6Þ s.t. 0\h5\h6\r\1:

ð32Þ

ðP8Þ maxpBd;pf p2d ¼ pfh5 þ pBdðh6 � h5Þ s.t.
0\h5\h6\r\1; pBd [ pf � 0

ð33Þ

Lagrangean function of Eq. (33) is formulated as

LðpBd; pf ; lÞ ¼ pf h5 þ pBdðh6 � h5Þ þ lpf : ð34Þ

The derivation of equilibrium solutions for the optimiza-

tion problems is given in the appendix. The condition

under which Firm B will be better off adopting the free

strategy in the low-end encroachment is summarized in

Proposition 3.

Proposition 3 When the new entrant firm infringes on the

market with low-end product, it is more profitable for the

firm to offer a free product than to charge a price for it if

the network intensity satisfies minfa1; a2g\a\maxfa1;
a2g.

An implication of Proposition 3 is that it is not always

optimal for the new entrant firm to offer a free product even

though its product has no advantage over the incumbent’s

product in terms of quality. Whether the free strategy will

generate higher profit depends on the intensity of network

externality. The new firm could make more profit by

offering a free product only if the network intensity falls

within a given threshold.

7 Conclusions

This paper presents a stylized model of new product entry,

where the new entrant firm encroaches on an existing

market with the free strategy. The incumbent firm is a

monopoly before the new firm enters. We analyze the

competition outcomes under different quality levels of the

new firm’s product.

Our paper provides several interesting findings. First, we

find that if the new entrant firm introduces a homogeneous

product into the market, a Bertrand equilibrium exists.

However, if the new firm enters the market with a

heterogeneous product, the specific market equilibrium

depends on the quality difference between the firms’

products. In the case of high-end encroachment, the high-

valuation customers will switch from the incumbent to the

new entrant. These customers have high willingness to pay

for the new firm’s add-ons. On the other hand, in the case

of low-end encroachment, there will be no customers

switching to the new firm’s product due to its low quality,

but some low-valuation customers will buy from it because

of the low price it charges. Second, the network external-

ities intensify price competition between the firms, result-

ing in a reduction in the equilibrium prices. As the network

intensity increases, the firms are worse off while the con-

sumer surplus and social welfare are better off in both high-

end encroachment and low-end encroachment. Third, an

increase in the switching cost generates higher profit for the

incumbent firm and lower profit for the new entrant firm.

By comparing the new firm’s profit difference between

high-end and low end encroachments, we find that it is

optimal for the new firm to encroach on the market with a

high-end product especially in a relatively low switching

cost environment. We also extend the basic model to

examine under what conditions the new entrant firm should

provide a product for free. Our results show that in the

high-end encroachment, the new firm will be better off

Fig. 14 Value of l with respect to network intensity
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offering a free product when the network intensity is high

enough. By contrast, in the low-end encroachment, it is

more profitable for the new firm to offer a free product than

charging a price for it when the network intensity falls

within a given threshold.

Our model has several limitations and several research

directions are possible to address these issues. First, the

quality of the products are given exogenously. In our

model, we mainly discuss the market structure and equi-

librium results in two settings: In the first setting, the new

entrant firm offers a higher quality product compared to the

exiting firm; In the second setting, the product quality of

the new firm is lower than that of the existing firm. For

future research, we could consider the case where the new

firm strategically determines the quality of its free base

product and the add-on. Second, we focus on the impact of

direct network externalities on the pricing decisions of the

firms. In practice, when it comes to information products,

the demand of which is often affected by cross-sided net-

work externalities. Parker and Alstyne [31] point out that a

firm can invest in a product it intends to give away for free,

because the increased profit of the premium product more

than covers the investment cost of the free product. Future

research could extend the current model to platform-based

where there exist cross-sided network externalities. Fur-

ther, the incumbent firm in our model does not change its

strategy after the new firms enters the market with the free

strategy. It is of interest to allow the incumbent to adopt a

similar free product strategy so as to improve its compet-

itiveness in fighting for the market share.
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Appendix 1

Proof of Lemma 1 Before the entrant (i.e., Firm B) enters

into the market, the incumbent (i.e., Firm A) offers the pro-

duct A at a monopoly price, pAm. Consumers in the market

have two choices: buy or not buy the incumbent’s product.

