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NONSTATIONARY DEFORMATION OF LONGITUDINALLY AND TRANSVERSELY
REINFORCED CYLINDRICAL SHELLS ON AN ELASTIC FOUNDATION

P. Z. Lugovoi and Yu. A. Meish

The problem of the forced vibrations of a discretely reinforced cylindrical shell on an elastic foundation
under distributed impulsive loading is stated. The dynamic behavior of the inhomogeneous cylindrical
shell is analyzed using the Timoshenko-type theory of shells. The problem is solved with the
finite-difference method. Numerical results are analyzed
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Introduction. The interaction of elastic structures with the environment is studied using two basic approaches to the
formulation and solution of associated problems [1, 5]: (i) use of the three-dimensional equations of continuum mechanics and
(i1) use of some integral kinematic and mechanical parameters to describe the effect on an elastic structure (Winkler, Pasternak,
etc. foundations) [1, 3]. The use of the former approach involves some algorithmic and computational difficulties [1-3, 5]. The
latter approach is to model the effect of the environment by an elastic foundation, which simplifies the formulation and solution
of original problems. The dynamic behavior of a reinforced shell on an elastic foundation can be studied by solving two
problems: (a) influence of the elastic foundation on plates and shells without reinforcement [4, 6, 10-12, 15-18, 21, 22] and (b)
influence of reinforcement on the inhomogeneous structure [3, 7-9, 14, 17]. The influence of both elastic medium and
reinforcement on the stress—strain state of inhomogeneous structures is addressed in 2, 3, 13, 16, 19, 20].

Here we will solve the problem of the forced vibrations of a discretely reinforced cylindrical shell on a Pasternak elastic
two-parameter foundation under a distributed impulsive load. The dynamic behavior of the reinforced inhomogeneous shell will
be analyzed using a geometrically linear theory of shells and rods and the Timoshenko hypotheses. The problem posed will be
solved with the finite-difference method [3]. Numerical results will be obtained depending on the geometrical and mechanical
parameters of the structure and the elastic foundation.

1. Problem Formulation. Consider an inhomogeneous elastic structure with discrete inclusions that is a shell
reinforced with stringers and rings. Let us determine the stress—strain state of the shell and ribs using a geometrically linear
theory of shells and rods and the Timoshenko hypotheses [3]. The strain state of the mid-surface of the shell is determined from

the components of the generalized displacement vectorU = (g, uy Uz, 0p,0, )T . The strain state at the center of gravity of the
cross section of a rib aligned with the x-axis is determined by the generalized displacement vector

171. = (U sty Uz 0Py ), and the rib aligned with the y-axis by the vector 17]. =(u1j,u2j,u3j,(plj,(p2j )T, We also
assume that the discrete ribs are perfectly bonded to the shell.

We will use a general coordinate system to describe the mid-surface of the shell with thickness 4, the coordinate =z
increasing along the outward normal to the initial surface.

The interface conditions relate the components of the displacement vector of the cross-sectional center of gravity of the

ith rib aligned with the x-axis and the components of the generalized displacement vector of the mid-surface [3]:
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where £ ; is the distance from the initial mid-surface to the line of the cross-sectional center of gravity of the ith rib.
The interface conditions between the jth rib aligned with the y-axis and the shell are similar.
To derive the equations of the vibrations of the discretely reinforced structure, we will use the Hamilton—Ostrogradskii

variational principle:
)
j[&(H—T)—SA]dt =0, (1.2)

4

where ITis the potential energy of the system, including the elastic foundation; 7'is the kinetic energy of the system; 4 is the work
done by external forces.
The potential energy is expressed as

I J
M=, + Y I, +ZHJ. + s
i=1 j=1

where I, IT;, and I ; are the potential energies of the shell, ith rib, and jth rib, respectively; I - is the potential energy of the
elastic foundation (Pasternak’s model).
The expressions for dI1 and 6T are the following:
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where S, S S ; are, respectively, the domains of integration over the mid-surface of the shell and the cross-sections of the ith
and jth ribs; p, p;,p ; are the densities of the materials of the shell and the ribs; C, is the modulus of subgrade reaction
characterizing the resistance of the elastic foundation to tension/compression along the z-axis; C, is the modulus of subgrade
reaction characterizing the resistance of the elastic foundation to transverse shear.

