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Models, combined numerical–analytical methods, and results related to study of the forced resonance

vibrations and self-heating of thin-walled inelastic structural members with piezoelectric sensors and

actuators under monoharmonic mechanical and electric loading are presented. The thermomechanical

behavior of passive and piezoactive materials is described using the concept of complex characteristics

that are assumed to depend on temperature and invariants of the strain tensor. The classical and refined

thermomechanical theories are used to model the vibrations and self-heating of thin-walled structural

members with sensors and actuators. Nonlinear coupled thermoelastic problems for thin-walled

structural members are solved by iteration and numerical methods. The thermal failure of structural

members is considered. Methods for determining the critical electrical and mechanical monoharmonic

loads andmethods of postcritical analysis are described. The effect of various factors on the effectiveness

of active damping of the resonance vibrations of inelastic thin-walled structural members by

piezoelectric sensors and actuators is studied
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Introduction. Thin bars, plates, and shells are widely used as structural members in many fields such as aircraft

engineering, mechanical engineering, rocket-and-space technology, construction, hydroacoustics, medicine, electronics, etc.

One of the basic and most frequent operating modes of such elements are forced harmonic vibrations, including resonance.

During vibrations, all materials sustain hysteresis losses, and mechanical or electromechanical energy dissipates as heat.

Hysteresis losses are much greater in inelastic (viscoelastic, elastoplastic, and viscoelastoplastic) materials. This effect is widely

used for passive damping of forced resonant vibrations of thin-walled elements. To this end, elements with high hysteresis losses

are incorporated into the structure of an element with low hysteresis losses. The passive damping of vibrations is widely

discussed in the literature (encyclopedias, monographs, and journal articles) [10, 17, 19, 57, 62–65, 70, 76, 95, 138, 139].

However, high hysteresis losses may be accompanied by substantial increase in temperature. This phenomenon is

called self-heating and the respective temperature is self-heating temperature (SHT). It may affect either the mechanical and

thermal states of a structure (stress–strains distribution, amplitude– and temperature–frequency characteristics, frequency

dependence of damping factor) or the dynamic and static, mechanical and thermal stability, and creep behavior of thin-walled

elements [8, 9, 28, 66].Moreover, all materials no longer perform their function above a certain temperature (degradation point).

At the degradation point, the phase state of the material usually changes. The degradation point is the melting point for

passivematerials and the Curie point (at which the piezoelectric effect is lost) for piezoelectric materials. Therefore, it is believed

that the SHT should be taken into account in studying the forced vibrations of inelastic structural members because neglecting
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this phenomenon can lead to unreliable results. Despite this obvious fact, the overwhelming majority of studies on the forced

resonant vibrations of inelastic thin-walled elements disregard self-heating.

Recent trends are toward the use of active damping methods that incorporate piezoelectric elements into passive

thin-walled metallic, polymeric, or composite structures. Foreign studies on the active control of stationary and nonstationary

vibrations of structural members are reviewed in [89, 90, 150, 153, 154]. Some of the piezoelectric elements (sensors) provide

information on the mechanical state of the body, while the other elements (actuators) are used to balance the mechanical load by

applying an electric load to them. Passive structures with piezoactive sensors and actuators are called smart structures, and the

corresponding active materials are called smart materials. Smart materials also include magnetoactive materials, shape-memory

materials, etc. Smart or intelligent materials are capable of responding to internal or external loads (change in the environment).

One of the most demonstrative examples of effective application of such materials is the active damping of stationary and

nonstationary vibrations of thin-walled elements with piezoelectric sensors and actuators.

The effectiveness of active damping is strongly dependent on the performance of the sensors and actuators, which, in

turn, depends on many factors such as their geometrical and electromechanical characteristics, geometrical and mechanical

characteristics of the passive element, mechanical and electric boundary conditions, and temperature. Depending on the

mechanical boundary conditions, the operation of a sensor and an actuator will be the most effective when the thin-walled

element is fully or partially (spot-like) is coated with a piezoelectric material. Such spots can be made by cutting a continuous

electrode coating the passive element.

Temperature has an especially noticeable effect on the performance of sensors and actuators. Usually, only the

temperature resulting from the heat transfer to the environment is considered [140]. However, harmonic (including resonance)

vibrations of thin-walled elements made of piezoactive and passive inelastic materials can be accompanied by a substantial

increase in the SHT because of their considerable hysteresis losses, low heat conductivity, and strong temperature dependence of

their properties caused by mechanical and electric loads. This phenomenon can adversely affect the performance of thin-walled

elements with sensors and actuators for several reasons: (i) the temperature dependence of the electromechanical characteristics

of a material can exert a strong effect on the performance of piezoelectric inclusions and, hence, the effectiveness of the active

damping of the vibrations of thin-walled elements; (ii) as the self-heating temperature reaches the Curie point, the piezoelectric

element keeps its integrity, but no longer performs its functions, which is a specific type of thermal failure; (iii) if the supply of

heat to an inelastic element because of hysteresis losses is balanced by the transfer of heat to the environment, so-called thermal

explosion (catastrophic increase in SHT) can occur. This phenomenon in passive dielectrics has been studied well and is

considered classical in the physics of dielectrics [15, 72, 74, 75].

The importance of self-heating in solid mechanics was noticed after experiments on heating of solid-propellant charges

where it was discovered that fuel becomes liquid during forced resonant vibrations [152]. After these experiments, the

self-heating of elementary viscoelastic mechanical systems under quasistatic mechanical loading began to be studied [12, 80, 81,

88, 151, 155], which are reviewed in [88]. These theoretical results are, in fact, similar to those in the physics of dielectrics where

the dissipation function generated by dielectric rather than mechanical losses plays the role of a heat source. The importance of

the effect of the SHT on the vibrations of piezoactive elements was also pointed out after early experiments on the vibrations of

piezoelectric transducers [4]. It was stated that the SHT is the major factor limiting their capacity. Studies on the effect of the

SHT on the mechanical behavior of structural members made of inelastic passive materials were reviewed in the monographs [8,

9, 23, 28, 66] and the articles [96, 104–106, 145–147]. The results on the vibrations and self-heating of structural members made

of piezoelectric materials are reviewed in [24, 28, 29, 39, 83, 100, 106]. However, these reviews disregard the effect of the SHT

on the performance of sensors and actuators and on the effectiveness of the active damping of the forced harmonic vibrations of

passive thin-walled elements. When vibrations are resonant and mechanical loads are high, it is necessary to allow for the effect

of physical nonlinearity, the dissipative properties of materials, and the SHT on the performance of sensors and actuators and on

the effectiveness of the active damping of the vibrations of thin-walled elements. There are three types of physical nonlinearity:

(i) dependence of the mechanical characteristics of a passive material on temperature and dependence of the dissipation function

on strains and temperature; (ii) dependence of themechanical characteristics of a passivematerial and the dissipation function on

invariants of the strain tensor; (iii) combination of the previous two types of nonlinearity. If the amplitude of vibrations of

flexible thin-walled elements is comparable to their thickness, it is also necessary to allow for geometrical nonlinearity in

studying the forced harmonic vibrations and self-heating of flexible thin-walled elements based on nonlinear kinematic

equations [11].
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1. Basic Equations in the Thermomechanics of Viscoelastic Materials. The theoretical basis for modeling the

harmonic vibrations and self-heating of inelastic structural members are viscoelastic, plastic, and viscoelastoplastic models. The

general theory of thermoviscoelasticity for passive and piezoactive materials in which mechanical, thermal, and electromagnetic

fields interact is described in [8, 9, 23, 29, 66]. The constitutive equations for passive materials with fading memory are

presented below.

The constitutive equations for the Piola–Kirchhoff stress tensor �, entropy �, and internal dissipation �� for such

materials have the form
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The fundamental thermomechanical properties of materials with fading memory follow from Eqs. (1.1)–(1.5):

(i) according to (1.1), the functional of the free energy �

s�

�

0

[; ] does not depend on the temperature gradient g
R
;

(ii) according to (1.2) and (1.3), the Piola–Kirchhoff stress tensor � and entropy � depend on the functional of the free

energy and do not depend on the temperature gradient g
R
;

(iii) according to (1.5), the internal dissipation �� depends on the functional of the free energy �

s�

�

0

[; ] and satisfies the

inequality �� � 0;

(iv) the functional of the heat flow h
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[; ] satisfies the generalized dissipative inequality (1.4).

With (1.1)–(1.5), the energy-conservation equation becomes
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The quantity �� in (1.6) is called internal dissipation (or uncompensated heat). For homogeneous temperature fields, we

have g
R
= 0; then �� � 0 follows from inequality (1.4). It can be seen that the material with fading memory is described by two

functionals: the functional of free energy � � �

s
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Specific constitutive equations can be derived by choosing specific expressions for these functionals. Various

alternatives of free-energy expressions are given in [8, 9, 23, 29, 66]. Applying nonlinear mechanics methods for harmonic

deformation processes to the above constitutive equations, we obtain the simplified constitutive equations to be detailed below.
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The above results on piezoactive materials are generalized in [23, 39], where the general theory of materials with

internal variables and integro-differential materials is outlined as well.

2. Constitutive Equations for Passive and Piezoactive InelasticMaterials underMonoharmonic Loading. In solid

mechanics, constitutive equations play a fundamental role in modeling the vibrations and self-heating of inelastic structural

members made of passive and piezoactive materials. To describe the thermomechanical behavior of passive inelastic materials,

thermoviscoelastic, thermoplastic, and thermoviscoplastic models of various complexity were developed [8, 9, 21, 22, 68, 79,

85, 86]. However, to solve problems of the harmonic vibrations and self-heating of inelastic structural members, it is necessary to

develop simplified models describing the behavior of their material.

For example, in the linear theory of viscoelasticity, general differential models, integral models, and model of materials

with internal variables were developed, which, in the harmonic case, take the universal form of complex algebraic equations

(concept of complex characteristics) [5, 8, 9, 21, 62, 66, 68, 70]. If the load is harmonic, the problem is reduced to experimental

determination of the coefficients of these equations. There are experimental methods for determining the imaginary and real

components of the complexmaterial characteristics [56, 87, 138, 139]. The need arises to generalize this concept to the nonlinear

case where the tensor-linear constitutive equations for inelastic materials under harmonic loading have the same form as that of

the complex equations of the linear theory of viscoelasticity, but the complex characteristics of a passive material depend on the

temperature and invariants of the strain tensor.

To determine the strain-dependent complex characteristics, it is necessary to develop a combined

experimental/theoretical program similar to that developed in the theory of small elastoplastic deformations using elementary

one-dimensional problems and a program for validation of results by solving problems that are beyond the limits of the

mentioned elementary one-dimensional problems and by comparing them to experimental data. If there are no such experimental

and theoretical results, the following approach is used: (i) some full thermomechanical model of an inelastic material, i.e.,

constitutive equations of one of the above-mentioned theories of inelasticity is proposed; (ii) an experimental/theoretical

program for determining the functions and parameters of the constitutive equations of this full model is developed using the

solutions of elementary one-dimensional problems; (iii) mathematical methods of nonlinear mechanics and the full model are

used to derive simplified constitutive equations for monoharmonic loading based on the concept of complex characteristics; (iv)

experimental/theoretical methods for determining the parameters and functions of the simplified models are developed; (v) the

full and simplified models are used to solve complex problems that are beyond the limits of one-dimensional problems used to

determine the characteristics of the full and simplified models; (vi) the solutions of these complex problems are compared to

conclude on the accuracy of the results obtained using the concept of complex characteristics.

In studying the nonlinear vibrations of mechanical distributed-parameter systems, use is usually made of the variable

separation method whereby a candidate solution of a system of differential or integro-partial differential equations is represented

as a series of some full system of functions of coordinates and the original problem is reduced to a system of ordinary differential

or integro-differential equations with respect to time, which are solved analytically or numerically. Such an approach allows

analyzing the limits of applicability of the monoharmonic approximation. It is this approach that was used in most studies on the

nonlinear vibrations of mechanical distributed-parameter systems [59], including studies on the nonlinear vibrations of

thin-walled structural members with nonlinear hysteresis [57, 63–65], which is described based on the Davidenkovmodel [18].

If the conditions for monoharmonic approximation established in mathematical studies on the nonlinear vibrations of

inelastic elements are satisfied, it is possible to apply such an approach (to be called the first) to studying the nonlinear vibrations

of mechanical distributed-parameter systems, i.e., to represent the candidate solution of the original nonlinear system of partial

differential equations as a series of monoharmonic functions of timewith unknown coefficients and apply the variable separation

method. Doing so gives a nonlinear complex system of partial differential equations with respect to the coordinates to which

combined numerical/analytical methods developed in solid mechanics can be applied. It is assumed that the constitutive

equations of the full model are known. For viscoelastic materials, these may be nonlinear differential or Volterra equations. The

theory of small elastoplastic deformations, various models of flow theory, etc. can be applied to elastoplastic and

viscoelastoplastic materials. It is also possible to use the second approach: the mechanical process is assumed monoharmonic

when the loading is monoharmonic and corresponding constitutive equations for inelastic materials are derived. This theory is

much simpler than the above-mentioned full theories describing the behavior of an inelastic material for more general history of

deformation than monoharmonic histories. Then a program for experimental determination of the complex characteristics of an

inelastic material under harmonic loading is developed. Supplementing these equations with the equations of motion, kinematic
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equations, and boundary conditions, we obtain a closed-form system of equations that describes nonlinear monoharmonic

processes in distributed-parameter systems.

The first approach was used in [142] for modeling the internal friction in inelastic materials and studying nonlinear

oscillatory processes in mechanical systems with hysteresis. Ishlinsky’s microplasticity theory [22, 142] is used as the full

model. Applying the describing function method to the constitutive equations of this theory made it possible to derive nonlinear

complex algebraic constitutive equations similar to the constitutive equations of the linear theory of viscoelasticity, but having

complex characteristics depending on deformation amplitudes. A correspondence principle similar to the correspondence

principle for linear viscoelastic materials was established in [142]: in the linear equations of elasticity, it is necessary to replace

the mechanical characteristics by complex characteristics. Such an approach was used in [8, 9, 23, 28, 39, 66] to construct

thermomechanical models of passive (without piezoelectric effect) viscoelastic materials. In these monographs, two approaches

were used. One is to use full viscoelastic models and the describing function method to derive approximate constitutive

equations for monoharmonic deformation.

The other approach is to derive the constitutive equations for monoharmonic deformation of dissipative materials

(which can be viscoelastic, elastoplastic, or viscoelastoplastic), irrespective of the nature of dissipation. Similarly to the

constitutive equations of elastoplastic materials, we assume that the real and imaginary components of the stress tensor are

functions of the real and imaginary components of the strain tensor. There are conditions under which such constitutive

equations can be written in complex form and potentiality conditions under which the constitutive equations can be expressed in

terms of derivatives of some two scalar functions, which can be called potentials. With such an approach, the quasilinear

constitutive equations take an algebraic form with some functions and parameters, which, as in the nonlinear theory of elasticity

and in the theory of small elastoplastic deformations, are determined experimentally.

An experimental program was developed to determine the complex characteristics of an inelastic nonlinear material.

The complex constitutive equations thus obtained are used to solve, analytically and numerically, problems that are beyond the

limits of the elementary one-dimensional problems mentioned above. These theoretical results are compared to experimental

data to validate the constitutive equations. Such an approach was outlined in [39] where the concept of complex characteristics

was generalized to piezoelectric materials. In connection with the constitutive equations for monoharmonic or electric loading,

we point out the following: when controlling the vibrations of thin-walled inelastic passive elements with piezoelectric

inclusions, the active layers applied to these elements are much thinner than the passive element. Therefore, the effect of active

layers on the dynamic characteristics and SHT of the controlled passive inelastic structure is insignificant. In this connection, the

inelastic and nonlinear properties of piezoelectric sensors and actuators can be neglected in most cases. Therefore, the main task

in formulating problems of the forced harmonic vibrations and self-heating of inelastic bodies is to derive the constitutive

equations for passive inelastic materials under this type of loading.

