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Abstract The marginal social value of income redistribution is understood to depend
on both the concavity of individuals’ utility functions and the concavity of the social
welfare function. In the pertinent literatures, notably on optimal income taxation and
on normative inequality measurement, it seems to be accepted that the role of these
two sources of concavity is symmetric with regard to the social concern about in-
equality in the distribution of income. Direct examination of the question, however,
reveals that this is not the case. Concavity of utility has a simple, direct effect on the
marginal social value of redistribution, as might be expected, whereas concavity of
the social welfare function has a more subtle influence, one that in some cases may
not be very significant. The implications of this difference are examined for some
standard forms of utility and welfare functions, including particular versions that ap-
pear in the optimal income taxation literature.
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1 Introduction

The marginal social value of income redistribution is an important concept in applied
welfare economics and plays a central role in literatures on optimal income taxa-
tion and normative inequality measurement.! In colloquial terms, this value indicates

1See, for example, Atkinson (1970, 1973), Atkinson and Stiglitz (1980), Blackorby et al. (1999), Mirrlees
(1971), Slemrod et al. (1994), Stern (1976), and Tuomala (1990).
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how leaky a bucket society is willing to tolerate when deciding how much income
redistribution is appropriate. Thus, if a dollar has twice the social value to the poorer
recipient of a transfer than to the richer individual who funds it through taxation, fur-
ther redistribution would increase social welfare if and only if less than half of what
the rich person pays is wasted on account of distortion.

In the standard formulation, this marginal social value of income redistribution is
derived from a social welfare function that is taken to be the sum or integral of W (U),
where welfare W is a concave function of an individual’s utility U (notation referring
to particular individuals is omitted throughout for ease of exposition).” Likewise, the
utility functions U (y) are taken to depend on each individual’s disposable income
y (and also on labor effort, such as in optimal income tax analysis). Accordingly,
the marginal social value of income redistribution—the extent to which a dollar is
deemed to be worth more to a poorer individual than to a richer one—depends on the
concavity of the functions U and W.

The concavity of utility, U(y), indicates the rate at which individuals’ marginal
utility of income falls as income rises; a greater rate of diminution favors more re-
distribution, ceteris paribus.® The degree of concavity of U(y), it should be noted,
is an empirical question because it is reflected, for example, in behavior under un-
certainty; it is often measured by the coefficient of relative risk aversion (CRRA).*
The concavity of social welfare, W(U), by contrast, involves a value judgment that
indicates society’s aversion to inequality in the distribution of utilities. For example, a
utilitarian social welfare function implies that W is linear in U; a greater social pref-
erence for equality implies that W is strictly concave in U. Standard functional forms
for W(U) are often analogous to those used for U (y)—for example, reflecting con-
stant relative aversion to inequality in the distribution of utilities—and thus similar
measures of concavity, analogous to CRRA for utility functions, are employed.

In applying this framework, such as in optimal income tax simulations, it is com-
mon to employ some simple composite or reduced-form social welfare function
V (y), which allows one to determine directly the marginal social welfare contribution
of a dollar to an individual with disposable income y. Different concavity parameters
for this reduced-form function—typically, analogues to CRRA—are to be interpreted
as corresponding to some combination of individual risk aversion (equivalently, rate
of diminishing marginal utility of income) and social utility-inequality aversion. See,
for example, Atkinson (1973), Atkinson and Stiglitz (1980), and Stern (1976). Thus,
if a simulation uses a V () with constant relative income-inequality aversion of 2, the
reader is invited to interpret the result as applicable to a utilitarian welfare function
with individuals having constant CRRA of 2, an egalitarian welfare function with an
inequality aversion parameter of 2 with risk-neutral individuals, or any combination

2For example, one may have a social welfare function of the form f W (U (n)) f (n)dn, where n reflects an
individual’s type (perhaps income-earning ability) and f(n) is a density function.

30ther characteristics of individuals’ utility functions may favor or oppose redistribution, such as certain
forms of sympathy or envy. See, for example, Hochman and Rodgers (1969) and Boskin and Sheshinski
(1978). These largely orthogonal complications are ignored here.

4For empirical literature measuring individuals’ CRRAs, see, for example, Barsky et al. (1997), Campbell
(1996), Chetty (2006), Choi and Menezes (1992), and Kocherlakota (1996).
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in between. In sum, it is implicitly assumed that the role of concavity of utility and
concavity of welfare are symmetric, perhaps in some rough sense additive.’

This conventional understanding of the roles of concavity of utility and of welfare
in determining the marginal social value of income redistribution is incomplete and
potentially misleading. In Section 2, the relationship between the concavity of the
composite function W(U(y)) or V(y) and the separate welfare function W (U) and
utility function U (y) is analyzed. A simple derivation reveals that the concavity of
U (y) contributes to the concavity of V(y) in the straightforward manner that one
would expect whereas the effect of the concavity of W (U) on the concavity of V()
is more subtle (specifically, as long as individuals are not risk neutral, so that U (y) is
strictly concave).