To derive the equations of the vibrations of the reinforced cylindrical shell on an elastic foundation, we will use the

interface conditions (1.1) and the integral shell-rib interface conditions, according to [3].

Performing standard transformations of functional (1.2) and taking into account the integral stresses of the shell and

ribs, we obtain three groups of equations:
the equations of the vibrations of the cylindrical shell

oT, o2 oT,, T o2
1 +6—S+P1 = ul, B, In +A+P2 =ph uz,
ox oy ot ox oy R ot?
o%uy, 0%uy | 0T, 0T,, T o%u
3 3 13 23 ‘2 3
C, 5 5|t + ——=—Cyuy + Py =ph 3o
Ox oy ox oy R t
oM, oH n30%¢,  OH M, nd oo,
o, T2 2 D (1.4)
Ox oy 12 52 Ox oy 12 a2

the equations of the vibrations of the ith rib along the line of its cross-sectional center of gravity
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Uiy [S]=p,F,| —L +h, iy
ox ot ot?
o, o2 %o oT, - o%u
12i 2 2 13 _ 3
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oM, ;. . o%u 1,. ) 02%¢
11i 11 _ _ 1 2 Li 1
Ox ihci x Tl3i+[H] p Fll:_hCl o2 (hu Fi] o2 >
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the equations of the vibrations of the jth rib along the line of its cross-sectional center of gravity
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where the quantities in square brackets represent the forces/moments acting on the ith (or jth) rib aligned with the OX-axis (or the
f Q) —Ht - Pt -
OY-axis): [®@], =@ -, [@], =7 —D.
The forces/moments and the strains of the shell in (1.4) are related by
Ty =By (e tVvare0 )k Ty =By (eg +Vipey )
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k? is the integral shear coefficient in the Timoshenko-type theory of plates and shells.
The strains and the components of the generalized displacement vector are related by
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The forces/moments and the strains of the ith rib aligned with the OX-axis are related by
— — _ 2
Ty =EiFey T =GiFe, Ty =GFk 83,
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The forces/moments and the strains of the jth rib aligned with the OY-axis are related by
- — _ 2
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The vibration equations (1.4)—(1.12) are supplemented with appropriate boundary and initial conditions.
If one of the ends (x =0or x =) is clamped, we have
u =uy =uy =0, @ =9, =0 (1.13)

2. Numerical Algorithm. Consider a domain D defined by D ={0<x <L, 0< y<2xn, 0<¢ <T}. The domains D is
covered by a difference meshQ =Q , Ay Q) _, where

QAxAy:{(xk,yl.):(kAx,lAy), Ax=L/K, Ay=2nR/M, k=0,K, [=0,M},
Q. ={t,=nt, t=T/N, n=0,N}.

Along with the main mesh, we will use auxiliary difference meshes at discrete points (x,, ¥ ) (X, ¥, )k
(pr10 Vywy b Wherexy o = (K21 2)A% v, 5 =121/ 2)Ap.

The difference mesh is such that the points of discontinuity coincide with the integer nodes. Using the auxiliary
difference meshes and the integro-interpolation method, we set up the difference equations in the domain
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After standard transformations in (2.1), we obtain difference equations that approximate the original equations (1.4) in
the smooth domain:
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where difference derivatives are denoted as in [3].