The corresponding net utilities are: UAm ¼ ðhþ aQAmÞvA �
pAm and 0. The marginal consumer, who is indifferent

between buying and not buying, is located at h0, and

ðh0 þ aQAmÞvA � pAm ¼ 0: ð35Þ

We derive h0 from Eq. (35) as follows:

h0 ¼
pAm

vA
� aQAm; ð36Þ

where QAm is the expected network size. The consumers

in ½0; h0� do not purchase, while those in ½h0; 1� purchase

from the incumbent firm. Hence, the demand of product

A is

qAm ¼ 1� h0: ð37Þ

Substituting Eqs. (37) into (36) and using the rational

expectations theory, we derive the demand of product A,

qAm ¼ 1

1� a
ð1� pAm

vA
Þ: ð38Þ

The incumbent sets the price pAm to maximize its profit

p1m ¼ pAmqAm.

Differentiating p1m with respect to pAm yields the

following optimal price p�Am, demand qAm and profit p�1m
for Firm A,

p�Am ¼ vA

2
; q�Am ¼ 1� 1� 2a

2ð1� aÞ ; p�1m ¼ vA

4ð1� aÞ :

ð39Þ

Thus, we find that

1� r ¼ q�Am ¼ 1� 1� 2a
2ð1� aÞ ; r ¼ 1� 2a

2ð1� aÞ : ð40Þ

h

Proof of Proposition 1

(i) When vB [ vA, the analysis in Sect. 4 show that

the possible market structures are (1)(4)(6)(5),

(1)(3)(6)(5), (1)(3)(2)(5), (1)(6)(5) and (1)(3)(5).

For the market structure (1)(4)(6)(5), we have

h1 ¼ h2 ¼ r. At the boundary point r, we have

U1ðrÞ ¼ U4ðrÞ (see Fig. 2). Simplify this equation

and we can find that c ¼ 0. Obviously, this

violates our setup of c[ 0. Therefore, this market

structure does not exist equilibrium. Similarly, the

market structure (1)(3)(2)(5) cannot exist in

equilibrium either. For the market structure

(1)(6)(5), we get that h1 ¼ h2 ¼ r ¼ h3. At the

boundary point r, we have U1ðrÞ ¼ U6ðrÞ. Fur-
thermore, the price will be set such that

U1ðrÞ�U3ðrÞ. Note that U3ðrÞ ¼ U6ðrÞ, so we

find a contradiction. As a result, the market

structure (1)(6)(5) cannot exist when the market

comes into equilibrium. Similarly, the market

structure (1)(3)(5) cannot exist either. Hence,

when vB [ vA, the only possible market structure

is (1)(3)(6)(5).

(ii) When vB\vA, the proof is similar to that of (i).

(iii) When vB ¼ vA. As noted above, in equilibrium,

segment (1) and segment (4) cannot coexist,

segment (2) and segment (5) cannot exist, and

segment (3) and segment (6) cannot exist.

Hence, if segment 3 exists, we must have
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U3ðhÞ�U2ðhÞ: ð41Þ

In this case, we obtain that

U6ðhÞ�U5ðhÞ: ð42Þ

This implies that no consumers will exercise option (2) and

option (5). As a result, Firm B makes no profit in this case.

If, however, Firm B charges a low enough price such that

U2ðhÞ�U3ðhÞ and U5ðhÞ�U6ðhÞ, then all consumers will

buy from Firm B instead of from Firm A. In that case, Firm

A will reduce its price in response to Firm B’s low price.

This consequently leads to zero prices in the market and

neither firm can be profitable.

Derivation of equilibrium outcomes for Sect. 5.1.