The intuition behind this asymmetry can be explained as follows. Suppose that
utility, U (y), is strictly concave in y; perhaps the functional form is Iny. Suppose
further that disposable income in the population is reasonably high. In this case, U (y)
is relatively flat in the relevant region. The concavity of social welfare, W (U), indi-
cates the degree of aversion to inequality in utility levels, but since utility levels will
be nearly equal, this concavity will not be very important. That is, introducing moder-
ate degrees of concavity of W (U) will not significantly increase the social preference
for income redistribution. This does not, however, imply that the concavity of U (y) is
similarly inconsequential, for if that function is reasonably concave, there could still
be a substantial difference between the relative marginal utility of income of different
individuals, for it is not assumed that there are no significant differences in income.
Put another way, the identity function for income—which is what U is a function
of—has a slope of one whereas the function U (y)—which is what W is a function
of—has a slope near zero in this hypothetical setting. Relative marginal utilities may
differ greatly even when utility levels do not.

For example, in the case in which U(y) =1Iny, and y is $10,000 for a poor person
and $100,000 for a high-income person, the ratio of marginal utilities (poor to rich)
is 10 to 1 (marginal utility equals the inverse of income). By contrast, the resulting
ratio of utility levels is only 1.25 to 1. If the welfare function is W (U (y)) =1InU (y),
that is, if the concavity of the welfare function is the same as the concavity of the util-
ity function, then the concavity of the welfare function will not add nearly as much
to the aggregate social value of income redistribution as was already present on ac-
count of the concavity of the utility function. In this example, the ratio of V’(10,000)

5The question of the precise relationship of the concavity of V (y) to that of U(y) and W (U) does not
seem to have received direct attention. Some papers, such as Atkinson (1970, 1973), simply present the
reduced-form function V (y) without elaboration. Others, for example, Mirrlees (1971), Slemrod et al.
(1994), and Stern (1976), explicitly state a separate U (y) function and W (U) function, yet as discussed in
Section 4, the interpretation is not always clear, especially in light of the fact that the U (y) functions often
employed are quasi-linear (homogenous of degree one in consumption and leisure).

6This interpretation could be objected to because the manner in which the concavity of W (U) affects that
of V(y) itself depends on the form of U (y)(see expressions (7) and (8) below), so the concavity of U (y)
itself can be described as having subtle effects. The statement in the text and others like it, however, are
offered in the hope of communicating the underlying intuition, which can be understood most clearly by
taking the utilitarian case (no concavity of W(U)) as a benchmark and asking how increasing the concavity
of W(U) relative to this zero baseline affects the overall social aversion to inequality in the distribution
of income. In any event, the central claim that the concavity of utility and the concavity of welfare have
asymmetric effects stands.
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to V/(100,000), the relevant derivatives of V(y) with respect to y, is 12.5 to 1, so
the overall value of income redistribution is 25% greater than if the social welfare
function, W(U), were linear.

The result in the foregoing example extends to varying degrees of concavity of
utility and social welfare functions. Moreover, it does not depend on the assumption
that the utility or social welfare functions are of the constant-elasticity form. How-
ever, the result is not general in another, quite important sense, for it depends on
certain aspects of the parameterization of the functions, as will be discussed. It turns
out that the ultimate resolution involves empirical questions pertaining to individuals’
utility functions.

For completeness and concreteness, the analysis will be applied to standard
(constant-elasticity) forms of utility and social welfare functions in Section 3. It will
be shown that there are some complications that arise regarding the social welfare
function. Overcoming them is not technically difficult, although the resulting form of
the social welfare function deviates from the norm in important and possibly prob-
lematic ways. In Section 4, the functional forms and parameterizations used in some
of the most-cited optimal income taxation simulations will be examined in light of
the present analysis. It will be seen that the results attributed to intermediate degrees
of social aversion to inequality in the distribution of income can better be rationalized
by reference to the concavity of individuals’ utility functions than with regard to the
concavity of social welfare as a function of utilities. Section 5 addresses the implica-
tions of the analysis for work on taxation and income distribution and remarks on the
neglected relevance of empirical research on certain features of individuals’ utility
functions and on the relative importance of debates about the appropriate form of the
social welfare function.

2 Analysis
2.1 Derivation

It is useful to begin with some definitions. First, as is standard, the coefficient of
relative risk aversion of U (y) is

yU”(y)
U'(y)

Single and double primes denote first and second derivatives with respect to a func-
tion’s argument.

Second, let us analogously define the coefficient of relative utility-inequality aver-
sion of W(U) to be

CRRA = — (1

Uw’”U)
W) -

Importantly, the derivatives of W here are with respect to U (and not with respect

to y) because we are referring to the concavity of the social welfare function, W (U),

CRUIA = — ()
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in terms of individuals’ utility, U. Just as CRRA is a measure of the concavity of U
as a function of y, CRUIA is a measure of the concavity of W as a function of U. (As
noted, if CRUIA = 0, W (U) is not strictly concave; it is linear, that is, utilitarian.)

Third and finally, define the coefficient of relative income-inequality aversion of
the composite function W (U (y)), usually denoted herein simply as V (y), to be

yV'(y)

CRIIA = ————.
V'(y)

3

Here (by contrast to expression (2)), since we are referring to V (y), the derivatives are
with respect to y. This expression indicates the concavity of the composite function
V (y) with respect to its argument, income. This is an indication of the overall social
preference for income redistribution.

