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TWO-CONTINUUM MECHANICS OF DIELECTRICS AS THE BASIS OF THE THEORY
OF PIEZOELECTRICITY AND ELECTROSTRICTION

L. P. Khoroshun

A new principle for constructing the theory of coupled dynamic electroelasticity of dielectrics that have
piezoelectric and electrostrictive effects is expounded. This theory is based on the purely mechanical
two-continuum description of the deformation of dielectrics as a mixture of positive and negative
charges coupled into pairs neutral molecules or elementary cells provided that an elastic potential exists
and the partial stresses are in linear quadratic relationship with the difference of displacements of
charges. Based on the definition of the vector of polarization of an elementary dielectric macrovolume
and the electric field generated by it, the equations of two-continuum mechanics are transformed into
coupled dynamic equations for the macrodisplacements of neutral molecules and electric-field strength
that describe the piezoelectric and electrostrictive effects. Maxwell’s equations follow from these
equations as a particular case.

Keywords: dielectrics, two-continuum mechanics, piezoelectrics, electrostriction, polarization vector,
Maxwell’s equations

Introduction. In modern mechanics, static and dynamic problems of magnetoelasticity [15, 18] and electroelasticity [ 1,
2,7,9-12, 16, 19-21] are important. They are related to the piezoelectric effect that manifests itself as direct or inverse linear
relationship between strains and electric-field strength. The piezoelectric effect is observed in solid dielectrics whose lattice has
no center of symmetry. Also, solid, liquid, and gaseous dielectrics can display electrostriction [17] manifested as quadratic
relationship between strains and electric-field strength, irrespective of the structure and symmetry of substance. In this case,
there is no inverse electromechanical effect, i.e., homogeneous deformation does not lead to polarization and occurrence of
electric field, unlike piezoelectric materials. In an oscillating electric field, mechanical vibrations caused by electrostriction
occur at a frequency twice higher than the frequency of the field. The electrostrictive and piezoelectric effects are used in various
electromechanical transducers at macro- and microscales.

The theory of electroelasticity [1, 2] is based on the equations of the statics or dynamics of an elastic body, the equation
of electrostatics (acoustic approximation), and the constitutive equations relating the stress tensor and the electric-flux density to
the strain tensor and an electric-field strength. The constitutive equations are derived from the condition of the existence of
internal energy that is a function of strains and electric-flux density. The piezoelectric effect is described by quadratic
dependence of internal energy on the corresponding parameters, and electrostriction by cubic dependence providing linear
dependence of stresses on strains and quadratic dependence on electric-field strength.

The basic shortcoming of the acoustic approximation is the failure to account for the dynamics of the electromagnetic
field, which does not allow describing coupled acoustic and electromagnetic oscillations. Moreover, the range of applicability of
the acoustic approximation is limited by the frequency range in which permittivity remains constant. To eliminate these
shortcomings, it is necessary to develop new principles of constructing the theory of coupled dynamic electroelasticity. Such a
principle based on the pure mechanical two-continuum description of the behavior of dielectrics as mixtures of positive and
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negative charges is outlined in [13] and used to derive coupled dynamic equations of electroelasticity of piezoelectric materials
and, in particular, equations of electrodynamics more general than Maxwell’s equations [8, 14]. Here we generalize this theory to
nonlinear electroelasticity associated with the electrostrictive effect.

1. Nonlinear Equations of the Two-Continuum Mechanics of Dielectrics. Consider an elementary macrovolume of
a dielectric that consists of interacting neutral molecules or unit cells [6], each consisting of coupled (carriers of) positive and
negative charges. In the initial state, the densities of positive, n,,,, and negative, n,, charges coincide and equal the number of
molecules or unit cells in a unit macrovolume: n;, =n,, = N. The current values n, and n, satisty the balance equations

ony 1 on, 9
where ull and ulz are the vectors of velocities of positive and negative charges in an elementary macrovolume; overdot denotes

substantial differentiation with respect to time,

dou!  ou! du?  ou?
al ==l =gyl gl 2 = =T g2 g2, (1.2)
dt ot ’ dt ot ’

