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NUMERICAL ANALYSIS OF THE EDGE EFFECT IN A COMPOSITE LAMINATE
WITH COMPRESSED REINFORCEMENT PLIES

V. M. Bystrov, V. A. Dekret, and V. S. Zelenskii

A piecewise-homogeneous material model is used to numerically determine the edge effect length in a
composite laminate with reinforcement plies subject to unidirectional longitudinal compression.
Consideration is given to mixed boundary conditions (regularity of the material structure and symmetry
of the surface load) on the sides of the composite specimen and boundary conditions for stresses on the
stress-free sides of the specimen. The dependence of the edge effect length on the ratio of the mechanical
characteristics of the composite components is studied

Keywords: composite laminate specimen, compression of reinforcement plies, edge effect length, modified
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Introduction. In designing and testing composite materials (CMs), it is of interest to analyze the combined effect of
such factors as the structural inhomogeneity of a CM and the loading and boundary conditions of a CM specimen on the edge
effects. One of the aspects of this problem is the analysis of the zone of unsteady stress—strain state (edge effect) where a surface
load that changes substantially at distances comparable with the typical length scale of the structural inhomogeneity of the CM is
applied. This, in particular, represents the case where a surface load is applied only to the reinforcement of a CM specimen. In
many studies on the influence of the inhomogeneity of a material on the decay of edge effects, it is pointed out that the edge effect
length may be rather great at a certain ratio of the elastic and geometrical characteristics of the composite components [1, 8, 12,
13, 15, 17-20]. This strongly restricts the conventional application of Saint Venant’s principle in designing structures made of
CMs. The way the edge effect decays, the geometry of its zone, and the distribution of stresses and strains in the edge effect zone
depend on the ratio of the sizes of the region of variation in the external load and the structural inhomogeneity of the material. For
example, edge effects in unidirectional fiber-reinforcement composites of regular structure associated with the redistribution of
the external load between the matrix and the fibers subject to longitudinal tension were analyzed in [4]. The problem was
formulated for a periodicity cell in a hexagonal model of the microstructure. It was shown that the edge effect size is on the order
of one to two typical length scales of the internal structure of a CM. Similar results were obtained in [2, 3] for a two-layer
periodicity cell of a CM with uniformly loaded reinforcement. As shown in [1, 12], the edge effect zone is much larger if the size
of the periodicity cell is determined by the period of the surface load and exceeds the typical length scale of the internal structure
of the CM. The asymptotic dependence of the edge effect length on the size of the periodicity cell along the line of application of
the surface load allows us to isolate a representative element of the material [8]. A representative element inherits the structure of
an inhomogeneous material at a certain scale. For such an element, the dependence of the way the edge effect decays on the
geometrical and mechanical characteristics of the CM components is not affected by the choice of a computational domain.

In [1, 12], a piecewise-homogeneous material model, equations of elasticity, and a quantitative decay criterion were
used to analyze the decay of the edge effect in a laminated CM under uniaxial longitudinal piecewise-constant compressive load
applied to the reinforcement plies. The dependence of edge effect decay parameters on the period of the surface load was
analyzed. The change in the period of the load was associated with the change in the number of non-loaded plies. It was shown
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that one non-loaded reinforcement ply in the computational domain makes the major contribution to the increase in the edge
effect length upon a change in the spatial period of the surface load, which corresponds to a load period equal to two spatial
periods of the material. The edge effect length is maximum in the non-loaded reinforcement ply. Further increase in the period of
the surface load caused the edge effect length to slightly increase (within 5%), tending to a constant value. Thus, in studying edge
effects, it is reasonable to use, as a representative element of the material, a computational domain whose length along the load
application line is equal to two spatial periods of the structure.