The first measure, CRRA, is a feature of individuals’ utility functions that in prin-
ciple is observable; the second measure, CRUIA, reflects a social value judgment; and
CRIIA is a combination of the two. The task here is to determine precisely what that
combination is and to interpret the result. To begin, the derivatives of the composite
function W (U (y)) are

aWUe) _ W/ (U)U'(y), and 4
dy
2
d W;(;(y)) _ W/(U)U//(y) + W”(U)U/(y)z. (5)

Therefore,

YW/ (UHU" (y) + W)U (y)?)

CRIIA = —
W/ (U)U'(y)
_ Uy yUmw) ©)
U'(y) w'(U) '

The first term of the latter expression is simply CRRA. The second term is similar to
CRUIA. Multiplying it by U (y)/ U (y) and substituting yields

yU'(y)
U(y)

CRIIA = CRRA + ( )CRUIA. (7

For subsequent discussion, it is useful to note that the first factor of the second term
is equivalent to the ratio of the marginal utility of income, U’(y), to the average
utility of income, U (y)/y. It is also the elasticity of utility with respect to income 7.
Accordingly, we can rewrite expression (7) as

CRIIA = CRRA + CRUIA. (8)

@ Springer



30 L. Kaplow

Thus, using relative-risk-aversion-like measures of concavity, the overall concavity
is not simply the sum of the concavity measures of the utility and welfare functions;
instead, the latter is weighted by the elasticity of utility with respect to income.’

2.2 Interpretation

Expressions (7) and (8) are in accord with the intuition and example presented in
the Introduction. The overall social preference for income redistribution (the degree
of aversion to income inequality) is a combination of the concavity of utility (indi-
viduals’ aversion to risk or equivalently the rate at which marginal utility falls with
income) and the concavity of social welfare (society’s aversion to inequality in the
distribution of utilities), but the latter is not simply added. Instead, it is weighted by 7,
equivalently, the ratio of marginal to average utility. Now, it might be supposed (and
was true in the example) that this ratio falls as income rises and, if utility is reasonably
concave, becomes very small when incomes are high.

Consider again the illustration in which U(y) =1Iny and W(U) = InU. In this
case, CRRA =1,CRUIA=1,and n =1/(Iny). Thus, CRIIA=1+ 1/(Iny). When
y is large, n is small, indeed, approaching zero in the limit, in which case CRIIA
approximately equals CRRA (unless CRUIA is truly extreme, such as in the case
of maximin, in which case CRUIA is infinite). For the values of y in the example,
10,000 and 100,000, the values of In y are approximately 9.2 and 11.5, and the values
of n are approximately 0.1 in either case. Thus, given the concavity of the utility
function, the concavity of the social welfare function (unless it is quite large) adds
little in determining the overall social aversion to income inequality.

In fact, most estimates of CRRA in various empirical literatures are at least 1.0
(corresponding to the concavity of the In y utility function), many economists believe
that CRRA is likely in the range of 1.0 to 2.0, and numerous empirical estimates
(many from finance literature on the equity premium) suggest that CRRAs may be
far higher than this.® In any event, it would appear that plausible values for CRRA
indicate a good deal of concavity of the utility function, making the present discus-
sion applicable. If this were the entire story, it would seem therefore that differences
in views concerning the appropriate social welfare function—notably, whether one
should follow Harsanyi (1953, 1955) and others in accepting a utilitarian social wel-
fare function or instead should believe in a good degree of additional concavity, per-
haps a CRUIA of one or two—may not make much difference, a point elaborated in
Section 5. As long as 7 is fairly small, the overall social preference for redistribution,
reflected in CRIIA, would not be greatly affected.

71f one wished instead to use absolute-risk-aversion-like measures of curvature, as is done in some of the
literature, one could use expressions (4) and (5) to form an analogue to expression (6) for the coefficient
of absolute income-inequality aversion. Then, making appropriate substitutions yields CAIIA = CRRA +
U’CAUIA, where the acronyms have analogous meanings to those in the text. As will become clear in
the discussion to follow, the interpretation would be similar. Here, as income rises, U ’ becomes small,
so CAUIA (the curvature of the welfare function) becomes relatively unimportant. (However, since U’ is
always positive, there is no complication corresponding to the possibility that 7 may be negative below a
certain level of income.)

8See, for example, the literature cited in note 4.
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Another implication of expressions (7) and (8) is that the relative importance of
concavity in the social welfare function, CRUIA, will depend on income level. Of
course, it is obvious that income levels may be relevant because CRRA and CRUIA
need not be constant, as in many standard analyses, but could vary with the level of
income and utility, respectively. The point here is that there is an additional channel
of influence, through 5. Indeed, in the present example, both CRRA and CRUIA are
constant (equal to one), but n is falling with income. This suggests that the relative
importance of concavity of welfare may be greater at lower income levels. Thus,
positing a welfare function somewhat more averse to inequality in utility levels may
be more important concerning, say, redistribution between lower-income individuals
and the very poor (which is particularly relevant, for example, to the level of income
guarantees and phaseout rates) than it is for, say, how much of the tax burden should
be borne by the middle class versus the rich (which is central to debates about rate
graduation at middle- and upper-income levels).