Multiplying Egs. (1.1) on the masses of positive and negative charges, m, , m, , respectively, we obtain the equations of
conservation of mass

op

op .
af“"l” )i =0, —2+(p,i?), =0, (1.3)

ot

where p, =n;m,,p, =n,m, are the mass densities of positive and negative charges, respectively.
1 2

jj>0j as components

of the resultant of the forces acting on positive and negative charges of a dielectric area element divided by its area. Then the

Following the analogy with the theory of mechanical mixtures [6], we introduce partial stresses o ;

equations of conservation of momentum of positive and negative charges in an elementary macrovolume of dielectric can be
represented as

S O | 1
pyit; =6y ; +R, +F;,
pyil} =05 —R, +F7, (1.4)

where R; is the resultant force of interaction between the positive and negative charges per elementary macrovolume; F° l.l ,F l.2

are the external volume forces acting on the respective charges; ”11 N7 12 are substantial derivatives of velocities with respect to

time,

dyil i) dyi?  ou?
gl="1 0 gl gl 2 27270 T g2 2 (1.5)

i dt ot i,n"n’ i dt ot ,n-n
The balance equations (1.3), (1.4) should be supplemented with the constitutive equations relating the dynamic and
kinematic parameters. Let the dielectric be perfectly elastic. Following the analogy with the classical theory of elasticity [3], we
multiply Egs. (1.4) by ull and af, respectively, sum them, and integrate over some volume / of the dielectric bounded by a

surface S. Doing so results in the law of conservation of energy

nu; 'y oln i )dS (1.6)

[@+0yav = [ (Fli} + Fri? yav +[ (ohn, n i

Vv V N

where n j are the direction cosines of the normal to the surface S; 7 and U are the kinetic energy and the rate of increase in the
internal energy,
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=%(p1u i; +p2u2u2) U=oc! 81 +c —R (u ),

/]
k_1 ok k _
sij—z(ui,j+uj’l.) (k=12). (1.7)
It follows from (1.7) that the internal energy U is a function of the kinematic parameters 8}/ ,8121. ,u} —u? and the
dynamic parameters G}j 10 ,R are determined by the derivatives
LU 2 U U (1.8)

o.. o5 =——
i 1’ i 2’ i 1_.2
681.]. 5‘81-]. o(u; —u; )
If the internal energy depends on the kinematic parameters as
L 2 1.2 1o 20 2
U=- + A7 —

1
2 l/mnslj mn Umn lj mn 2 Uml‘lglj mn +hmljglj (u um )

+hr%”]8 (u —u )+ K; (u —u; )(u —u” )—Eh}nmjslj(u —ui )(ui —urzl)

Ehfmv 5 Gy, = )y —uy ), (1.9)

then, using (1.8), we arrive at the nonlinear constitutive equations

11 12 1 1 2 1 2 1 2
}\‘Umn mn )‘ymn mn +hmy (um Uy )= 7hmnzj( Uy )(un Uy, )
21 22 2 1 2 2 2 1 2
7\‘Umn mn +}\‘t]mn mn +hmlj (um Uy )= Ehmmj( Uy )(un —uy, )
1 2 1 1 2 2 1 2 2
R =K, (u —u; ) hlmn mn _hmm mn +hljml‘l (uj —u; )8 +hljmn (uj —u; )Smn
vk  _ kv _ vk k _ 1k _ 1k k  _ 1k _
(kl]mn - 7\‘mm_'j }\’jlmn kl}nm ’ hljmn h]lmn hl/nm ’ himn hmm ’ ij - Kji ) (1'10)
Let
1 2 1 2 1 2
u; =u; +up,  ul =u; —u, G, =0, +0y, G}jzcij.—cl.j.. (1.11)

Then Egs. (1.3), (1.4) and (1.7), (1.9), (1.10) transform into
0 : ‘oo o' . y
a—i)+(pui+pui =0, 87"t+(p it; +pit}) ; =0, (1.12)
pit, +p'il; =, . +F,, p'i, +pil} =G’l.jj+2Rl.+Fl.', (1.13)

] !