Here we will use such a computational domain to construct a design model and to analyze the influence of the elastic
characteristics of the components of a laminated CM on the decay behavior of the edge effect for two types of boundary
conditions on the sides of the domain. One type of boundary conditions corresponds to symmetry for a periodicity cell of an
infinite laminated material, and the other type to stress-free sides of a composite specimen. In what follows, we will associate the
former type of boundary conditions with the CM, while the latter type with a CM specimen that has a finite dimension along the
line of application of the surface load. Analyzing various boundary conditions allows a more adequate description of the real
service conditions of composites. Similar design models were used in [10] to determine and analyze the inhomogeneous
subcritical state in a stability problem. Among few studies related to the influence of inhomogeneity on the decay of edge effects
for such boundary conditions (the so-called Dirichlet and Neumann boundary conditions), the papers [8, 17] are noteworthy.

Using various methods to analyze edge effects, including the eigensolution method, the method of energy inequalities,
etc., in most cases produces bound estimates for the edge effect length [8, 13, 17-20], providing no answers to the questions on
the geometry of the edge effect zone and the distribution of stresses and strains in it.

We will use the equations of elasticity for inhomogeneous bodies and quantitative criteria for the estimation of the edge
effect [2, 3]. Such an approach will allow us to obtain the fullest information on the decay of the edge effect where a surface load
is applied.

Since it is difficult to find analytic solutions to problems of this class, modern numerical methods have to be used [5, 6].
The numerical approach to be used to analyze the edge effect and stability of fibrous and laminated composites in
inhomogeneous subcritical states was developed in [1, 7, 10—12]. It is a modified variational difference approach that employs a
mesh-based method and the concept of reference difference scheme [11]. The conventional variational difference approach and
its applications to structural members made of CMs are addressed, for example, in [14].

1. Problem Formulation. Design Models. Let us determine the edge effect length in a two-component CM of regular
structure with reinforcement plies subject to a uniaxial compressive surface load of constant intensity with spatial period equal to
two spatial periods of the CM (Fig. 1a). At infinity, the reinforcement plies are assumed to be compressed by a load of the same
spatial period. Since the load is symmetric and the structure of the CM is regular, the problem can be solved using a finite
computational domain (Fig. 15). Since we are to analyze the influence of the boundary conditions on the sides of the
computational domain on the decay of the edge effect, we will distinguish a composite and a specimen made of this composite. In
the former case, the boundary conditions on the sides of the model are symmetry conditions. In the latter case, the sides of the
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specimen are free from stresses. Let the former design model correspond to the material, and the latter model to the specimen.
Thus, we will use two design models to compare the decay of the edge effect in the material under various boundary conditions
for the specimen (Fig. 1¢).

In formulating the problem, we will use a Cartesian coordinate system Ox, x, x5 and place the CM and CM specimen in
the upper half-space x, > 0. Let the plies extend along the Ox; -axis, be parallel to the plane Ox, x5, and let the reinforcement
plies be compressed along the Ox, -axis by a surface load of constant intensity. If these conditions are satisfied, the problem can
be formulated as two-dimensional for plane strain in the plane x,Ox, (Fig. 1, which shows the geometry of the computational
domain and the loading conditions).

The design models used here include boundary-value problems of elasticity for piecewise-homogeneous bodies and a
quantitative criterion of decay of edge effect for normal stresses [1, 12]. When a layered material is deformed longitudinally so
that the edge effect extends along continuous layers, the stresses vary monotonically, and the stress state in each component of
the material becomes homogeneous after the decay of the edge effect. The steady-state normal stresses are used in the criterion of
decay of edge effect. The design models for the CM and CM specimen differ by the boundary conditions on the side x; =b/2
(mixed homogeneous conditions and homogeneous conditions for stresses (Fig. 1¢)).