The interpretation of expressions (7) and (8), however, is not nearly as straight-
forward as the foregoing implies. The reason is that the suggestion that y is “high”
is obscure, indeed arguably meaningless, because utility functions like Iny require
specification of the units in which y is measured. If y were measured not in dollars,
but in thousands of dollars, the values of Iny would be approximately 2.3 and 4.5
(instead of 9.2 and 11.5), and the values of n would be approximately 0.4 and 0.2
(instead of 0.1); going further, if y were measured in ten thousands, the individual
with income of 10,000 would have a utility of 0 and  would be infinite. Even higher
units would yield negative values for utility and 7.

This is not a mere mathematical anomaly but instead reflects a relevant aspect
of reality. Recall the initial suggestion, using expression (7), that 7 is plausibly low
because marginal utility tends to be much less than average utility. When income
is sufficiently low, this may not be so. Thus, if we think of a subsistence level of
income, or perhaps of a level below which life would be so miserable that it would
not be worth living, we would have utility of zero and thus average utility of zero; the
ratio of marginal to average utility would indeed be infinite. (And at lower income
levels, the ratio would be negative.) Just above this level, the ratio of marginal utility
to average utility would be quite high. This ratio would fall—at first rapidly, then
more slowly, for standard functional forms—as income rises, eventually approaching
ZEero.

If the choice of units of measurement were merely a matter of the analysts’ discre-
tion, the situation would be highly problematic. However, the question of the relevant
units and functional forms is ultimately an empirical one. For example, individuals’
behavior that affects their risk of death implicitly reveals information about utility lev-
els (relative to a zero point). Thus, if one could determine a functional form (perhaps
from other behavior), one could combine further evidence to make the necessary cal-
ibrations. Only then could one determine whether income was “low” or “high,” and
therefore the magnitude of 7, and thus how relatively important or unimportant was
the concavity of welfare in augmenting the concavity of utility in determining the
overall degree of social aversion to income inequality.
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3 Application: constant-elasticity functional forms

This section considers the relationship between constant-elasticity forms for the util-
ity function, U(y), and the social welfare function, W (U), on one hand and for the
reduced-form social welfare function, V (y), on the other hand. In particular, it asks
whether the constant-elasticity reduced-form social welfare function is simply a com-
posite of underlying functions of the same form, what modifications may be neces-
sary if it is not, and how the results may be interpreted in light of the general question
under consideration.

3.1 Derivation

Suppose that U (y) and W(U) each take the standard constant-elasticity form.

yl—a
Uly) = ; )
l—«a
where « is the coefficient of (constant) relative risk aversion.
U 1—e
W) = ; (10)
1—e

where e is the coefficient of (constant) relative utility-inequality aversion. In this case,
the composite function, W (U (y)), or V (y), is

(I-a)(1—e)

e Y
VO =0 f i
1—
-l (11)
l—y

where y is the coefficient of (constant) relative income-inequality aversion, which
here equals 1 — (1 — «)(1 — ). Note that, from (8), we also know that y must equal
o + (1 — a)e, using the fact that, when « is the (constant) CRRA, n =1 — . These
expressions for y are indeed equivalent.

Three observations should be noted. First, expression (10) for W (U) is not, in gen-
eral, well defined. Specifically, we are interested in cases in which « may exceed one
(as is empirically plausible). From expression (9), this means that U (y) is negative;
in (10), U is raised to a real exponent, which is an undefined operation (unless the
exponent is an integer). Second, in (11), the same problem arises because 1 — « is
also raised to the real exponent e. Third, consider the latter expression for y, that is,
y =a + (1 — a)e. For the case under discussion (@ > 1), a higher value of e reduces
rather than increases the overall curvature of V(y), reflected in y. (Similarly, when
e > 1, as « rises, y is falling rather than increasing.)

In sum, combining a standard constant-elasticity functional form for U (y) and
W (U) does not yield a simple constant-elasticity reduced-form expression for V (y)
that has the characteristic that one can combine the curvature measures for the two
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functions, « and e, in the expected manner to yield the curvature for the reduced-
form expression. To address this, suppose instead that we work backwards, asking
what form W (U) must take in order to get the standard constant-elasticity expression
for the reduced-form

1—
y y
11—y’
Sticking with the constant-elasticity utility function in expression (9), the required
form for the welfare function is

V(y)=

(12)

l1—e

l1—e

_ [(A—-a)U]¢U
- 1—e ’

WU)=1—-a)®

(13)

The former (upper) expression in (13) is more natural, and when compared with ex-
pressions (11) and (12), it is clear that expression (13) will produce the desired result.
The latter (lower) rearrangement in (13) is offered because it more clearly addresses
the question whether a negative base is being raised to a real exponent. Recall from
expression (9) that when o > 1, so that | — o < 0, it will be true that U < 0, so the
term in square brackets will still be positive.” Finally, it is straightforward to verify
that expression (13) for W(U) is indeed of constant-elasticity form, with a CRUIA
of e as before.

3.2 Interpretation

Although a rationalization of sorts for the standard constant-elasticity reduced-form
for V (), as represented in expression (12), has been offered, it nevertheless deviates
from what one may have expected in two important respects.

First, expression (13) for W(U) is not formally an individualistic social welfare
function. The reason is that an individualistic social welfare function is in principle
a mapping, from the space of individuals’ utility levels to the real line, that does not
depend on how those utility levels were generated. In expression (13), however, in
addition to the utility level, one must also know a parameter of the individual’s util-
ity function, .10 That is, the expression here for W (U) will not generate the same
measure independently of how the individual’s utility arises. (For example, if two in-
dividuals had the same utility level, one highly risk averse and subject to modest risk
and the other less risk averse but subject to a greater risk, the social welfare ascribed to
each would differ under the present formulation.) This deviation from individualism
might be deemed objectionable per se or simply lacking in affirmative justification.

