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VARIANT OF THE NONLINEAR WAVE EQUATIONS DESCRIBING CYLINDRICAL
AXISYMMETRICAL WAVES

J. J. Rushchitsky” and S. V. Sinchilo™

New nonlinear wave equations are derived using the Murnaghan five-constant elastic potential. A
feature of these equations is the following two assumptions: the elastic deformation process is physically
nonlinear (geometric nonlinearity is neglected) and the deformation is geometrically axisymmetric and
described by cylindrical coordinates. Therefore, the system of wave equations contains only two coupled
equations. Such a statement allows us to use these new equations to analyze surface waves propagating
along a circular cylindrical cavity in an elastic medium. Another feature of the nonlinear equations is
that every equation includes the classical linear part. The nonlinear terms of the equations are
quadratically nonlinear and contain twenty-three types of nonlinearities in the first equation and
twenty-two types in the second equation.

Keywords: Murnaghan’s potential, physical nonlinearity, cylindrical surface wave, nonlinear wave
equations

Introduction. Cylindrical harmonic waves are the subject of fairly long research in the theory of waves [2, 4], which
can hardly be considered complete. Such waves have been studied theoretically, experimentally, and appliedly [7-9, 20-22].
The transition from the linear model describing cylindrical waves to different nonlinear models has revealed a number of
problems in the analytical description and experimental observations of the waves.

Numerous types of nonlinear wave equations corresponding to the Murnaghan five-constant model were described in
[16, 17]. When analyzing a surface wave propagating along a circular cylindrical cavity, we need nonlinear wave equations for
cylindrical axisymmetric waves. Four configurations are distinguished in the problem statement on waves described by
cylindrical coordinates [13—15, 17]. However, in the case of configuration II describing such surface wave, the system of wave
equations can only obtained for one particular case. This is the case where only the geometric nonlinearity is taken into account,
and the Murnaghan model is reduced to the simplest nonlinear model (Jon model or neo-Hookean model). Therefore, it is
necessary to considering the other cases, including the case where only physical nonlinearity is considered, and which is more
typical of materials studied using the Murnaghan model. This model is known to describe weak physical nonlinearity for small
strains. The consistent analysis of this case requires some general information and formulas.

1. Problem Statement. Sclect the initial state (configuration) of a continuum characterized by cylindrical coordinates

0! =r,02 =9,03 =z andrestrict ourselves to the case where the state is symmetric about the symmetry axis Oz. Then, only two
coordinates and two displacements are necessary to describe this state (u,. (7, z, 1), 0,u__ (7, z, z‘))u1 =u; =u,, u? = uy =ug =0,
ud =u 3 =u,. Denote this configuration by As. Using the general expressions for the Christoffel symbols F212 =-7,
Flzz = 1"22l = (1/ r)in the configuration A4s to evaluate the components of the strain tensor € (r, z, t), the covariant derivatives of

the covariant and contravariant components of the displacement vector [1, 3, 5]
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& =(1/2)(Viuj +Vj”i +Viuiju ),
k k j Tk
V,u® =(0u" /00" )+u/T%,

— i k

Vl.uj —(6uj / 00" )—uiji,

we get

Vi =up —u1><—u2 ] —L@% =u,,, Vlul =u}1 :u1><1 +u2>< +u3>6 =u, .
Y =—u1F212 _”2><2 —u3><2 =ru,, Vzuz =u1F122 +m =(1/ru,,
Vjuy =uj 5 —ulu1><3 —uz% —u3><3 =u, V3u3 :u’33 +u1><3 +u2>€3 +u3><3 =u,
V3ul=u1’3+u1 1+u2%1+u3><1=ur’z, V3ul=u,13+u%><1 +u2><1 +u3>{§=ur,z, (D

ey =V quy + (U 2V )V u' + (1 2V u,Vu? + (1 2V juyV i —
—&, =u,, +(1/2)u, ) +(1/2)u,, ),
€5y =V oty + (1 2)(Vyu,V oyt +V yusVou? +V yu3Vou® Y > egq =1/ ryu, +(1/ 20 Yu, )2,
633 =V 3uy +(/ 2V 3,V gu! + (1 2V u3V yu® —e_ =u__+(1/2)u, ) +(1/2)(u, ),