2.1. Statement of Three-Dimensional Problems of the Vibrations and Self-heating of Bodies Made of Passive and

Piezoactive Materials. To model the harmonic vibrations and self-heating of thin-walled elements consisting of piezoelectric

and passive layers, it is necessary to formula the corresponding three-dimensional problems. It includes the universal equations

of motion [16, 23, 28, 29, 39]
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Equations (2.1)–(2.4) should be supplemented with the standard initial and boundary conditions, as in [29, 52, 153,

154]. In (2.1)–(2.3), all the quantities (except for temperature) are complex: � � �
kl kl kl

i� � � �� , …, and, for example,

~
( ) Re cos sin� � � � � �

�

kl kl

i t

kl kl
t e t t� � � 	 �� . The other physical and mechanical quantities are defined by similar formulas.

The universal equations should be supplemented with constitutive equations, which become quasilinear algebraic complex

equations in the harmonic case. For a passive material, they have the following form [8, 9, 23, 39, 66]:
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For a piezoactive material, they are the following [23, 28, 39]:
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The dissipation function has the form
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for a piezoactive material.

In (2.5) and (2.6), all the electromechanical quantities generally depend on field quantities such as the real and

imaginary components of the strain tensor, � ��� �
kl kl
, , and electric-field vector, � ��E E

k k
, . This issue is addressed in [39]. They can

also depend on temperature. As can be seen from (2.7) and (2.8), the dissipation function for active and passive materials can be

found from the constitutive equations (2.5) and (2.6). Problems of the vibrations and self-heating of inelastic bodies may include

three types of physical nonlinearity mentioned above. Problems of the vibrations of flexible thin-walled elements may include

the fourth type of nonlinearity (geometrical nonlinearity) in which case nonlinear relations between strains and displacements

should be used instead of Eqs. (2.2) [11].

The above formulation of three-dimensional problems provides a basis for modeling inelastic thin-walled elements

with sensors and actuators under harmonic loading by accepting some hypotheses on the distribution of field quantities

throughout the thickness of the element.

2.2. Justification of the Concept of Complex Characteristics for Physically Nonlinear Materials of the First Type.

Nonlinearity of the first type is due to the dependence of complex characteristics on temperature and the nonlinear dependence of

the dissipation function on temperature and strain (or stress) amplitude. Since the temperature changes a little over a period of

vibration, the constitutive equations for this type of nonlinearity have the same form as the constitutive equations of linear

viscoelasticity for harmonic processes, i.e., they have the same form as the constitutive equations of linear elasticity, but are

complex, and the coefficients of these equations depend on temperature.

The constitutive equation for the dissipation function coincides with the period-average power so that the dissipation

function can be found from the constitutive equations. The experimental results for passive materials presented in [9, 16, 30, 66]

suggest the high accuracy of the simplified model for calculating the self-heating temperature. In [9, 12, 39, 66, 133], the results

obtained with the full viscoelastic model or polyharmonic approximation are compared with the results obtained with the

simplified model. This comparison also indicates the high accuracy of the simplified model based on the concept of complex

characteristics. Experimental results on complex characteristics are presented in [9, 66, 80, 81] for passive materials and in [82,

89, 143, 144] for piezoactive materials.

2.3. Justification of the Concept of Complex Characteristics for Physically Nonlinear Materials of the Second Type.

Nonlinearity of the second type is due to the dependence of complex characteristics and dissipation function on of strain (or

stress) amplitude and the nonlinear dependence of the dissipation function on the strain amplitude. Coupled problems of

thermoviscoelasticity with such nonlinearity were formulated in [23, 39, 66]. Nonlinearities of both types are characteristic of

polymeric and metallic materials. However, nonlinearity of the first type is stronger in polymeric materials, many of which are

very sensitive to temperature changes. Nonlinearity of the second type is typical for metallic materials whose behavior is
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stronger affected by the dependence of the complex characteristics on the strain amplitude than by their dependence on

temperature. As mentioned above, the monoharmonic approximation applies to mechanical systems that are in a sense similar to

elastic. Then methods of nonlinear mechanics can be used to solve the corresponding nonlinear differential or

integro-differential equations [59–61]. To justify the concept of complex characteristics for physically nonlinear materials of the

second type, the inelastic model presented in [85, 86] was used in [148, 149, 157]. It helped to plot the real and imaginary

components of the shear modulus versus the second invariant e
i
of the deviatoric strain tensor, i.e., � � �G G e

i
( ), �� � ��G G e

i
( ). The

bulk modulus is assumed constant. The dissipation function is defined by the formula presented above. The system of equations

thus derived is the same as the system of equations obtained in formulating problems of thermomechanics in monoharmonic

approximation using nonlinear models of viscoelasticity [23, 26, 39]. It is also similar to the mechanical constitutive equations

obtained in [142] using the describing function method.

Note that the interaction of the mechanical and thermal fields was neglected in [142]. To specify the dependence of

complex characteristics on the strain intensity, a one-dimensional shear (torsion) problem is formulated, as in the deformation

theory of plasticity [79]. To determine the complex characteristics of inelastic materials, the following approach is

recommended in [141]: (i) determine the dynamic modulus E E E
*

( ) ( )� � � ��
2 2

( �E and ��E are the real and imaginary

components of the complexmodulus
~
E E iE� � � ��) from the so-called cyclic diagram, which is the plot of the stress amplitude�

a

versus the strain amplitude �
a
, so that E

a a

*
/� � � ; (ii) find ��E from the area of the hysteresis loop; (iii) calculate the real

component of the complex modulus by the formula � � 	 ��E E E
*2 2

.

In [141], the stress or strain amplitudes calculated with the full viscoplastic model and the approximate model based on

a cyclic diagram were compared and appeared to be in good agreement. In [148, 149, 157], a similar approach was proposed to

determine the complex amplitudes: the dynamic modulus is determined from stress and strain ranges (amplitudes); the

imaginary component of the complex modulus is calculated from the area of the hysteresis loop, while the real component from

the formula given above. This approach is called a modified method for determining the components of the complex modulus.

The results obtained with the full model, the describing function method, and the modified method were compared. The full

model was the inelastic model [85, 86]. The parameters of the full model were obtained by processing experimental data for

AMg-6 aluminum alloy and steel by the procedure described in [148]. Then the cyclic characteristics for the history e e t�
0
sin �

were determined using the full model. The comparison shows that the modified model is in better agreement with the full model

than with the standard model. The full and simplified statements of problems of the vibrations and self-heating of passive

inelastic bodies with taking physical nonlinearity of the second type were used to solve many specific problems, and it was

shown that the concept of complex characteristics gives quite accurate results. Aspects of justifying the concept of complex

characteristics by comparing the results obtained using the full and simplified models were detailed in [147].

It should be noted that the constitutive equations for monoharmonic deformation have the same form for viscoelastic,

elastoplastic, and viscoelastoplastic materials, i.e., for all types of inelastic materials. Many experimental studies on the

dependence of the complex characteristics on the strain amplitude for passive materials are discussed in [84]. Experimental

results on the dependence of the damping ratio on strains for a wide class of materials deforming in the microplastic region are

presented in [65]. These experiments indicate that the imaginary component of complex moduli is strongly dependent on the

strains and that the strains have a weak effect on the real component of the complex modulus. The solutions of the problem of the

flexural vibrations of an inelastic beam with piezoactive layers (actuators) found using the full inelastic model [85, 86] and the

concept of complex characteristics were compared and found to be in good agreement in [92, 93, 157, 158].

3. Mathematical Models and Combined Numerical/Analytical Methods for Solving Problems of the

Thermomechanics of Inelastic Thin-Walled Elements with Piezoelectric Sensors and Actuators under Harmonic

Loading. Here we will describe mathematical models and iterative methods reducing the original nonlinear problem to a

sequence of linear problems of viscoelasticity and heat conduction with a known heat source. In modeling the vibrations and

self-heating of thin-walled elements with sensors and actuators two approaches can be used: (i) application of some hypotheses

to these linear problems; (ii) application of these hypotheses directly to the nonlinear problems of electromecanics and heat

conduction formulated in the previous section. The former approach should be used when solving the problems numerically, and

the latter approach should be used when solving the nonlinear coupled problems analytically.

A variational formulation of problems of the vibrations and self-heating of inelastic thin-walled elements with sensors

and actuators will be given, and finite-element methods for solving the variational problems will be presented. To solve

one-dimensional problems, the iterative procedures described below are used. In solving linearized heat-conduction problems
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with a known heat source, the discrete-orthogonalization method in combination with finite-difference method is applied at each

iteration.

3.1. Linearization Methods for Solving Nonlinear Coupled Problems of Thermoelectroviscoelasticity. In solving the

nonlinear coupled problem of thermoelectroviscoelasticity, various methods can be applied to solve the associated nonlinear

differential equations. For example, it is possible to use Newton’s method and its various modifications, analogs of methods of

variable parameters and elastic solutions, asymptotic methods (WKBmethod, Krylov–Bogolyubov–Mitropolsky method, etc.).

Let us briefly outline some iterative methods used to solve specific problems.

To solve nonlinear problem of thermoelectroviscoelasticity with physical nonlinearity of the first type, step-by-step

integration over time was performed in [9, 23, 39, 66]. The essence of the method is as follows: (i) use the temperature

distribution specified at t � 0 to determine the electromechanical characteristics of the material and solve the linear problem of

electroviscoelasticity; (ii) use the found electromechanical variables to determine the dissipation function W; (iii) solve the

heat-conduction problem with a known heat source on the time interval [ , ]0
1
t , the value of t

1
depending on the sensitivity of the

electromechanical characteristics to temperature changes; (iv) use the temperature distribution at t
1
to calculate the complex

characteristics of the material and repeat (i) and (ii); (v) use the found values of the dissipation function and the temperature

distribution at t
1
to solve the heat-conduction equation on the next time interval [ , ]t t

1 2
, and so on. The process is terminated at a

predefined time point t t
k

� . Solving the problem step by step, we can study the behavior of piezoelectric elements both in steady

thermal state and in transient state in which the temperature is changing to reach its steady-state value.

When the material characteristics depend not only on temperature, but also on the strain (stress) amplitude and

electric-field strength, the coupled problem was linearized in [9, 23, 39, 66] using iterative methods based on the idea of the

method of variable elastic parameters. An elementary iteration involves solving the linearized dynamic problem of

electroviscoelasticity and the heat-conduction problem. To linearized the problem at the nth iteration, the temperature- and

amplitude-dependent material characteristics use field quantities ( , , , )� �
n n n n

E T
	 	 	 	1 1 1 1

calculated at the ( )n 	1 th iteration,

i.e., the method of successive approximations is used. The convergence of the method of variable parameters was accelerated

using the Steffensen–Aitken algorithm described in [66, 78]. Both methods reduce the original nonlinear problem to a sequence

of linearized problems of electromechanics and heat conduction with a known heat source, which are solved numerically. For

example, one-dimensional problems with temperature-dependent material characteristics were solved by the method of

step-by-step integration over time in combination with the discrete-orthogonalization method [14, 77].

Two-dimensional linearized problems of electroviscoelasticity and heat conduction were solved by the finite-element

method [3, 9, 66].

3.2. Modeling the Vibrations and Self-Heating of Shells Using the Kirchhoff–Love Hypotheses.When modeling the

forced vibrations of thin-walled elements with sensors and actuators, the following should be taken into account. As in the

three-dimensional case, the main task of the thermomechanics of thin-walled elements with sensors and actuators is to derive the

constitutive equations relating mechanical and kinematic factors because the universal equations (kinematic equations,

equations of motion, initial and boundary conditions) are known from themechanics of thin-walled elements. The vibrations and

self-heating of thin-walled elements with sensors and actuators modeled in [23, 28, 29, 100] taking into account physical

nonlinearity of the first type. Similar models for physically nonlinear materials of the second type were developed in [28, 30, 31].

The energy equations can be derived by reducing three-dimensional problems to two-dimensional accepting certain hypotheses

on the distribution of temperature throughout the thickness of the element [52].

Let us consider a thin sandwich shell of revolution of thickness H h h h� � �
1 2 3

. The layers are transversely isotropic

and polarized across the thickness. The shell is described in a curvilinear orthogonal coordinate system ( , , )s z� . Let the

mid-surface of the core layer of the shell be the datum. The shell is so thin that its mechanical behavior can be modeled using the

Kirchhoff-Love hypotheses: � � �
�zz zs z

� � �0 0 0, , . Moreover, we assume that the normal to the shell does not change its

length and remains perpendicular to the mid-surface after deformation. The meridian of the datum surface is described by the

equation r r x� ( ). The surfaces z a a a a�
0 1 2 3
, , , (a

0
and a

1
are the faces of the first outside layer; a

1
and a

2
are the faces of the

middle layer, and a
2
and a

3
are the faces of the second outside layer) are covered with continuous or cut electrodes to which

potentials are applied. The Kirchhoff–Love hypotheses are supplemented with respective hypotheses for electric field quantities

and it is assumed that only the normal components of the electric-field vector and electric-flux density ( , )E D
z z
� �0 0 are

nonzero. Based on these hypotheses, we obtain simplified equations of state for the kth (k = 1, 2) active layer of the shell

presented in [28, 29, 100]. The simplified equations for the passive layer can be found in [1, 14, 28].
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According to the kinematic Kirchhoff-Love hypotheses, the components of the displacement vector and the

components of the strain tensor of the shell are defined by

u s z u s
w s

s
z( , , ) ( , )

( , )
� �

�

� 	

�

�
0

,

v s z( , , )� � 	

�

�

v s
w s

r
z

0
( , )

( , )
�

�

�

,

w s z w s( , , ) ( , )� �� ,

� � � � � � � � �
�� �� �� � � �ss ss ss s s s

z z z� � � � � �
0 0 0

, , , (3.1)

where � �
ss ss

0
, ,� , … are strains determined in terms of displacements (3.1) by formulas known from the theory of shells [1, 14,

28].

Accepting the above hypotheses on electric field quantities, we obtain simplified constitutive equations for active and

passive layers [1, 14, 28]. Integrating them over the thickness of the shell, we obtain complex nonlinear constitutive equations for

the moments and forces for both types of nonlinearity:

N C C K K
H

H

V V
ss ss ss

k

k k k
� � � � 	 	

	11

0

12

0

11 12

2

1

1
� � � �

�� ��
( ), …,

M K K D D
H

H

V V
ss ss ss

k

k k k
� � � � 	 	

	11

0

12

0

11 12

3

1

1
� � � �

�� ��
( ), …, (3.2)

where the summation is over the repeated index k; the stiffness characteristics andH
i

k
are determined by the formulas presented

in [29, 37].

It can be seen from (3.2) that the constitutive equations look like the equations of thermoelasticity for thin-walled shells

where the thermal expansion is replaced by a quantity depending on the potential difference.

The variational statement of the problem is equivalent to the differential statement. Accepting the Kirchhoff–Love

hypotheses, assuming the constancy of the normal component of the electric-flux density in each layer, integrating over the

thickness, and summing the results over all layers, we reduce the three-dimensional variational equation presented in [16, 29, 39]

to a two-dimensional form:

� � � �Ý Ý Ý Ý� � �
1 2 3

, (3.3)

where
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where

M f zdz M f zdz
s s

a

a
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k

k

k
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k

k

k

k

, , (3.8)



k
are densities of the materials.

In (3.6)–(3.8), the sign of summation over k before the integrals is omitted. If the layer of the shell are arranged

symmetrically, then K K K
11 22 33

0� � � . Differentiating the functional Ý Ý Ý Ý� � �
1 2 3

over the strains, we arrive at the

constitutive equations for forces and moments.

In studying the effect of the temperature on the active damping of vibrations of a shell with sensors and actuators, the

above equations should be supplemented with the energy equations describing self-heating.

To determine the SHT, the three-dimensional variational energy equation presented in [52] is used. To reduce the

dimension of this equation by one, we assume that the normal component of the heat flow q
z
varies linearly across the thickness

of the shell: q q q z
z
� �

0 1
. The temperature in each layer is approximated by a quadratic polynomial in the thickness coordinate

z.

Under mechanical loading, the following conditions are satisfied on the open-circuited electroded surfaces:

D ds
z

S

��
� 0, (3.9)

whence we determine the potential difference between the electrodes:
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�

�
� 1

, (3.10)

where S is the area of the electrodes. The electrodes can be either continuous or cut.