9 As is familiar, when & = 1, it is conventional to take the expression for utility to be Iny, which does have
a constant CRRA of 1. (When —1 is added to the numerator in (9), the limit of U(y) as « approaches 1,
using I’Hopital’s rule, is Iny.)

10Although it is permissible to scale individuals’ utility functions to provide interpersonal comparabil-
ity, only linear transformations are allowed on that account. The coefficient o concerns the curvature of
individuals’ utility functions, which as noted earlier, pertains to observable behavior.
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(Why should a more risk-averse individual’s utility count, say, less than others’ utility
in assessing social welfare?) Moreover, one might find problematic the fact that such
a nonindividualistic social welfare function violates the Pareto principle.!!

Second, the curvature of the reduced-form social welfare function V (y) does not
superficially appear to have the desired property, namely, that one in a sense adds
the curvatures of the utility function U (y) and of the social welfare function W (U).
Recall that the concavity parameter (CRIIA) for V(y) is y =« + (1 — @)e. Again
considering the case in which « > 1, it is clear that, the higher is e, the lower is the
composite curvature parameter y. For example, if @ and e each equal 2, y equals
zero (not some number larger than 2, such as 4).

This latter difficulty, however, is more illusion than reality. The reason relates to
the fact that the standard-form constant-elasticity utility function in expression (9)
is, as previously remarked, negative in this case. If one considers negative values
for e and uses them in expression (13), and if one further confines attention to the
actual domain of the function (negative real values), the properties of this W(U)
are as desired. Consider, for example, the case in which ¢ =2 and ¢ = —2. Then
y = 4. Furthermore, examining the upper expression in (13), one can see that the
lead coefficient will equal 1 and the other factor will be U3 /3. Recalling that U is
negative, we are in a concave and upward sloping region for this function. Likewise,
one could consider the same case except that e = —1; then y = 3, the lead coefficient
in the upper expression in (13) is —1, the other factor will be U?/2, and because U
is negative we are again in a concave and upward-sloping region for this function.

The present complications arise because the standard constant-elasticity form for
the utility function, expression (9), is negative when « > 1. One could have shifted the
function up (without affecting the constant CRRA of «) by simply adding a constant.
More precisely, consider

l—o

y —2Z

o
(Although z is subtracted, the numerator is divided by 1 — «, which is negative in the
cases with which we are presently concerned.) In this case, however, the function no
longer has constant elasticity. Instead, one can show that

Uly)= (14)

1
ﬂ:(d—l)zya_—l_l (15)

In this case, 1 will be positive (rather than negative, as above) as long as zy*~! > 1,
which will be true for a given (positive) z as long as y is sufficiently large. Accord-
ingly, e will add to rather than subtract from y, the concavity of the reduced-form
welfare function, V (y). Furthermore, as y becomes larger, the impact of e will be-
come increasingly unimportant (zero in the limit).

The foregoing is reminiscent of the discussion in Section 2, where the possibility
that utility might be negative below a certain level of y was raised and the suggestion

1Tgee Kaplow and Shavell (2001). They show that continuity of the welfare function in utility levels is
a sufficient condition for a violation of the Pareto principle, and, of course, the welfare functions under
consideration here are continuous.
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was made that n might plausibly be falling with income. Recall, however, that the
ultimate choice of parameters and functional form for U (y) in the present setting
(including the units in which y is to be measured) is not a matter of the analyst’s
convenience, but rather needs to be determined empirically.

4 Application: optimal income taxation literature

The preceding section raises questions about whether conventional constant-elasticity
reduced forms for the social welfare function, V (y), can be rationalized in terms
of similar functional forms for the underlying utility and social welfare functions.
In addition, Sections 2 and 3 both suggest that it may be problematic to interpret
a concavity parameter for such a reduced-form social welfare function as a simple
combination of the concavities of the utility and social welfare functions. This section
applies the foregoing analysis to the functional forms employed in the literature that
presents numerical simulations for optimal income taxation.
Mirrlees’s (1971) functional form for individuals’ utility is

U(c,)=alnc+In(1 =1), (16)

where ¢ is consumption and / is labor supply. He sets the constant a equal to 1 in
his simulations. Individuals’ marginal utility of consumption is 1/c in this case, and
this utility function has a constant CRRA of 1. Mirrlees uses a constant absolute
utility-inequality aversion form for the welfare function,

G(U) = _Lew (17)
B
where § is the absolute utility-inequality aversion parameter. For 8 = 0, he defines
GWU)=U.

Mirrlees presents simulations for 8’s of 0 and 1. One can show that the overall
curvature (CRIIA, corresponding to ) for this case is 1 + 8.!> Hence, what might
be viewed as his utilitarian case (8 = 0) has significant social aversion to inequality.
(Concretely, an individual with ten times the consumption of another has marginal
utility and thus a marginal social valuation a tenth as high as that of the other in-
dividual.) Interestingly, in subsequent writing, Mirrlees (1982, p. 77 n. 21) clearly
states that, as he endorses a utilitarian social welfare function, he intended G (U),
expression (17), to be taken as a utility function, suggesting that § is an observable
preference parameter, not a social judgment. From that perspective, the difficulty ad-
dressed herein concerning the effects of concavity of utility and of welfare does not
arise.