€13 :(1/2)(V1u3+V3u1+Vlu1V3u1+Vlu3V3u3)—>arZ:(1/2)(u2’r+ur ‘tu, u, _+u_ u_ ),

,Z rorr,z zZ,r 2,z

€,9 =t4, =0. 2)

Let the geometric nonlinearity in the description of the strain tensor is not taken into account by means of the Cauchy
linear relations:

&y :ur,r’ 899 :(1/ r)ur’ €, :uz,z’
g9 =0 &, =W1/2)u,,+u, ) &4=85 =0 3)
and the physical nonlinearity is taken into account by means of the Murnaghan potential [10]:

W, 1y,13)=1/2M}E +pl, +(1/3)Al5 +BI 1, +(1/ 3)CI} . @)

It is necessary to derive the constitutive equations corresponding to (2), (3), (4).
2. Constitutive Equations. The first step is to represent potential (4) in terms of strains. To this end, we need the
general expression of the invariants in terms of strains using formulas (3):

L (e )=e,8" =, 1+ (1/ 1 Yoy 148551
Ly (e )=, €08 g™ = (g1 D> +(1/ 12 ey D2 + (53 - 1D +2:(g13)%,
I (e, )=¢ €. &, gMaPlg" =(e. )V +((1/1* ey )> + (€12 ) +3-(e12 )2 (€11 + €22 ) (5)
3 &k m&inig8 &8 11 22 33 13 11 T&33

or

— _ .2 2 2 2 2
11 =&, tE€gq TE,,, [2 =&, tegg tE,, TE, +E,
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_ .3 3 3 2
Iy =¢; +eqq +&7, +3(g;, ) (g, te, ) (6)

Substituting invariants (6) into potential (4), we obtain

W=(1/2Me,, +egq +e, ) +p(e? +edg +e2 +e2 +e2 )+ (1/3)C(,, +eqq +€,.)°

2 2 2 2 2
+B(8rr tegg tE, )(Srr tegg te, TE, +82r)

+(U3)A(E} +edg +e +e, (2 +e e, +e2 )re_(e2 +e e +e2)) (7)

zz rz " zr rz T zZr

The components of the Lagrange symmetric stress tensor are determined by the formulas o, =0W/0ce,,,...
G,, =0W / O¢,, under the condition that the stress and strain tensors are represented as if they are asymmetric:

G, =Me, +egq +€_)+2e, +(A+3B+C)e? +(4+2B)

rr

+(B+C)[28rr(899 +e_, )+8§9 +8§Z]+2C899822,
Ggg =ME,, +Eqq +€, )+ 2MEgy +(A+3B+C)edg +2B €2

+(B+C)(2e44 (g, +e_ )tel +e2 )+2Ce & _,

o =Me, +tegq +e_)+2ue_ +(A+3B+C)e’ +(A+2B)e2

+(B+0)2e_(eqq +€, )tegg +£5,1+2CEg4¢

rr’

G, =4ue, +2(4+2B), (¢, +5_). (®)

rz

The constitutive equations 6 ~ € (8) can be represented as the dependence of the components of the stress tensor on the
components of the displacement vector ¢ ~ u (the number of types of nonlinearities is indicated in brackets):

Gy =Mty + (U P, +u )+ 2, +(A+3B+C)(u,, Y2 +(1/4) A4+ 2B)u,, +u, )?

+ (B+C)[2ur,r (U P, +u, )+ (112 ), )P +(u )2]+2C(1/ Py, u

z,z2°
Ggg =(M+20)1/ P, +Mu,  +u_ )+ (A+3B+C)1/ r? )u, )

+(/2)Bu, , +u, ) +B+C)0 ryu, (u,, +u_ _)+u> +u> _)+2Cu

u
z,z ) r,r r,yz,z?

o =+ +Mu, , + (1 P, )+ (A+3B+C)(u )2 +(A+2B)1/ 4)u, +u, )2
+(B+ C)[Euz’z (U Py, +u, )+ (P2 ), ) + () ] +2C(1/ ryu,u, ©9)