1 L. Ly Py 1.+ Y ’ 1 ror
Tzap(uiui_{—uiui)—’_puiui’ Uza}\’z'jmngijgmn_{—}"ijmngijgmn +§ ijmn©ij © mn

' ' * ' ' ’
+hmljgljum+hmlj8ju +2K .. uuj hmm’j i hmmj i > (1.14)
aU * = ' * , * P
Gij 58 ymngmn + 7\’ijmn8mn +hmijum _hmnl’jum Uy»
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— _ ' ' ' "y
Gij - o _;“mnijgmn +7L1]mn mn +hmy m hmmj mYn> (1.15)
&ij
ou ’ * ' ' * ' oy
ZRi :_au’ :_4Kijuj hlmn mn hlmn mn +2hljmn j€mn +2hljml’l i &mn>
i
where
it :Gul + +u, U it :ail; +u, U+ U
i ot i,n'n i,n"n’ i ot i,n'n i,nn’
_6ul+ a i _, Ou; o
uz - ul,nun ui,n n’ ui - znun uz nun’
t ot
€ —1(u Yu..) € —i(u' +u'..), F,=Fl+F? F' =F!-F?
i Ty Wiy Tk By TS Y A
_ 111 21 12 22 _1ll 21 412 422
7“ymn xymn xymn 7“zjmn 7szmn’ )\‘ymn 7“ymn xymn 7“ymn 7“ymn’
_ll 22 412 421 _ 2
7\’ijmn _}\‘ijmn +}\‘ymn }\‘ymn }\‘tjmn’ 2(hlmn +htmn )’

=2k —h2 N,k =2(hl k2 ), B =2kl —hZ )

mn mn l/mn ymn ymn ymn ymn ymn

P=p,+Py, P =P, P, (1.16)

Substituting (1.15) into (1.13), we arrive at a system of coupled dynamic equations for displacements of neutral
molecules u; = (u} + ”12 )/ 2and half mutual displacements u; = (u} _”1'2 )/ 2 of positive and negative charges:

ity +Pi; =Nt i i o i+ P on s =Py W) 5+
p'it; +pil :Xmm'jum,nj +7\‘ijmnu;n,nj - ;nnum,n +hmy . 4K ' +2hljmn [l +2hijmnulju;n,n +F]
(P =h;n —h;m], R in —h;jmn —h’Jmm) (1.17)
For isotropic dielectrics, the material tensors appearing in (1.17) are represented by the formulas
Wi =X 88,y + 20 s R = A8, 8, + 2 s N =AS,8,, + 20
P =1 88, 20 L B =188, +20'Tk =KSy, by =h =0, (1.18)
where A" 1 * TRV TR h" 1", h, 1« are material constants; & i N jjmn AT€ unit tensors. Then Egs. (1.17) become
pit; +p'it} =p w8+ Yy A+ e =R () =200 (W), + F,
pit; +pil}, =y, + (Mt ),y +padl o+ Qe p, =il + 20 W, + 20w (g, +u, )
+2(h" 1" )(uju), unu; )HF] (1.19)

These equations can be simplified by assuming that charges are symmetric rather than detailing the structure of atoms,
molecules, or unit cells; i.e., the material tensors are invariant under permutation of charges. In this case, it is necessary to set
Al =922 pl2 21l _p2pl _p2 whichleadsto A, =04, =0, ., = 0. Asaresult, the constitutive

yjmn ijmn> "~ijmn ijmn’ "“ijmn ijmn > "“imn imn ijmn ymn

equations (1.15) and the dynamic equations (1.17), (1.19) become simpler:
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_ * ' * roor "o ’
cSij - z'jmnsmn +hmijum " mnij%m % n> cyij _kijmngmn’
_ o * * ’
2R, = 4Kl.juj himngmn+2hijmnuj8mn’ (1.20)

i, +pil =\ u +h (), u), ) +F;,

pu; +pu; ijmn ~"m ,nj mij%m,j mm/
‘e wy ’ * '
pit; +pii; —Kijmnum’nj L T, 4K ', +2hymn f Uy n TEs (1.21)

. Pet * * * * ror * o
pit; +p'it; =p ”i,rr+(7“ +u Ju,. . —h (unun),l.—2l (ul.un)’n+Fl.,

r,ri
y o .y ’ ' * 2
plit; +pit; =yt . +(k+p)ur,” —dxu; +2h" “z”n o T20u, (u[’n +ty, )+ F;. (1.22)

The equations for perfectly liquid or gaseous dielectric follow, as a limiting case, from Eqgs. (1.22) for isotropic elastic
dielectric ifu " =0,/" =