When both sensors and actuators are used for active damping of vibrations of shells, sensors indicate their mechanical

state, while the potential difference related to the sensors’ readings by the feedback equations is applied to the actuators

[153, 154]:

V G V G
V

t
G

V

t
a s

s s
� �

�

�

�

�

�

1 2 2

2

2
. (3.11)

In the harmonic case, the feedback equations (3.11) become

V G V i G V G V
a s s s

� � 	
1 2

2

3
� � , (3.12)

whereG i
i
( )� 	1 3 are control parameters.

To study the effect of the feedback factors on the stiffness, dissipative, and inertial characteristics of the shell, we will

use the variational equations (3.3)–(3.6).

Substituting (3.12) into (3.6) yields
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Finite-Element Problem-Solving Method. At each iteration, the variational problem (3.3) is solved by the

finite-element method (FEM) using 12-node isoparametric quadrangular elements and approximating the displacements and

geometry of the shell by cubic polynomials within the quadrangle [3]. The deflection of the shell within an element is

approximated by bicubic Hermite polynomials L
i
[3, 53, 134]:
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where w w s w r w r s
i i i i
, ( / ) , ( / ) , ( / )� � � � � � �� �

2
are the amplitudes of the deflection and its derivatives at nodal points.

The tangential components of the displacements of the mid-surface within the element are approximated by cubic

polynomials N
i
[3, 53, 134]:

u N u
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i
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, , v N v
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12

�
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, . (3.14)

A cylindrical coordinate system ( , , )r s� is used as a global coordinate system combining all finite elements. The

meridional (s) and axial (x) coordinates are related by ds Adx� , A dr dx� �1
2

( / ) .

A normalized coordinate system - �, is used as a local coordinate system in which approximating functions are defined

and is integration is performed. The coordinates s r, ,� and the coordinates - �, are related by

s N s
i i

i

�

�
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1

12

, r N r
i i
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�

, N
i i

i

( , )

1

12

,

where s r
i i i
, , � are the nodal values of the coordinates.

Let us expand the components of the mechanical and electric loads operating within the element into series:

P N P
i i

i

�

�

,

1

12

, V N V
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i

�

�

,

1

12

.

Using the expressions for the displacements and strains and the stationarity condition
�

�

�

�

�

�

�

,
Ý
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m

im

M
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0, … for the

functional Ý Ý Ý Ý� � �
1 2 3

, we obtain a complex system of linear algebraic equations for the tangential displacements,

deflection and its derivatives. Differentiation is performed at the corner points with respect to w w w w
s s

, , ,
� �

and at all points of

the element with respect to u
0
and v

0
. The derivatives for the ith node of the element coinciding with the corner point are defiend
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16



where the numbering of nodes is local ( , , ,k �1 2 3 4, n �1 2 12, , , )� , the complex coefficients are expressed in terms of

electromechanical and geometric characteristics of the shell, and the right-hand sides f f f
i

w

i

u

i

v
, ,0 0 are determined by

expanding the load into series of approximating functions.

The above system of algebraic equations is solved in the complex domain by Gaussian elimination. This allows us to

find, with high accuracy, the solution of a high-dimensional system of equations, not disturbing its symmetry and bandedness.

The displacements found are then used to determine the components of the strain tensor, the thickness component of electric-flux

density, and the components of the electric-field strength at an arbitrary point of the finite element. This approach allows us to

solve the linear problem for shells of revolution under either mechanical or electric loading.

In the case of active damping of vibrations, the variation Ý
3
contributes to the corresponding coefficients of the

governing system, thus changing the stiffness, dissipative, and inertial characteristics of the shell.

The two-dimensional variational heat-conduction equation is solved using the same finite-element mesh. The

derivative dT dt/ is not varied and is replaced by the expression dT dt T t t T t t/ [ ( ) ( )] /� � 	. . . In what follows, we will use an

implicit scheme to solve the heat-conduction equation. To accelerate the convergence of the iteration process, the

Steffensen–Aitken algorithm [66, 78] is used at each time step .t.

3.3. Modeling the Vibration and Self-Heating of Shells of Revolution Using Refined Theories. The vibrations and

self-heating of thin-walled elements with sensors and actuators were modeled in [23, 28, 29] taking into account physical

nonlinearity of the first type and in [30, 31] taking into account physical nonlinearity of the second type. Let us outline a refined

theory based on the level-by-level approximation of displacements [69].

Let us consider a sandwich shell of revolution of thickness H h h h� � �
1 2 3

described in a curvilinear orthogonal

coordinate system ( , , )s z� . The layers are transversely isotropic, viscoelastic, piezoelectric, and polarized across the thickness.

The shell is so thin that the three-dimensional equations can be made two-dimensional by equating �
zz

� 0and assuming that the

shear strains �
sz

and �
�z

vary quadratically within each layer. The shear stresses �
zs

and �
�s

must satisfy the interface

conditions between the layers. Themeridian of the datum surface is described by the equation r r x� ( ). The piezoelectric surfaces

z a a a a�
0 1 2 3
, , , are coated with continuous or discrete electrodes on which potentialsV V V

0 1 3
, , ,� are specified. To model

the electromechanical behavior of materials, we will use the concept of complex characteristics. The simplified constitutive

equations relating stresses and strains are derived accepting mechanical hypotheses that allow for transverse-shear strains and

hypotheses on the distribution of electric-field quantities over the thickness according to which the components of electric-field

strength and the normal component of electric-flux density are nonzero ( , , )D D D
z s
� � �0 0 0

�
. As a result, we obtain

simplified complex equations of state for active and passive layers which do not differ from the above equations for the

Kirchhoff–Love hypotheses and are supplemented with relations for �
sz

k

sz sz

k
G e� 2 , �

� � �z

k

z z

k
G e� 2 and modified expressions

forG G
sz z
,

�
. The shear strains in each layer are approximated by quadratic functions of the thickness coordinate z:

e

G
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k
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1 1
( , ) ( ), ( , ) ( )� �

�
. (3.16)

The functions q z
k
( ) for a sandwich shell are given in [37].

Let the mid-surface of the core layer of the shell be the datum. Using the kinematic equations and integrating

expressions (3.16) over the thickness coordinate z, we get expressions for the component of the displacement vector:

u u
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s
z u f z

k k
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�
0 1

( ), v v
r

w
z v f z

k k
� 	

�
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�
0 1

1

�

( ), (3.17)

where u
0
and v

0
are the tangential displacements of the surface z � 0;w is the normal deflection of the shell; f z

k
( )are functions

given in [37].

Using the kinematic equations [1, 14] and relations (3.16), (3.17), we represent the components of the strain tensor of

the kth layer as

� � � �
ss

k

ss ss ss

k
z f z� � �

0
( ), � � � �

�� �� �� ��

k k
z f z� � �

0
( ),
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The expressions for �
ss

0
,..., �

ss
,..., �

ss
, … in terms of u v w u v

0 0 1 1
, , , , are presented in [37].

There are infinitely thin electrodes between the layers and on the faces of the shell to which voltagesV
k
are applied.

Using the above hypotheses on electric-field quantities, we obtain simplified constitutive equations for each layer. Integration

them over the thickness of the shell, we obtain constitutive equations for forces and moments [37]. The universal equations

remain the same [69]. Note that the below variational problem statements based on classical and refined hypotheses are

equivalent to local problem statements.

Finite-Element Problem-Solving Method. To solve the problem of the vibrations and self-heating of layered shells of

revolution by the finite-element method (FEM), we start with the three-dimensional variational equations. Using the above

hypotheses and relations, we reduce the three-dimensional variational equation of electromecanics for a shell of revolution to the

two-dimensional equation (3.3), where
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The expressions for the stiffness characteristics are presented in [29].

Note that the constitutive equations for forces andmoments are derived from (3.19) by differentiatingÝ Ý Ý Ý� � �
1 2 3

with respect to the strains.

The variational problem (3.3) is solved using the same finite-element mesh as that for the classical Kirchhoff–Love

problem. The deflection and its derivatives are approximated by bicubic Hermite polynomials, and the tangential displacements

and transverse-shear strains by cubic polynomials. The finite element used has 64 degrees of freedom: 8 degrees
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0 0 1 1
at each corner point and four degrees ( , , , )u v u v

0 0 1 1
at each node located on the sides of

the quadrangle.

The above system of linear algebraic equations is solved in the complex domain by Gaussian elimination. This allows

us to find, with high accuracy, the solution of a high-dimensional system of equations, not disturbing its symmetry and

bandedness. The displacements found are then used to determine the components of the strain tensor, the thickness component of

electric-flux density, and the components of the electric-field strength at an arbitrary point of the finite element.
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This approach allows us to solve, at each iteration, the linear problem for shells of revolution under either mechanical or

electric loading taking into account the transverse-shear strains. In the case of mechanical loading and open-circuited electrodes,

the potential difference between the electrodes can be found from (3.9):

V V
ds

H

e e
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H
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,

where S is the area of the electrodes; k is the layer number. The electrodes can be either continuous or discrete.

To study the effect of feedback on the stiffness, dissipative, and inertial characteristics, we will use the formula
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which can be represented as
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where S
j
is the area of the sensor electrode.

The above approach makes it possible to find a solution satisfying the perfect bonding conditions at the interface

between the layers and to obtain the level-by-level approximation of the mechanical and electric quantities within each layer.

From these solutions, we obtain, as a special case, the solution of the problem of electroviscoelasticity for

inhomogeneous shells of revolution based on the classical Kirchhoff–Love theory.

One of the widely used theories used to determine the stress–strain state of inhomogeneous plates and shells by the FEM

is Timoshenko’s theory [55]. This is because the functionals appearing in variational problem statements contain only first

derivatives of the displacements. In developing the FEM in the linear theory of shells, use is usually made of the so-called

five-modulus theory in which the displacement field is characterized by five independent functions: deflection w, two tangential

displacements of mid-surface u v
0 0
, , and two functions u v

1 1
, characterizing the independent turn of the normal [14, 55]:

w w s u s z u s zu s v v s zv s� � � � �( , ), ( , , ) ( , ) ( , ), ( , ) (� � � � �
0 1 0 1

, )� .

To implement the FEM, the variational problem statement presented in [32, 37] is used. The strains and the

displacements are related in a well-known way [14, 52].

To increase the accuracy of calculations upon decrease in the thickness of the shell, i.e., to find a solution coinciding

with the solution obtained based on the classical Kirchhoff–Love theory, we will approximate the deflection, its derivatives,

tangential displacements and angles of rotation by polynomials (3.13) and (3.14).

As above, we derive a complex system of algebraic equations. This approach allows us to study the vibrations of

viscoelastic inhomogeneous shells of revolution by developing a FEM algorithm for either the classical Kirchhoff–Love theory

or theories that allow for the transverse-shear strains. The heat-conduction equation with a known heat source can be solved in a

similar way as above.

4. Analytic Solutions of Nonlinear Problems of the Vibrations and Self-Heating of Thin-Walled Elements.

Analytic solutions are important for studying the vibrations and self-heating of inelastic bodies. On the one hand, they can be

used to validate numerical methods, and, on the other hand, they provide a simple way of analyzing the effect of the SHT on the

thermomechanical state of inelastic bodies. For example, the maximum SHT can be found from the analytic expression for

temperature. Equating it to the degradation point, we can find the critical load.
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The analytic solutions of linear and nonlinear problems (nonlinearity of the first type) of the resonant vibrations and

self-heating of hinged and clamped thin cylindrical shells, rectangular and circular plates with actuators are presented in [110,

113, 116, 117, 119–121]. Similar solutions for the same elements with sensors are given in [122–124]. The analytic solutions of

problems of the active damping of elements with both sensors and actuators are presented in [125–127]. Analytic solutions for

elements made of a nonlinear material of the second type were obtained in [41, 42]. Let us consider examples to illustrate how

analytic solutions can be found.

4.1. Analytic Solution for a Hinged Rectangular Plate Made of a Physically Nonlinear Material of the First Type.

For a sandwich plate with a passive isotropic core layer and two piezoelectric face layers with opposite polarization, the problem

is reduced to a nonlinear complex system of differential equations for the deflection and self-heating temperature [120, 123,

126]. The analytic solution to the problem of the active damping of vibrations of elements with sensors and actuators is found by

the Bubnov–Galerkin method, using the single-mode approximation of the deflection �

~
( , )w Aw x y� , where

~
( , )w x y is the shape

function, A is the complex amplitude. In the case of hinged support, the shape function is represented by trigonometric functions

automatically satisfying the boundary conditions. The temperature-dependent real and imaginary components of the shear

modulus of the passive material (polyethylene) presented in [71] are approximated, with high accuracy, by linear relations

G G G� � � ��, � � � 	 �G G G T
0 1

, �� � �� 	 ��G G G T
0 1

. The thermal and mechanical characteristics of the material are presented in [98, 101,

104].

The following cubic equation for the dimensionless quantity y T T
C

� / is derived by the Bubnov–Galerkin method:

y e y e y e
3

2

2

1 0
0	 � 	 � . (4.1)

Its coefficients can be found in [120, 123, 126].

After determining the temperature, the amplitude of vibrations can be found by the formulas presented in [120, 123,

126]. Equating y to the degradation point, we obtain an expression for the critical load [120, 123, 126].

4.2. Analytic Solution for a Hinged Plate Made of a Physically Nonlinear Material of the Second Type. We will

present the analytic solution to the problem of the vibrations of a hinged rectangular plate made of a physically nonlinear material

of the second type. The experimental data [91] on the shear modulus are used and approximated, with hair accuracy, by the

functions

� � 	 �� � 	G a b G a b
1 1

2

2 2

2
3 3, (4.2)

(a
1

5
2410 10� �. Pa, a

2

5
1810 10� �. Pa, b

1

7
0537 10� �. Pa, b

2

7
0380 10� �. Pa).

For a hinged plate undergoing resonant vibrations, all quantities can be represented as follows:

w w k x p y
mn m n

� sin sin , k
m

a
p

n

b
m n

m n
� � �

4 4

, ( , , , , )1 2 3 � . (4.3)

Using approximations (4.2), (4.3) and the Bubnov–Galerkin method, we obtain a cubic equation of the form (4.1), with

coefficients given in [42], for the squared amplitude of transverse displacement y w h
mn

�| | /
2 2

.

The stationary self-heating temperature of the plate with heat-insulated ends can be found by solving the

heat-conduction equation with a known heat source. The exact solution for temperature is as follows:

� � � � �� � � �
0 1 2 12

2 2 2 2cos cos cos cosk x p y k x p y
m n m n

. (4.4)

Expressions for � � � �
0 1 2 12
, , , can be found in [37]. The maximum temperature �

max
can be found from (4.4).

Equating it to the degradation point, we find the critical load.

5. Influence of Various Factors on the Performance of Sensors and Actuators and on the Effectiveness of Active

Damping.Wewill discuss the results, obtained using numerical/analytical solutions, of studying the influence of various factors

on the performance of piezoelectric sensors and actuators and the active damping of forced resonant vibrations.

The influence of the following factors was studied: dimensions, arrangement of piezoactive inclusions, mechanical

boundary conditions, shear strains, geometrical nonlinearity, physical nonlinearity of the first and second types, combination of

geometrical nonlinearity and physical nonlinearity of the second type. Only typical curves illustrating one effect or another are

presented below.
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5.1. Influence of the dimensions, arrangement of piezoactive inclusions, and mechanical boundary conditions on

their performance. To study the influence of these factors on the active damping of vibrations of thin-walled elements, it is

possible to use the analytic solutions of the respective problems. When using numerical methods, it is necessary to analyze

various alternatives of arrangement and dimensions of piezoinclusions and to choose the optimal one.

Influence of the Dimensions of Piezoinclusions. The analytic solution to the problem of the vibrations and self-heating

of a hinged rectangular plate with an actuator was found in [120] taking into account physical nonlinearity of the first type.

Figure 5.1 plots the dimensionless potential difference Y that should be applied to the actuator to balance the mechanical load

versus the dimensionless diagonal length s l L� / of the piezoinclusion. It can be seen that this quantity tends to zero as the

diagonal length decreases and tends to one as the diagonal length of the piezoinclusion tends to the diagonal length of the plate.

Thus, the performance of the sensor and actuator in a hinged plate will be maximum if its surface is fully coated with

piezoinclusions.

Figure 5.2 shows a similar graph Y
a b

a b p

V h h
a

�

�

�

�
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32

2 2

2 2

0

0 1 31

( )
( )5 for a clamped plate [99]. It can be seen there is the

optimal dimension of the actuator at which its operation is the most effective. Such graphs for piezoelectric sensors are similar

[100–102].