(9 types for three components from the top)

c,. :2u(uz7r +u, )+ (A4 +2B)(ur7r +u, Wu +u, )+2B(1/ r)u, (uz’r +ur’z)

z,r

(6 types).
3. Equations of Motion and Nonlinear Wave Equations. The general equations of motion without external forces
have the following form [1-3]:

V[ (8" +V ,u™)]-pii" =0, (10)
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It should be noted that the expression in parentheses is equal to 1 in the linear theory. If the approach is nonlinear, then
the equations of motion (10) contain nonlinear components, namely, products of components of the stress tensor, which are
nonlinearly dependent on the displacements in nonlinear theory, and the components of the displacement gradient.

Due to the axial symmetry of the configuration, the indices i,k in (10) do not take the value 2, since we use the
cylindrical coordinate system 0, =7, 0, =8, 6, = z. Therefore, it is possible to represent (10) as only two equations (k =1, 3):

Vi [6" (8} +V ,u)]+V 4 [c (8] +V ;u' Y] -pit' =0,
V,[61 (8 +V,u’ )+ V[0 (8 +V u )] -pit® =0 (11)
Let us further use the following general formula [1-3]:
Vo = (oo™ 100K )+ o T 1o Tf
or
v, c'* =(1/Jg)0([gc™ )/ a0* )+cPkr;',k. (12)

The following relations are wvalid for the metric tensor in circular cylindrical coordinates
g :g11 +g22 +g33 =1+72 +1=,2. Then formula (12) is simplified as applied to Eqgs. (11):

V,c =(1/91)(a(slc"k)/aek)mpkr;k.

Finally, Egs. (11) take a more specific form for the configuration 4s:

Grr,r +Grz,z +(1/r)(6rr ~Og9 )_pur :_GW,V”FJ _GZV,Vu’ﬂZ _G”Z,Zu’”>” _GZZaZu”az

—(1/r)o, u +(1/r)099ur’r—(1/r)0 u,_ —o,._u 26, u G_u =0. (13)

e zrr,z rrhror T Pz rzr T Pzt zz

w3 _
cszr,r-’_(l/r)czr-’-dzz,z pus =-C u

rragUzy "0 Uy, 7O, JU, O, U,

—(1/r)o,.u +(1/r)(599uz,r—(1/r)6 u,_—o_u _ZGrz”3,31_Gzz”z,zz:0' (14)

rroz,r zr " z,z Y Z,rr

A feature of Egs. (13) and (14) is that upon substituting the expressions of stresses in terms of displacements into them,
the nonlinearity of the resulting equations will be determined by both the nonlinearity of the left-hand sides (4 terms) and the
nonlinearity of the right-hand sides (10 terms in Eqgs. (13), (14)). Here the nonlinearity of the left-hand sides is only determined
by the nonlinear components of the stress tensor, is of the second order (quadratic nonlinearity), and the coefficients of each type
of nonlinearity are linearly dependent only on the Murnaghan constants.

The nonlinearity of the right-hand sides includes the second and third orders due to the quadratic nonlinearity of both
right-hand sides and the components of the stress tensor, and the coefficients at every type of quadratic nonlinearity depend
linearly only on the Lame elastic constants, and for cubic nonlinearity, they depend only on the Murnaghan elastic constants.

Substituting (9) into Egs. (13) and (14), we obtain nonlinear wave equations in which the classical linear terms form the
left-hand sides, and the quadratic and cubic nonlinear terms form the right-hand sides. We will now show nonlinear wave
equations that contain only quadratic nonlinear terms.