. Pt * * 4oy
pit, +p'it; ==p ; +F;  (p=py—Au, , +h wu,),

1

p'it; +pil} :uu;.,rr +(k+u)u'r,” —dxu; +2h" usu, ” +F!, (1.23)

where p and p,, are the pressure in disturbed and resting liquid dielectric, respectively.
Equations (1.17), (1.19), (1.21)—(1.23) are invariant under Galilean transformation. If the nonlinear inertial terms are
neglected, i.e., it, =0%u, / 0t%, it} =0%u} / 8t* in (1.16) on the left-hand sides of (1.17), (1.19), (1.21)~(1.23), then they are no

longer invariant under Galilean transformations.
2. Coupled Electromechanical Equations. The above coupled equations of nonlinear two-continuum mechanics of

dielectrics include purely mechanical parameters Cij»€inth; P and o', u;,p",R; describing the stress—strain state of the

dielectric as a system of neutral molecules or cells and differences ofl/pare{meters related to coupled charges that describe the
polarization of the dielectric. For example, the displacement difference vector «; multiplied by the charge density of the
dielectric is the polarization vector. Therefore, the task is to transform them into the coupled equations of mechanics of neutral
molecules or cells and equations of electricity of coupled charges. To this end, we multiply the equations of balance of charge
densities (1.1) by charges g and —¢, respectively, and sum them. Taking (1.11) into account, we obtain the law of conservation of

electric charge:

op
el =0 2.1)
where
p,=(n —ny)g, I, =10 +1P 100 =p g 1P = () 40y )qil], (2.2)

where p , is the density of polarization or coupled charges, which is the total density because of the absence of free charges; 77"

is the convection current caused by the displacement of polarization charges; / }’01 is the polarization current or rate.

If the charge densities coincide (n;, =n,, =N) at initial time, then integrating Eq. (2.1) over time, we obtain an
equation in linear approximation:

P tP ;=0 (2.3)
where P; is the polarization vector,

P, =2Nqu. (2.4)
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The density of polarization charges p , generates an electric field £; that, according to the Gauss theorem [4, 5], is
defined by

El.,l. =4nkp ,, (2.5)

where k =1and k =1/ 4ne, in the CGS and SI systems, respectively. Substituting (2.3) into (2.5), we arrive at the equation

(E; +4nkP;) ; =0, (2.6)
whose general solution is
E, =-4nkP,, 2.7
where the electric-field strength is represented in terms of scalar and vector potentials £; =& ; +e;, M, . satisfying the
equations § . =—4nkP. .,m; . =4nke, P ., wheree, —isthe Levy—Chivita unit antisymmetric tensor.

The polarization caused by the mutual displacement of coupled charges can be caused by various factors such as an
external electric field or a field of free charges, inertial forces, deformation of dielectric, change of temperature. If the dielectric
is in an external static electric field El'?x associated with some density of free electric charges pgx, according to the Gauss

theorem,

ES =4mkp X, (2.8)

and the other factors causing polarization are absent, then, according to the experimental law [4, 5], the polarization vector of an
unit volume is defined by

P, =BE;

i i’

*
P =80ﬁEi
(E; :Eiex +E;) (2.9)

in the CGS and SI systems, respectively, where {3 is the polarizability or electric susceptibility of an unit volume of dielectric.
Then the expression for electric-flux density D, follows from (2.7)—(2.9) and has the following forms in the CGC and Sl systems,
respectively:

D, =4np$t  (D; =E] +4nP; =yE;, y=1+4np), (2.10)
D, =p (D, =¢,E] +P, =ggxE;, x=1+B), @.11)

where y is permittivity.
It follows from (2.7)—(2.11) that

D, =E¥, D, =g E, (2.12)

in the SGS and the SI systems, respectively, i.e. the electric-flux density [4] is just the strength of external electric field of free
charges or a quantity proportional to it.

If dynamic processes occur in dielectric, the coupled charges are acted upon by inertial forces, making relations
(2.9)~(2.11) invalid. In this case, to determine the polarization vector P; or the electric field £; generated by it, according to (2.7),
it is necessary to derive dynamic equations. Therefore, the definition of displacement current in electrodynamics as time

o . .. 1 aD D . . .
derivative of electric-flux density 4—% or % in the SGS and SI systems, respectively, is incorrect because the concept of
T Ot t

electric-flux density loses sense for dynamic processes. Moreover, according to (2.12) and the definition, the displacement
current is only determined by the external electric field £ fx and is equal to zero if it is absent.