1ZMore generally, if the utility function is of the form in expression (16) except that the first term exhibits
constant relative risk aversion of « (which need not equal 1), the overall curvature for this case is « +
cl_"’ﬁ. As with the functional forms explored in Section 3, for the case of o > 1, curvature of the social
welfare function becomes relatively unimportant as ¢ becomes large (again raising the question of the
units in which ¢ is measured). Note also that with the functional form for the social welfare function in
expression (17), U is the exponent rather than the base, as in expression (10), so the possibility that U is
negative raises no technical problems.
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Atkinson (1973), another of the most cited articles on the subject, employs an ap-
proach formally close to that of Mirrlees (1971). The main difference is that Atkinson
in essence considers a constant-elasticity reduced-form social welfare function, as in
Section 3 above, and specifically considers whether a high value of ¢ may make opti-
mal significantly higher tax rates than Mirrlees found possible to justify. (His answer
is affirmative.)

More precisely, in his simulations Atkinson uses a utilitarian social welfare func-
tion with utility an isoelastic function of income. He then presents the most signif-
icant interpretative discussion in the literature.'> He begins by observing that it is
unclear whether the curvature parameter can be estimated from individuals’ behav-
ior. (Whether he has in mind conceptual or practical limitations is not stated.) He
proceeds to introduce and develop the idea that the parameter “may reflect social
values as well as individual utility.” (Atkinson 1973, p. 104.) Following this, he dis-
cusses literatures that may provide a basis for attaching a social value to aversion to
inequality. Atkinson’s discourse is perhaps most responsible for the current, now con-
ventional view that one may interpret curvature parameters in a reduced-form social
welfare function as reflecting some combination of curvature of the implicitly under-
lying utility and social welfare functions. He does not, however, derive a composite
social welfare function that incorporates this view, which Section 3 indicates is not
an entirely straightforward exercise given the desired interpretation.

Perhaps the most-cited simulation results are those of Stern (1976), who calculates
optimal linear income tax schedules as a function of various parameters, including

one indicating how the social marginal valuation of income changes with income.'*
Specifically, the utility function he employs is
Ule,) = (a(l =)™ + (1 —a)e™#) ™", (18)

This function is of CES form, with an elasticity of substitution of 1/(1 + w). This
utility function is homogenous of degree one (linear) in leisure (1 — /) and consump-
tion (¢). The social welfare function is

S— l/oo(U(cn, )" f(n) dn, (19)
0

v

where v corresponds to 1 — e in expression (10) for W (U), f is the density function,
and n indicates an individual’s type. Stern uses different choices of v to correspond
to different social judgments about the importance of inequality. Specifically, he ex-
amines values of 1 (utilitarian), —1, —2, and —oo (maximin).

One can best understand the role of concavity in utility and welfare in Stern’s
analysis by considering the results for the v = 1 (utilitarian) case, in which there is
“no special preference for equality [and accordingly] the redistributive benefits are

13See also the discussion in Atkinson (1970, p. 257) on the use of social welfare functions in the normative
measurement of inequality.

14Stern’s results are reported, for example, in Atkinson and Stiglitz (1980), Myles (1995), and Tuomala
(1990), and his functional forms are used in other simulations, such as those by Slemrod et al. (1994) for
the optimal two-bracket income tax.
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very small” (Stern 1976, p. 153). Of course, it hardly follows a priori that in the
utilitarian case redistributive benefits are small. (See, for example, Mirrlees (1971),
discussed above.) How great they are depends on individuals’ CRRA, or « in the
case in which it is constant. Stern’s utility function, however, is quasi-linear. Because
it is homogenous of degree one, scaling up leisure and consumption in proportion
increases utility in the same proportion. This function is not actually linear in con-
sumption, however, because leisure does not scale up in proportion. Instead, leisure
acts (very roughly) as a constant. Hence, increasing c increases U less than propor-
tionately, introducing some concavity. Nevertheless, given his parameterizations (c is
very low, on the order of 0.1 to 0.2 in some simulations, even lower in others), this
effect is not very large. Thus, the small redistributive benefit in Stern’s simulations
for the utilitarian case reflects that individuals’ utility functions are stipulated to be
only moderately nonlinear in consumption.

Suppose, however, that individuals’ marginal utility of income diminishes a good
deal more rapidly than this, such as in the case of a constant CRRA of 2. In that in-
stance, one might take what is deemed to be the social welfare function, expression
(19), with v = —1, as the individual’s utility function. If one does so, the CRRA for
the resulting utility function indeed appears to have a value near 2.'> This result can
also be understood from expression (8), stating that CRIIA = CRRA + nCRUIA. Tak-
ing the limiting case in which U is linear, CRRA = 0 and, for this sort of parameteri-
zation, n = 1, so CRIIA = CRUIA. And when CRRA is small rather than 0, n will be
somewhat less than 1, and it will then be true that, within a range, CRIIA ~ CRUIA.

