
SATURATION OF ALMOST PERIODIC AND CHAOTIC AEROELASTIC OSCILLATIONS

OF PLATES UNDER A RESONANT MULTIMODE FORCE
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A new approach based on the solution of a singular integral equation to analyzing the aeroelastic

oscillations of thin plates is proposed. The velocity circulation is expanded into a series in the generalized

coordinates of oscillations of the plate. This allows using a system with a finite number of degrees of

freedom for the generalized coordinates to describe the aeroelastic oscillations. The following scenario is

analyzed: the motion of the plate undergoes Neimark bifurcations and transform into quasiperiodic

oscillations, which, in turn, transform into chaotic oscillations
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1. Introduction. The dynamics of thin-walled structures in a gas flow has attracted the close attention of scientists and

engineers for more than half a century. This problem is extremely important in the fields of space engineering, power

engineering, and transport. The fundamentals of aerofoil dynamics are outlined in [2–4]. To determine the distributed pressure

forces acting on a vibrating plate, hypersingular integral equations are used. The theory of these equations and numerical

methods for solving them are discussed in [6, 11–13]. The stability of aeroelastic oscillations of plates in a gas flow is analyzed in

[7, 14]. The flutter of plates in a gas flow is studied in [15, 16]. The chaotic oscillations of a plate in a flow are addressed in [5].

The interaction of cylindrical shells with a gas flow is studied in [9]. Traveling waves in cylindrical shells interacting with a fluid

are discussed in [10].

Here we propose a new method for analyzing the aeroelastic oscillations of plates undergoing geometrically nonlinear

deformation. To determine the circulation density, we will solve a hypersingular integral equation. The velocity circulation will

be expanded into a series in the generalized coordinates of flexural oscillations of the plate.

The set of circulation density functions does not depend on time and is determined only once during the solution of the

problem. The effectiveness of this method is in using a nonlinear system with a finite number of degrees of freedom for the

generalized coordinates of flexural oscillations of the plate. This dynamic system of low dimension can be analyzed in detail.

2. Problem Formulation and Basic Equations. Consider a cantilevered thin rectangular plate (Fig. 1). Since it is thin,

its shear and rotary inertia can be neglected. The stresses and strains of the plate are related by Hooke’s law. When a gas flow is

past a thin plate on both its sides (Fig. 1), flutter (self-sustained oscillations) occurs. These unstable oscillations of the plate are

constrained by the forces due to geometrically nonlinear deformation. Then the displacements of the plate are commensurable

with its thickness. Such deformation of the plate is described by the von Kármán equations
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where u x y t v x y t w x y t( , , ), ( , , ), ( , , )are the displacements of particles of the plate’s midsurface along the coordinate axes;� is the

density of the plate; E and
 are the elastic modulus and Poisson’s ratio; h is the thickness of the plate; p
z
|

��0
and p

z
|

��0
are the

pressures on the upper and lower faces of the plate.

The plate occupies the domain � � � �{( , ) [ , ] [ , ]}x y a b0 0 . The boundary conditions for the plate are
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where N N N
x y xy
, , are the membrane forces in the mid-surface of the plate;Q

x
andQ

y
are the transverse forces;M

x
,M

y
,M

xy

are the bending and twisting moments in the plate.

The gas past the vibrating plate is assumed nonviscous, incompressible, three-dimensional, and nonstationary, and far

from the plate, its velocity

�

V is constant and parallel to the x-axis.

The oscillations of the plate cause three-dimensional nonstationary perturbation of the gas flow near the plate. This

perturbation is described by a velocity vector

�

U with components

~

( , , , ),

~

( , , , ),

~

( , , , )U x y z t V x y z t W x y z t . Assume that the

motion of the fluid is irrotational. Then there exists a velocity potential �� x y z t, , , defined as

� �

U V� ��� . The function

�� x y z t, , , satisfies the Laplace equation. Consider the boundary conditions that this equation must satisfy. One is no flow

through the plate:
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where z � �0denote the upper and lower faces of the plate.

The pressure on the plate can be determined from Bernoulli’s equation:
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where  �� ��� �
� � � �z w z w0 0

is the circulation density; ��
z w� � 0

and ��
z w� �0

are the values of the velocity circulation on the

upper and lower faces of the plate.

The solution of the Laplace equation can be represented as a double-layer potential:
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where n
"
is the unit normal vector to the surface of the plate.

