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The forced vibrations of a longitudinally reinforced elliptic cylindrical shell under nonstationary loading

are analyzed numerically. The problem is formulated and a numerical algorithm to solve it is developed.

The system of differential equations is based on the Timoshenko-type theory of orthotropic shells and

rods. The dynamic behavior of the shell is studied
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Introduction. The forced vibrations of reinforced shells under various loads are addressed in many publications. The

classical problem formulation for rib-reinforced shells (Kirchhoff–Love shell model, Kirchhoff–Clebsch rod model) is given in

[1]. A refined form (Timoshenko-type model of shells and rods) of vibration equations is given in [3] where the dynamic

behavior of reinforced shells of canonical shape (cylindrical, conical, and spherical) was studied.

Formulating and solving problems of the dynamic behavior of reinforced elliptic cylindrical shells involve substantial

difficulties. The stress–strain state of a rib-reinforced elliptic cylindrical shell is determined in three stages: (i) description of

forced vibrations, (ii) description of the geometry of a noncanonical structure (elliptic cylindrical shell), and (iii) description of

the effect of stiffening ribs [4]. This procedure has been used very rarely. The free and forced vibrations of smooth elliptic

cylindrical shells or the vibrations of reinforced circular cylindrical shells were mainly studied in [6–20]. There are very few

studies on the dynamic behavior of reinforced elliptic cylindrical shells under nonstationary loads.

We will use the Timoshenko-type theory of orthotropic shells and rods to formulate the problem of the forced vibrations

of orthotropic reinforced elliptic cylindrical shells, develop a numerical algorithm to solve it, and analyze the numerical results.

1. Problem Formulation. Basic Equations. Consider a reinforced elliptic cylindrical shell under a distributed internal

load P s s t
3 1 2

( , , ) (s s
1 2

, and t are the space and time coordinates). The shell is reinforced with longitudinal ribs [2, 3].

The coefficients of the first quadratic form and the curvatures of the coordinate surface of the shell are given by
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where a and b are the semiaxes of the elliptical cross-section of the cylindrical shell.

To derive the vibration equations for a reinforced cylindrical shell, we will use the Hamilton–Ostrogradsky variational

principle [2]. Performing standard transformations over the variational functional and taking into account the shell–rib interface

conditions [1, 2], we obtain two groups of equations:

(i) vibration equations of a smooth elliptic cylindrical shell
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(ii) vibration equations of the ith rib located along the s
1
-axis:
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where u u u
1 2 3 1 2

, , , ,� � are the components of the generalized displacement vector of the mid-surface;� and�

i
are the densities

of the shell and the ith rib, respectively; h is the thickness of the shell; h h h
i im

� �05. ( ); h
i

is the cross-sectional height of the ith

rib; [ ]f f f� �

� �

, where f
	

are the values of the functions on the right and on the left of the ith discontinuity line (projection of

the center of gravity of the ith rib onto the mid-surface of the shell).

The forces/moments in the vibration equations (2) for an orthotropic shell are related to the strains by
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where E E G G G
1 2 12 13 23 1 2

, , , , , ,� � are the mechanical parameters of the orthotropic material of the shell.

The forces/moments in the vibration equations (3) for the ith rib are related to the strains by
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where E
i

andG
i

are the material parameters of the rib; F I I
i i i
, ,

1 cr
are geometrical parameters of the cross-section of the ith rib.

The vibration equations (2)–(5) are supplemented with appropriate boundary and initial conditions [3].

2. Numerical Problem-Solving Algorithm. The algorithm for solving the initial–boundary-value problem (2)–(5) is

based on the integro-interpolation method for the construction of difference schemes with respect to the space coordinates s
1

and

s
2

and an explicit approximation with respect to the time coordinate t [2, 7].

The basic difference equations over a discrete mesh ( , , )k l t are

T T

s

S S

s

k l

n

k l

n

k l

n

k l

n

11 1 2 11 1 2

1

1 2 1 2

2

� � � �

�

�

�

�

/ , / , , / , /

� �

�h u
i

n

tt
( )

1
, (6)

.......