Influence of the Arrangement of Piezoinclusions. The potential difference that should be applied to the actuator to

balance the mechanical load on a hinged plate undergoing resonant vibrations is expressed as follows [38]:

M
ab p k p

k p
k p

k c p d
mn

mn m n

m n
m n

n n

0

0

2 216

1

2

�

�
sin sin sin sin- �

2

, (5.1)

whereM
mn

0

is proportional to the potential difference applied to the actuator to balance the mechanical load P

0

. The center ( , )- �

of the actuator and its dimensions ( , )c d are found by minimizing this difference:

sin k
m
- �1, sin p

n
� �1, sin

k c
m

2

1� , sin

p d
n

2

1� .

For the mode corresponding to the resonant vibrations at the first frequency �
11
, the center of the actuator should be

selected from sin k
1

1- � , sin p
n
� �1. Its coordinates 6 �� �a b/ , /2 2, i.e., the actuator center coincides with the plate center. If

the actuator center is located at a different point, we have the surface

M m k p

0 0

1 1
1/ / (sin sin )� - � , (5.2)

where m ab p k p k p
k c p d

0

11

0

1 1 1

2

1

2 1 1
16

2 2

� �

%

&

'

(

)

*
( ) ( )sin sin is a constant.
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Figure 5.3 shows a surface representing the dependence of M m

0 0

/ , which is proportional to the potential difference, on

the dimensionless coordinates - -� / a, � �� / b of the actuator center. As is seen from the figure and formula (5.2), as the

coordinates of the actuator center to the edges of the plate, the potential difference applied to it tends to infinity. In the

neighborhood of the point ( / , / )a b2 2 , there is a large region in which the potential is nearly minimum. Therefore, the center of

the actuator can also be placed in this region. The arrangement of actuators for other modes is discussed in [38].

The conclusions are similar for sensors. Let a harmonic load distributed over one of the vibrationmodes act on the plate.

It the plate is hinged, the deflection is expressed as

w w k x p y i t
mn m n

�

0

sin sin exp( )� .

This vibration mode is maintained with high accuracy if the frequency of loading is close to the resonance. Then the

inverse of the chargeQ is defined by the following formula [38]:

1

2 2

/ sin sin sin sinQ A k p
k c p d

m n

m n
�

�

 

!
!

"

#

$
$

- � , (5.3)

where A is a constant that does not depend on the coordinates of the center and the dimensions of the actuator.

The main principle of operation of the sensor is that the charge must be maximum at given deflection. Then quantity

(5.3) must be minimum.

Comparing formulas (5.1) and (5.3) reveals that the coordinates of the center of the sensor and its dimensions are

defined by identical formulas. The above conclusions on the arrangement and dimensions of an actuator for different vibration

modes also apply to sensors. If a sensor has the shape of some vibration mode, it will only respond to this mode, i.e., will act as a

filter.

The above analysis is general, irrespective of the type of boundary conditions. Let an analysis of the frequencies and

vibration modes of an elastic plate have revealed that under nonstationary loading, several modes, say the first four modes, make

the major contribution to deformation. Then, choosing appropriately the coordinates of the centers and dimensions of four

actuators, it is possible to eliminate their effect on the plate using the above formulas. These four electrodes should be separated

from each other, i.e., it is necessary to use four separate square electrodes. Applying the potential differences calculated by the

above formulas to these electrodes, we eliminate the four modes, thus reducing the deflection substantially.

When using the first method of damping resonant vibrations, such a potential difference is applied to the actuator that

the corresponding mode does not occur under combined mechanical and electric loading. This fact is important for the damping

of nonstationary vibrations because the amplitude of nonstationary vibrations is substantially decreased upon elimination of the

most energy-intensive mode.

Influence of the Mechanical Boundary Conditions. We will a circular plate as an example [137] to illustrate the

influence of mechanical boundary conditions on the performance of the sensors and actuators and on the effectiveness of the

active damping of vibrations. Consider a circular sandwich plate of radius R. Its middle layer has thickness h
3
and is made of a

passive material. Piezoceramic layers of thicknesses h
1
and h

2
and radius r R

0
7 polarized throughout the thickness are on the
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faces z h� 8
3

2/ of the plate. The materials of the passive and piezoactive layers are viscoelastic. The outside and inside surfaces

of the piezolayers are coated with continuous infinitely thin electrodes. The inside electrodes are kept at zero potential. Let the

piezolayer of thickness h
1
be an actuator, and the piezolayer of thickness h

2
be a sensor. Harmonic pressure

~
( )cosP P r t� � with

nearly resonant frequency � acts on the plate surface. A voltage 2 2
�

( / ) ( / ) Re( )	 	 	 	 �h h h V e
A

i t

3 3 1
2 2 is applied to the

outside electrodes. Voltage of complex amplitudeV V iV
S S S

� � � �� is induced on the open-circuited electrodes of the sensor.

The problem is reduced to a system of nonlinear complex equations presented in [137]. These equations are

supplemented with the hinged boundary conditions u w M r R
r

� � � �0 0 0, , ( )or the clamped boundary conditions u � 0, w � 0,

9 � �0 ( )r R .

The boundary and initial conditions for the energy equation are

�

�

� 	 	 �

T

r
T T r R

r

s

:

�

( ) ( ), T T t� �
0

0( ).

To solve the problem, we will use the iterative method of step-by-step integration over time in combination with the

discrete-orthogonalization method. Numerical results were obtained for a plate made of a viscoelastic polymer with the

following temperature-dependent mechanical characteristics [71]: � � 	G T968 869. MPa, �� � 	G T871 07. . MPa, �E ,

�� � � �E G2 1( )(; , ��G ), ; � 0.3636, 

3

� 929 kg/m
3
, � � 0.47 W/(m�°C). The experimental temperature dependence of the

properties of TsTStBS-2 piezomaterial is presented in [16, 137].

Figure 5.4 shows the dependence of the following quantities on the dimensionless radius x r L
0 0

� / of the piezolayers

(sensor and actuator): (i) the first resonant frequency of flexural vibrations of the plate
~
� �� �

	
10

4
sec

–1
(dash-and-dot curve);

(ii) the maximum deflection amplitudes w w x
E E

� � �| ( )|
1 5

0 10 m (caused by the voltage � �V
A

1 V, �� �V
A

0, and P � 0applied to

the actuator) and w w x
p p

� � �| ( )|
1 6

0 10 m (caused by a mechanical load of amplitude P � 1 Pa, � � �� �V V
A A

0) (dashed curves),

both calculated at the first resonant frequency; (iii) the reference voltagesV V V
A A A

1 1
10,

~
� � V andV V V

s s s

1 1
10,

~
� � Vof the actuator

and sensor (solid lines), respectively.

The solid curve of
~
G
as

represents the dependence of
~
G G
as as

� �
	

10
1
in the feedback relation on the parameter x

0
.

Figure 5.4a represents the hinged plate, while Fig. 5.4b represents the clamped plate.

An analysis of the curves w
p

1
(dashed lines) shows that the maximum deflection amplitude under mechanical loading

weakly depends on the parameter x
0
characterizing the area of the piezoelectric pads. Except for the rather small neighborhood

of the point x
0

0� , the sensor voltageV
s

1
weakly changes with increase in x

0
in the hinged plate and monotonically decreases in

the clamped plate. In the case of electric loading of the actuator, however, the maximum deflection amplitude w
E

1
and the

reference actuator voltageV
A

1
are nonmonotonic functions of x

0
. The deflection w

E

1
reaches the maximum value and the voltage

V
A

1
reaches the minimum value when the pads fully cover the outside surface of the hinged plate ( )x

0
1� and partially cover the

outside surface of the clamped plate (x
0

� 0.67). The actuator and the sensor are the most effective when 0.7 7 7x
0

1for the
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hinged plate and 0.5 7 <x
0

0.7 for the clamped plate. With such dimensions of the piezoactive components, the voltageV
A

applied to the actuator causes the maximum deflection w
E
of the plate and minimum feedback factor (curves

~
G
as
). If the plate is

hinged, thenG
as

=1.

Figures 5.5a and 5.5b show the maximum deflection amplitude
~

| ( )|w w� �0 10
3
m (dashed lines) and self-heating

temperature T T
m

�
max

( )0 °C (dash-and-dot lines) calculated at the first resonant frequency versus the parameter x
0
. Curves 1

correspond to amechanical load of amplitudeP � �025 10
4

. Pa, and curves 2 to the cooperative action of this load and the actuator

voltage of amplitudeV V
A A

� �
	

| | 10
3
V (solid lines) obtained from the sensor voltage taking into account the values ofG

as
in

Fig. 5.4.

Comparing dashed curves 1 and 2, we see that balancing the harmonic mechanical load by the voltage applied in

antiphase to the actuator decreases the deflections considerably (curve 2) over the whole range of the parameter x
0
. The

maximum self-heating temperature (dash-and-dot curve 2) decreases to the level of the initial temperature of the plate only for

x
0

>0.4 of the hinged plate (Fig. 5.5a) and for 0.3 7 7x
0

0.9 of the clamped plate (Fig. 5.5b). Active damping of the mechanical

vibrations of the plate with nonoptimal actuators may cause a temperature considerably exceeding that of the undamped plate.

This is because of the necessity of applying a high voltageV
A
to the actuator.

Figure 5.6 shows the steady-state (? � 0.5) self-heating temperature as a function of the radial coordinate for the

following values of x
0
, �

p
, andV V

A A
� | |:

1) x V
p A0

1
01 2390 2670� � �

	
. , ,� sec V,

2) x V
p A0

1
02 2430 700� � �

	
. , ,� sec V,

3) x V
p A0

1
04 2580 183� � �

	
. , ,� sec V,

4) x V
p A0

1
10 3030 431� � �

	
. , , .� sec V

for the hinged plate (ðèñ. 5.6a) and

1) x V
p A0

1
01 4350 1103� � �

	
. , ,� sec V,
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2) x V
p A0

1
02 4930 2984� � �

	
. , , .� sec V,

3) x V
p A0

1
04 5170 826� � �

	
. , , .� sec V,

4) x V
p A0

1
07 5370 4746� � �

	
. , , .� sec V

for the clamped plate (ðèñ. 5.6b).

Solid curves 1–4 represent the case of mechanical harmonic loading with amplitude P � �025 10
4

. Pa ( )V
A

� 0 . Dashed

curves 1–4 represent the case where the mechanical load P and the electric loadV
A
balancing it act both. Dashed curves 1�–4�

represent the case where the dissipation function does not include the terms responsible for the piezoelectric and dielectric losses

in the piezoelectric material. Curves 1–4 in Fig. 5.7 show the radial distribution of the dissipation function.

An analysis of Fig. 5.6 reveals that the radial nonuniformity and level of the self-heating temperature are strongly

dependent on the area of the sensor and actuator and the boundary conditions. For the optimal sensor and actuator, the radial

distribution of self-heating temperature is uniform and close to the initial temperature in magnitude (dashed curves 3 and 4).

Nonoptimal piezopads, however, cause intensive heating where they are (dashed curves 1 and 2). Comparing between curves 1,

2 and 1�, 2� shows that the abrupt increase in the self-heating temperature in the area of the pads is due mainly to the voltage of

high amplitude applied to the actuator with small area. The terms of the dissipation function that are responsible for the piezo-

and dielectric losses should not be neglected (curves 1 and 2 in Fig. 5.7). This means that during active damping of inelastic

plates, their vibrations should be controlled not only by the deflection amplitude, but also by the self-heating temperature, which,

for certain nonoptimal dimensions of the pads and operation conditions, can reach the Curie point, at which the piezoelectric

element loses its functionality because of depolarization.

Figure 5.8 demonstrates the frequency dependences of the maximum deflection amplitude
~

| ( )|w w� �0 10
4
m (solid

lines) and the sensor voltage
~

| |V V
S S

� �
	

10
2
V (dash-and-dot lines) for a mechanically loaded (P � �025 10

4
. Pa) hinged plate

with piezopads of radii x
0

�0.2, 0.4, 1.0 (Fig. 5.8a, curves 1, 2, 3) and clamped plate with piezopads of radii x
0

�0.2, 0.4, 0.7

(Fig. 5.8b, curves 1, 2, 3). The electrodes of the actuator are short-circuited (V
A

� 0).

The frequency dependence of the maximum ( )x � 0 steady-state (? �0.5) self-heating temperature is shown in Fig. 5.9

for the same dimensions of the pads. Dashed curves 1, 2, 3 represent the amplitude–frequency (Fig. 5.8) and
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temperature–frequency (Fig. 5.9) dependences resulting from the joint action of mechanical load P � �025 10
4

. Pa and electric

load of amplitudesV
A

� (700, 183, 43.1) V for the hinged plate andV
A

� (298, 82.6, 47.5) V for the clamped plate.

Figure 5.10 demonstrates how the temperature dependence of the moduli of the passive and piezoactive materials of the

mechanically loaded (P � �025 10
4

. Pa) plate affects the frequency dependence of the maximum deflection amplitude

~
| ( )|w w� �0 10

4
m and voltage

~
| |V V

s s
� �

	
10

2
V (curves 1 and 2) for x

0
� 1.0 and x

0
� 0.7 which correspond to the optimal

dimensions of the sensor and the actuator in the hinged (Fig. 5.10a) or clamped (Fig. 5.10b) plate. The dash-and-dot lines

represent the isothermal (T T�
0
) viscoelastic moduli, while the solid lines the temperature-dependent moduli. Dashed lines 1�

demonstrate the amplitude–frequency dependence of the deflection
~
wof the plate subject to a mechanical load and voltageV

A
�

43.1 V (for hinged boundary conditions) orV
A

� 47.5 V (for clamped boundary conditions).

An analysis of Fig. 5.10 shows that the effect of the nonlinearity of the first type is manifested as a decreased resonant

frequency and soft-nonlinear amplitude–frequency characteristics of the deflection w and voltageV
S
. The values of w andV

S
at

isothermal and thermomechanical resonances are close to each other. Therefore, in calculating the actuator voltage needed to

balance the mechanical load, it is possible to use the calculated sensor voltageV
s
at the resonance of the isothermal system.

Comparing Fig. 5.10a and Fig. 5.10b, we conclude that the boundary conditions have a strong effect on the resonant frequency,

deflection amplitude, self-heating temperature, and optimal dimensions of the sensor and the actuator.

Comparing Fig. 5.8 and Fig. 5.9, we see that the amplitude of forced mechanical vibrations at the principal resonant

frequency decreases by two orders of magnitude (Fig. 5.10) and there is almost no self-heating of the plate with optimal

piezopads (Fig. 5.9).

5.2. Influence of Shear Strains. To evaluate the effect of the shear strains on the performance of sensors and actuators,

analytic solutions and solutions obtained by the finite-element and discrete-orthogonalization methods were used in [32, 35–37].

The refined theories outlined in Sec. 2 with quadratic approximation of shear strains and Timoshenko’s theory are used. For a

plate and a cylindrical panel made of a transversely isotropic material, the following simple formula for the voltage that should

be applied to the actuator to balance the uniform pressure P was derived in [37]:

V
P

h h k p

c k p
a

m n

m n
�

� �

� �

( )

[ ( )]
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m n
� � �[ ( )]1

2 2
, (5.4)

where V
a

T
and V

a

K
are the voltages calculated using the Timoshenko and Kirchhoff–Love hypotheses, respectively. If
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For the principal mode m n� �1, from formula (5.5) it follows that
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As is seen from (5.6), the correction to the classical result depends on the ratio of shear moduli of the transversely

isotropic material ( / )G G� and the ratio of the thickness h of the plate to the dimension a. Depending on their values, the

correctionmay appear very large. A similar solution for the vibrations of a plate with sensors is presented in [37], where formulas

for the charge on the sensor are given as well.

The influence of the shear strains on the performance of sensors and actuators and on the effectiveness of the active

damping of the vibrations of a cylindrical panel and a rectangular plate hinged at the edges was studied in detail in [32, 35–37]. It

was shown that the refined theories described in Sec. 2 lead to very close results.