Substituting Eq. (7) into Eq. (5), we obtain a hypersingular integral equation for the circulation density  :
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Let us expand the amplitude of the self-sustained oscillations of the plate into a series of its natural modes:
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where q t l t t
j j j
( ), ( ), ( )& are the generalized coordinates of the plate; % � '

j j j
x y x y x y( , ),

~
( , ),

~

( , ) are the natural modes of its

linear oscillations.

Let us express the velocity circulation density in terms of aerodynamic derivatives:
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where )
j
,

~

(
j
are unknown functions.

Substituting (9) and (10) into the hypersingular integral equation (8), we get a system of hypersingular integral

equations for )
j
,

~

(
j
:
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Let us now nondimensionalize system (11):
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The solutions of the hypersingular integral equations (11) can be found with the numerical method proposed in [2, 3].

This method reduces the system of hypersingular integral equations to a system of linear algebraic equations.

3. Method for the Analysis of Nonlinear Oscillations. Let us use a model with a finite number of degrees of freedom

to describe the oscillations of the plate. Substituting series (9) into Eqs. (2) and (3), discarding the inertial terms (which is

possible because the plate is thin and the natural frequencies of longitudinal oscillations are much higher than those of bending

oscillations), and applying the Galerkin method, we obtain a system of linear algebraic equations for ( , , , , , )l l
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where the parameters   
+ + + +j j ji ji

R R
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, , , ,
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� are determined as double integrals of basis functions.
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Substituting (13) into (9), the result into Eq. (1), and using the Bubnov–Galerkin method, we get a dynamic systemwith

a finite number of degrees of freedom for the following dimensionless variables and parameters:
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Doing so gives an autonomous system of ordinary differential equations describing the oscillations of the plate:
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The elements of the matrices of the linear part of this system are expressed so as to obtain explicit dependence on the

Mach number M:
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To apply the describing functionmethod to the analysis of the self-sustained oscillations in system (15), we represent its

motion as

, � �
i i i

A t B tcos ( ) sin( )4 4 , (16)

where 4 is the unknown frequency.
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System (15) is autonomous; therefore, it is invariant under change of variables t t t� �
0
, where t

0
is an arbitrary

constant. The parameter t
0
is selected so that A

1
0� . Following the describing function method, we determine the amplitudes of

harmonics A A A B B
N N2 3 1
1 1

, , , , , ,� � (16) from the following system of nonlinear algebraic equations:
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System (17) is analyzed numerically using the continuation algorithm detailed in [1].

4. Numerical Analysis of Oscillations. Let us numerically analyze the oscillations of the cantilevered plate shown in

Fig. 1. To determine the natural modes used in (9), we apply the Rayleigh–Ritz method. Consider the aeroelastic oscillations of a

plate with parameters used in [17]: a b� � 0.3 m, h � 0.001 m, E � 0.69�10
11

Pa, � � 0.3, � � 2.3�10
3
kg/m

3
.

Note that the fifth and sixth natural frequencies of the plate satisfy the condition of internal resonance 1:1:

� �
5 6

� � ��, (18)

where � ��1, � is the mismatch parameter.

Let us determine the number of degrees of freedom needed to predict the Mach numberM at which flutter occurs. For

different number of degrees of freedom of the system, we will determine theMach number at which Hopf bifurcation occurs. Let

the linear damping factor of the plate � � 0.006. The calculated results are shown in Fig. 2. Hopf bifurcation does not occur at

four degrees of freedom of the discrete model. It does at five degrees of freedom. Six degrees of freedom are sufficient to predict

the velocity at which self-sustained oscillations occur.

The flow velocityV
H

�42m/sec at which flutter occurs was found in [17]. This value corresponds to the linear damping

factor � � 0.006. The flutter frequency �
f

� 90 rad/sec. The flutter frequency obtained in [17] �
f

� 84.85 rad/sec. Thus, our

flutter predictions are in agreement with those in [17].

The convergence of model (15) was analyzed as well. To this end, the self-sustained oscillations in system (15) were

analyzed for different number of basis functions in (9) using the describing function method. The number of modes in the series

expansion of bending of the plate is fixed (N
1

10� ). The number of modes in the series expansion of longitudinal displacement

was varied from 2 to 6. The calculated results are shown in Fig. 3. Hopf bifurcation occurs at the pointH. The stable equilibrium

state of the plate becomes unstable, and stable self-sustained oscillations occur (see Fig. 3). They correspond to the following
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parameters in series (9): N � 2 (curve a); N � 3 (curve b); N � 4 (curve c); N � 5 (curve d); N � 6 (curve e). Curves c, d, e are

close, which suggests convergence of the results. Thus, N � 4 is sufficient to expand the displacement in the plate plane. For

further calculations, we choose N � 6.