Substituting Eqs. (3) and (4) into Eqs. (1) and (2) and

employing the rational expectation theory, we derive the

marginal consumers and the firms’ demands below.

h1 ¼
pAd þ avBb � aðvBb þ vAÞqAd

vA � vBb
;

h4 ¼
pBd þ c� pAd � avB þ aðvB þ vAÞqAd

vB � vA
;

qAd ¼
pBdðvA � vBbÞ � pAdvBa þ cðvA � vBbÞ � avAvBa

ðvB � vAÞðvA � vBbÞ � 2avAvBa
;

ð43Þ

qBd ¼1� qAd; ð44Þ

qBad ¼1� pBd þ c� pAd � avB þ aðvB þ vAÞqAd
vB � vA

: ð45Þ

We first compute the first order conditions of problems

(P1) and (P2) and then solve the two conditions simulta-

neously for the prices pAd and pBd. The closed form of

expressions of equilibrium prices are

p�Ad ¼
m2þðvA�vBbÞðmðavBþcÞþaðvAþvBÞðcðvA�vBbÞ�avAvBaÞÞ

mð3vBa�vAþvBÞþ3aðvAþvBÞðvA�vBbÞvBa
;

p�Bd ¼
vBað2p�AdþavAÞ

vA�vBb
�c;

ð46Þ

where m ¼ ðvB � vAÞðvA � vBbÞ � 2avAvBa.
Substituting p�Ad and p�Bd back into the objective func-

tions of problems (P1) and (P2) yields the equilibrium

profits, p�1d and p�2d, for the two firms.

p�1d ¼
vBaðp�AdÞ

2

m
; ð47Þ

p�2d ¼
ðmþ aðvA þ vBÞðvA � vBbÞÞðp�BdÞ

2

ðvB � vAÞm
; ð48Þ

Derivation of equilibrium outcomes for Sect. 5.2. Substi-

tuting Eqs. (16) and (17) back into Eqs. (14) and (15), we

have

qBd ¼
pAd � pBd � avA

vA � vB � aðvA þ vBÞ
; ð49Þ

qAd ¼ 1� qBd; ð50Þ

qBad ¼ ð1þ aÞqBd �
vBa

pBd
: ð51Þ

Solving the optimization problems (P3) and (P4) yields the

equilibrium prices,

p�Ad ¼
vA � vB � avB þ p�Bd

2
; ð52Þ

p�Bd ¼
vBaðvA � vB � 2avA � avBÞð1þ aÞ
4vAð1� aÞ � ð1þ aÞðvB þ 3vBbÞ

: ð53Þ

Substituting the above equilibrium prices into the objective

functions of problems (P3) and (P4) yields the optimal

profits, which are given by

p�1d ¼
ðvA � vB � avB þ p�BdÞ

2

4ðvA � vB � aðvA þ vBÞÞ
; ð54Þ

p�2d ¼
vBað1þ aÞ2ðvA � vB � avB � 2avA þ p�BdÞ

2

16ðvA � vB � aðvA þ vBÞÞðvA � vBb � aðvA þ vBbÞÞ
:

ð55Þ

Proof of Proposition 2 The first-order conditions of the

profits of Firm A and Firm B with respect to c are given as

follows.

op�1d
oc

¼ 2p�AdvBa
m

op�Ad
oc

; ð56Þ

op�2d
oc

¼ 2p�Bdðmþ aðvA þ vBÞðvA � vBbÞÞ
ðvB � vAÞm

op�Bd
oc

; ð57Þ

where op�Ad=oc and op
�
Bd=oc are the first-order conditions of

Eqs. (52) and (53). Taking the derivative of p�Ad and p�Bd
with respect to c yields

op�Ad
oc

¼ mðvA�vBbÞþaðvAþvBÞðvA�vBbÞ2

mð3vBa�vAþvBÞþ3avBaðvAþvBÞðvA�vBbÞ
[0;

ð58Þ
op�Bd
oc

¼ 2vBa

vA�vBb

op�Ad
oc

�1

¼�mðvB�vAÞ�mvBa�avBaðvAþvBÞðvA�vBbÞ
mð3vBa�vAþvBÞþ3avBaðvAþvBÞðvA�vBbÞ

\0:

ð59Þ

The price of product A, p�Ad, should be positive. According

to Lemma 2, we have m[ 0. Hence, the sign of op�1d=oc
depends on the sign of op�Ad=oc, which is positive as given

by Eq. (58). Therefore, op�1d=oc[ 0. That is, the price of

product A and the profit of Firm A increase with switching

cost. Similarly, we can get that op�2d=oc\0, which means
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that the price of product B and the profit of Firm B

decrease in the switching cost. h

Derivation of equilibrium solutions for Sect. 6.1. By

using Kuhn-Tucker conditions of the above function and

the first-order condition of Firm A’s profit function, we find

that the case of l[ 0 yields the condition under which

offering a free version product (i.e, pf ¼ 0) is an optimal

solution for Firm B. It follows that

p�Ad

¼ m2þðvA�vBbÞðmðavBþcÞþaðvAþvBÞðcðvA�vBbÞ�avAvBaÞÞ
mð3vBa�vAþvBÞþ3aðvAþvBÞðvA�vBbÞvBa

;

ð60Þ

p�Bd ¼
vBað2p�Ad þ avAÞ

vA � vBb
� c; ð61Þ

l ¼ ðvB � vAÞT
mðmð3vBa þ vB � vAÞ þ 3avBaðvB þ vAÞðvA � vBbÞÞ

;

ð62Þ

where m ¼ ðvB � vAÞðvA � vBbÞ � 2avAvBa, and

T ¼� v4Aþ v3Aðcþ 2vBbð1þ 4aÞþ 2vBð1� 4aÞÞ
þ v2Aðv2Bbð�13a2� 10a� 1Þþ vBbð2vBð13a2þ 2a� 2Þ
� cð3aþ 2ÞÞ� v2Bð13a2� 6aþ 1Þþ cvBð3a� 1ÞÞ
þ vAðað1þ aÞð3aþ 2Þv3Bbþ v2BbðvBð�9a3� 12a2

þ 6aþ 2Þþ cð3a2þ 2aþ 1ÞÞþ vBvBbðvBð9a3þ 9a2

� 10aþ 2Þþ 2cð1� 3a2ÞÞ� av2BðvBð3a2þ 2a� 2Þ
� cð3a� 2ÞÞÞþ vBbðað1þ aÞðc� 2vBÞv2Bb
� vBvBbðð1� 4a2� 4aÞvBþ cð1þ aÞð1þ 2aÞÞ
þ av2Bðcð2þ aÞ� 2vBð1þ aÞÞÞ:

Derivation of equilibrium solutions for Sect. 6.2. The

optimization problems could be solved in the same way as

in Sect. 6.1. The case of l[0 provides the condition under

which offering a free version product (i.e, pf ¼ 0) is an

optimal solution for Firm B. It follows that

p�Bd ¼
vBaðvA � vB � 2avA � avBÞð1þ aÞ
4vAð1� aÞ � ð1þ aÞðvB þ 3vBbÞ

; ð63Þ

p�Ad ¼
vA � vB � avB þ p�Bd

2
; ð64Þ

l

¼ ðvAð2a� 1Þ þ vBð1þ aÞÞða2vBa þ að2vA þ 3vB � vBbÞ � 2ðvA � vBÞ
ð3vBbð1þ aÞ � 4vAð1� aÞ þ vBð1þ aÞÞðvAð1� aÞ � vBð1þ aÞÞ :

ð65Þ

Proof of Proposition 3 In equilibrium, we find that

l ¼ h�6gðaÞ, where h�6 is obtained by substituting the

equilibrium prices back into the indifferent points, and

gðaÞ ¼ � a2vBaþað2vAþ3vB�vBbÞ�2ðvA�vBÞ
aðvBbþ2vAþvBÞþvBþvBb�2vA

. Because h�6 [ 0 in

equilibrium, the above solution is feasible if and only if

gðaÞ[ 0. Consequently, we have

minfa1; a2g\a\maxfa1; a2g; ð66Þ

where a1¼
�2vA�3vBþvBbþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4vAðvAþ5vB�3vBbÞþðvBþvBbÞ2

q

2ðvB�vBbÞ
,

and a2¼2vA�vB�vBb
2vAþvBþvBb

.