The vibrations of a hinged cylindrical piezoelectric panel of thickness H and radius R under uniformly distributed

pressure P P t�
0
cos � were considered in [35–37]. The electroded surfaces were kept at zero potential. This problem was also

solved analytically. The panel is made of a PZT-ES-65 piezoelectric material whose complex characteristics are presented in

[143].

The load on and the geometry of the panel are characterized by the following parameters:P
0

�10
4
Pa,R �0.1 m, a L� �

0.1 m, b R� �� 0.1 m, r
1

0 09� , ì, r
2

0 11� , ì, H � 0.001 m. The thermal conductivity and density of the face layers: � � 1.25

W/(m�°C),
 � �075 10
4

. kg/m
3
. Heat transfer between the environment and the panel is constant (:

T
�25 W/(m

2
�°C)). Figures

5.11–5.13 show the amplitude–frequency characteristics for H R/ � 0.01, P
0

2
10� Pa, H R/ � 0.1, P

0

4
10� Pa, H R/ � 0.2,

P
0

4
10� Pa, respectively.

Curves 1 correspond to the FEM, curves 2 to the refined theory, and curves 3 to the Kirchhoff–Love hypotheses. These

results disregard the nonlinearity. Figures 5.14 and 5.15 show the amplitude–frequency and temperature-frequency

characteristics allowing for physical nonlinearity of the first type. Curves 2 correspond to the linear problem, and curves 1 to the

nonlinear problem [143].

It can be seen from Fig. 5.11, the results for a thin shell ( /H R � 0.01) obtained with all the theories are in good

agreement. It is also seen from Figs. 5.11–5.13 that the amplitudes at the resonant frequency obtained with the refined and

three-dimensional theories are in very good agreement. Moreover, the results obtained using the analytic solution and the FEM

are also in very good agreement.

The one-dimensional problem of the forced vibrations and self-heating of a viscoelastic circular plate of thickness h and

radius R with piezoelectric actuators was solved in [132] using the discrete-orthogonalization method and Timoshenko

hypotheses. The outside surfaces z h� 8 / 2of the plate are covered by actuators of equal thickness �and radius r
0
. The material

of the passive layer is viscoelastic and isotropic, and the actuators are made of viscoelastic piezoceramics and oppositely

polarized. It is assumed that the polarization in the directions z > 0and z < 0is characterized by the piezoelectric moduli d
31

and

( )	d
31

, respectively. The outside surfaces of the actuators and the interfaces between the actuators and the passive layer are

covered by infinitely thin electrodes.
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The plate is under surface pressure P P t�
0
cos � harmonically varying with time t with nearly resonant circular

frequency � . A voltage � � � �
�

( / ) ( / ) Re ( )h h Ve
i t

2 2 2� 	 	 	 � of the same frequency as that of the mechanical load is applied

to the outside electrodes of the actuator. The inside electrodes are kept at zero potential. The viscoelastic behavior of the passive

and piezoactive materials of the plate is described by the concept of complex moduli depending on the SHT. To model the

electromechanical vibrations of the plate, the Timoshenko hypotheses for the mechanical variables are used. As for the electric

field variables, it is assumed that the tangential components of electric-flux density (D D
r
,

�
) in the piezolayers can be neglected

compared with the normal component (D
z
), which is independent of the thickness coordinate. The electrostatic equations are

satisfied identically, and the tangential components of the electric-field strength (E E
r
,

�
) are obtained from the

three-dimensional equations of state of polarized piezoceramics. The self-heating temperature is assumed to be constant

throughout the thickness of the plate.

Due to the symmetry of the plate, the polarization of the actuators, and the loading, purely flexural axisymmetric

vibrations are excited in the plate. To solve the nonlinear problem, we will use the iterative method of step-by-step integration

over time in combination with the discrete-orthogonalization method. After the dissipation function is found, the

heat-conduction problem is solved by the explicit finite-difference method. To determine the optimal voltageV
A
that should be

applied to the actuator t damp the forced vibrations generated by surface pressure with amplitude P
0
, we use the linear relation

V k P
A A

� 	
0
, where k

A
is the complex control ratio. The influence of shear strain and electromechanical coupling on the

fundamental characteristics of vibrations of a polymer plate with TsTStBS-2 piezoceramic actuators under mechanical or/and

electric loading was studied in [82]. The complex shear modulus of the passive polymer depends on the SHT as � � 	G T968 869.

MPa, �� � 	G T87 1 07. . MPa. The other characteristics are the following: ; � 0.3636, 
 � 929 kg/m
3
, � � 0.47 W/(m�°C),

: :
0

� �
R

2 W/(m
2
�°C).

The temperature dependence of the electromechanical characteristics of piezoceramics is described in [16, 82].

Moreover, the coefficient;
E

s s� 	
12

0

11

0
/ is assumed constant and real;


*
�7520 kg/m

3
,T T T

c R0
� � �20 °C. When

allowing for shear strain, we set k
s
� 5/6. For a clamped plate of radius R � 0.2 m and thickness h � 0.04 m with actuators of

thickness � � �
	

01 10
3

. m and relative radius x
0

�0.8 under harmonic pressure of intensity P
0

�1 Pa, Figs. 5.16a and 5.16b show

the radial distribution of the normalized deflection amplitude (V
n
,V w A

n p n

*
) | | / (� �

	
10

2
, A

n

*
), n �1 2, , and total curvatures (

~
�
n
,

~
) | | / (

*
� �
n n

A� �
	

10
2

, A
n

*
), respectively. The solid lines represent the calculated results obtained using the Kirchhoff–Love

hypotheses, and the dashed lines represent the calculated results indicated by “asterisk” and obtained taking into account shear

strains. Curves 1 (n = 1) correspond to the first flexural mode for �
p

� �0532 10
4

. sec
–1
, A

1

7
02045 10� �

	
. m (solid lines), and

curves 2 (n = 2) to the second mode for �
p

� �0219 10
5

. sec
–1
, A

2

8
01016 10� �

	
. m (dashed lines). Thus, allowing for the shear

strain in calculating the oscillatory characteristics of plates decreases the resonant frequencies ( )
*

� �
p p

< , increases the

maximum deflection ( )
,

*

,
A A
1 2 1 2

> , and hardly changes the vibration mode. To a greater extent, the shear strains cause

redistribution of the normalized total curvature along the radius of the plate in the first and, especially, second vibration modes.
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This factor is decisive in calculating the influence of the shear strains on the control ratio. The effect of these factors weakens

with decrease in the thickness of the plate ( / / )h R 71 20 .

Figure 5.17a and 5.17b show the resonant frequencies �
p
(dash-and-dot lines) and control ratios k k

A*
| |� �10V/Pa,

k k
A**

| |� �10
2
V/Pa (solid lines) for damping the first (Fig. 5.17a) and the second (Fig. 5.17b) modes of forced flexural

vibrations calculated using the Kirchhoff–Love hypotheses (curves 1 and 2) and taking into account the shear strains (curves 1
*

and 2
*
) for a clamped plate with an of radius x

0
and thickness � � �

	
01 10

3
. m under pressure P

0
�1 Pa. Curves 1 and 1

*
represent

the plate of thickness h �0.01 m, and curves 2 and 2
*
represent the plate of thickness h �0.04 m.Moreover, the solid curves with

full circles in Fig. 5.17a show the variation in the maximum amplitude w w
E

*
| ( )|� �0 10

4
m for the plate of thickness h �0.01 m

(curves 1 and 1
*
) and the amplitude w w

E

**
| ( )|� �0 10

5
m for the plate of thickness h �0.04 m (curves 2 and 2

*
) under electric

loading of unit potential � �V 1 V, �� �V 0.

Thus, the actuator is the most effective (optimal) when the deflection amplitude is maximum under electric loading

(solid lines with full circles). The control ratio will be minimum (solid lines). The dimensions of such an actuator depend on the

thickness of the passive layer. When a clamped plate vibrates at the first resonant frequency, the maximum electrically excited

amplitudes and control ratio are many-valued functions of the actuator radius x
0
, and the control ratio is minimum when the

outside surfaces of the plate (0.6 7 7x
0

0.8) are partially covered by piezolayers. Allowing for the shear strains somewhat

increases the control ratio. This effect becomes stronger with increase in the thickness of the plate and in the frequency from the

second resonant one and higher. If the plate undergoes forced vibrations at the second resonant frequency, the control ratio is a

many-valued function of x
0
(Fig. 5.17b).

30

a b

Fig. 5.16

0.5

V
n
,V

n

* ~
�
1
,
~*
�
1

1

2

1

2
2

1

0 0.5 x
0

0 0.5 x
0

0.25 1.0

0

~
�
2
,
~*
�
2

�
2

�
1

a b

Fig. 5.17

0.4

0 0.5 x
0

0 0.5 x
0

k
*
, �

r
�

	
10

4
, sec

–1
w
*
, w

**
k
**

, �
r
�

	
10

5
, sec

–1

0.8

1.2

1, 1
*

2

1

2
*

1
*

0.4

0.8

1.2

0.1

0.2

0.3

2

2
*

2

2
*

1, 1
*

1, 1
*

2
*

2
*

1, 1
*

2

2
*



Figure 5.18 shows the amplitude–frequency characteristics of a clamped plate of thickness h �0.04 m with an actuator

of relative radius x
0

�0.8 and thickness � � �
	

01 10
3

. m harmonically excited in the frequency range of the first (curves 1 and 1
*
)

and second (curves 2 and 2
*
) resonances. Curves 1 and 2 correspond to the Kirchhoff–Love hypotheses, while curves 1

*
and 2

*
to

allowing for the shear strains. The solid lines represent the vibrations excited by external pressure P
0

3
08 10� �. Pa. The dashed

lines represent the vibrations excited by mechanical loading in combination with an electric potentialV
A
of the same frequency

applied in antiphase to the actuators, the active ( �V
A
) and reactive ( ��V

A
) components having the following values: � �V

A
–6.923 V,

�� � 	 �
	

V
A

02856 10
1

. V (curves 1, 1
*
), � �V

A
–8.848 V, �� � 	 �

	
V
A

05365 10
1

. V (curves 2), � �V
A

–1.990 V, �� � 	V
A

03166. V (curves 1,

1
*
), � �V

A
–5.541 V, �� � 	V

A
03418. V (curves 2, 2

*
). These results, as in the above examples, were obtained for

temperature-independent ( )T T
R

� material characteristics. Comparing the solid and dashed lines in Fig. 5.18, we conclude that

it is possible to damp the mechanically excited resonant vibrations of the plate by using an actuator of optimal configuration and

applying to it, in antiphase, a voltage of the same frequency and appropriate amplitude. It can be seen from the calculated results

that allowing for the shear strains decreases the resonant frequencies and increases the deflection amplitude at these frequencies.

From Fig. 5.18 and numerical experiments, it also follows that an actuator of the same optimal dimensions can be used

to damp the forced vibrations of a plate at either the first or second resonant frequency. However, since the first vibration mode is

very energy-intensive, it can be damped by applying to the actuator a voltage of higher amplitude than that for the second mode.

Moreover, the reactive component ��V
A

hardly contributes to the amplitude–frequency characteristics (dashed lines). Figures

5.19a–d show how the shear strains and the temperature dependence of the electromechanical properties of the materials affect

the frequency dependence of the maximum deflection amplitudew w h
max

| ( )|/� 0 and self-heating temperatureT T
max

( )� 0 for a

plate forced to vibrate by load P
0

3
14 10� �. Pa.

Figures 5.19a, c and 5.19b, d characterize the behavior of the system at the first and second resonant frequencies,

respectively. The figures represent a clamped plate of radius R �0.2 m with an actuator of thickness � � �
	

01 10
3

. m and relative

radius x
0

� 0.8 for : � 2 W/(m
2
�°C), � � 0.47 W/(m�°C), and T T

R0
� � 20 °C. The solid curves represent

temperature-independent material properties, while the dashed curves represent temperature-dependent material properties.

Curves 1 and 2 correspond to the Kirchhoff–Love hypotheses, while curves 1
*
and 2

*
to allowing for the shear strains.

From Fig. 5.19 it can be seen that the effect of the temperature dependence of the material properties (dashed lines) is

manifested as soft-nonlinear amplitude– and temperature–frequency characteristics and decreased resonant frequency,

amplitude, and self-heating temperature. Compared to the isothermal case (solid lines), the effect of thermomechanical coupling

in the refined problem statement is of the same order as in the classical statement.

5.3. Influence of Geometrical Nonlinearity. The influence of nonlinearity and self-heating on the vibrations and

self-heating of thin-walled elements with sensors and actuators was studied in [25, 26, 33, 46, 51, 101, 102, 112, 131, 134, 136].

Let us consider, as an example, a flexible circular sandwich plate of radiusR. Its core layer of thickness h
0
is made of an isotropic

passive material, and two outside layers of thickness h
1
are made of transversely isotropic piezoactive materials with identical

properties, but opposite polarization across the thickness [46]. The upper ( / )z h�
0

2 and lower ( / )z h7 	
0

2 piezoelectric layers

are characterized by piezoelectric moduli 	d
31

and d
31
, respectively. The outside and inside surfaces of the piezoelectric

actuators are electroded. The inside electrodes are kept at zero potential.
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The plate is under a surface pressure harmonically varying with time t with nearly resonant circular frequency � . A

potential difference 2 2( / ) ( / )h h h h
0 1 0 1

2 2� 	 	 	 � Re( )2V e
A

i t�
with frequency of the mechanical load is applied to the

actuator of radius r r R� 7
0

. The electrodes are short-circuited ( )V
A

� 0 in the region r r>
0
. The radial edge of the plate is free

and the transverse edge is hinged or clamped.Moreover, the plate transfers heat by convection to the environment of temperature

T
s
. For active damping of the forced vibrations of the plate caused by mechanical loading, it is necessary to solve the mechanical

problem to find the amplitude and phase of the voltage to be applied to the actuator to balance the mechanical load.

The vibrations of the plate are described using the Kirchhoff–Love hypotheses supplemented with analogous

hypotheses on the distribution of electric-field variables (see Sec. 3.2). The dissipative properties of the passive and piezoactive

materials are described using the concept of complex characteristics. The self-heating temperature is assumed to be constant

throughout the thickness of the plate. Let the strains be small, but the squared angles of rotation are kept in the kinematic

equations. The equations of motion are nonlinear as well.

The problem statement and problem-solving method can be found [46]. Two types of mechanical boundary conditions

are considered: hinging and clamping. In solving the problem, not only the principal frequency (frequency of loading), but also

other harmonics are kept so that the oscillatory process is polyharmonic. The result is an approximate system of nonlinear

differential equations that can be solved by the iterative quasilinearization method. At each iteration, the linearized system of

ordinary differential equations is integrated by the discrete-orthogonalization method.

Let us consider a circular plate made of a passive viscoelastic material with characteristics presented in Sec. 5.2. The

piezoelectric actuators are made of TsTStBS-2 viscoelastic ceramics [82]. The dimensions of the plate are the following: R �0.2

m, � � �
	

01 10
3

. m, h
0

�0.01 m, h
1

6
05 10� �

	
. m. Since the load causes mainly flexural vibrations of the plate, we will consider
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frequencies close to the first bending resonance. Three types of loading of the plate are considered: mechanical, electric, and

antiphase action of both. Let the mechanical load be uniform surface pressure of amplitude � �q q
z 0

. To balance it, it is necessary

to calculate the voltageV
A
to be applied to the actuator. Similarly to the linear problem [50], we assume that the relation between

V
A
and q

0
is linear:V k x q

A a
� ( )

0 0
, where x r R

0 0
� / is the dimensionless radius of the circular actuator. The control ratio k

a
is

calculated as the ratio of the maximum deflection amplitude w
p
induced by a unit mechanical load (q

0
� 1 Pa) at the linear

resonant frequency and the deflection amplitudew
E
induced by applying a unit voltage ( � �V

A
1 V, �� �V

A
0)to the actuator, so that

k w w
A p E

� | |/| |
max max

.

If the mechanical load varies harmonically with frequency � , then the electric load must vary as V t
A
cos( )� 4�

� 	V t
A
cos � .

Figure 5.20 shows the control ratio k
a
(solid lines) and the maximum relative deflections w w h

E1 0
4 0� | ( )|/ and

w w h
E2 0

0�| ( )|/ (dashed lines) caused by a unit electric load versus the dimensionless radius x
0
of the circular actuator at linear

resonant frequency �
p
. Curves 1 correspond to the clamped boundary conditions, while curves 2 to the hinged boundary

conditions. Figure 5.20 shows that actuators with radius x
0

�0.67 on the clamped plate and x
0

1� on the hinged plate induce the

maximum deflection at the minimum value of k
a
. Such actuators are the most effective in active damping of forced mechanical

vibrations.