O+ 20t + (1 Pt = (U 72ty e, T4 (u

r,rr r,zz _uz,rz )_pur,tt

=—2AA+2u+A+3B+Clu, u,  —[A+2u+(1/2)A+Blu, ._u

r,yr - r,r r,zz z,z

—[A+2u+(1/2)A+Blu_ _u,  —[(A+3u)+(1/2)A+Blu, _u

2,221,z rzrir,z

[+ (U 4YA+2B)u. u, . ~[h+pn+(1/2)A+Blu, _u

Z,0v T r,z r,zz r,r

“A+p+ 1/ 2)A+3B+2CTu. _u, —[2u+(3/4)A+2B)u, _u

z,zrr rzr’z,r
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—[A+2(B+C)Ju —(1/2)(A+2B)u —((1/2)4+3B+2C)u

r,rr ZZ z,rr Z}" ZZI" z,z

~[(1/2)4 +Blu +(A+4B+20)(1/ 3 w2 +2C(1/ 12 u

z,2Z ZI" ZZV

— O+ BY(1/ F)u —[A+2(B+O)(1/ P — (vt 20) (1 7% Y

VZZV }"}’}"V }"}’V

~(B+20)(1 P, ~[htp+(1/4)A - B](l/r

~A+B+C)(1/ r —[3A+2u+ A +4B+2C])(1/ r—(l/ P+ (1/2)4 —B—A(1/4r=0, (15)
(mm[ur,rz H @, [0 = 0],

=2A+2u+A+3B+C)u —[A+2B+C)u —~(A+2u+(1/2)4A+B)u

zZ,zZZ ZZ z,ZZ }"V Z,rr V}’

—(p+ (U2 A+ B u,  —[A+2u+ 3/ 2)(A+2B) . u_,

~[Bu+(3/2)(A+2B) ki, u,  —(1/2)4+3B+2C, u,,
~(A+pu+(1/2)4+3B+2C)u, u —[k+2p+(1/2)A+B]urW .
~[u (V204 + 2B, e, ~((2)A+ By, (1 2,

—2(B+C)(1/ Py, u, + (20 (1 2 Y, —(+ 2B +2C)(1/ r)u

ZZZ}"

~ (et BYW Pu_,u, ~2C (1 P, _u, ~(1/ PBu, r—[k+2u+(1/3)A+2B](l/r

—((1/3)4 +ZB+2C)(1/r (A +p+3B+20)(1/ r —(n+3B+20)(1/ r. (16)

In a quadratic nonlinear description of deformation, there may appear many products of 12 functions, i.e., the

and three second derivatives u u =u as well as the

r,y’r,z? r,r? r,zr r,yz?

displacement u _, its two first derivatives U, i, and three second derivatives Uy pyrlly gy TUL U

The total number of products is determined by the number of combinations of six elements taken 2 at a time:

displacement u,, its two first derivatives u, . ,u u

r,zz?

CR =Ch,, , =((12+2-1)/ 21(12-1)1) = ((13)/ 21-111) =78

However, products of displacements and their second derivatives are absent in (15) and (16). Therefore, 23 and 22 types of
quadratic nonlinear terms are present in Egs. (15) and (16), respectively.

This situation looks discouraging. However, it is possible to substantially reduce the number of nonlinearities or
simplify the computation of all types of nonlinearities in some cases. First, the wave equations (15), (16) were derived neglecting
the products of displacement gradients in the Cauchy relations (4). Therefore, it looks logical to neglect these products on the
right-hand side of the wave equations (whose number is 5 in (15) and 4 in (16)). These products are shown by rectangular frames
in the equations.

The analysis of harmonic waves within the first two approximations of the method of successive approximations
requires computation of all types of nonlinearities in terms of the linear approximation in the form of the first harmonics. Finally,
the right-hand (inhomogeneous) side of the equation will have the form of a product of the first two harmonics (second
harmonics) and the sum of the coefficients of nonlinearities [6, 17, 18]. This can considerably simplify the description of all
nonlinearities in the second approximation.

Conclusions. New nonlinear wave equations based on the Murnaghan five-constant model are obtained. Their feature
is two assumptions: the elastic deformation process is physically nonlinear (geometric nonlinearities are neglected) and the
deformation is geometrically axisymmetric and is described by circular cylindrical coordinates. Therefore, the system of wave
equations contains only two coupled equations. This statement enables the obtaining new equations for the analysis of surface
waves propagating along a circular cylindrical cavity in an elastic medium. Another feature of the nonlinear equations is that
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every equation includes the classical linear part. The nonlinear components are quadratically nonlinear and contain 23 types of

nonlinearities in the first equation and 22 types of nonlinearities in the second equation.
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