Appendix 2

In Appendix 2, we consider a first time user cost in con-

sumer utility functions. The first time user cost is incurred

when the consumers use a new product at the first time.

The consumers who buy from Firm A in stage 1 do not

incur such a cost, but they incur a switching cost if moving

to Firm B’s product. Let f denote the first time user cost.

There are a total of six options available for consumers.

Consequently, the utility for various options available to

the consumers are listed below:

(1) Consumers who have not purchased product A now

use the free base part of product B and obtain a net

utility of U1 ¼ hþ aQBdð ÞvBb � f .

(2) Consumers who have not purchased product A now

use the whole product B and obtain a net utility of

U2 ¼ hþ aQBdð ÞvB � pBd � f .

(3) Consumers who have not purchased product A now

adopt it and obtain a net utility of

U3 ¼ hþ aQAdð ÞvA � pAd � f .

(4) Consumers who have purchased product A now

switch to Firm 2’s free offering and the net utility is

U4 ¼ hþ aQBdð ÞvBb � c.

(5) Consumers who have purchased product A now

switch to the whole product B and the net utility is

U5 ¼ hþ aQBdð ÞvB � pBd � c.

(6) Consumers who have purchased product A now

continue to pay for it. The net utility

is U6 ¼ hþ aQAdð ÞvA � pAd.

Lemma B1 Before Firm B enters the market, the

incumbent offers its product at the price of 1
2
ðvA � f Þ.

There are two segments of consumers in the market. The

proportion of customers who do not buy from the incum-

bent is r ¼ fþvA�2avA
2vAð1�aÞ and the proportion of buyers is

1� r ¼ vA�f
2vAð1�aÞ.

In this model setup, we find that different market

structure exists in equilibrium under different conditions.

In the following, we analyze the market structure under

different conditions and give the equilibrium result under

each structure.
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Case (i). vB [ vA.

If vB [ vA, the market structure must encompass the six

segments in the order (1)(3)(2)(4)(6)(5) from the left.

However, it does not imply all these six segments must

exist. We show the equilibrium market structure under

different conditions below.

Case (ia). vB [ vA and f [ c[ 0.

When f [ c[ 0, from the utility functions we obtain

U2\U5. If in equilibrium the market structure is

(1)(3)(2)(4)(6)(5), then the utility of the indifferent cus-

tomers located at r should satisfy U2ðrÞ ¼ U4ðrÞ. Using
U2\U5 and U2ðrÞ ¼ U4ðrÞ gives us U4\U5, which

implies that the customers on the right of indifferent point r

will not choose option (4) and so option (4) is dominated.

Therefore, the possible market structure is (1)(3)(2)(6)(5).

Similarly, at the indifferent point r, the condition U2ðrÞ ¼
U6ðrÞ should hold. Using U2\U5 and U2ðrÞ ¼ U6ðrÞ, we
have U5 [U6. This implies that option (6) is dominated by

option (5). As a result, no consumers will exercise option

(6) and the possible market structure is (1)(3)(2)(5). To

implement this market structure, the condition U2ðrÞ ¼
U5ðrÞ should be satisfied, but because U2\U5, we find a

contradiction. Therefore, no consumers located on the left

of r will exercise option (2). Consequently, the equilibrium

market structure in this case is (1)(3)(5), as illustrated in

Fig. 15.