for Eqs. (2) and

T B
k l

n

k l

n

k l

n

11 1 2 11 11 1 2 2 22 1 2	 	 	

� �

/ , / , / ,
( )� � � ,

T B
k l

n

k l

n

k l

n

22 1 2 22 22 1 2 1 11 1 2	 	 	

� �

/ , / , / ,
( )� � � ,

T B
k l

n

k l

n

13 1 2 13 13 1 2	 	

�

/ , / ,
� ,

M D
k l

n

k l

n

k l

n

11 1 2 11 11 1 2 2 22 1 2	 	 	

� �

/ , / , / ,
( )� � � ,

M D
k l

n

k l

n

l l

n

22 1 2 22 22 1 2 1 11 1 2	 	 	

� �

/ , / , / ,
( )� � � ,

�

11 1 2

1 1 1

1

k l

n k l

n

k l

n
u u

s
�

�

�

�

/ ,

, ,

�

, �

11 1 2

1 1 1

1

k l

n k l

n

k l

n
u u

s
�

�

�

�

/ ,

, ,

�

,

�

22 1 2

2 1 1 2 2 1 2 1 2

2

2

3

k l

n k l

n

k l

n

l

k
u u

s
k

u

�

� � � � �

�

�

�

/ ,

, / / , /

�

1 3

2

, ,l

n

k l

n
u�

,

�

22 1 2

2 1 1 2 2 1 2 1 2

2

2

3

k l

n k l

n

k l

n

l

k
u u

s
k

u

�

� � � �

�

�

�

/ ,

, / / , / ,

�

l

n

k l

n
u�

�3 1

2

,
, (7)

..........

for Eqs. (4), where �s
1

and �s
2

are the difference steps in s
1

and s
2

; indices k k l l n, / , , / ,	 	1 2 1 2 refer to kinematic and

mechanical quantities at discrete points with space coordinates s s
1 2

, and time coordinate t. Difference derivatives with respect

to the space coordinates and time are denoted as in [7].

3. Numerical Results. Let us consider, as a numerical example, the dynamic behavior of a stringer-reinforced elliptic

cylindrical panel under a distributed internal impulsive load. All sides of the cylindrical panel are clamped. The stringer

0
1

� �s L is located in the section s
2

0� .

The distributed impulsive load P s s t
3 1 2

( , , ) is defined by
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P s s t A
t

T
t t T

3 1 2
( , , ) sin [ ( ) ( )]� � � �

�

� � ,

where A and T are the amplitude and duration of the load, respectively. Let A � 10
6

Pa, T � �

�

50 10
6

sec.

The geometrical and mechanical parameters of the shell: E E
1 2

10
7 10� � � Pa,� �

1 2
� �0.3, h �

�

10
2

m, L �0.4 m. The

aspect ratio of the elliptic cross-section:

(i) a b� � 0.1,

(ii) a b� 11. ,

(iii) a b� 12. .

The parameters of the rib: E E
i

� , F a h
i i i

� , a h
i

� , h h
i

� 2 .

The computational domain is D s L s A� � � � �{ , / }0 0 8
1 2 2

� . The calculated results are presented in the figures

below.

Figures 1–8 show numerical values of u
3 22 22

, ,� � . Since the original problem includes many parameters (the

kinematic and mechanical parameters have different values at different time points t and at different space points with

coordinates s
1

and s
2

), we will analyze the unknown quantities at instants they have the maximum magnitude. Figure 1 shows the

variation in the displacement u
3

in the section s
2

0� (location of the rib) with the coordinate s s L
1 1

0( )� � at the instant t T� 25. .
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Figure 2 shows the variation in u
3

in the section s A
2 2

16� � / with the coordinate s
1

at the instant t T� 4 5. . In Figs. 1 and 2, curve

1 corresponds to a b/ � 1, curve 2 to a b/ � 1.1, and curve 3 to a b/ � 1.2.

Figure 3 shows the variation in u
3

with time t at the point s L
1

� /2, s
2

0� (the middle of the rib) for a b/ � 1(curve 1)

and a b/ � 1.1 (curve 2). Figure 4 shows the variation in �

22
with the coordinate s

1
in the section s

2
0� for a/b = 1 (curve 1, t =

10.5T), a/b = 1.1 (curve 2, t = 8.25T), a/b = 1.2 (curve 3, t = 9T).

Figure 5 shows the variation in �

22
with time t at the point s L

1
2� / , s

2
0� for a b/ = 1 (curve 1) and a b/ = 1.1 (curve 2).

Figure 6 shows the variation in �

22
with the coordinate s

1
in the section s A

2 2
16� � / for different values of a b/ at the instant

t T� 9 (the notation is the same as in Figs. 1 and 2).

Figure 7 shows the variation in �

22
with the coordinate s

1
in the section s A

2 2
16� � / for different values of a b/ at the

instants it reaches maximum: t = 9.375T (curve 1), t = 8.125T (curve 2), t = 9T (curve 3). Figure 8 shows the variation in �

22
with

the coordinate s
1

in the section s
2

0� at t T� for different values of a b/ (the notation in Figs. 7 and 8 is the same as in Figs. 1

and 2).

Conclusions. We have found a numerical solution to the problem of the vibrations of stringer-reinforced elliptic

cylindrical shells forced by a nonstationary load. A numerical algorithm for solving this class of problems has been developed.

Numerical results are presented and analyzed.
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