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We proposed a failure criterion for the system of controlling the forced vibration of a hinged rectangular

thermoviscoelastic plate with piezoelectric sensors and actuators. This criterion is associated with the

self-heating temperature reaching some critical value. The critical electric load is found on the basis of

this criterion.
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Introduction. Thin plates made of polymer-based composite materials are the most common structural members of

modern technology [1, 3, 12, 20, 30–32]. One of the basic operating modes of such elements is forced harmonic vibrations,

including resonance [1, 2, 5–8, 18, 19, 26]. Many polymeric materials have significant hysteresis losses due to harmonic

vibrations. This effect is widely used for damping the forced resonant vibrations of elements. To this end, elements with high

hysteresis losses are incorporated into the structure of an element with low hysteresis losses. Such type of damping is called

passive damping. The passive damping of vibrations is widely discussed in the literature (encyclopedias, monographs, and

journal articles) [3, 4, 11, 16, 18, 23]. However, an increase in hysteresis losses can be accompanied by a significant increase in

the self-heating temperature (SHT). It affects all aspects of the mechanical and thermal state of a structure: stress–strains

distribution, the dynamic characteristics of resonant vibrations (amplitude, amplitude– and temperature–frequency

characteristics, frequency dependence of damping factor), the dynamic and static, mechanical and thermal stability, and creep

behavior of thin-walled elements [1, 5–9, 21, 24, 27].

In addition to passive methods for vibration damping, recent trends have been toward the use of active methods that

incorporate piezoelectric elements into passive thin-walled metallic, polymeric, or composite structures. In most cases,

piezoelectric components act as active elements. There are several basic approaches to the active damping of vibrations of

thin-walled elements under a mechanical load. One approach is the usage of piezoelectric actuators to which voltage is applied to

balance the mechanical load. The other approach is based on the joint use of piezoelectric sensors and actuators. A voltage

proportional to the rate of variation in the sensor voltage is applied to the actuator while terms proportional to the rate of variation

of displacements appear in the equations of motion for displacements. As a result, damping caused by hysteresis losses in the

structural material results in additional damping proportional to the rate of variation of displacements. The third approach is to

combine passive and active damping. Foreign studies on the active control of stationary and nonstationary vibrations of

structural members are reviewed in [20, 22, 31, 32]. It shows the importance of studying the influence of various factors on the

International Applied Mechanics, Vol. 55, No. 6, November, 2019

596 1063-7095/19/5506-0596 ©2019 Springer Science+Business Media, LLC

1
S. P. Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine, 3 Nesterova St., Kyiv, Ukraine

03057; e-mail: karn@inmech.kiev.ua.
2
National Technical University of Ukraine “KPI,” 37 Pobedy Av., Kyiv, Ukraine, 03056;

e-mail: karn@inmech.kiev.ua. Translated from PrikladnayaMekhanika, Vol. 55, No. 6, pp. 20–24, November–December 2019.

Original article submitted July 17, 2018.

* This study was sponsored by the budget program “Support for Priority Areas of Scientific Research” (KPKVK 6541230).

DOI 10.1007/s10778-019-00981-z



efficiency of sensors and actuators in the harmonic loading of structural members. A particularly important task is to develop

criteria for the loss of the functionality of sensors and actuators.

There are various criteria for the loss of load-carrying capacity of thin-walled structural members under mechanical and

thermal loading (static and dynamic buckling, unacceptable strain level, etc.). Any structural member with piezoelectric sensors

and actuators under harmonic electromechanical loading has a limiting operating temperature �
cr
. The performance of the

piezoelectric element is sharply worsened when it reaches that temperature. This point will be called critical. As a rule, it is much

lower than the Curie point. When approaching that point, the electromechanical-coupling coefficient tends to zero [2, 7, 9, 21,

22, 24, 27]. The load under which the self-heating temperature becomes critical will also be called critical. To determine it, it is

necessary to solve the coupled problem of thermoelectromechanics for various amplitudes of the harmonic loading and to find

the amplitude at which the self-heating temperature becomes equal to �
cr
. An analytical solution to the problem of vibrations

and self-heating of a hinged plate with sensors and actuators is presented in [1].

This solution will be used here to obtain an analytical expression for the critical load. We will use the basic relations,

notation, and results of [1].