It is more difficult, however, to interpret Stern’s formulation if neither CRRA nor
CRUIA is near zero. That is, although one might well choose some v in Stern’s for-
mulation to correspond to individuals’ CRRA, the association of higher values of v
with more concave versions of a welfare function like Stern’s (expression (19)) or
that in Section 3 (expression (10)) is problematic, as we have seen. Also troubling
are comments like: “I prefer v = —1, corresponding to an assertion that the social
marginal valuation of income should decrease as the square of income.” (Stern 1976,
pp- 151-152.) In addition to the aforementioned worries, such an assertion, in his
reduced-form specification of the social welfare function, mixes empirical judgments
about individuals’ utility functions and normative judgments about the welfare func-
tion. The former, of course, is not a matter of the analyst’s preferences. The latter may
be, but ultimately must be justified. Additionally, such statements implicitly suggest
that the analyst’s normative principle might change depending on the facts. For exam-
ple, if individuals in fact were nearly risk-neutral, the stated preference corresponds
to a view that utilitarianism is insufficiently egalitarian, but if individuals were dis-
covered instead to have CRRAs in excess of 2, as some evidence suggests, the stated
preference implies that utilitarianism is too egalitarian.

13Stern does not report all the parameter values necessary to compute this, but using central values for
those reported and values that seem plausible in light of what is reported for other parameters, my calcu-
lations for two cases (one chosen to be on the high side and one low) were both very close to 2.0.
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5 Implications

The overall marginal social value of redistributing income depends on both the con-
cavity of individuals’ utility functions and the concavity of the social welfare func-
tion. The foregoing analysis explores the precise relationship between the concavity
of these two underlying functions and the concavity of the composite, reduced-form
expression for social welfare as a function of income that appears in much of the
pertinent literature. In considering both the general case, standard constant-elasticity
functional forms, and the specific versions used in the literature presenting numerical
simulations for determining optimal income tax rates, it is found that conventional
interpretations based on the reduced form are not straightforward and can be mis-
leading. Some results are more readily rationalized if the basis for social aversion to
income inequality is rooted in the concavity of individuals’ utility functions rather
than in the concavity of the social welfare function.

It is useful to consider further the implications of the foregoing analysis for work
on optimal income taxation and on assessing the distribution of income. The central
theme of this article is the need to disentangle the contributions of concavity of indi-
viduals’ utility functions and concavity of social welfare as a function of individuals’
utilities in determining the overall social preference regarding the degree of equality
in the income distribution. Why is this distinction so important? In addition to provid-
ing conceptual clarity and avoiding the accidental use of functional forms that may
not make sense, there are two principal reasons, each having to do with the nature or
source of concavity in the two underlying functions.

First, regarding the concavity of individuals’ utilities as a function of consumption,
the proper specification should not be regarded as one of analysts’ or policy-makers’
value judgments but rather as entirely an empirical question. When calibrating an
optimal income tax simulation, no one would consider it appropriate to choose an
elasticity of substitution between consumption and leisure or a distribution of wages
as a matter of the analyst’s taste. To be sure, there is conflicting empirical evidence
and judgments may differ, so it is useful to display results for a range of parame-
ters. Nevertheless, the chosen inputs are regarded to be factually based, subject to
confirmation or modification by subsequent empirical analysis.

As mentioned, the concavity of utility as a function of consumption is no dif-
ferent. Concavity has behavioral implications, and there exists a significant body of
empirical literature on the subject (some of which is cited in note 4). Unfortunately, at
present, there is a wide range of estimates with no clear consensus, although probably
the central estimates of most economists fall in the range of a coefficient of relative
risk aversion of perhaps 1.0 to 2.0. It is fairly certain, for example, that 0.0 is not a
good estimate, yet as explained some simulations implicitly employ values near zero.

There is another reason that this concavity estimate should not be evaded or spec-
ified arbitrarily: Chetty (2006) shows that there is an intimate relationship between
individuals’ degree of risk aversion and their elasticity of labor supply. The intuition,
in brief, is that the relative importance of income and substitution effects is closely re-
lated to the ratio of the second derivative of individuals’ utility of income (indicating
how much the marginal utility of income changes with income) to the first deriva-
tive (the marginal utility itself, indicating the marginal value of additional earnings),
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and this ratio is a measure of concavity, that is, of risk aversion. Accordingly, as fu-
ture work pursues this matter empirically, the results should inform optimal income
taxation analysis.

Additionally, a central conclusion of the analysis in this article indicates that (when
utility-inequality aversion in the social welfare function is not too large) concavity of
individuals’ utility functions may well be the dominant determinant of the magnitude
of the social preference for equalizing incomes. In this regard, it was also shown that
it is necessary to ascertain the elasticity of utility with respect to disposable income
(consumption). This in turn may depend greatly on whether individuals’ incomes
are sufficiently low to be near a point at which utility is close to zero in a meaningful
absolute sense that is in principle ascertainable from behavior, such as that concerning
how individuals value life-preserving precautions as a function of their income.'®
These analytical points suggest the importance of getting right (or more nearly so)
empirical questions regarding individuals’ utility functions.

Second, regarding the concavity of social welfare as a function of individuals’ util-
ities, the present analysis indicates, as just mentioned, that it may be less important
(again, short of extremes) in determining the social weight on equality of incomes
than is generally appreciated. If so, debates about whether the proper social welfare
function is utilitarian or strictly concave (and, if so, how concave) may have dimin-
ished practical significance. There is, however, the caveat that concavity of the under-
lying social welfare function remains significant at low levels of income, as explained
in Section 2.2. Hence, it will tend to be most relevant in designing welfare programs
targeted at the bottom of the income distribution rather than in determining, say, the
relative tax rates on the middle class versus the rich.