Numerical results on the effects of nonlinearity are shown in Figs. 5.21–5.24, which present the solutions of linear

(dashed lines) and geometrically nonlinear (solid lines) problems. Figures 5.21a, 5.22a, and 5.23a correspond to the hinged

boundary conditions, and Figs. 5.21b, 5.22b, and 5.23b to the clamped boundary conditions.

Figure 5.21 shows the frequency dependence of the maximum deflection amplitude
~

| ( )|/w w h� 0
0
of a plate under a

mechanical load of the following amplitudes q
0

4
10�

	
[Pa]: 0.05 (curve 1), 0.10 (curve 2), 0.15 (curve 3), 0.20 (curve 4), 0.30

(curve 5), 0.35 (curve 6). The electric loadV
A

� 0. For these amplitudes, Fig. 5.22 shows the temperature–frequency dependence

of the maximum stationary (? �0.1) self-heating temperature for convective heat transfer coefficient : :
n R

� �15 W/(m
2
�°C)

on the faces of the plate.

From Fig. 5.21 it follows that when the load induces the maximum relative deflection
~
w 70.2, it is possible to solve the

linear problem. It can be seen that if the plate is clamped, the load under which such a problem statement is valid is higher. For the

clamped boundary conditions, the self-heating temperature (curves 4, Fig. 5.22b) is higher than for the hinged boundary

conditions (curves 1, Fig. 5.22a). With increase in the relative deflection amplitude (
~
w > 0.2), the effect of geometrical

nonlinearity becomes stronger and manifests itself as an increased resonant frequency and hard-nonlinear amplitude– and

temperature–frequency characteristics.

Figures 5.23a and 5.23b show the frequency-dependence of the maximum deflection amplitude w w h
E

� | ( )|/0
0
and

frequency-dependence of the self-heating temperature T
m

(calculated for linear (dashed lines) and nonlinear (solid lines)

problem statements for a hinged plate with the optimal actuator ( )x
0

1� to which electric potentials 8 �V
A

46.8 V are applied. It

can be seen that effects of nonlinearity are similar to the case of mechanical loading.With such loading, the solutions of the linear

and nonlinear problems coincide with curves 3 in Fig. 5.21a and Fig. 5.22a. The dash-and-dot curves in Fig. 5.23 represent the

frequency-dependence of the relative deflection w w h
pE

� �| ( )|/0 10
0

2
and the temperature–frequency characteristics of the
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plate under the combined action of mechanical load q
0

4
015 10� �. Pa and voltage 8 �V

A
46.8 V applied in antiphase to the

actuator to balance themechanical load. They demonstrate the result of active damping of themechanical vibrations of the plate.

Figure 5.24 shows the dependence of the maximum self-heating temperature T
m
on the amplitude of mechanical load

q
0
for heat-transfer coefficients :

n
� :

R
� 5, 15, 25 W/(m

2
�°C) (curves 1–3). The numerical results correspond to linear

resonant frequencies �
p

�482 sec
–1

for the hinged plate (Fig. 5.24a) and �
p

�1010 sec
–1

for the clamped plate (Fig. 5.24b) in

the linear (dashed lines) and geometrically nonlinear (solid lines) cases. The asterisk on the ordinate axis indicates the Curie

point T
C

� 180 °C at which TsTStBS-2 piezoceramic depolarizes. It can be seen from Fig. 5.24 that for active damping of the

vibrations of viscoelastic plates, it is necessarily necessary to calculate the self-heating temperature, which depends not only on

the amplitude of the load, but also on the boundary and heat-transfer conditions. Allowing for geometrical nonlinearity reduces

the self-heating temperature.

Assuming that the piezoactuator loses its functionality at the Curie point, it is possible to determine the critical

amplitude of the mechanical load, given heat-transfer and boundary conditions.

5.4. Influence of Nonlinearity of the First Type. The effect of nonlinearity of the first type on the amplitude- and

temperature–frequency characteristics of plates and shells was studied in [54, 113–127]. Following [54], we will study the

influence of the feedback factorG
2
on the effectiveness of damping by solving the problem of the active damping of a clamped

cylindrical sandwich panel of thickness H h h� �2
1 2

with viscoelastic core layer under uniformly distributed pressure

P P t�
0
cos � . It transfers heat by convection to the environment of temperature T

C
.

The outside layers of the panel are made of TsTStBS-2 piezoelectric whose thermal and temperature-dependent

mechanical characteristics are given in [82]. The complex shear modulus G G iG� � � �� of the passive material depends on

temperature and is calculated by the formulas

� � 	 	G T T A[ . ( )]968 869
0 0

, �� � 	 	G T T A[ . . ( )]87 1 07
0 0

, A
0

6
10� �Pa, ; 0.36.

These data are presented in [54] and describe the behavior of thematerial over a wide temperature range. Let themelting

point T � 140 °C. The geometrical parameters of the shell, loading and heat-transfer conditions are the following:
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R � 0.1 m, L � 0.1 m, 0 7 7� 4 /3, Í � 0.01 m, 2
1
h � 0.0002 m, h

2
� 0.0098 m,

P
0

4
10� Pa, :

T
� 20 W/(m

2
�°C), �

T
� 0.47 W/(m�°C), T T

C
� �

0
20 °C,


 � 0.929�10
3
kg/m

3
.

Figures 5.25 and 5.26 show the amplitude- and temperature–frequency (in °C) characteristics at the first resonance for

different values of feedback factorsG
2
andG G

1 3
0� � and the temperature-independent properties of the passive material. The

upper, middle, and lower curves correspond toG
2

0� ,G
2

5
02 10� �

	
. ,G

2

5
05 10� �

	
. . It can be seen that the feedback factor has a

strong effect on the amplitude of vibrations and self-heating temperature.

Figures 5.27 and 5.28 illustrate the influence of physical nonlinearity of the first type and the feedback factor on the

amplitude- and temperature–frequency characteristics. Sharp changes in these characteristics typical for physical nonlinearity

can be seen.

As the feedback factor increases, these characteristics approach the dynamic characteristics for

temperature-independent properties of the material.

5.5. Influence of Nonlinearity of the Second Type. The influence of this nonlinearity on the operation of piezoelectric

sensors and actuators and on the effectiveness of active damping of thin-walled elements was studied in [40–42]. Let us consider,

as an example, a sandwich shell of revolution. Its core layer of thickness h
2
is made of inelastic isotropic passive material and

two identical outside layers, each of thickness h
1
, are oppositely polarized. Uniformly distributed surface harmonic pressure

q q t
z
� cos � with nearly resonant frequency� acts on the shell. The shell is hinged at the ends. It cools by convection. Tomodel

the electromechanical behavior of this shell, we will use the Kirchhoff–Love hypotheses for mechanical variables and

assumptions for electric variables.
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Following [10, 142], we will model the mechanical behavior of the material assuming that the components of the

complex shear modulus depend on the second invariant of the deviatoric strain tensor as follows:

� � 	G G rI( )1
2

:
, �� �G gGI

2

:
, (5.7)

whereG r g, , ,: are determined experimentally. These parameters for a few materials are presented in [10, 142]. For aluminum

alloy, for example, we haveG � �0265 10
11

. N/m
2
, : � 0.4, . � 0.0014, ? �12. In (5.7):

g G
r

g
� �

�

�

�

� �

( / ) ,

( )

( / )

[( ) / ] ( / )

2 2
4

2

2 2

1 2 3 2

?

4 : :

:

:

:
. 3

3 3

,

3is the gamma function.

The numerical results correspond to a circular cylindrical panel with thickness of passive core layer h
2

� 0.00999 m.

The thickness of the panelH h h� � �
2 1

2 0.01m, and its radiusR �0.1m and length l �0.1m. The length of the generatrix s �0.1

m. The passive layer is made of an aluminum alloy with characteristics specified above, and the piezolayers are made of a

viscoelastic piezoelectric material with characteristics presented in [143]. Poisson’s ratio ; � 0.31; 

a

� �075 10
4

. kg/m
3
and



ï

� �028 10
4

. kg/m
3
are the specific densities of the piezoelectric and passive materials. The thermal conductivity of the passive

layer �
T

� 200 W/(m�°C), the heat-transfer coefficient :
Ò

� 20 W/(m
2
�°C), and initial temperature and environmental

temperatureÒ Ò
Ñ

� �
0

20 °C. The frequency of the load is close to the resonance, and the amplitude of the mechanical load q �

025 10
4

. � N/m
2
.

The amplitude–frequency characteristic of the panel is shown in Fig. 5.29. The approach in which the effect of the

feedback factor is described by complex density was presented in [39]. The curves correspond to the following values of the

complex density 
 
 

ï

i� � 	 �� (the curves are numbered from top to bottom): �� �
 0, 0.1, 0.5, 1.0, 2.0. The

temperature–frequency characteristics for the same values of complex density are presented in Fig. 5.30, and the dependence of

the second invariant I
2
of the strain tensor is shown in Fig. 5.31. The latter dependence is introduced for the deformation of the

cylindrical panel not to exceed the elastic limits. It can be seen that the imaginary component of the complex density has a strong

effect on the fundamental dynamic characteristics of vibrations of the cylindrical panel made of a physically nonlinear material

of the second type. This imaginary component cane easily be determined in terms of the sensor voltage and is proportional to the

feedback factor.

5.6. Combined Influence of Geometrical Nonlinearity and Physical Nonlinearity of the Second Type. To illustrate

the combined effect of geometrical nonlinearity on the damping of vibrations of thin-walled elements with actuators, we will

solve [156] the problem of the forced vibrations of a hinged sandwich beamwith core layer made of AMg-6 aluminum alloy and

outside layers made of TsTS-19 piezoceramics. The behavior of the electrically passive (without piezoelectric effect) aluminum

alloy is described using the generalized flow theory [85, 86]. The piezoceramic layers are elastic and transversely isotropic. The

basic relations and material characteristics can be found in [156].
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The piezoactive layers are of equal thickness (h h
1 3
� ), the total thickness of the beam h h� �

1
h h
2 3
� , where h

2
is the

thickness of the aluminum layer. The length of the beam L = 0.826 m. Two cases with the following sets of thickness are

considered: case A: h � �
	

03 10
1

. m, h h
1 3

2
05 10� � �

	
. m, h

2

1
02 10� �

	
. m and case B: h � �

	
06 10

1
. m, h h

1 3
� � �

	
02 10

2
. m,

h
2

1
056 10� �

	
. m. The width of the beam b

y
� �

	
03 10

1
. m. The resonant frequency of the first bending vibration mode is 441 Hz

in case A and 1167 Hz in case B The excitation frequency f �10 Hz. The piezoactive layers are assumed preliminarily polarized

across the thickness, the polarization directions of the layers being opposite (for example, the upper layer is polarized along the

Oz-axis, while the lower layer in the opposite direction).

Two types of harmonic loading are considered: moments applied at the ends of the beam and a voltage applied to the

electrodes of the piezolayers. In all cases, the harmonic load was modeled by a linear function so that the given amplitude of the

load was reached in 50 cycles of vibration. This approach resulted in symmetric deflections of the beam about the axis because

the direct application of the harmonic load during the first quarter of a cycle leads to the formation of a constant component of the

deflection due to the inelastic deformation of the material, further vibrations occurring about this bent position.

To evaluate the combined effect of physical and geometrical nonlinearities, we will use the stiffness characteristic for

the steady-state stage of the process that characterizes the dependence of the deflection amplitude on the amplitude of the

bending moment (Fig. 5.32). The dotted curve corresponds to the linear case, the dash-and-dot curve to the geometrically

nonlinear case, and the dashed curve to the physically nonlinear case. The solid curve represents the solution of the problemwith

both nonlinearities taken into account. Physical nonlinearity forms a soft-nonlinear characteristic, while geometrical

nonlinearity forms a hard-nonlinear characteristic. The effect of nonlinearities depends on the load, the geometry of the beam,

and the boundary conditions. It is clear that geometrical nonlinearity is dominating for thinner beams. The thicker the beam, the

stronger the effect of physical nonlinearity. The inelastic deformation of thick structural members can become the major

contribution to the response of the element.
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Analyzing Fig. 5.32, we can identify the ranges of loads in which the system exhibits linear behavior (M
0

< 0.12

MN�m) during steady-state vibrations, geometrical nonlinearity (0.12 < <M
0

0.24 MN�m) or loads under which the effect of

both nonlinearities is great (M
0

>0.24 MN�m) are predominant. For the beam of configuration A, the geometrical nonlinearity

dominates over the whole range of loads.

Figure 5.33 shows, as an example, the nonstationary response of the beam to a harmonic mechanical load. It shows the

history of the deflection for configuration B forM
0

�0.27 MN�m with both physical and geometrical nonlinearities taken into

account. It can be seen that after the first 50 cycles of vibration, when the amplitude of the load no longer changes, the deflection

amplitude slightly decreases due to the hardening of the aluminum layers adjacent to the piezoceramics. After the completion of

the transient, the cycle of vibration of the beam becomes symmetric about the horizontal line.

Figures 5.34a and 5.34b show the history of variation in the stress and inelastic strain, respectively, at the point x L� / 2,

z h� – /
2

2, which is the lower extreme point of the aluminum layer in the central cross section of the beam. Figure 5.34c shows

the evolution of the electric current in the lower piezoceramic layer operating as a sensor. A symmetric cycle of the response of

the stress forms at the stage of steady-state vibration. At the load increases, the material reaches the elastic limit. This time point

corresponds to the change in the slope of the envelope in Fig. 5.34a.

An analysis of Fig. 5.34b shows that if geometrical nonlinearity is present, the history of variation in the inelastic strain

is not symmetric about zero because of the deformation of the beam axis. If only physical nonlinearity is present, then the history

of the inelastic strain is symmetric. The beginning of inelastic deformation can easily be identified in Fig. 5.34b. In the sensor

mode, the electric current one piezoactive layer also is characterized byweak asymmetry of the cycle about zero. This behavior is

due to the fact that the occurring (due to the inverse piezoelectric effect) charge is determined by the strain of the active layer

which is not symmetric about zero because of geometrical nonlinearity. Figure 5.35 details the behavior of electromechanical

parameters within a stabilized cycle of vibration.

In Fig. 5.35a, the solid and dashed lines show the variation in the total strains at the points ( / , – / )L h2 2
2

and

( / , / )L h2 2
2

, respectively, with time, the dash-and-dot line shows the time dependence of the strain of the beam axis, and the

dotted line represents the time dependence of the current in the lower piezoactive layer. It can be seen that the asymmetry of the

deformation cycles is due to a geometrical nonlinearity (such as the deformation of the beam axis). Since the beam axis

undergoes tensile deformation, then within each half-cycle, it increases the deformation of the stretched layers and decreases the

deformation of the opposite compressed layers of the beam. The situation is similar for the current. It can be seen that the curves

deviate from the harmonic law. If the geometrical nonlinearity is neglected, all the curves will be symmetric, and the deformation

of the beam axis will be zero.

In Fig. 5.35b, the solid and dashed thin lines show the variation, during a period of vibration, in the deflection of the

beam and the phase of themechanical load, respectively. The solid and dashed heavy lines correspond to the inelastic strain at the

points ( / , – / )L h2 2
2

and ( / , / )L h2 2
2

, and the dotted and dash-and-dot lines to the stresses at the same points. The inelastic

deformation of the core layer causes a phase shift between the mechanical load and the deflection. This phase shift is small

because of the smallness of the relative volume of the material that deforms inelastically. Similarly to Fig. 5.35a, the time

dependences of the inelastic strain and stress are asymmetric about zero due to the geometrical nonlinearity. Allowing for the

physical nonlinearity only makes the curves symmetric.
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When vibrations are electrically excited by applying harmonic voltage to the electrodes of the piezoactive layers, the

mechanical variables show similar behavior. The calculated results are presented in Figs. 5.33–5.35. Figure 5.32 has a similar

form with the only difference that the abscissa axis indicates the voltage amplitudeV
0
.