Thus, in the difference equations, the components of the generalized displacement vector are referred to the integer
nodes of the difference mesh, while the forces/moments to the difference mesh with fractional indices (x,,,,,»;) or
(xk Vit1)» To match the forces/moments in (2.2), we integrate Egs. (1.7) over the domains

Qy =y SYSxL, Yy SYSYptandQy =y n SXS<x . p, Y Sy<ytfore, ) <t <t
In the domain € ,, we have

[ [ 1r1dQ de =] [[ 1By, (51, +Vyy80 )1dQ,dt, ”j 1dQdi = [[ 1By, 14, dt,

n+1/2°

rQ, tQ, tQ,

[ [ 1T51d0,d = [[ (T31dQ,dt, [ [[ [T;31dQ,de =] [[ [B)38,51dQ,dt,

tQ, tQ, tQ, tQ,
[ ] tMy1dQqde = [[ 1Dy, (<)) +vq 50 0dQdt, [ [[ [H1dQ,dt =] [[ [Dyyx,,1dQ,d1. (2.3)
t QZ t Qz t QZ t Q2

In the domain Q 3, We have

[ [[ 181dQydi=[ [[ [By8,201dQ5dt, [ [[ [Ty1dQ5dt =] [[ [Byy (65 +Vy28,,)1dQ5 s,

1 Qg tQy
[ [ (Ty31dQde =] ([ (Ty51dQ5ar, [ ([ (H1dQyde =] [[ [D)yx,,1dQ 5,
tQy rQy rQy t Qg
[ [ My 1dQ5de =] [[ 1Dy (5 +vyp5,, )1dQ . (2.4)
tQ, tQ,

After standard transformations in (2.3) and (2.4), we obtain the following difference equations that relate the
forces/moments and the strains:

Bks12 :Bll(g?lkil/z,l+V218§2ki1/2,l)’ Skx1/2. =B8] 261200 Di3ke1/20 _T1§k+1/21>
Tisksrng =B13e0ske120 Miesag =P8 pe12 TV 0us120 % Hisrog =P1s¥ ks 12,0 (2.5)
Topasra =B g s PVieluacin > Dokisn =Tosksas Dakarie =Biaeisessn

Moy =P (0 oo TV sz b Hy o =PiaKiag s (2.6)

where the quantities with indices (k+1/2,/) and (k,/+1/2) are obtained by integrating Eqgs. (1.7) over the domains
Wi SYSX Yy SYS Y tand Wy SXSxg sy Sy Sypdfort, gy KUt .
To match the strains in (2.5) and (2.6), we integrate Egs. (1.8) over the domains Q, and Q,, respectively, for

Ly1p SE<E, . qn-In the domain Q2 ,, we have
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The relations for the domain Q 5 are similar.

After standard transformations in (2.7), we obtain the following difference equations relating the strains and the
components of the generalized displacement vector:

n n n n
Wkr1,0 ~ Uik, n Wi ~Wg-1,1
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Since the lines of discontinuities pass through the integer points of the difference mesh, the difference algorithm for the
ith rib is constructed as follows: like the difference mesh for the smooth domain, we introduce difference meshes in the domains
Q=80 SXSx 0 b Qg =8 Sx<x;1,Q5, ={x; <x<x;, }forz, <t <t

-1/2 = n+1/2°
Integrating the vibration equations (1 .5) over the domainQ,; forz, ,, <t<t,  ,,,we obtain
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Standard transformations in (2.9) yield the following difference equations for Egs. (1.5):
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l
To match the difference forces/moments, we integrate Eqs. (1.9) over, respectively, the domains Q,; and Q5 for
L1 STSTypyy-
j I[Tlli]dQZidtzj f[EiFislli]dQZidt, jj[TlZi]szidt:j I[GiFislzl.]szl.dt,
t 1Q,, 1Q,, 1Q,,
[ [, 140, de =] [L1E1, %), 1dQ, dt, j j 12 szidt—j j T K1 142, 1. (2.11)
1 Qy, tQy

Standard transformations in (2.11) yield

n n _ n n
Tisrr =EF i€l ne1n Thusr =GiFiehusa Naixin = k GiFi&l3 01120
n n n n
Mis1n =Eili%iusy2s Miusyz2 =0l wi% e 12

The difference algorithm for the jth rib is constructed in a similar way [3].
3. Numerical Example. Let us analyze the dynamic behavior of a rib-reinforced cylindrical shell on a Winkler
foundation (C, =0in Egs. (1.4)) under an internal distributed impulsive load. The ends x = 0 and x = L of the shell are clamped.