In addition, the conclusion that social welfare concavity is of less importance as-
sumes that the degree of concavity is not very high. There is a longstanding debate on
what magnitude is appropriate. Rawls (1971) famously advocates the extreme, max-
imin approach in which only the least well off matters (corresponding to an infinite
coefficient of social aversion to inequality in the distribution of utilities). By contrast,
Harsanyi (1953) shows that, from the original position, if one employs the axioms
of expected utility theory under the assumption that hypothetical individuals have an
equal probability of assuming any position in society, the resulting social assessment
corresponds to utilitarianism (no concavity). Likewise, Harsanyi (1955) provides an
alternative, axiomatic derivation of utilitarianism that uses the rationality axioms for
both individual and social decision-making.

This controversy, unlike that over empirical estimates of the concavity of utility
with respect to consumption, cannot be resolved empirically. Yet there do seem to
be bases for rational discourse on the subject. Furthermore, as emphasized in Sec-
tion 4, it is unsatisfactory to stipulate directly some “proper” level of concavity in
the reduced-form function relating social welfare directly to individuals’ consump-
tion. Such a summary viewpoint could be rationalized as a particular combination of
empirical and ethical judgments. However, once such judgments are accepted, they
would be rendered problematic if, say, new evidence was obtained concerning the ac-
tual concavity of individuals’ utility functions. Thus, as previously mentioned, Mir-
rlees (1982) clarified his seminal paper, Mirrlees (1971), by stating that its composite

IGSee, for example, Kaplow (2005a).
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function should be interpreted as the utility function, not the application of a strictly
concave social welfare function, because he finds compelling the arguments for the
utilitarian (linear) social welfare function. If so, the proper concavity of the reduced-
form function mapping income to welfare should be determined entirely based on
empirical evidence on individuals’ decision-making.

It is also the case that a reduced-form social welfare function, unless it is ultimately
grounded in separate judgments on distinct empirical and normative questions, cannot
be reconciled with the welfarist basis for social judgments more broadly. Welfarism is
the view that social welfare should depend on individuals’ well-being and on nothing
else. The power of this perspective is suggested by Singer’s (1988, p. 152) query, “But
how can something matter if it does not matter fo anyone, or to any group of beings?”’
Furthermore, Smart (1973, p. 5) argues that there is “a persuasive type of objection”
to nonwelfarist principles, namely, that they sometimes “prescribe actions which lead
to avoidable human misery.” In this spirit, Kaplow and Shavell (2001) have proved
that any nonwelfarist social welfare function will, in some circumstances, violate the
Pareto principle (as discussed in note 11). Accordingly, there exists a substantial justi-
fication for the choice in much of the optimal income tax literature and in some work
on the normative measurement of inequality to ground assessments in a social welfare
function that depends on (and only on) individuals’ utilities. Once that is done, it is
crucial to be clear on which features of a social judgment are due to properties of the
welfare function (a normative question) and which derive from traits of individuals’
utility functions (an empirical question).

Economists often are—and the above comments suggest, should be—queasy
about normative judgments of a largely aesthetic character, especially when they are
too far removed from actual effects of policies on individuals’ well-being. Notably,
the entire field of optimal income taxation is a counterweight to noneconomists’ in-
stincts about the proper shape of the tax schedule. A prominent example is the wide-
spread belief that concern for the poor calls for increasing marginal income tax rates
throughout the income distribution, whereas many analyses show that, for any plausi-
ble social welfare function, optimal marginal rates may be falling (even to zero) at the
top of the income distribution and in any case are probably falling as one moves from
low to middle ranges. If popular (mis)conceptions were deemed to be dispositive,
there would be no role for economic evidence or analysis. Now, from the welfarist
perspective, one should likewise reject a priori normative judgments about the distri-
bution of income. Although income is closer than a marginal tax rate in getting at an
individual’s utility, income is not utility itself.!”

The foundations of welfare economics are central to most economic policy analy-
sis even though the particulars are usually sublimated in particular investigations.
However, when the subject at hand is the proper social welfare analysis of redis-
tributive policies, considerations usually taken for granted and controversies that are
ordinarily set to the side cannot be wholly ignored. One reflection of this point is that
literature on optimal income taxation and on measuring inequality for normative pur-
poses is often explicit about the relevance of the choice of the social welfare function,

17 This difference is stark when some individuals suffer from disabilities. In that case, even nonwelfarists
would typically favor taking these welfare-relevant differences into account.
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whereas economic policy analysis of many other subjects is not.'® Because the sub-

ject of this article is the assessment of income redistribution, it cannot avoid certain
fundamental questions. Interestingly, one of its important conclusions is that seem-
ingly normative questions about the proper extent of redistribution may ultimately
depend more on the resolution of empirical issues than was previously thought. This
finding is much in the spirit of Mirrlees (1971) and the subsequent literature on op-
timal income taxation, which has focused economists’ attention on measuring the
elasticity of labor supply and, especially in more recent work, on determining the
shape of the distribution of abilities (wage rates) in the population.
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