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Amethod of numerical analysis of temperature fields and thermoelastoplastic stress–strain state of thin
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Introduction. Structural members are often modeled by thin isotropic shells of revolution. During operation under

variable nonisothermal load, there may occur inelastic strains, which significantly affect their strength. The strength of the

structure depends on many factors that accompany nonisothermal loading, such as the temperature dependence of the material

characteristics, plastic and creep strains, deformation history, material damage, etc. When determining the optimal operating

modes and predicting the strength of structures, it is necessary to determine their elastoplastic stress–strain state (SSS) taking

into account real operating conditions. To this end, it is necessary to create methods for numerical analysis of the SSS of thin

shells using the equations of state that describe the inelastic deformation of materials, and various approaches for assessing the

strength of structures. There are developments aimed at creating mathematical models for predicting the critical load for

thin-walled structures under different operating conditions. A method for determining the elastoplastic SSS and assessing the

strength of a shell structure under increasing internal pressure is described in [20]. Methods for predicting the operational and

limiting state of critical elements of rocket equipment under repeated thermomechanical loading with constant parameters are

described in [21], where the number of repetitions to fracture is predicted as well. In contrast to [20, 21], we will address methods

for determining the axisymmetric SSS and the critical load of structural members in the form of thin shells under repeated

thermomechanical loading with parameters slightly changed compared with the previous load.

1. Problem Statement. When solving this problem, we will use the following basic assumptions:

– the meridian of the shell of revolution consists of links of different geometry;

– the shell is under axisymmetric thermomechanical loading;

– the geometrical dimensions of the shell and the load are such that it is possible to use the geometrically linear theory of

shells with the Kirchhoff–Love hypotheses;

– the geometry of the shell and the load are such that the shell does not buckle;

– the thermomechanical loading in such that it can be considered as a set of successive equilibrium processes, and the

deformation of the shell elements does not affect its temperature, i.e. the loading process is quasistatic and uncoupled;

– the shell deforms both within and beyond the elastic range at small strains;

– the creep strains are much smaller than the elastic and plastic strains and can be neglected;

– unloading (either partial or complete) and secondary plastic strains may occur in plastic ranges;

– the behavior of the material can be described by the perfect Bauschinger effect;
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– unloading in the shell elements can occur due to not only a reduction in the external load, but also a change in

temperature.

Let the stress- and strain-free shell at temperature T T�
0
be subjected to axisymmetric mechanical loads and uneven

heating at the initial time t � 0. To determine the SSS of the shell during deformation, the loading process is divided into a

number of stages so that the moments of division are as close as possible to the moments of transition from active loading to

possible unloading and back. At each stage, it is necessary to know the loads, the boundary conditions, and the distribution of

temperature over the meridional section. This means that the problem of thermoplasticity is reduced to the determination of the

temperature distribution in the shell (thermal conduction problem), followed by the determination of the SSS at known

temperatures and mechanical loads. The problem of thermoplasticity at each stage is solved by the method of successive

approximations, after which it is necessary to test the failure criteria. If one of the criteria is satisfied, then the load at this stage is

considered destructive.

The shell is described in a curvilinear coordinate system s,�, � fixed to an undeformed continuous coordinate surface,

where s (s s s
a b
� � ) is the meridional coordinate; s

a
, s

b
are the coordinates of the ends of the shell; � (� � � � �

0 k
) is the

coordinate reckoned along the normal to the coordinate surface; �
0
and �

k
refer to the inner and outer surfaces, respectively; shell

thickness h
k

� � ��

0
. Let the midsurface or one of the surfaces of the shell be the coordinate surface.

Thus, at any stage of loading, we solve the thermal conduction problem to find the temperature distribution over the

meridional section T s( , )� and then we determine the components of the stress �
ij
and strain �

ij
tensors.

2. Thermal Conduction Problem. The temperature field of the shell is determined by solving the nonstationary heat

conduction problem. In the chosen coordinate system, the thermal conduction equation for thin shells under axisymmetric

heating can be written in the following form [1, 5]:
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where a a T� ( ), � �� ( )T are thermal diffusivity and thermal conductivity coefficients; k k k
s
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�
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d

ds r

� �sin
is the sum of the

principal curvatures of the coordinate surface; �
�

�

cos

r
; r r s� ( ) is the radius of the coordinate surface; ( )� �� is the angle

between the normal to the coordinate surface and the axis of revolution z.