The rings are located in the sections x; =0.25Li (i = E) The stringers are located in the sections y = wR(j—1)/2(j=1,4)(the

shell is reinforced with three rings and four stringers). The distributed impulsive load P; (s, ,s, ,¢)is defined by

Py (5.5y.1) =4 ~sin“7’[n(t)—n(z-r)],
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where 4 and T are the amplitude and period. It is assumed that £, / 4 =7- 104, T=25R/c,c= £, /[p(1=v v, )]}1/2.
The geometrical and mechanical parameters of the shell: £, =E£, =7- 1010 Pa,v, =v, =0.3,R/h=10,L/ R =4. For
the ribs, we have £, = Ej =EF; = Fj =ah;,a; = a; = h h; = hj =2h. The following values of the Winkler coefficient are

Jr
used:
@) €, =1-10° N/m’,
(ii) C, =2-10° N/m’,
(iif) €, =3-10° N/m’.

The simulation period is 0 < <407

Figures 1 and 2 show the variation in the deflection u4 along the length of the structure. Figure 1 shows the deflection u 4
as a function of the coordinate xin the section y =R / 4 (between ribs) at the instant ¢ = 8 5T (at which u; becomes maximum for
acase C; =1-10° N/m?) for C; =[(1-10 ), (2:10?); (3-10°)] N/m? (curves /-3).

Figure 2 shows the same curves for the section y = 0.

Figures 3-6 show the strain & ), and stress 6,, as functions of the coordinate x in the sections y =0(on arib; Figs. 3 and
5)and y =nR /4 (between ribs; Figs. 4 and 6) at the instant =857 for C; =1{0; I 10%;2-10%; 3 109} N/m? (curves 1—4).

The effect of the ribs with respect to the coordinate x can be seen visually. The strain ¢ ,, and stress 6,, undergo spatial
discontinuities where the rings are located. These dependences are more pronounced between ribs. The elastic foundation with
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the given coefficients C; causes minor changes in the stress—strain state of the inhomogeneous shell (the maximum difference is
14-16% for the strain &,, and 25% for the stress 6,,).

The figures allow us to analyze the stress—strain state of an inhomogeneous elastic structure depending on its

mechanical and geometrical parameters of the elastic foundation.

Conclusions. We have formulated the problem of the forced vibrations of a discretely reinforced cylindrical shell on an

elastic foundation under a distributed load. The dynamic behavior of the inhomogeneous cylindrical shell has been analyzed
using the Timoshenko-type theory of shells and rods. The problem posed has been solved with the finite-difference method.

Numerical results have been presented and analyzed.