The surface load p acts along the Ox,-axis and is applied to the reinforcement plies: p(x;)=06,, (x,,0)= po,

|x, <05k +kb, k=0,1, ... . The spatial period b of the surface load is equal to two spatial periods of the composite structure:
b=2h,h=h_+h_,where h and h_ are the thicknesses of the reinforcement and matrix plies, respectively. The load does not
vary along the Ox-axis. Since the layered structure is regular and the surface load is periodic, the computational domain Q can
be represented as follows:

2
Q=" ={(x,x,)0<x, <b/2, 0<x, <H}, (1.1)
n=1

where Q") is the domain occupied by the structural element n of the material. This element is formed by halves of neighboring
plies of reinforcement and matrix and its size along the Ox, -axis is 4/ 2. The size of the computational domain along the Ox, -axis
is equal to half the period b of the surface load. The size H of this domain along the Ox, -axis is determined in a computational
experiment from the conditions that the stress state can be considered steady with prescribed accuracy along the Ox, -axis and
that the decay behavior of the edge effect is independent of this size. The following formula holds for the geometrical parameters
of the material and the load parameters: 7, <h <b <H.

The boundary conditions on the section {0<x; <b/2,x, =0} of the boundary of the computational domain Q
determine the surface load. The boundary conditions on the sections {r; =0,0<x, <H}and {x; =b/2,0<x, <H}express the
periodicity of the stress state and symmetry and are mixed homogeneous conditions for the CM. The same conditions, following
from symmetry, are set on the section {x; =0,0<x, <H} for the CM specimen. The boundary conditions on the section
fx; =b/2,0<x, <H} of the boundary of the computational domain are homogeneous conditions for stresses. The boundary
conditions on the section {0 <x; <b,x, = H}prohibit rigid-body displacement and rotation of the computational domain and are
mixed homogeneous conditions as well.

To determine the boundary Fp (x;,x, ) and decay length kp of the edge effect with an error p%, we will use the
following conditions:

5(x1,x2 )‘xel"p =p (1.2)
(p=100(c(x)~c, )/ (p(x;.0)~0cy ) x=(x;,x,)€ Fp)

for a composite laminate under longitudinal compression.

Here 6, =o(x,, H)are the steady-state stresses on the boundary x, = H of the computational domain in the direction
of decay of the edge effect; p(x;)=0o(x;,0) is the surface load on the boundary x, =0 of the computational domain;
o(x) =04, (X).

The decay length Xp of the edge effect is determined as the maximum length of the edge effect in the direction of its
decay:

A, = max (x,) (1.3)

p
X)Xy er
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2. Numerical Solution of the Problem. Mesh-Based Method. To determine the stress state, we will use a criterion of
decay of the edge effect and the mesh-based method based on the modified variational difference approach [11]. With such an
approach, the difference scheme for the computational domain is constructed at each node as a sum of values of the reference
scheme, which is a difference scheme obtained by a variational difference method for the cell template of the difference mesh.

For numerical purposes, the problem for the original semi-infinite model of the composite is reduced to a problem for a
finite computational domain. The size of this domain is determined in a computational experiment from the condition that the
maximum edge effect length no longer changes with increase in the dimension of the domain along the Ox, -axis. The sizes of the
computational domain for the CM are also used for the CM specimen when comparing the influence of the boundary conditions
on the decay of the edge effect.

Figure 2 shows the computational domain covered by a nonuniform difference mesh. Over the rectangular nonuniform
difference mesh ® = w+7, which approximates the domain Q, the continuous problem is associated with the following
difference problem:

L, y(x)=F,, (x), x=(x,x,)€® 2.1
Ly, (X)= 2 i ()i X€ Vi DI
im E_,ex > lm E,ex
ym’xeyim Ym
h‘Cl +‘E é e r 5 im
—h s o+
a5 (8)7; = ne, %@, ©)=1""" " Ty, )
Y > éesym | Y,
vy
T = Al Tip =20€y, €; =05y —yie ) Vg =-sign(§) T —— |, 22
) 72i 2 hé

where T i€ Ym lJ , im> @, are the components of the reference
operator a and reference function @ ; H is the cell area; n; =-sign (é ): h is the alternating-sign pitch; / g = =-sign (& )ni >0
is the constant-sign pitch; & g = =h g, = =h . > Osince the sign is constant y s is the difference derivative of the mesh function
¥(€) in the x;-direction (rlght derivative for € <0;E=(§;,&,),E =tiis the node parameter of the cell; Z denotes the
summation of a component of the reference scheme over those parameters & that coincide with the mesh node x; &, —&;; Eis
an identity operator, y,, is the section of the boundary y on which the mth component of the difference analog of the boundary

condition is set for disp”facements.