The solution to Eq. (1) must satisfy the boundary conditions on the shell surface [2, 17]. The boundary conditions of

convective heat exchange with the environment were addressed in [1]. In contrast to [1], we will consider the heating of the shell

by a given heat flux, convective and radiant heating, or their combination [12]. In the general case, the boundary conditions on

the surface of the shell with external normal
�

n have the form

� �
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where � is the heat-transfer factor; � is the environment temperature; C � �

�

567 10
8

. W/(m
2
K
4
) is the Stefan–Boltzmann

constant;
�

� is the emissivity factor; q is the given heat flux. The type of boundary conditions on the surface of the shell depend on

the values of � �, ,
�

q. On the surfaces bounding the shell, conditions (3) have the form

if � � �
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if s s
a

� , then
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if s s
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where

�

S d ds( ) ( / )� � 
 �1
2
, � �

i i
s t� �( , , ), � �

i i
s t� �( , , ) ( ,... , )i �1 4 are the environment temperatures near the

corresponding surfaces and the heat-transfer factors.

Equation (1) can be solved using the finite-difference method and the explicit time difference scheme. To this end, we

apply uniform meshes along the meridian and over thickness to the meridional section of each link. The time derivative in (1) is

given by
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The derivatives with respect to spatial coordinates in (2) are approximated by finite differences of the second order.

After the discretization of the thermal conduction equation (1), we obtain a relation for determining the temperatures at the nodal

points of the finite-difference mesh of the meridional section of the shell. In the same way, we obtain expressions [1] for the

boundary conditions.

To obtain stable results with the above formulas, it is necessary that the coefficient ofT
i j,

on the right-hand side of Eq.

(8) be nonnegative after substituting the difference approximations of the derivatives in (4)–(7) for the boundary points. Here,

the index i refers to the meridian, and j to the thickness of the shell. This condition leads to the following restriction for the time

step:

�t �min( , , , )� � � �

1 2 3 4
, (9)

where �
k
( ,... , )k �1 4 are the parameters typical for each of the shell surfaces. To obtain the time step at which the calculation

process is stable, beyond-boundary points are introduced for the shell surfaces. In particular, to obtain �

1
on the inner surface

from the boundary condition (4), we obtain an expression for the temperature T
i ,0

at a beyond-boundary point:
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Introducing the reduced heat transfer coefficient
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and substituting (10) and (11) into (8) from the expression for the coefficient of T
i j,

, we obtain �

1
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In (11), the overbars indicate quantities known from the previous time step. Expression (12) coincides with the

expression in [1] if �
1i
is replaced by &�

1i
. To obtain the parameters �

k
k( , , )� 2 3 4 , we use the formulas from [1] replacing �

ki

by &�

ki
, where the latter is determined similarly to (11).
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Thus, at each time step, the temperature at each point of the mesh is found using the recurrent procedure (8), the time

step being determined from condition (9).

3. Determination of the Axisymmetric Thermoelastoplastic Stress–Strain State of the Shell under Repeated

Loading and Assessment of Strength. The axisymmetric SSS of a shell under repeated loading is determined using a

geometrically linear quasistatic problem statement after solving the heat conduction problem.

The deformation of the material is described by the modified theory of deformation processes along paths of small

curvature [6, 11, 12], which is widely used to solve boundary-value problems of thermoplasticity [14–16, 19, 23] and to

determine the destructive load for shells that model rocket elements [13, 20, 21]. In the case of active loading, these equations are

identical to the equations of the flow theory [18, 24] associated with the Mises yield condition. We will use the equations of the

modified theory of processes of small curvature linearized by themethod of additional stresses [10, 15, 22]. Then the relationship

of the components of the stress �
ij
and strain �

ij
tensors in the general case of an orthogonal curvilinear coordinate system has

the form of Hooke’s law with additional stresses:
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where e
ij

p

ij

p( ) ( )
� � are the plastic strains; E,G, ., and �

T
are, respectively, the elastic modulus, shear modulus, Poisson’s ratio,

and linear thermal expansion coefficient dependent on temperatureT; � �

0
3�

ii
/ is the first invariant of the strain tensor linearly

related to the first invariant of the stress tensor � �

0
3�

ii
/ as

� � �

0 0
� �K

T
( ). (16)