1. Problem Formulation and Solution. We will consider a three-layer rectangular plate with a passive core layer of

thickness h
0
and two piezoelectric face layers with opposite polarization, each of thickness h

1
. In plan, the plate has dimensions

a b� . The constitutive equations for the forces and moments, taking into account shear strains in the plate, have the following

form [6, 7, 10, 28]:
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For a hinged rectangular plate, the dissipation function represented in [10] in terms of strains, using kinematic relations

and the solution of the electromechanics problem obtained in [10], can be reduced to the following form (x y, are Cartesian

coordinates):

D d d k x d p y d k x p y
m n m n

� � � �
0 1 2 3

2 2 2 2cos( ) cos( ) cos( )cos( ), (1)

where

d D D D D
0 1 2 3 4

8

� � � �
	
( ), d D D D D

1 1 2 3 4
8

� � � � �
	
( ),

d D D D D
2 1 2 3 4

8

� � � �
	
( ), d D D D D

3 1 2 3 4
8

� � � �
	
( ),

D A D U k A D UV k p
m m n1 11 11

2 2

12 12
2� 

 � 

 � 

 � 

 � 

( )| | ( )| | (A D V p

n

22 22

2

2
� 

 )| | ,

D A D p U k V p U k V
n m n m2 66 66

2 2
2� 

 � 

 
 � 
 � 

 � 

( )[( ) ( ) ] ,

D K A p w U p w U
S n n3 44

2 2
� 

 
 � 
 � 

 � 

[( ) ( ) ],

D K A k w U p w U
S m n4 55

2 2
� 

 
 � 
 � 

 � 

[( ) ( ) ], | |UV U V U V� 
 
 � 

 

,


 � 
 � 
 
 � 

 

U x M w w w w
11 1 1

( ), 

 � 

 � 
 

 � 

 
U x M w w w w
11 1 1

( ),


 � 
 � 
 
 � 

 

V y M w w w w
11 2 2

( ), 

 � 

 � 
 

 � 

 
V y M w w w w
11 2 2

( ),

k
m

a
m

�
�
, p

n

b
m n

n
� �

�
( , , , ,... )1 3 5 , M

mn

M�
16

2 0

�

, M m V
0 0 0

� ,

m
h h

S
d

0

0 1

11

31
1

�
�


 �




( )�
, � � �







S

S

12

11

, (2)

597



where the indices mn are omitted everywhere. For example, M is used instead of M
mn

, etc. The complex quantities
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The self-heating temperature determined from the energy equation is
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The maximum temperature is defined by the formula
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where h is the total thickness of the plate; � is the reduced thermal conductivity factor; � is the heat-transfer coefficient to the

environment.

The critical load is found by equating the maximum temperature (4) to the critical point �
cr
:
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.

As a result, we obtain a quadratic equation for determining M:

M
m

m
M

m
cr

2 1

2 2

1
0� � �� , (6)

where

m
d

h

d

h k

d

h p

d

h k p
m m m m

1

01 11

2

21

2

31

2 2
4 2 4 2 4

� �

�

�

�

�

� �� � � � �( ) 2�

,

m
d

h

d

h k

d

h p

d

h k p
m m m m

2

02 12

2

22

2

32

2 2
4 2 4 2 4

� �

�

�

�

�

� �� � � � �( ) 2�

.

The solution of Eq. (6) has the form
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Then the critical value M is
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The critical voltage applied to the plate can found using the last of formulas (2):
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Conclusions. Thin-walled elements such as rods, plates, and shells made of polymer-based composite materials are

widely used in various fields of modern technology. The vibration mode of their operation, in particular, resonance one, is one of

the most common. In recent years, piezoelectric sensors and actuators have been intensively used to actively control the

vibrations of the mentioned elements. Due to the hysteresis losses inherent in polymeric materials, such elements can show a

significant increase in the self-heating temperature. It has a significant effect on the performance of sensors and actuators. When

the temperature reaches the critical point, the performance of the plate vibration control system significantly worsens. We have

obtained a simple formula for the critical electrical load under which the temperature reaches the critical point.

REFERENCES

1. A. F. Bulat, V. I. Dyrda, V. G. Karnaukhov, E. L. Zvyagil’skii, and A. S. Kobets, Forced Vibrations and Self-Heating of

Inelastic Bodies, Vol. 4 of the three-volume series Applied Mechanics of Hereditary Elastic Materials [in Russian],

Naukova Dumka, Kyiv (2014).

2. V. T. Grinchenko, A. F. Ulitko, and N. A. Shul’ga, Electroelasticity, Vol. 5 of the five-volume series Mechanics of

Coupled Fields in Structural Members [in Russian], Naukova Dumka, Kyiv (1989).

3. A. N. Guz (ed.), J. Kabelka, S. Markus, et al., Dynamics and Stability of Laminated Composites [in Russian], Naukova

Dumka, Kyiv (1991).

4. V. G. Dubenets and V. V. Khil’chevskii, Vibrations of Damped Composite Structures [in Russian], Vol. 0.1, Vyshcha

Shkola, Kyiv (1995).

5. V. G. Karnaukhov, Coupled Problems of Thermoviscoelasticity [in Russian], Naukova Dumka, Kyiv (1982).

6. V. G. Karnaukhov and I. F. Kirichok, Coupled Problems for Viscoelastic Plates and Shells [in Russian], Naukova

Dumka, Kyiv (1986).

7. V. G. Karnaukhov and I. F. Kirichok, Electrothermoviscoelasticity, Vol. 4 of the five-volume series Mechanics of

Coupled Fields in Structural Members [in Russian], Naukova Dumka, Kyiv (1988).