Let us consider a hinged sandwich beam under harmonically varying mechanical moments acting at its ends. As before,

the moments are assumed to vary linearly with time so that the maximum value is reached in 50 cycles of vibration. After the

stabilization of the cycle of vibration, the following voltageV is applied at some time t
s
to the electrodes of the piezoactive

layers:

V V t V t� � � � 	 �
0 0
sin( ) sin( )� 4 � � � , (5.8)

where � is some additional phase shift.

Figure 5.36 presents the calculated results for a beam of configuration Awith allowance for physical nonlinearity only.

In Fig. 5.36a, the dashed line corresponds to stationary vibrations without suppression by a voltage at M
0
= 100 kN�m and a

frequency of 10 Hz, and the dotted line corresponds to the phase of mechanical loading. The solid curves correspond to the

suppression of vibrations forV
0

� 570 kV and � � 0. Curve 1 is the solution of the quasistatic problem, and curves 2–6 are the

solutions of the dynamic problem for t
s
�8, 8.001, 8.004, 8.0058, 00578 sec. Figure 5.36b details the solutions of the quasistatic

and dynamic problems, the heavy curve corresponding to line 1 (quasistatic solution), and the thin curve to line 6 (dynamic

solution) in Fig. 5.36a. It appears that vibrations cannot be completely suppressed at the frequency of the force. The residual

vibrations are characterized by two features.

First, they occur about the bent axis of the beam. This configuration is determined by the inelastic deformation of the

material and remains constant if the voltage is switched on at the stage of elastic deformation when unloading or reloading occurs

in the elastic range (solid and dashed curves in Fig. 5.39b). If the inertial effects are neglected, the amplitude of residual

vibrations will be negligible (heavy curve in Fig. 5.36b), and these vibrations can be suppressed by selecting the appropriate

phase �. The average component remains and can be eliminated by additionally applying a constant voltage.

Second, allowing for the dynamic effects qualitatively changes the behavior of residual vibrations. They also occur

about the bent beam axis, but their amplitude is much higher increases and their frequency is equal to the natural frequency of the

beam (fast components in Fig. 5.36) modulated by slowly varying residual vibrations at the frequency of the external load. In this

case, the problem becomes equivalent to the problem of the elastic vibrations of a bent beam with some initial deflection and

velocity. These quantities are determined by the deviation of points of the beam from the bent configuration and their velocity at

the time t
s
the voltage is switched on. From Fig. 5.36a, it can be seen that the greater this deviation, the higher the amplitude of

natural vibrations. On the other hand, the amplitude also depends on the velocity of particles of the beam at the time t
s
.

The change in the behavior of residual vibrations in the presence of both physical and geometrical nonlinearity is shown

in Fig. 5.37 for a beam of configuration B forM
0

�270 kN�m andV
0

�670 kV. Curve 1 in Fig. 5.37a corresponds to the solution

of the dynamic problem at t
s
�10.002 sec and � � 0. Curve 2 demonstrates the dynamic behavior of the beam at t

s
�10.002 sec

and � ��
Mw

, where �
Mw

is the phase shift between the mechanical load and the deflection caused by inelastic deformation.
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Curves 3 and 4 illustrate the quasistatic solution corresponding to line 1 with and without regard to geometrical nonlinearity,

respectively. Curves 5a and 6a show the behavior of inelastic deformation at the point ( / , – / )L h2 2
2

with and without regard to

geometrical nonlinearity, respectively, and curves 5b and 6b show the same at the point ( / , / )L h2 2
2

.

Figures 5.37b and 5.37c shows stabilized cycles of vibration after switching on of the voltage. Lines 1 and 2 correspond

to curves with the same numbers in Fig. 5.37a. Line 3 shows the history of the deflection for a law of suppression of vibrations

different from (5.8):

V A t V t� � �( ) sin( )
0

� 4 � � 	 �A t V t( ) sin( )
0

� � ,

A t

t t

t t f N t t t N f

t t N f

s

s C s s C

s C

( )

, ,

( ) / , ,

, ,

�

7

	 < < �

� �

�

�

�

�

0

1
�

where f is the frequency; N
C
is the number of cycles during which the amplitude of harmonic voltage increases to a preset level

V
0
.

Curve 3 corresponds to t
s
� 10 sec and N

C
� 20. Because of slow increase in the amplitude of the electric load, the

mechanical load is gradually balanced and the deflection amplitude slowly decreases. As a result, beam axis does not bend and

the residual vibrations occur about the line z � 0.

An analysis of Fig. 5.37 shows that geometrical nonlinearity manifests itself in two ways. First, the residual deflection

of the bent axis of the beam decreases (lines 3 and 4 in Fig. 5.37a). This effect is due to the change in the behavior of inelastic

deformation over the cross section, which, in turn, is due to the tension of the beam axis. Comparing curves 5 and 6 in Fig. 5.37a

indicates that the beam becomes stiffer.

Second, geometrical nonlinearity is cubic in deflection. This gives rise to odd harmonics in the frequency spectrum of

residual vibrations. Since the residual vibrations are elastic, then beating is observed in Fig. 5.37 as a result of superposition of

vibrations at the frequency of the external load, multiple frequencies, and the frequency of the first bending resonance.

For symmetric piezolayers of equal thickness with opposite thickness polarization, the mechanical and electric loads

appear equivalent in both deflection and stress–strain state. This fact can be used as a basis for developing a method of damping

mechanically excited vibrations by applying voltage to the electrodes of the piezolayers. The physical nonlinearity of the passive

layer and geometrical nonlinearity have a strong effect on the response of the sensor layer and the structure as a whole. Nonlinear

behavior and interaction of nonlinearities during both transient and stationary operation hamper complete suppression of forced

vibrations. Physical and geometrical nonlinearities are manifested as a phase shift between the load and the response of the

system, bending of the beam axis, residual vibrations at natural frequency in the first bending mode and vibrations at frequencies

multiple of the load frequency. The amplitude of residual vibrations can further be decreased through active/passive damping,

such as the use of additional diffusing coatings made of highly viscous materials or the organizations of electric chains with

feedback.
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The effect of geometrical nonlinearity on the effectiveness of active damping of the forced flexural vibrations of

viscoelastic beams with piezoelectric sensors and actuators was studied in [129]. It was shown that it is sufficient to solve the

linear problem to calculate the control ratio needed to find the actuator voltage balancing the mechanical load.

6. Damping of Nonstationary Vibrations. In what follows, we will address problems of the damping of nonstationary

vibrations of rectangular plates with actuators. To model vibrations, the Kirchhoff–Love and Timoshenko hypotheses are used.

Two methods are used to damp nonstationary vibrations. One method is to apply a voltage to the actuator to balance the most

energy-intensivemodes of themechanical load. The other method is to apply a voltage determined by the optimal-control second

method to the actuator. The effectiveness of bothmethods was compared. The influence of geometrical nonlinearity on the active

damping of nonstationary vibrations of a flexible viscoelastic plate was studied as well.

It is necessary to study the active damping of nonstationary vibrations when answering the question of how quickly the

vibrations become stationary under periodic mechanical and electric loads.

6.1. Active Damping of Nonstationary Vibrations of a Rectangular Plate with Piezoactuators. For effective damping

of the nonstationary vibrations of plates with piezoelectric actuators, the classical approach was used above: the mechanical load

is balanced by applying to the actuators a voltage that balances themost energy-intensivemodes. To improve the effectiveness of

the damping of nonstationary vibrations optimal-control methods [20] were used in [110].

Let us consider, as an example, a hinged rectangular elastic plate undergoing nonstationary vibrations under external

normal pressure p x y t( , , ). The face z h� 8 / 2of the plate is covered withN oppositely polarized piezoelectric actuators to which

voltages that cause bending vibrations are applied. Let us calculate the voltage that should be applied to the actuators to balance

the mechanical load and, thus, to reduce the amplitude of vibrations. The problem is reduced to solving the standard equation of

nonstationary transverse vibrations of a plate on which a load acts:

p x y
M

x

M

y

( , )�

�

�

�

�

�

2

0

2

2

0

2
,

whereM M h h V
i

i

N

i

i a

i

i

N

0 0

1

31

1

� � �

� �

, , 5 ( ) , whereN is the number of actuators; 5
31

i
is the piezoelectric constant of the ith actuator;

h
i
is the thickness of the ith actuator;V

a

i
is the voltage applied to the ith actuator. If the plate is hinged, the transverse deflectionw,

mechanical load p x y t( , , ), and electric loadM
0
can be expanded into series of trigonometric functions. Doing so gives a system

of ordinary differential equations with respect to time [110]:

�� ( , , )W W
h
p

D h
M m n

mn mn mn mn mn mn

i

i

N

� � 	 � �

�
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�
2

1

1 1
1 , (6.1)

where � 
 4 4
mn

D h m a n b� �/ ( / / )
2 2 2 2 2 2

.
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Denoting L
D h

h h F dxdy K
mn

i

mn
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i mn mnS
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� 5 ( ) / , we represent relations (6.1) in the form
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We keep Q harmonics in m m m m
Q

� ���
1 2
, , , and S harmonics in n n n n

S
�

1 2
, , ,� . Denote: x W

k m n
q s

2 1	
� ,

x W
k m n

q s
2

�
� , k QS�1, , q Q�1, , s S�1, . Then (6.2) yields a system of linear differential equations of order 2QS

�x Ax BV F
a

� � � , whereA andB are 2 2QS QS+ - and 2QS N+ -matrices, respectively;F is a column vector of length 2QS [110].

Let us formulate the problem of optimizing the voltageV
a

i
applied to the actuators to damp the vibrations of the plate

induced by the external load and the initial conditions. The behavior of the deflection at an arbitrary point of the plate is

determined by the behavior ofW
mn

. Hence, to damp the oscillatory process at minimum energy input, it is necessary to minimize

the quadratic functional

J q x rV dt
i i i a

i

i

N

i

QS

� �

�
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,,�
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11

2
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2

,

where q
i
and r

i
are weight coefficients used to prioritize the minimization of a phase coordinate or control. Let us express the

functional J in matrix form: J dt
T

a

T

a
� �

�

�
( )x Qx V RV

0

;Q and R are square diagonal matrices with values of q
i
and r

i
on the

main diagonals, respectively. These formulas allow us to design an optimal controller for a linear stationary system of

differential equations based on a quadratic cost function:

J dt
T

a

T

a
� � B

�

�
( ) minx Qx V RV

0

,

� , ( )x Ax BV F x x� � � �
a

0
0
. (6.3)

According to [20], applying the dynamic-programming method, the optimal control for problem (6.3) can be found by

the formula V R B Kx
a

T
� 	

	1
, where the matrix K follows from the algebraic matrix Riccati equation [20]:
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Let us consider, as an example, a hinged square metal plate of length a b� �20 cm, thickness h �1mm,
 �7850 kg/m
3
,

D �18.315. On the plate face, there is a square piezoelectric actuator with side length equal to that of the plate, thickness h �10

mm, and coefficient 5
31

� –18.2857 (material TsTSIBS-2). The centers of the actuator and plate coincide, and their sides are

parallel. The plate is subject to a constant load p �100 N/m
2
distributed over the plate surface. The plate is undeformed at time

zero. To solve the problem, we will consider harmonics m n, , ,�1 3 5. The matrix Riccati equation is solved numerically, using

the care.mMatlab routine. Figure 6.1 shows the variation in the deflection at the center of the plate without control (curve 4), for

q i r
i
� � �50 1 18 1, , , (curve 2), and for q i r

i
� � �350 1 18 1, , , (curve 3). Figure 6.2 shows the behavior of the optimal controlV

a

for q i r
i
� � �50 1 18 1, , , (curve 2) and for q

i
� 350, i r� �1 18 1, , (curve 3). As is seen, using only one actuator, we can quite

quickly reduce the amplitude of vibrations.

Curves 1 in Figs. 6.1 and 6.2 show the variation inW and the voltage found not by optimizing the functional, but by

equating to zero the right-hand side of Eq. (6.2) for the lowest harmonic m n� �1when using only one actuator with zero initial

conditions. It can be seen that using the classical approach substantially decreases the deflection, but increases by an order of

magnitude the voltage required to damp the vibrations. Moreover, the basic shortcoming of this approach is that it is not

applicable for nonzero initial conditions because the external force is balanced and the natural vibrations of the plate are

neglected.

Noteworthy is the study [135] of the active damping of a rectangular plate under impulsive loading.

6.2. Damping of the Nonstationary Vibrations of a Rectangular Plate with Piezoactuators Taking into Account

Shear Strains. The optimal damping of the nonstationary vibrations of a hinged rectangular elastic plate of thickness h under

external normal pressure p x y t( , , )using the piezoelectric actuators on the plate surfaces z h� 8 / 2was studied in [111]. Votages

that cause flexural vibrations of the plate are applied to the actuators. It is necessary to define a law of variation in the actuator

voltage for the maximum possible decrease in the amplitude of vibrations at the minimum energy input.

The problem statement is presented in [111]. If the plate is hinged at the edges, the solution of the problem can be

expanded into series of trigonometric functions: As a result, the problem is reduced to an infinite system of ordinary linear

differential equations with respect to time:

��
~

, , ,W W p L V m n
mn mn mn mn mn

i

a

i

i

N

� � � � �

�

,�
2

1

1 .

Its coefficients can be found in [111].

The problem is solved by the method outlined in the previous section. Let us consider, as an example, a metal plate with

side lengths a b� �20 cm, thickness h �10 mm, and density
 �7850 kg/m
3
. The plate is made of an isotropic material with the
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following mechanical characteristics: E � �2 10
11

N/m
2
, ; � 0.3. The plate is covered with a square transversely isotropic

piezoelectric actuator made of TsTSIBS-2 material and having side length equal to the side length of the plate of thickness h �10

mm. The centers of the actuator and plate coincide, and their sides are parallel. The plate is subject to a load uniformly distributed

over its surface and varying with time as p t� 7000 099
11

cos ( . )� N/m
2
(i.e., at a frequency close to the resonant frequency of the

lowest harmonic, m n� �1). The plate is undeformed at time zero. Three harmonics are considered: m n, , ,�1 3 5.

Figure 6.3 shows the time dependence of the deflection at the center of the plate in the absence of controls (no

actuators). It can be seen that beating with amplitude C �
	

13 10
4

. m occurs. The variation in the deflectionW of the center of the

plate during active damping with the optimal actuator is shown in Fig. 6.4a for q i r
i
� � �350 1 18 1, , , and in Fig. 6.5a for

q
i
� 750, i r� �1 18 1, , . Figures 6.4b and Fig. 6.5b shows similar curves of the optimal controlV

a
(actuator voltage). As is seen,

with an actuator, steady-state (stationary) vibrations with amplitudes much lower than those of forced vibrations can be reached

quite quickly.

The curves in Figs. 6.6a and 6.6b show the variation inW and the voltage found not by optimizing the functional, but by

equating to zero the right-hand side of Eq. (5.41) for the lowest harmonicm n� �1when using only one actuator with zero initial

conditions. It can be seen that the classical approach substantially decreases the deflection by several orders of magnitude, but

increases by a factor of 1.5 to 2 the voltage required to damp the vibrations. However, the basic shortcoming of this approach is

that it is not applicable for nonzero initial conditions because the external force is balanced and the natural vibrations of the plate

are neglected.
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6.3. Active Damping of the Nonstationary Resonant Vibrations of a Flexible Rectangular Plate with Sensors and

Actuators [112]. Consider a flexible rectangular thin plate made of a passive (no piezoelectric effect) viscoelastic material. Its

edges are hinged. Normal pressure q x y t( , , ) acts on the plate. The plate is covered with piezoelectric layers with opposite

thickness polarization playing the role of sensors and actuators. Let the plate have linear dimensions a and b, thickness h, and

density
. The thickness of the piezoactive layers is denoted by h
s
. To model the electromechanical behavior of such a sandwich,

we will use the Kirchhoff–Love hypotheses supplemented with the assumption of smallness of the tangential components of

electric-field strength and electric-flux density. To describe the geometrical nonlinearity, we will use the variation of the theory

of flexible plates [112] that retains the squared angles of rotation in the kinematic equations. The tangential inertial forces in the

equations of motion are neglected. Themechanical behavior of the passivematerial is described by integral-type linear equations

of state of the theory of viscoelasticity. Introducing a force function identically satisfying the equilibrium equations for forces

and using the nonlinear compatibility equation for strains, we obtain a system of nonlinear integro-differential equations for the

force functionDand the deflectionW, which is known from the theory of flexible plates [112]. In this system, the transverse load

q is expressed as q M	.
0
, where M h h V

s a0 31
05� �. ( )5 is the bending moment induced by the actuators,V

a
is the voltage

applied to the actuator, and 5
31

is its piezoelectric constant.