The SSS of an axisymmetrically loaded thin shell in the absence of torsion is described by the stress, � �

��ss
, , and

strain, �
ss
, � �

��

,
��

, components. Then Eqs. (13) have the form
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Expressions (18) contain the plastic strains e
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where the angle brackets denote averaging over a stage; S is the intensity of tangential stresses,
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1

p
is the intensity of accumulated plastic shear strain;

1 � 1 � 1

p m p

m

M

M p
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. (21)

To determine � 1

M p
, we assume that the intensity of tangential stresses S (20), the intensity of shear strains,

� �
1 � � 
 � 
 �

�� ��

( ) ( ) ( ) /� � � � � �

�� ��ss ss

2 2 2
6

and temperature T are related by

S T� 4 1( , ). (22)

To specify dependence (22), we use � �~ curves (� is the stress, � is the longitudinal strain of the sample) drawn based

on data of tension tests on cylindrical samples at different fixed temperatures. For intermediate temperatures, these curves are

obtained by interpolation. The transformation formulas between � and � and the second invariants of the stress and strain

deviators are the following [16, 11, 22]:
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We assume that 1 1� 


S

G
p

2

1( )
during elastic unloading, where 1

p

( )1
is the intensity of accumulated plastic shear strain

(21) at the moment of unloading.

In the case where unloading is accompanied by secondary plastic deformation, we use the dependence

S T
p

� 4 1 1

1

1
( , , )

( )
. (24)

Dependence (24) is determined using (22), 1
p

( )1
, and the value of S

( )1
at the moment of unloading. In the case of

reloading, we use the dependence

S T
p

� 4 1 1

2

2
( , , )

( )
. (25)

To specify dependence (25), we use (22), 1
p

( )2
and the value of S

( )2
at the moment of unloading in the region of

secondary plastic deformaiton. When specifying dependences (24) and (25), we take into account the Bauschinger effect:

S S S S S
T T T

( ) ( ) ( ) ( ) ( )1 2 2 3 1
2
 � 
 � , (26)

where S S S
T T T

( ) ( ) ( )
, ,

1 2 3
are the intensities of tangential stresses corresponding to the yield points in (22), (24), (25), respectively.

One of the methods of specifying dependences (24), (25) is described in [10]. Some approaches to accounting for secondary

plastic deformation are described in [14, 19].

Thus, when determining the increment � 1

M p
for the current loading stage, we use one of dependences (22), (24), (25)

in each approximation.
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We use formulas (17) to find the relationship between the forces N
s
, N

�

, momentsM
s
,M

�

, and strains and changes in

the curvature �
s
, �

�

, 5
s
, 5

�

of the coordinate surface of the shell:
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Relations (27), (28) together with the equilibrium and kinematic equations [7] form a system of 12 equations, which is

reduced to a system of six ordinary differential equations with respect to the unknown functions N Q M u w
s s s s
, , , , ,7 , whereQ

s

is the shearing force; u w, are the displacements of points of the coordinate surface in the meridional and normal directions;7
s
is

the angle of rotation of the normal to the coordinate surface. This system has the form
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where q q
s
,

�

are the components of the distributed mechanical load.

From formulas (28) and (31), it follows that the elements of the matrix P s( ) are calculated using the geometrical

parameters of the shell and the elastic characteristics of the material, which depend on the temperature at the current stage, and

elements (32) of the vector

�

f s( ) depend on temperature through the external loads and plastic strains; the latter should be

calculated by the method of successive approximations.

These relations make it possible to determine the SSS of the shell at any stage of loading. To carry out calculations, it is

necessary to use data that describe the geometry of the shell, the boundary and loading conditions, and the material

characteristics (curves � �~ , Poisson’s ratios, and linear thermal expansion coefficient depending on temperature). It is

convenient to select stages so that the shell deforms elastically in the first stage.

In the first approximation, we assume that the plastic strains are equal to zero in (18) in the first stage of loading, that is,

we solve the problem of thermoelasticity. In the subsequent stages, we use the values of the plastic strains (19) obtained at the

previous stage in the first approximation and the values obtained in the previous approximation in the subsequent

approximations. These values are necessary to calculate the elements of the column vector

�

f s( ) (32), while the elements of the

matrix P s( ) (31) are found using the given temperature-dependent characteristics of the material; they do not change during

successive approximations at this stage. Calculating the elements of the matrix P s( )and the elements of the column vector

�

f s( ),

we solve the boundary-value problem (29), (30) by reducing it to Cauchy problems, which are solved by the Runge–Kutta

method with discrete orthogonalization [4].