REFERENCES
1. A.V.Vestyak, A. G. Gorshkov, and D. V. Tarlakovskii, “Nonstationary interactions of solids with the environment,” in:
Advances in Science and Technology: Solid Mechanics [in Russian], Issue 15, VINITI, Moscow (1983), pp. 69—148.
2. K. G. Golovko, P. Z. Lugovoi, and V. F. Meish, “Solution of axisymmetric dynamic problems for cylindrical shells on an
elastic foundation,” Int. Appl. Mech., 43, No. 12, 1390-1395 (2007).
3. K. G. Golovko, P. Z. Lugovoi, and V. F. Meish, Dynamics of Inhomogeneous Shells under Nonstationary Loads [in
Russian], Poligr. Tsentr “Kievskii Universitet,” Kyiv (2012).
4. P. Z. Lugovoi, V. F. Meish, and K. G. Golovko, “Solving axisymmetric dynamic problems for reinforced shells of
revolution on an elastic foundation,” Int. Appl. Mech., 45, No. 2, 193—-199 (2009).
5. A.V.Perel’muter and V. I. Slivker, Design Models of Structures and Capabilities for Their Analysis [in Russian], Stal’,
Kyiv (2000).
6. B. Akgoz and O. Civalek, “Nonlinear vibration analysis of laminated plates resting on nonlinear two-parameters elastic
foundations,” Steel Comp. Struct., 11, No. 5, 403—421 (2011).
7. M. Bayat, . Pakar, and M. Bayat, “Analytical solution for nonlinear vibration of an eccentrically reinforced cylindrical
shell,” Steel Comp. Struct., 14, No. 5, 511-521 (2013).
8. V. Birman and C. W. Bert, “Dynamic stability of reinforced composite cylindrical shells in thermal fields,” J. Sound
Vibr., 142, No. 2, 183-190 (1990).
9. E. Carrera, E. Zappino, and M. Filippi, “Free vibration analysis of thin-walled cylinders reinforced with longitudinal and
transversal stiffeners,” J. Vibr. Acoust., 135, No. 1, 177-188 (2013).
10. O. Civalek, “Geometrically nonlinear dynamic and static analysis of shallow spherical shell resting on two-parameters
elastic foundations,” Int. J. Pressure Vessels and Piping, 113, 1-9 (2014).
11. A. P. Gupta, “Vibration of rectangular orthotropic elliptic plates on quadratically varying thickness on elastic
foundation,” Trans. ASME, J. Vibr. Acoust., 126, No. 1, 132—140 (2004).
12. K. Giiler, “Circular elastic plate resting on tensionless Pasternak foundation,” ASCE, J. Eng. Mech., 130, No. 10,

1251-1254 (2004).

71



72

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

P. Z. Lugovoi and N. Ya. Prokopenko, “Influence of an elastic foundation on the dispersion of harmonic wWaves in
longitudinally reinforced cylindrical shells,” Int. Appl. Mech., 51, No. 5, 583-590 (2015).

B. A. J. Mustafa and R. Ali, “Prediction of natural frequency of vibration of stiffened cylindrical shells and orthogonally
stiffened curved panels,” J. Sound Vibr., 43, 317-327 (1987).

M. H. Nam and K. H. Lee, “Unsymmetrically loaded cylindrical tank on elastic foundation,” ASCE, J. Eng. Mech., 126,
No. 12, 1257-1261 (2000).

D. N. Paliwad, “Free vibrations of orthotropic cylindrical shell on elastic foundation,” 4744 J., 37, No. 9, 1135-1139
(1999).

M. S. Qatu, Vibration of Laminated Shells and Plates, Elsevier Academic Press, Amsterdam (2004).

Sathyamoorthy Muthukrishnan, Nonlinear Analysis of Structures, CRC Press, New York (1998).

Yu. V. Skosarenko, “Free vibrations of a ribbed cylindrical shell interacting with an elastic foundation,” Int. Appl.
Mech., 50, No. 5, 575-581 (2014).

Yu. V. Skosarenko, “The stress—strain state of a ribbed cylindrical shell interacting with an elastic foundation under
short-term loads,” Int. Appl. Mech., 51, No. 1, 92—101 (2015).

W. Soeded, Vibrations of Shells and Plates, Marcel Dekken, New York (2004).

F. Tornabene, N. Fantuzzi, E. Viola, and J. N. Reddy, “Winkler—Pasternak foundation effect on the static and dynamic
analyses of laminated doubly-curved and degenerate shells and panels,” Composites: Part B. Eng., 57, No. 1, 269-296
(2014).



	Abstract
	Keywords
	Introduction
	1. Problem Formulation
	2. Numerical Algorithm
	3. Numerical Example
	Conclusions
	References