In this setting, all consumers who have purchased from

Firm A now switch to Firm B and pay for its add-ons. Next

we determine the profit-maximizing prices set by Firm A

and Firm B to implement this market structure. In segment

(5), the price of Firm B is set so that the indifferent cus-

tomers located at r get a weakly higher surplus from

switching compared to the surplus from either continuing

to buy from Firm A or use the free base product from Firm

B. These constraints are given by

r þ aQBdð ÞvB � pBd � c� r þ aQAdð ÞvA � pAd; ð67Þ

r þ aQBdð ÞvB � pBd � c� r þ aQBdð ÞvBb � c: ð68Þ

These constraints yield the price pBd ¼ minf r þ aQBdð ÞvB
� r þ aQAdð ÞvA � cþ pAd; r þ aQBdð ÞðvB � vBbÞg, where

QAd ¼ r � h13, QBd ¼ 1� r þ h13, and r ¼ fþvA�2avA
2vAð1�aÞ .

Similarly, we can find pAd ¼ minf h13 þ aQAdð ÞvA�
h13 þ aQBdð ÞvBb; h13þð aQAdÞvA � h13 þ aQBdð ÞvB þ pBdg.
The indifferent point h13 is obtained by solving

h13 þ aQBdð ÞvBb � f ¼ h13 þ aQAdð ÞvA � pAd � f .

The optimization problems of the firms are as follows:

maxpAd p1d ¼ pAdðr � h13Þ
s.t. 0\h13\r:

ð69Þ

maxpBd p2d ¼ pBdr

s.t. 0\h13\r
ð70Þ

Solving the above optimization problem of Firm A yields

the price, indifferent point and profit as follows:

p�Ad ¼
1

2
ðrvA � vBbðaþ rÞÞ;

h�13 ¼
rvA 1� 2að Þ þ vBbða� r � arÞ
2 vA 1� að Þ � vBb 1þ að Þð Þ ;

p�1d ¼
ðrvA � vBbÞðaþ rÞ2

4ðvA 1� að Þ � ð1þ aÞvBbÞ
:

For Firm B’s optimization problem, we find that its profit is

increasing in pBd. By substituting p�Ad into the constraint,

pBd ¼minf rþa 1� rþh�13
� �� �

vB� rþa r�h�13
� �� �

vA�cþ
p�Ad; rþa 1� rþh�13

� �� �
ðvB�vBbÞg, we could get the opti-

mal price of Firm B.

Case (ib). vB [ vA and 0\f � c.

When 0\f � c, we obtain U1 �U4 and U3\U6. If the

market structure in equilibrium is (1)(3)(2)(4)(6)(5), then at

the indifferent point , the condition U2ðrÞ ¼ U4ðrÞ should
hold. Using U1 �U4 and U2ðrÞ ¼ U4ðrÞ gives us U1 �U2,

which implies that option (2) is dominated by option (1).

Thus, no consumers will choose option (2). Hence, the

possible market structure is (1)(3)(4)(6)(5). At point , we

have U3ðrÞ ¼ U4ðrÞ. Using U3\U6 and U3ðrÞ ¼ U4ðrÞ
gives us U6 [U4. Thus option (4) is dominated and the

possible market structure is (1)(3)(6)(5). In this case, the

condition U3ðrÞ ¼ U6ðrÞ should be satisfied. However,

from the utility function we have U3\U6. Hence, option

(3) and option (6) cannot coexist. Consequently, the equi-

librium market structure when 0\f � c is (1)(3)(5) or

(1)(6)(5).

Under the market structure (1)(3)(5), we could derive

the equilibrium results that are the same as in Case (ia).

Next, we focus on the analysis on market structure

(1)(6)(5), which is illustrated in Fig. 16.

In this setting, the consumers in segment (6) buy from

Firm A and thus the demand of Firm A is h56 � r, the

consumers whose valuation is higher than h56 purchase the
add-ons from Firm B, and the consumers on the left of use

Fig. 15 Market structure when vB [ vA and f [ c[ 0 Fig. 16 Market structure when vB [ vA and 0\f � c
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the free base product from Firm B. In addition, in segment