After finding the unknown functions as a result of solving the boundary-value problem, we find the strain components

and then the stress components (17).

Next, we calculate

� 1 � 1 � 1

M p Mi p

i

L

ML p
� 


�

�

0

1

1

,
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� 1

ML p

d
S S

G
�

�

( )

2

, (33)

where L is the number of the current approximation in theM-th stage. The value of S in (33) is calculated by formula (20), and

S
d( )

is determined by one of formulas (22), (24), and (25). Dependence (22) is used for the initial active load. If �1
p
8 0, then

active load occurs; otherwise, we have unloading, that is, we set �1
p
� 0 and we continue the calculation. In the case of

unloading (1 1�

p
), we use dependence (24). Similarly, when unloading occurs in the region of secondary plastic deformation

and 1 18

p
, we use dependence (25). The process of successive approximations at a stage is terminated once

| |� 1

ML p
� -, (34)

where - is a small predetermined number that describes the accuracy of solving the plasticity problem.

Solving the thermoplasticity problem at an arbitrary stage of loading, we use the components of the SSS of the shell to

test the failure criteria. The external load under which

� �

e n
� , (35)

where �
e
is the equivalent stress, and �

n
is the ultimate strength of the material at the temperature of this element of the shell, is

considered the destructive load. We take the following expressions as the equivalent stress:

(i) maximum principal stress [8]

� �

e
�

max
, (36)

where � � �

��max
max( , )�

ss
.

(ii) the Sdobyrev criterion [9]

� � �

e i
� 
( ) /

max
2, (37)

where �
i
is the stress intensity, �

i
S� 3, S is determined using formula (20);

(iii) the Mises criterion

� �

e i
� . (38)

In the case of cyclic loading of the shell, it is possible to predict the number of cycles to failure from the change in plastic

hysteresis or the strain range using the Coffin–Manson low-cycle fatigue criterion, as in [20].

4. Numerical Results. Let us determine the thermoplastic SSS of a shell that models a structural member under

repeated high pressure. Figure 1 shows the meridian of the coordinate surface.
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The shell is composed of spherical AB, toroidal BC, and cylindricalCD links smoothly connected to each other. The

geometrical dimensions are as follows: R
1
�0.32 m, R

2
�0.08 m, R

3
�0.12 m, � �

1
50� / , � �

2
3� / ; the meridian length of the

cylindrical link L � 0.15 m, the thickness of the shell h � 0.01 m.

The shell is made of EI 437 alloy the thermophysical characteristics linearly dependent on temperature: thermal

conductivity and thermal diffusivity, respectively, � � 40 W/(m�K), a � �

�

1115 10
5

. m
2
/sec at T � 293 K and � � 29 W/(m�K),

a � �

�

8082 10
6

. m
2
/sec at T � 573 K.

Curves � �~ depending on the temperature are given in [11]. Poisson’s ratios and linear thermal expansion coefficients

were considered independent of temperature:. �0.3 and�
T
� �

�

12 10
6
°C

–1
. The ultimate strengths�

n
�980MPa and�

n
� 926

MPa at T � 293K and T � 573K, respectively [3].

The shell, which was initially unstressed and undeformed at T
0

293� K, is heated through convective heat exchange

with the environment. The shell ends s
a
and s

b
are heat insulated ( )& � & �� �

3 4
0 . The ambient temperature near the outer surface

�

2
293� K; the heat-transfer factor of this surface & ��

2
200W/(m

2
�K). The ambient temperature near the inner surface changes

with time: � �

1 1
� ( )t (Fig. 2).

The temperature distribution over the meridional section of the shell was obtained by solving the thermal conduction

problem using the above procedure. It was established that the temperature changes a little along the meridian and the thickness.

The maximum temperature difference on the shell surfaces does not exceed 12 degrees. Figure 2 shows curves of temperatureT

versus time in the vicinity of the most heated element of the shell (s � 0, � � �h / 2).