This conclusion also follows from the well-known justification of displacement current [5] based on the law of
conservation of electric charge. Indeed, the law of conservation of the electric charge (2.1) with (2.5) can be represented as
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([lg:on +]l§1 ),i =0, (2.13)

where / f —lk 5 +17°" is the displacement current for dielectric. Taking (2.3), (2.4), (2.7) into accoiunt, we conclude that
47 t
the displacement current in dielectric is equal to zero.

Using formulas (2.4) and (2.7), we obtain

W=t p =E, [v=—1 | (2.14)
8nkNg

The volume forces l.l and F i2 are represented as sums of purely mechanical and ponderomotive components caused by

electric field:
1 _71, 71 2_F2.72 Eml__F2
F; =F; +F;, F=F"+F7, F —F =Ngk(E, +E™), (2.15)
where Efx is the given strength of the external electric field. Using }71.1 :1?1.2 and (1.16), we get
F! =F/=2Nqk(E; +E*). (2.16)

Substituting (2.1)—(2.16) into (1.14), (1.20)—(1.23), we get the expressions for kinetic and internal energy:

| B 25 7 ‘ez 1, 1 5
=Ep(ul.ul.+v E.E;)-vp'i,E,, Uzzkymn i mn+2v }\’ijmnEijEmn
P 1
vthSUEm +2voK; EE -V hmmj UEmEn (EU :E(Ei’j +Ej,i )} (2.17)

the constitutive equations

* * '

— —vh _yv2 —
Gij _kijmngmn thijEm Vv hmm'jEmEn’ o-ij - V}\’ijmnEmn’
*
—4v1< E hlmnsmn _2VhijmnEj8mn’ (2.18)

the dynamic nonlinear equations of electroelasticity for anisotropic and isotropic dielectrics:

pit; —va = —Vvh' .E (E,E, ) +F,

ijmn Up nj mij=m,j mm]

p'il; —VpE =—h V(A 41( E +2h, )+2quE (2.19)

imn mn ijmn mnj ijmn j mn

pit; ~vp'E; =p"u, , + O +1 o, v [HTEE,) 427 (EE) [+ F (2.20)
p'ii, —vpE, :—v[uEl.’W +(A+E, ; —4<"E, + 20" Eu,, , +2"E, (u, , +u, )] +ONGKE X,
and the equations of electrohydromechanics for a perfectly liquid dielectric:
pit; ~vp'E; ==p ,+F; (p=py—Xu,, +v*h E,E,),
it'n.n

p'ii, —vpk, :—v[p,El.,W+(?\.+u)Er’l —4x"E, +2h"Eu ]+2quEfX, 2.21)

where
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Loow, . . ) aEl.
i, = o +ilg i, +V Ei,nEn’ E; = at E +Eln n?
) aul. ) 2 . . 8E
u; = Py +ui,nun +Vv Ei,nEn’ Ei = o lnEn +El n n’
Kl] =K +4nkN2q26ij, K =Kk+4nkN2¢2. (2.22)

Equations (2.19)—(2.22) should be supplemented with the law of conservation of mass, follow from (1.3), (1.11), (2.14):

0 . - oo’ N )
P 4 (pit; ~vp'E, ), =0, 8—F;+(p it, ~vpE, ), =0 (2.23)

ot
Equations (2.19)—(2.23) are invariant under Galilean transformation.
Multiplying Egs. (1.13) by #, —VE ;» summing them, and integrating over some domain }” bounded by a surface S, we
obtain the law of conservation of energy

j(T+U )dV—J'(Fu ~2VNGESE, )dV+j(cs
V

g it —velyn E)ds, (2.24)

where the parameters 7', 10,0 .j S ,Ei are defined by (2.17), (2.18), (2.22), and U”is expressed as

)

* 1,+ 1 5
U =U+VvNgEE; :E}Lljmn i mn+2v }\‘ijmnEijEmn
2 *
vthaUEm +2v K, E E hmnijgijEmEn' (2.25)

The energy equation (2.24) also follows from (1.6) with (1.7)—(1.9), (1.11), (1.16), (2.14)—(2.16), (2.22).
The differential equations (2.19)—(2.21) describe the coupled dynamic processes of mechanical displacements of
neutral particles of dielectric and changes of the electric field caused by polarization. The linear terms with coefficients 4 :1 i

describe the piezoelectric effects, while the nonlinear terms with coefficients ht mnij ,h N * describe the electrostrictive effects.