The results of direct numerical integration are presented in Fig. 4 which shows the amplitude of the generalized

coordinate,
5
as a function of the Mach number M

*
. The thin solid line represents periodic oscillations. Neimark bifurcation

occurs at the point N where the thin line connects with the heavy line. This bifurcation gives rise to almost periodic oscillations,

which later become chaotic. The amplitude of such steady-state oscillations is shown in Fig. 4 by a heavy line. A long transient

process occurs on the time interval t �[ ; ( / )]0 2400
1

! 4 , where 4
1
is the flutter frequency, during almost periodic and chaotic

oscillations.

If the integration is over the entire range ofM
*
in Fig. 4 rather than over the long time interval, then the oscillations look

like steady-state periodic self-sustained.

To analyze almost periodic and chaotic oscillations, we calculated Poincaré’s sections. To this end, we drew the plane

< � , = =, , = =, � , �{( ,
� �

) |
�

}
1 10 1 10

20

5
0� � R in the phase space of the system ( ,

� �

), = =, , = =,
1 10 1 10

� � and determined the

intersection of the phase path with this plane. The projection of the Poincaré sections of almost periodic oscillations onto the

plane ( ,
�

), ,
3 3

immediately after the Neimark bifurcation M
*

� 0.125 is shown in Fig. 5a.

There are 3000 points in this figure. The form of the Poincaré sections is indicative of an invariant torus in the system.

As M
*
is increased, almost periodic oscillations become chaotic. The projection of the Poincaré section < onto the plane

( ,
�

), ,
6 6

forM �0.14 is shown in Fig. 5b, where 3000 points are plotted. Note that the oscillations are chaotic whileM ;0.18.

When M
*

� 0.18, the oscillations go to infinity after a long transient t > 2000
1

! 4/ .

Back on the analysis of the amplitudes in Fig. 4, we introduce a parameter
~
& describing the interaction between the

generalized coordinates,
5
and,

6
:
~

(max( )) / (max( ))& � , ,
t t

5 6
. As

~
& increases, the contribution of the generalized coordinate

,
5
increases; as

~
& decreases, the contribution of the generalized coordinate,

6
increases.

Table 1 shows how the parameter
~
&depends on the numberM

*
for the steady-state oscillations represented in Fig. 4. If

the oscillations are periodic, the contribution of the coordinate,
5
is much greater. Figure 4 shows that the amplitude of periodic

oscillations increases. After the Neimark bifurcation, however, the contribution of the generalized coordinate ,
6
increases

considerably (see Table 1). A considerable amount of the oscillation energy of the generalized coordinate,
5
is pumped over to

the coordinate ,
6
. This is why the amplitude of oscillations does not increase after the Neimark bifurcation. Note that the

interaction between the generalized coordinates,
5
and,

6
is due to the internal resonance (17) between the natural frequencies.

A similar phenomenon accompanying forced oscillations was described in [18]. This phenomenon is called saturation.

5. Conclusions. The self-sustained oscillations of a cantilevered square plate at internal resonance (1:1) between the

fifth and sixth natural frequencies have been studied.

The modes corresponding to these frequencies interact during the self-sustained oscillations of the plate. The

contribution of the generalized coordinate,
5
to the periodic oscillations of the plate is much more significant than that of the

coordinate,
6
.
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The amplitude of these periodic oscillations sharply increases with increasing Mach number. After the Neimark

bifurcation, the generalized coordinate ,
6
becomes much more active, and some amount of the oscillation energy of the

generalized coordinate ,
5
is pumped over to the coordinate ,

6
. As the number M increases, the amplitudes ,

5
of almost

periodic and chaotic oscillations do not increase because their energy is pumped over to the generalized coordinate,
6
.

The model used predicts amplitudes that increase without limit with time. Certainly, the plate cannot undergo such a

motion. In this case, the system displays more complicated motions, which are different from those studied here. To predict such

amotion, it is necessary to keep nonlinear terms of higher order inmodeling the geometrically nonlinear deformation of a plate.
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