The time-varying internal pressure q
�

MPa acts on the shell simultaneously with heating. Figure 2 shows the curves of

pressure versus time.

The process of loading and heating of the shell is divided into 25 stages. The values of q
�

in some stages are given in

Table 1 with the corresponding moments of time.

The boundary conditions on the edges of the shell are

at s s
a

� � 0 u w M
s

� � �0 0 0, , ,
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TABLE 1

Stage No. 1 3 7 8 9 11 12 16 17 20 25

t, sec 5 20 60 65 99 80 90 130 131 145 195

q
�

, MPa 1 10 37.5 38 20 1 0 0 20 38 38



at s s
b

� N N

q R R

Q
s s s s
� �




� 7 �

�*
( )

, ,
2 3

2

0 0.

Figure 2 and Table 1 show that the mechanical load increases to the maximum in the 8th stage, decreases to zero in

stages 12–16, and increases to the maximum again beginning from the 17th stage.

The maximum temperature is reached in stages 8 and 25, and the minimum temperature, in stages 11–16.

When solving the problem, we used 200 integration steps for each of the three links of the shell. The SSS was

determined at 21 points over the thickness of the shell.

It was established that zones of plastic deformation appear in most of the shell in stages 1–8. Further, in the process of

heating and loading in some elements of the shell, the active load changed to unloading, after that, active loading occurred again

with increasing plastic deformations. Some calculated results for the 25th stage, that is, at the end of loading are shown in

Figs. 3–10.

The zones of plastic deformation at the end of the process are shown in Fig. 3, which shows the change in the intensity of

shear strains along the meridian. Numbers 1 and 2 in this and the subsequent figures refer to the inner and outer surfaces of the

shell. The horizontal line shows the initial yield point of the material. Figures 4 and 5 show the change of the meridional and

circumferential strains along the meridian, and Figs. 6 and 7 show the associated stresses.

The last figures show that the meridional stresses reach their maxima near the edge s s
a

� � 0, and the circumferential

stresses reach their maximuain the cylindrical part of the shell. Figure 8 shows the change of the intensity of shear strains along

the meridian.

At each stage of loading, criteria (24)–(26) were tested after the completion of the process of successive

approximations. In the 25th stage, criterion (24) is satisfied when themaximummeridional stress in the cross-section s s
a

� � 0is

�

n
� 975MPa when q

�

� 38MPa and T � 399K.
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During loading and heating, the direction of the process changed in some shell elements that deformed beyond the

elastic limits: active loading, unloading, reloading with increase in the intensity of accumulated plastic strain.

Figure 9 shows curves S
*
~ 1 for the point with coordinates s h� � � �0 2, / , where S S

p

* ( )
( )� � �sign 1 1

1
or

S S
p

* ( )
( )� � �sign 1 1

2
. The full circles indicate the ends of the stages, and the numbers are the stage numbers. Figure 9 shows

that during repeated loading, the plastic strains increase compared with the initial load. Figure 10 shows similar results for the

shell element near the point s �0.0737m, � � h / 2. Here, the plastic strain occurred during the initial loading remains until the end

of the process.

The calculations show that the SSS of the shell does not reach the destructive level under initial pressure q
�

�38 MPa.

This level is reached during reloading when temperature T � 399K in the most loaded elements of the shell.

Conclusions. A procedure for determining the stress–strain state and the destructive load of thin-walled structural

members such as composite shells of revolution under repeated nonisothermal loading using an axisymmetric problem statement

has been developed. It successively uses methods of solving the thermal conduction problem to determine the temperature and

determining the elastoplastic stress–strain state of thin shells under thermomechanical loading, taking into account the loading

history. Failure criteria known from the literature were used to determine the destructive load. The finite-difference method was

used to solve the thermal conduction problem. The method of solving the thermoplasticity problem is based on the modified

equations of the theory of isotropic deformation along paths of small curvature. The possibility of partial or complete unloading

in the zones of plastic deformation and secondary plastic deformation has been taken into account. To this end, the previous

effective algorithms and associated software for specifying the relationships between the second invariants of the stress and

strain deviators in processes of variable thermomechanical loading have been improved taking into account the Bauschinger

effect. A numerical example of solving problems of thermal conduction and thermoplasticity under variable repeated

thermomechanical loading for a specific shell has been considered and the destructive load has been determined.
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