The differential equations must be supplemented with boundary conditions. Since the high-order derivatives with respect to the
coordinates appearing on the right-hand sides of Eqs. (1.13), (2.19), (2.20) are the same as in the classical theory of elasticity, it is

sufficient to set one of the conditions u; |¢ , .1 ;|g and E, | , c’;n ;| on the boundary S.

Ifthe dielectric is perfectly liquid, therllj Egl (2.21) should bel:] sdpplemented with boundary conditions for the mechanical
parameters u; or p similar to those in classical hydromechanics and with boundary conditions for the electric parameters £, G’I.j
similar to those in the classical theory of elasticity; i.e., it is necessary to set one of the conditions £, |y ,c”; " nlg.

If two dissimilar dlelectrlcs are in perfect mechamcal and electric contact, which follows from the continuity of
1

displacements of charges u u and the normal and tangential stresses G ; " ,GZ n, the interface conditions are as follows:

uV g =u@, cj n ilg=o (l)n ilss ED |, =EP,, '(1) ils '(Z)nj\s, (2.26)

where the indices in brackets refer to the materials in contact. If there is densification, slippage, or accumulation of charges of
like sign at the interface, the interface condition (2.26) ceases to be valid. In this case, it is necessary to construct an appropriate
model instead of conditions (2.26).

The piezoelectric effect described by the terms with coefficients / ;m in Egs. (2.18), (2.19) manifests itself only in solid
dielectrics whose lattice has no center of symmetry. Piezoelectric transducers used in engineering are often made of preliminary
polarized piezoceramics having transversely isotropic electroelastic symmetry. If the x;-axis is directed along the axis of
symmetry of such a material, the constitutive equations (2.18) will have the form

552(7‘#{1‘7‘12)8 + (M8 +hy3853 —Vhy E )8,
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[ (e =hiy EE ; + (5 E By +h3 D)8, ]
O3y =hi38y +h3833 ~Vhsy By —v2 (hy B Ey +hi3E3 ),
93 :2}‘2481'3 _VZI*SEi _2V2h;5EiE3’
o :_"[(7‘11 ~hp )Ey + (hp B + A3 E5; )81)']’

053 = V(A3 Epy +hy3E55), 043 =—Dhy B,

Tk * * * *
2R; =4vk E; —2hy58 3 _ZV[(hll ~hip JeE 4 (e +hyzes; )Ei]’

~% ~% * * * ..
2Ry =4V By —hy ey —hyze33 ~NV(2hsse 3 By +hy ey By thyzessBy)  (5,),k=12),

* o he L andh.

where matrix notation [7] is used for the electroelastic constants A ., A h jmn> Pimn i

}7*
ijmn> "ijmn> = Ny

Substituting (2.15), (2.16), and (2.27) into Eq. (1.12) and taking (2.22) into account, we obtain

. = 1 * * | * * * *
pit; —vp'E; :5(7‘11 =M VU ik +5(7‘11 A Yty gy + (Mg + Ay s 5 F Ayt 35

~x% ~x% 2 * * * * 2 *
V(3 B3 +hysE;3)=v [(hn ~ho NEE ;) j+hy (B EL) ; +hy (EX) ; +2hss (E By ),3]+Fi’

. 1Ak * * % ~x% ~x
pity =VP'Ey =hyqtiz g + (Mg +hgg Wy g3 +hsztiy 33 ~MysEy j +hyzEy 3)

2 * * * 2
v [2h55 (Epj B3 +EiE5 )+ hy (ELE) 5 + s (E3 ),3]+F3’
e .. ~x 1 1
plit; =vpE; ==hys(u; 3 +us ; )=V 5@11 M E; i +§(7“11 +hyn )Egai
%
(M3 + Ay Es 3 T Ay B 5y =4 B,
() =hiy Wy +u; OE  + 2y g +hiyuy )El.}zzvqufX,

plity —vpEy =—hyjuy  —hyjuy 5 _V[}‘44E3,kk + (M3 +hgy JE) i3

* * * *
+ Ay By 3y — 4K 33 Ey + 2035 (5 +uy E; + 205 uy By +2h33u3,3E3]+2quE3ex.