8. V. G. Karnaukhov, V. I. Kozlov, and T. V. Karnaukhova, “Thermal failure of a hinged inelastic rectangular plate with

piezoelectric sensors and actuators during forced resonant flexural vibrations,”Visn. Dnipropetr. Univ., Ser. Mekhanika,

15, No. 2, No. 5, 68–75 (2011).

9. V. G. Karnaukhov, V. I. Kozlov, and T. V. Karnaukhova, “Influence of shear strains on the effectiveness of piezoelectric

sensors and actuators in active damping of the resonant vibrations of inelastic plates and shells,” Opir. Mater. Teor.

Sporud, No. 95, 75–95 (2015).

10. V. G. Karnaukhov and V. V. Mikhailenko, Nonlinear Thermomechanics of Piezoelectric Inelastic Bodies under

Monoharmonic Loading [in Russian], ZhGTU, Zhitomir (2005).

11. V. V. Matveev, Damping the Vibrations of Deformable Bodies [in Russian], Naukova Dumka, Kyiv (1985).

12. A. N. Guz (ed.), Mechanics of Composite Materials [in Russian], A.S.K., Kyiv (1992–2005).

13. Yu. A. Mitropolsky and B. I. Moseenkov, Asymptotic Solutions of Partial Differential Equations [in Russian], Vyshcha

Shkola, Kyiv (1976).

14. Yu. A. Mitropolsky, Averaging Method in Nonlinear Mechanics [in Russian], Naukova Dumka, Kyiv (1971).

15. Yu. A. Mitropolsky, Nonlinear Mechanics. Single-Frequency Vibrations [in Russian], Inst. Mat. NAN Ukrainy, Kyiv

(1997).

16. A. D. Nashif, D. J. Johnes, and J. P. Henderson, Vibration Damping, John Wiley & Sons, New York (1985).

599



17. Y. N. Rabotnov, Elements of Hereditary Solid Mechanics, Mir, Moscow (1980).

18. E. V. Savchenko,Passive Damping of Vibrations of Composite Structures [in Russian], Aspekt-Poligraf, Nezhin (2006).

19. N. A. Shul’ga and V. L. Karlash, Resonant Electromechanical Vibrations of Piezoelectric Plates [in Ukrainian],

Naukova Dumka, Kyiv (2008).

20. U. Gabbert and H. S. Tzou, Smart Structures and Structronic Systems, Kluwer Academic Pub., Dordrecht (2001).

21. I. A. Guz, Y. A. Zhuk, and M. Kashtalyan, “Dissipative heating and thermal fatigue life prediction for structures

containing piezoactive layers,” Technische Mechanik, 32, No. 2–5, 238–250 (2012).

22. Encyclopedia of Smart Materials. In 2 vols, John Wiley and Sons, New York (2002).

23. D. I. Jones, Handbook of Viscoelastic Vibration Damping, John Wiley and Sons, New York (2001).

24. T. V. Karnaukhova, “Thermal depolarization of a piezoelectric layer under a harmonic quasistatic electric loading,” Int.

Appl. Mech., 34, No. 4, 373–376 (1998).

25. T. V. Karnaukhova, “Forced vibrations and dissipative heating of a hinged bimorph rectangular plate with open

electrodes,” Int. Appl. Mech., 54, No. 2, 207–212 (2018).

26. V. G. Karnaukhov, “Thermomechanics of coupled fields in passive and piezoactive inelastic bodies under harmonic

deformations (review),” J. Therm. Stress, 28, No. 6–7, 783–815 (2005).

27. V. G. Karnaukhov, T. V. Karnaukhova, andO.McGillicaddy, “Thermal failure of flexible rectangular viscoelastic plates

with distributed sensors and actuators,” J. Eng. Math., 78, No. 1, 199–212 (2013).

28. V. G. Karnaukhov, I. F. Kirichok, and V. I. Kozlov, “Thermomechanics of inelastic thin-walled structural members with

piezoelectric sensors and actuators under harmonic loading (review),” Int. Appl. Mech., 53, No. 1, 6–59 (2017).

29. V. G. Karnaukhov, V. I. Kozlov, and T. V. Karnaukhova, “Thermal failure of flexible rectangular viscoelastic plates

with distributed sensors and actuators,” Int. Appl. Mech., 54, No. 1, 85–93 (2018).

30. J. N. Reddy, Theory and Analysis of Elastic Plates and Shells, Taylor and Francis, Boca Raton (2007).

31. J. Tani, T. Takagi, and J. Qui, “Intelligent material systems: application of functional materials,” Appl. Mech. Rev., 51,

No. 8, 505–521 (1998).

32. H. S. Tzou, Piezoelectric Shells (Distributed Sensing and Control of Continua), Kluwer Academic Publishers,

Dordrecht (1993).

600


	Abstract
	Keywords
	Introduction
	1. Problem Formulation and Solution
	Conclusions
	References