(6), the price of Firm A is set so that the indifferent cus-

tomers located at h56 get a weakly higher surplus from

continuing to buy from Firm A compared to the surplus

from switching to either free product or add-ons offered by

Firm B. These constraints are given by

r þ aQAdð ÞvA � pAd � r þ aQBdð ÞvBb � c; ð71Þ

r þ aQAdð ÞvA � pAd � r þ aQBdð ÞvB � pBd � c: ð72Þ

This constraint yields the price pAd ¼ minf r þ aQAdð ÞvA�
r þ aQBdð ÞvBb þ c; pBd þ c r þ aQAdð ÞvA � r þ aQBdð ÞvBg,
where QAd ¼ h56 � r and QBd ¼ 1� QAd. Following sim-

ilar logic we find that pBd ¼ minf h56 þ aQBdð ÞvB�
h56 þ aQAdð ÞvA � cþ pAd; h56 þ aQBdð ÞðvB � vBbÞg. The

indifferent point h56 is obtained by solving

�pBd � cþ h56 þ aQBdð ÞvB ¼ h56 þ aQAdð ÞvA � pAd.

Accordingly, we can write the firms profit functions,

maxpAd p1d ¼ pAdðh56 � rÞ
s.t. r\h56\1:

ð73Þ

maxpBd p2d ¼ pBdð1� h56Þ
s.t. r\h56\1

ð74Þ

By examining the second order condition of p1d, we find

that p1d is convex in pAd. Thus, in equilibrium the optimal

price of Firm A is pAd¼minf rþaQAdð ÞvA� rþð
aQBdÞvBbþc; rþaQAdð ÞvA� rþaQBdð ÞvBþpBdþcg. Solving

the optimization problem of Firm B yields pBd¼
ð�vA 1þa 1�rð Þð ÞþvB 1þarð Þ�cþpAdÞ=2 By substituting the

expression for pBd into h56 and comparing rþaQAdð ÞvA�
rþaQBdð ÞvBbþc and rþaQAdð ÞvA� rþaQBdð ÞvBþpBdþc in

the constraint for pAd, we could get the equilibrium prices

and profits.

Case (ic). vB [ vA and f ¼ 0; c[ 0.

When f ¼ 0; c[ 0, we have U1 [U4 and U3 ¼ U6. If

in equilibrium the market structure (1)(3)(2)(4)(6)(5) is

implemented, then at point r, the condition U2ðrÞ ¼ U4ðrÞ
should satisfy. Using U1 [U4 and U2ðrÞ ¼ U4ðrÞ, we

have U1 [U2. Thus, no consumers will exercise option (2)

and so the possible market structure is (1)(3)(4)(6)(5). In

this case, the condition U3ðrÞ ¼ U4ðrÞ should hold at point

. Using U3 ¼ U6 and U3ðrÞ ¼ U4ðrÞ, we have U6 �U4 for

consumers on the right of point r. Thus, no consumers will

exercise option (4). As a result, the market structure in

equilibrium is (1)(3)(6)(5).

In the setting where vB [ vA and f ¼ 0; c[ 0, we obtain

the same results as shown in Sect. 5.1 in the main body.

Case (ii). vB\vA.

If vB\vA, the market structure must encompass the six

segments in the order (1)(2)(3)(4)(5)(6) from the left.

Case (iia). vB\vA and f [ c[ 0.

When f [ c[ 0, we have U3\U6. If in equilibrium the

market structure (1)(2)(3)(4)(5)(6) is implemented, then at

point , the condition U3ðrÞ ¼ U4ðrÞ satisfies. Using

U3\U6 and U3ðrÞ ¼ U4ðrÞ gives us U6 [U4, which

implies that option (4) is dominated by option (6). Thus, no

consumers will exercise option (4) and so the market

structure is (1)(2)(3)(5)(6). At point , the condition

U3ðrÞ ¼ U5ðrÞ should be satisfied. Because U3\U6, we

have U6 [U5. Thus option (5) is dominated and so the

possible market structure is (1)(2)(3)(6). In this case,

however, the condition U3ðrÞ ¼ U6ðrÞ cannot be satisfied

because U3\U6. Therefore, option (3) will not be exer-

cised. Consequently, the market structure in equilibrium is

(1)(2)(6), as illustrated in Fig. 17.