(2.27)

(2.28)

Equations (2.28) are invariant under Galilean transformation. If the nonlinear inertial terms are neglected, i.e.,
i = o%u i o’ E i = 0%E i at? in (2.22) on the left-hand sides of (2.28), then they are no longer invariant under Galilean

transformations.

3. Equations of Electricity. In the equations of electroelasticity (2.19), (2.20), (2.28) and electrohydromechanics
(2.21), the coupling of the mechanical and electric processes follows from the coupling of the constitutive equations (2.18) and
the inertial interaction on the left-hand sides of the equations. Then, even purely mechanical or electric loads generate coupled
electromechanical processes in dielectric. It is of interest to derive, at least theoretically, the equations of electricity to compare
them with Maxwell’s equations derived from the experimental laws of electrodynamics and the artificial concept of
displacement current [8, 14]. To this end, we assume that neutral particles of dielectric move with a constant velocity, i.e.,

u; =U; =const, and F'; =0. Then Egs. (2.19) become
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’ ain aE‘i,}’l
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Eliminating the terms E ; nE , from (3.1), we obtain the equation of electrodynamics for uniformly moving elastic
anisotropic dielectric, taking into account the piezoelectric and electrostrictive effects:
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However, whether the piezoelectric and electrostrictive effects can exist while the dielectric uniformly moves without
deformation should be studied separately.
If isotropic elastic and perfectly liquid dielectrics move uniformly and the electrostrictive effect is neglected, the
electrodynamic equation below follows from (2.20), (2.21):
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Equations (3.2), (3.3) are invariant under Galilean transformation.
If the neutral particles of the dielectric are at rest (U; =0), then Egs. (3.1), (3.3) are no longer invariant under Galilean
transformations. In particular, (3.3) yields
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we arrive at the second Maxwell’s equation, which is a differential form of the experimental Faraday’s law of induction, where
B, is the magnetic-flux density; e;, = is a unit antisymmetric tensor. Then, using the expression

Ei,rr :Er,ri _e[pqeqmnEn,mp (3'7)

and (3.5), (3.6), we obtain
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Setting £ = 0, dropping the terms ¢; 2E E, and integrating Egs. (3.8) over time subject to zero initial conditions,

rrz’

we obtain the first Maxwell’s equation for dielectrics:
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However, according to [5, 8], the right-hand side of Eq. (3.9) was introduced by Maxwell into the initial equation to
describe displacement current, although neither he nor his followers provided rigorous substantiation of the existence of such
currents. Moreover, as shown in Sec. 2, the displacement current in dielectric is equal to zero. Actually, the right-hand side of Eq.
(3.9) results from the integration of the inertial term of Eq. (3.8) characterizing the inertia of the polarization of an elementary
volume of the dielectric.

Thus, Maxwell’s equations follow, as a special case, from the electrodynamic equation (3.5) for fixed dielectric or its
modification (3.6), (3.8). Equations (3.5), (3.6), (3.8), unlike Maxwell’s equations, describe the dispersion of transverse
electromagnetic waves and longitudinal electric waves associated with the propagation of polarization charge density. The term

with £ allows describing forced electrodynamic processes in dielectrics.

Conclusions. Application of various electromechanical transducers based on the piezoelectric and electrostrictive
effects requires further in-depth study and description of electromechanical interaction. The theory of electroelasticity is based
on the equations of the static or dynamic equations of an elastic body, the equations of electrostatics (acoustic approximation),
and the constitutive equations relating the stress tensor and the electric-flux density to the strain tensor and electric-field strength.
It is assumed that internal energy is a function of strains and electric-flux density.

Shortcomings of the acoustic approximation based on the electrostatic equations are the impossibility of describing
coupled acoustic and electromagnetic dynamic processes that can be observed as excitation of electromagnetic oscillations by
acoustic oscillations. Moreover, there is no sufficient proof for the dependence of internal energy on electric-flux density, which,
according to [4], represents only the portion of the electric field generated by free charges, i.e., is an external electric field
irrespective of whether dielectric is present in it or not.