are difference analogs of the continuous variables ¢ ; i sa;
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The difference problem is solved with the direct Cholesky method followed by the application of the conjugate-gradient
method [15]. The solution is found by the former method and is then used as the initial approximation in the latter method. The
difference mesh is refined by halving its pitch on the boundaries of the computational domain and at the interfaces between the
CM components.

3. Analysis of the Numerical Results. Consider a CM and a CM specimen with identical computational domains and
the following mechanical and geometric characteristics: £ V/E? = 20, 50, 100, 200, 500 GPa, vli=v? = 0.3,
¢, =h./(h +h, )=0.5, p0 =1 GPa. Here E!, v! and E2,v? are, respectively, Young’s moduli and Poisson’s ratios of the

reinforcement and matrix; ¢, =0.5 is the volume fraction of the reinforcement, where /2 .and 4, are, respectively, the thicknesses
of the reinforcement and matrix plies; po is the intensity of the surface load with period b=2h, h=h_+h_, applied to

reinforcement plies.

Calculations show that the edge effect is the largest in the contact area x; =h_/2+h_ between the reinforcement ply
and the non-loaded reinforcement ply. Figure 3 shows the behavior of the decay function defined by (1.1), (1.2) for £ V/E? =
100. Curves / and 2 correspond to the CM specimen, and curves 3 and 4 to the CM. With the boundary conditions for stresses on
the boundary x; =5/ 2in the CM specimen, the edge effect decays slower than with the mixed boundary conditions in the CM. In
the CM specimen, the edge effect decays faster in the matrix (curve 2) than in the reinforcement (curve /). In the CM, the edge
effect decays faster in the reinforcement (curve 4) than in the matrix (curve 3). That is, different boundary conditions have
different effects on the stress distribution between the reinforcement and the matrix and, hence, on the way the edge effect decays
in the reinforcement and the matrix.

Figure 4 shows the variation in the maximum edge effect length in the CM (curve 2) and the CM specimen (curve /)
with E! / EZ. The edge effect length A = kp has been determined with error p = 5% according to (1.3). For illustrative purposes,

the edge effect length is divided by 54. The graphs display a qualitatively similar behavior for the CM and the CM specimen. The
maximum edge effect length in the CM specimen is greater than in the CM over the entire range of variation in the ratio of
Young’s moduli of the reinforcement and the matrix and the difference is greater at greater values of this ratio.

The results indicate that the mixed boundary conditions on the sides of the computational domain (symmetry conditions
and kinematic conditions for one of the components) reduce the edge effect length. Thus, the design models used above for
comparative analysis of the decay of the edge effect in the CM specimen and the CM allow for the effect of the boundary
conditions on the mechanisms of redistribution of the external load between the reinforcement and the matrix and allow a more
adequate description of the effect of real service conditions of structural members and test conditions for CM specimens on these
mechanisms.

Conclusions. We can now draw the following conclusions.

The edge effect length near the area of application of a surface load in the CM specimen with boundary conditions for
stresses on the sides of the computational domain exceeds that in the CM with mixed boundary conditions. The redistribution of
the external load between the reinforcement and the matrix for different boundary conditions leads to opposite maximum edge
effect lengths in the components of the CM and CM specimen: the edge effect length is maximum in the reinforcement of the CM
specimen and is maximum in the matrix of the CM.
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As the ratio of Young’s moduli of the CM components is increased, which means stronger anisotropy of the material at

macromechanical level, the maximum edge effect length increases in both the CM and the CM specimen.

The mixed boundary conditions on the sides of the computational domain (symmetry conditions and kinematic

conditions for one of the components) reduce the edge effect length.
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