In this setting, the new consumers located between h12
and buy the add-ons from Firm B and all the old con-

sumers located on the right of continue to buy from Firm

A. In segment (2), the price of Firm B is set so that the

marginal customers located at h12 derive higher surplus

from buying the add-ons compared to the surplus derived

from either using Firm B’s free product or buy from Firm

A. These constraints are

h12 þ aQBdð ÞvB � pBd � f � h12 þ aQBdð ÞvBb � f ; ð75Þ

h12 þ aQBdð ÞvB � pBd � f � h12 þ aQAdð ÞvA � pAd � f :

ð76Þ

Thus we have pBd ¼ minf h12 þ aQBdð Þ vB � vBbð Þ; h12þð
aQBdÞvB � h12 þ aQAdð ÞvA þ pAdg. Here, h12 is obtained

by solving h12 þ aQBdð ÞvBb � f ¼ h12 þ aQBdð ÞvB � pBd �
f and QBd ¼ 1� r. Additionally, in segment (6), the price

of Firm B is set so that the marginal customers located at r

derive a weakly higher surplus from buying product A

compared to the surplus that they derive from switching to

either product offered by Firm B. These constraints are

r þ aQAdð ÞvA � pAd � r þ aQBdð ÞvBb � c; ð77Þ

r þ aQAdð ÞvA � pAd � r þ aQBdð ÞvB � pBd � c: ð78Þ

Thus we get pAd ¼ minf r þ aQAdð ÞvA � r þ aQBdð ÞvBbþ
c; r þ aQAdð ÞvA þ pBd þ c� r þ aQBdð ÞvBg.

The optimization problems of the firms are given below

maxpAd p1d ¼ pAdð1� rÞ
s.t. 0\h12\r:

ð79Þ

Fig. 17 Market structure when vB\vA and f [ c[ 0
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maxpBd p2d ¼ pBdðr � h12Þ
s.t. r\h56\1:

ð80Þ

It is straightforward that the profit of Firm A p1d is convex
in pAd. Solving the problem of Firm B gives us the indif-

ferent point, price and profit in equilibrium below,

p�Bb ¼
1

2
vB � vBbð Þðaþ r � arÞ;

h�12 ¼
1

2
ðr þ ar � aÞ;

p�1d ¼
1

4
vB � vBbð Þðaþ r � arÞ2:

The equilibrium price of Firm A could also be obtained by

substituting p�Bb into the constraint pAd ¼ minf rþð
aQAdÞvA � r þ aQBdð ÞvBb þ c; r þ aQAdð ÞvA � r þ aQBdð Þ
vB þ pBd þ cg. Consequently, we have p�Ab¼frþcþ
a 1�rð ÞvA�r 1það ÞvBb;rþcþa 1�rð ÞvA�r 1það ÞvBþðvB�
vBbÞðaþr�arÞ=2g.

Case (iib). vB\vA and 0\f � c.

When 0\f � c, the market structure in equilibrium

could be obtained in the same way as in Case (iia). Con-

sequently, the equilibrium market structure in this case is

(1)(2)(6). Furthermore, the market outcomes in this setting

are also the same in the above setting. Hence, we rule out

the corresponding analysis here.

Case (iic). vB\vA and f ¼ 0; c[ 0.

When f ¼ 0; c[ 0, we have U3 ¼ U6. If in equilibrium

the market structure (1)(2)(3)(4) (5)(6) is implemented,

then at point the condition U3ðrÞ ¼ U4ðrÞ should hold.

Using U3 ¼ U6 and U3ðrÞ ¼ U4ðrÞ yields U6 [U4 for

customers on the right of point . Hence, option (4) is

dominated by option (6) and the possible market structure

is (1)(2)(3)(5)(6). In this case, using U3ðrÞ ¼ U5ðrÞ at

point r and U3 ¼ U6, we get U6 [U5. Therefore, no

customers will choose option (5). Consequently, the equi-

librium market structure is (1)(2)(3)(6).

In the setting where vB\vA and f ¼ 0; c[ 0, we could

obtain the same results as shown in Sect. 5.2 in the main

body.
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