The new principle of constructing the theory of linear and nonlinear electroelasticity that is based on the equations of
two-continuum mechanics of dielectrics as mixtures of positive and negative charges coupled into neutral molecules or cells
allows eliminating the shortcomings. The internal energy is assumed a function of strains of mixture components and the
difference of their displacements that is proportional to the polarization vector and the electric field generated by it. The
electric-flux density equal to the external electric field appears in the equations as a component of the volume ponderomotive
force generated by the total electric field. The derived coupled dynamic equations of electromagnetomechanics of dielectrics
describe the piezoelectric and electrostrictive effects. Maxwell’s equations follow from them when only the mutual
displacements of charges in fixed isotropic dielectric are nonzero.

REFERENCES

1. V. T. Grinchenko, A. F. Ulitko, and N. A. Shul’ga, Electroelasticity, Vol. 5 of the five-volume series Mechanics of

Coupled Fields in Structural Members [in Russian], Naukova Dumka, Kyiv (1989).

W. P. Mason, Piezoelectric Crystals and Their Application to Ultrasonics, Van Nostrand, New York (1950).

W. Nowacki, Theory of Elasticity [in Polish], PWN, Warsaw (1970).

W. K. H. Panofsky, and M. Phillips, Classical Electricity and Magnetism, Addison-Wesley, Reading MA (1962).

L. E. Tamm, Fundamentals of the Theory of Electricity, Mir, Moscow (1979).

L. P. Khoroshun and N. S. Soltanov, Thermoelasticity of Two-Component Mixtures [in Russian], Naukova Dumka, Kyiv

(1984).

7. L. P.Khoroshun, B. P. Maslov, and P. V. Leshchenko, Predicting the Effective Properties of Piezoelecritc Composites
[in Russian], Naukova Dumka, Kyiv (1989).

8. L. S. Shapiro, “On the history of the discovery of the Maxwell equations,” Soviet Physics Uspekhi, 15, No. 5, 651-659
(1973).

9. W. Haywang, K. Lubitz, and W. Wersing, Piezoelectricity. Evolution and Technology, Springer (2008).

S kv

10. S. A. Kaloerov and A. A. Samodurov, “Problem of electromagnetoviscoelasticity of multiply connected plates,” Int.
Appl. Mech., 51, No. 6, 623-639 (2015).

153



11.

12.
13.

14.
15.

16.

17.

18.

19.
20.

21.

154

V. G. Karnaukhov, V. 1. Kozlov, A. V. Zavgorodnii, and I. N. Umrykhin, “Forced resonant vibrations and self-heating of
solids of revolution made of viscoelastic piezoelectric material,” Int. Appl. Mech., 51, No. 6, 614-622 (2015).

S. Katzir, The Beginning of Piezoelectricity, Springer, Berlin (2006).

L. P Khoroshun, “General dynamic equations of electromagnetomechanics for dielectrics and piezoelectrics,” Int. Appl.
Mech., 42, No. 4, 407-420 (20006).

J. C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, Clarendon Press, Oxford (1873).

L. V. Molchenko and I. I. Loos, “Axisymmetric magnetoelastic deformation of flexible orthotropic shells of revolution,”
Int. Appl. Mech., 51, No. 4, 434-442 (2015).

Z. K. Wang, “A general solution and the application of space axisymmetric problem in piezoelectric material,” Appl.
Math. Mech. Engl. Ed., 15, No. 7, 615-626 (1994).

C.-W. Wen and G. J. Weng, “Theoretical approach to effective electrostriction in inhomogeneous materials,” Phys. Rev.
B, 61, No. 1, 258-265 (2000).

Y. Yamamoto, Elektromagnetomechanical Interactions in Deformable Solids and Structures, Elsevier Science—North
Holland, Amsterdam (1987).

J. Yang, An Introduction to the Theory of Piezoelectricity, Springer, New York (2005).

Z. G. Ye, Handbook of Advanced Dielectric, Piezoelectric and Ferroelectric Materials. Synthesis, Properties and
Applications, CRC Press, Boca Raton (2008).

T. Y. Zhang, “Fracture behaviors of piezoelectric material,” Theor. Appl. Fract. Mech., 41, No. 1-3, 339-379 (2004).



	Abstract
	Keywords
	Introduction
	1. Nonlinear Equations of the Two-Continuum Mechanics of Dielectrics
	2. Coupled Electromechanical Equations
	3. Equations of Electricity
	Conclusions
	References