The vibrations of the plate are damped by applying to the actuator a voltage proportional to the rate of variation in the

sensor voltage: V GV
a s

� 	
� , where G is a constant feedback factor. The voltage of the sensor of area S is defined by

V
h h h

S

k

d k

Wdxdy
s

s s p

p

S
� 	

�

	

E
��

( )

( )2 1

2

31

2

2
, and the coefficient k

p

2
is determined from the expression k d s

p

2

31

2

33 11
2 1� 	/ (

~
); � ,

~
| / |; � s s
12 11

.

If the plate is hinged at the edges, the solution of the problem can be expanded into Fourier series of trigonometric

functions satisfying the boundary conditions. An exponential kernel function is used to describe the mechanical behavior of the

passive material. To study resonant vibrations in mode mn, we obtain an integro-differential equation of the second order:

�� � ( )
( )

W GbW a W d W a e W d d
mn mn mn mn
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mn
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( ) ( )
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0

1
, (6.4)

where b a a d d Q, , , , ,
1 2 1 2 1

are constant coefficients.

We will use the method outlined in [2] to solve Eq. (6.4). Let we have the integro-differential equation

��( ) , ( ), � ( ), ( , , ( ), � ( ))u t F t u t u t t u u d
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(6.5)
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with the initial conditions

u t u( )
0 0

� , � ( ) �u t u
0 0

� . (6.6)

Twice integrating Eq. (6.5) and taking conditions (6.6) into account, we obtain

u t t F t u t u t t u s u s ds

t

s

( ) ( ) , ( ), � ( ), ( , , ( ), � ( ))� 	

�
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�
? 2 ?
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#
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�
d

t

t

?

0

. (6.7)

The factor ( )t 	? in (6.7) indicates that the subintegral function is equal to 0 at the time t. This fact makes it possible to

set up an explicit algorithm for numerical solution of problem (6.5), (6.6) based on quadrature formulas [3]. Let us consider, as an

example, a hinged square metal plate with side lengths a b� � 20 cm, thickness h � 0.5 mm, and density 
 � 7850 kg/m
3
. The

material of the plate is isotropic (E � �2 10
11

N/m
2
, ; � 0.3).

The plate is covered with a square transversely isotropic piezoelectric actuator made of TsTSIBS-2 material and having

side length equal to the side length of the plate.
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The centers of the actuator and plate coincide, and their sides are parallel. The plate is subject to a load uniformly

distributed over its surface and varying with time as p t�100
11

sin � N/m
2
(i.e., at a frequency close to the resonant frequency of

the lowest harmonic, m n� �1). The plate is undeformed at time zero.

Figures 6.7a–6.10a show the variation in the central deflection of the plate divided by its thickness for the following

values ofG
2
(3.11): 0.005, 0.01, 0.025, 0.04, and Figs. 6.7b–6.10b show the variation in the voltageV

a
applied to the actuator.

The heavy lines represent the solution of the geometrically nonlinear problem, i.e., the solution of Eq. (5.49). The thin curves

correspond to the geometrically linear case.

It can be seen that with increase inG
2
, the effect of geometrical nonlinearity on the amplitude of vibrations and the

voltage applied to the actuator becomes weaker.

7. Thermal Failure of the System of Active Control of the Forced Vibrations of Thin-Walled Elements. As

indicated in the introduction, thermal failure occurs when the SHT reaches the degradation point of the passive or activematerial.

Two problems should be solved: (i) determine the critical load q
K
under which the element loses its function and (ii) determine

the critical time t
K
under a load exceeding the critical ( )q q

K
> . In the former case, it is sufficient to solve the stationary coupled

problem of thermoelectroviscoelasticity, and in the latter case, it is necessary to solve the nonstationary coupled problem for the

viscoelastic element under a postcritical load and to determine the critical time t
K

in which the SHT reaches the degradation

point �
K

of the material. Solving the second problem for different postcritical loads, it is possible to plot a fatigue-like curve
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(postcritical load versus critical time). This curve asymptotically tends to the critical load from above. The thermal failure of

thin-walled structural members made of passive inelastic materials is detailed [9, 39, 66, 96, 145].

First results on thermal failure of piezoelectric thin-walled elements are reported in [103, 113] and briefly reviewed in

[96, 97, 100, 101]. In [32, 34, 44, 45, 47, 49, 50, 98, 103, 107, 116, 117, 119–127, 131], the critical loads were determined from

the analytic solutions to coupled problems of the vibrations of inelastic rectangular and circular plates and cylindrical and

spherical shells, taking into account physical nonlinearity of the first type. The analytic formulas for the SHT were used to

determine the critical load by equating the maximum temperature to the degradation point �
K
of the material. Similar solutions

for circular and rectangular plates made of physically nonlinear materials of the second type are given in [34, 41, 42].

The thermal failure of a beam with physical nonlinearity of the second type undergoing transverse vibrations was

studied in [92–94], where aspects of determining the critical load and critical time were also discussed. If the material properties

are independent of temperature, the critical time for hinged plates and cylindrical shells under a postcritical load is determined by

the Bubnov–Galerkin method, by solving a differential equation of the first order for the maximum temperature �
0
[34]:

�

� �
0 1 2 0

� 	c c , (7.1)

where c
1
and c

2
are constants depending on the dimensions of the element, the mechanical and thermophysical properties of the

material [34].

Integrating (7.1), we obtain the following expression for the critical time t
K
:

t
c

c

c

c c
K

K

� �

	

2

1

2

2 1
�

. (7.2)

If the mechanical properties of inelastic materials depend in an arbitrary manner on temperature, then we obtain more

complex expressions for the amplitude- and temperature-frequency characteristics. To determine the critical load from

transcendental equations, it is necessary to use numerical methods. To determine the critical time, we obtain the following

expression instead of (7.2):

d
t
K

K
�

�

�

D( )

�
�

0

, (7.3)

whereD( )� is a function determined by fitting experimental data on the temperature dependence ofmechanical characteristics.

To calculate the critical load for inelastic thin-walled elements subject to forced vibrations and self-heating, it is

possible to use numerical methods for solving the stationary and nonstationary coupled problems of

thermoelectroviscoelasticity. These methods reduce the original nonlinear problem to a sequence of linear problems of

mechanics and linear heat-conduction problems with a known heat source. This approach allows solving problems with arbitrary

dependence of mechanical characteristics on temperature and strain amplitude and nonlinear problems of vibrations of flexible

thin-walled elements. In this case, however, the critical load is found by enumeration. Calculation starts with some load under

which the maximum self-heating temperature is lower than the degradation point of the material. Then the mechanical load is

incremented a little, and the nonlinear problem is solved for this new load. This process is continued until the maximum
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temperature reaches the degradation point of the material. This corresponding load is critical. To determine the postcritical time,

the nonstationary coupled problems of thermoelectroviscoelasticity are solved in a similar way.

Figure 7.1 shows typical curves (1–4) of the SHT � of a thin-walled element on the amplitude of mechanical load
~
q at

some frequency for temperature-independent characteristics of the passive material with different heat-transfer coefficients:
s
�

2, 5, 10, 15 W/(m
2
�°C), respectively [48]. The asterisk on the ordinate axis indicates the degradation point �

cr
� 100 °C. This

temperature corresponds to the critical load amplitude
~
q
cr

on the abscissa axis. The typical dependence of
~
q
cr

on the

heat-transfer coefficient :
s
is shown in Fig. 7.2 [48]. It can be seen that the critical load

~
q
cr

is zero if the system is perfectly

thermally insulated ( ):
s
B 0 and gradually increases tending to a constant level with increase in the heat-transfer coefficient.

Figure 7.3 shows typical dependence of the maximum SHT on dimensionless time for subcritical (curves 1 and 2) and

postcritical (curve 3) loads [44]. The degradation point is indicated by x’s. Figure 7.4 shows typical fatigue-type curves for

different heat-transfer coefficients [44]. The degradation point is indicated by x’s. As is seen, the critical load increases with the

heat-transfer coefficient, which is consistent with Fig. 7.2.

8. Active Damping of the Resonant Vibrations of Plates and Shells under an UnknownMechanical Load.A new

approach to the active damping of the resonant flexural vibrations of orthotropic viscoelastic plates with sensors and actuators

under an unknown mechanical load was proposed in [43]. The essence of the method is as follows. The sensor’s charge or

voltage is used to determine the amplitude and phase of the external load. After that, the former method can be used: the voltage

calculated from the already known load is applied to the actuator.

Let us consider, as an example, a rectangular plate under pressure harmonically varying with a frequency close to the

resonant frequency of the plate. The plate is hinged at the edges. To model vibrations, the Kirchhoff–Love hypotheses are used

(see Sec. 3.2). Let the vibrations be flexural. The passive layers may be made of metallic, polymeric, or composite materials. Let

they be orthotropic, and the piezoactive layers transversely isotropic and polarized throughout the thickness of the plate. If there

are no electrodes between layers, then they are in perfect mechanical and electric contact. The dissipative properties of the

passive and piezoactive layers are described using the concept of complex characteristics. Let the plate have three layers: the core

layer of thickness h
0
is passive (no piezoelectric effect), and the two face layers of thickness h

1
each are piezoelectric and

oppositely polarized. For an orthotropic plate, the problem is reduced to the following equation [43]:
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where all the stiffness characteristics are complex.

For a hinged plate, the solution of Eq. (8.1) has the form

w
p k p M

D k D D k p D p
mn

mn m n mn

m m n n
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	 �
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( )

[ ( )
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11
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]
�
mn

. (8.2)

Formula (8.2) indicates that the voltage to be applied to the actuator to balance the external mechanical load can be

found from the expression
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V p k p h h
mn mn m n

� � �/ ( ) ( )
2 2

31

1

0 1
5 . (8.3)

In this case, the amplitude of vibrations in the mode being considered will be equal to zero.

If the mechanical pressure is uniform (p
0

�const), then, according to formula (8.3), the following voltage should be

applied to damp the first mode:

V p k p h h
11 11 1
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1

2

31

1

0 1
� � �/ ( ) ( )5 , p p k p

11 0 1 1
4� / , V V k p

11 0 1 1
4� / . (8.4)

The approach based on formulas (8.3) and (8.4) has the following shortcomings: (i) free vibrations are not damped; (ii)

the external mechanical load has to be known. The former disadvantage is compensated by the dissipative properties of the

materials. To eliminate the latter shortcoming, we use the indications of the sensor covering an area S
1
. When the electrodes are

short-circuited, the charge is determined from the expression

Q h h dxdy

S

� 	 � �
��

5 � �
31 0 1 1 2

1

( ) ( )

( )

. (8.5)

When the electrodes are open-circuited, the voltage is determined from

V h Q S
S

�
1 1 33

/ 5 . (8.6)

Let us discuss the damping of the principal mode, for which we derive the following expressions for the sensor voltage

and charge from (8.5) and (8.6):

Q h h k p p k w
11 31 0 1 1 1 1 1 11
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The problem of the resonant mechanical vibrations of a hinged plate in the first mode has the following solution:
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Substituting (8.9) into (8.7) or (8.8), we obtain the following relation between the sensor voltage or sensor charge and

the load:

p
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Substituting the load found from (8.10) into formula (8.4), we obtain expressions for the voltage that would balance this

load:
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Thus, the third method applies the voltage determined from the sensor voltage by formulas (8.11) to the actuator. With

such an approach, we need to know only the electromechanical properties and dimensions of the plate. To solve the problem

numerically, we proceed as follows. First, we solve a reference problem for the plate undergoing resonant vibrations under a unit

load ( p
11

� 1 Pa). Next, we use formulas (8.5) and (8.6) to determine the sensor voltageV
S

( )1
or chargeQ

S

( )1
. If the load p

11
is

unknown, then

V p V
s S
�

11

1( )
, (8.12)

whereV
S
is the sensor voltage under unknown load, andV

S

( )1
is the sensor voltage under a unit load.

The unknown load is determined from (8.12):

p V V
s S11

1
� /

( )
. (8.13)

To calculate the voltage that should be applied to the actuator to balance the unknown load, we find the voltageV
A

( )1
that

balances the unit load p
0

� 1 Pa. To balance the load p
11
, it is necessary to apply the voltage

V p V
A A

�
11

1( )
. (8.14)

Substituting (8.13) into (8.14), we obtain the final formula

V V V V
A A S S

� 	| | | |
( ) ( )1 1

,

whereV
A

( )1
andV

S

( )1
are determined by solving reference problems, andV

s
is the sensor voltage.

If the electrodes are short-circuited, all the above considerations remain. It is necessary to replaceV
S

( )1
andV

S
in the

above formulas byQ
S

( )1
andQ

S
, respectively.

To solve the last problem numerically, we should: (i) to determine the deflection w
P
at the center of the plate for P

0
�1

Pa,V
A

� 0; (ii) to determine the deflection w
E
at the center of the plate for P

0
0� ,V

A
� 1 V. ThenV

A

( )1
can be found by the

formulaV w w
A P E

( )
/

1
� . Examples of using this method are given in [45, 130, 132, 137].

Conclusions. The results of the following studies have been reviewed: modeling of the resonant vibrations and

self-heating of inelastic thin-walled elements with piezoelectric sensors and actuators; development of combined

numerical/analytical methods for solving the corresponding nonlinear coupled boundary-value problems; analysis of the effect

of various factors on the performance of sensors and actuators and the effectiveness of active damping of the vibrations of

inelastic thin-walled elements by analyzing the solutions of specific problems.

The concept of complex characteristics has been used to model the thermoelectromechanical behavior of passive and

piezoactive materials. Two types of physical nonlinearity have been considered: one type is due to the temperature dependence

of the real and imaginary components of the complex characteristics and the dependence of the dissipation function on

temperature and strains and the second type is due to the dependence of these components and the dissipation function on strains.

The geometrical nonlinearity due to the nonlinear dependence of strains on displacements has been considered as well.

The vibrations and self-heating of thin-walled structural members have been described using either classical

Kirchhoff–Love hypotheses or refined hypotheses supplemented with hypotheses on electric and thermal fields.

Nonlinear boundary-value problems have been solved numerically using these hypotheses and iterative methods. The

original nonlinear problems have been reduced to a sequence of linear problems of mechanics and linear heat-conduction

problems with a known heat source. These linear problems have been solved using the discrete-orthogonalization method (to

solve one-dimensional problems) and the finite-element method (to solve two-dimensional problems). Analytical solutions have

been obtained using the Bubnov–Galerkin method. Optimal-control methods have been used to study the damping of

nonstationary vibrations.
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The influence of the geometrical parameters and arrangement of sensors and actuators, mechanical boundary

conditions, transverse-shear strains, physical nonlinearities of the first and second types, geometrical nonlinearity on the

performance of sensors and actuators and the effectiveness of the active damping of resonant vibrations of thin-walled elements

has been studied by analyzing numerical results. For example, when the plate is hinged, the operation of piezoinclusions during

vibrations at the first resonance will be the most effective if the plate or shell is fully covered by sensors and actuators. If the plate

is clamped, there are optimal dimensions of piezoinclusions that provide their most effective operation. If the plate is fully

covered, then it is impossible to control vibrations. These types of physical nonlinearity have a strong effect on such fundamental

dynamic characteristics as amplitude– and temperature–frequency characteristics and frequency-dependence of the damping

factor.

Under certain conditions, the self-heating temperature reaches the degradation point of the material, causing the control

system of the resonant vibrations of thin-walled elements to lose its functionality. For an active material, such a point is the Curie

point at which a piezomaterial loses the piezoelectric effect and becomes passive. For a passive material, the degradation point is

the temperature at which its mechanical characteristics, such as the melting point, change abruptly.

Methods for determining the critical electric or mechanical loads at which the temperature reaches the degradation point

and methods for determining the critical time under postcritical loading have been described.

Methods for damping the vibrations of thin-walled structural members based on the sensor voltage/charge the when

mechanical load is unknown have been proposed.
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