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STATIC AND DYNAMIC PROBLEMS FOR ANISOTROPIC INHOMOGENEOUS SHELLS
WITH VARIABLE PARAMETERS AND THEIR NUMERICAL SOLUTION (REVIEW)

Ya. M. Grigorenko and A. Ya. Grigorenko

Studies on the static and dynamic deformation of isotropic and anisotropic elastic shell-like bodies of
complex shape performed using classical and refined problem statements are reviewed. To solve
two-dimensional boundary-value problems and eigenvalue problems, use is made of a nontraditional
discrete-continuum approach based on the spline-approximation of the unknown functions of partial
differential equations with variable coefficients. This enables reducing the original problem to a system
of one-dimensional problems solved with the discrete-orthogonalization method. An analysis is made of
numerical results on the distribution of stress and displacement fields and dynamic characteristics
depending on the loading and boundary conditions, geometrical and mechanical parameters of elastic
bodies. Emphasis is placed on the accuracy of the results
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Introduction. Many members of modern engineering structures have the form of intricately shaped shells fixed in
various ways and subjected to various distributed and local loads. Shell elements are widely used to meet the requirements
imposed by the severe operating conditions of machines, aircraft, transportation vehicles, industrial and civil facilities. The
complication of the configuration of shell elements necessitates developing a theory and methods for solving static and dynamic
problems for shells made of anisotropic inhomogeneous materials.

A typical feature in the development of the theory of plates and shells is the relationship between the setting up of a
mathematical model describing a given class of problems and the development of a method for solving them. For example,
Kirchhoff’s theory of thin plates [101] and the Kirchhoff-Love theory of thin shells [97] tend not only to provide a realistic
description of the deformation of plates and shells, but also to make such models so simple as to solve a number of problems with
available computational capability. An example of such relationship is the Donnell-Mushtari—Vlasov theory of shells [5, 28,
36]. Its basic equations were simplified so as to find solutions to some classes of problems over wide ranges of their
characteristics, which is demonstrated by the names given to this theory: technical theory of shells, theory of shallow shells,
theory of shells with highly variable stress state [2, 8,9, 16, 20,23, 24,29, 37]. This relationship is even stronger nowadays when
computers are widely used to solve problems in the theory of shells and mathematical models for certain classes of shells are set
up so as to provide for all aspects and possibilities associated with the solution of problems [63].

The solution of two-dimensional boundary-value problems of the statics and dynamics of plates, shells, and solids
described by partial differential equations with variable coefficients involves severe computational difficulties. To solve them,
use is sometimes made of approaches based on separation of variables and reduction of the original problem to one dimension.
However, this is often hindered by many factors, such as complex shape, equation coefficients, boundary conditions, etc.

Recent trends in computational mathematics, mathematical physics, and mechanics are toward the wide use of spline
functions. This is due to the following advantages of spline-approximations: stability of splines against local perturbations, i.e.,
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the local behavior of a spline in the neighborhood of a point does not affect its overall behavior, unlike polynomial
approximation (good convergence of spline-interpolation unlike polynomial interpolation); simplicity and convenience of
numerical implementation of spline algorithms [1, 2, 5]. Various numerical approaches to solving problems in the theory of
plates and shells are addressed in [64, 66, 85, 86, 96, 98, 99].

Here, to solve problems described by partial differential equations, we will follow a nonconventional approach
employing spline-approximation to reduce the original problem to a one-dimensional one that can be solved with the stable
numerical discrete-orthogonalization method [16—19]. Some other numerical approaches were used in [38, 43, 45, 51-54] to
study the static and dynamic behavior of shell structures.

The discrete-orthogonalization method was for the first time proposed in [3, 6]. The monograph [26] states that the
discrete-orthogonalization method was for the first time applied to the statics of shells in [18, 19]. Features of using this method
in the theory of shells are outlined in [16] where it was also shown that the memory requirements can be substantially reduced by
somewhat modifying the algorithm. The efficiency and high accuracy of the method when applied to the theory of shells is noted
in [4, 26] and confirmed in [7].

In[10, 17], it was proposed to use spline-approximation to reduce two-dimensional problems of the static and dynamic
deformation of plates and shells to systems of ordinary differential equations.

1. Using Spline Functions to Solve Boundary-Value Problems for Partial Differential Equations. Let us consider
an approach to solving two-dimensional boundary-value problems for partial differential equations with coefficients variable in
two directions describing the static and dynamic behavior of elastic shells with variable parameters. The approach employs
spline-approximation to reduce two-dimensional problems to one-dimensional ones that can be solved with the stable numerical
discrete-orthogonalization method [10, 17, 72, 73].

Basics of Spline Functions. Expand a partition Ala=x, <x; <..<x, =b to include auxiliary points

X_,, <..<X_y <a,b<xNJrl < <Xpnim and consider a partition

Alzxfm < <Xy <Xy <X <<X <Xy <Xy <o <Xyigm-

Consider a function ¢, (x,1)= (—1)erl (m+1)(x—1)7 and form a divided difference of order (m+ 1) using argument

values t =x;,...,x;, ., |- Doing so gives functions of x:

B, =¢,[%x;,..,x i=-m,...,N-1 (1.1)

i+m+1]’

These functions are called basis splines or B-splines of degree mand are splines of degree m over the partition A; such
that the difference between its degree and smoothness is equal to one (defect 1).
With the identity (x—#)}' =(x—1)" + (-1 —x)"", functions (1.1) can be represented as

. i+m+1 (x _x):ﬂ i+m+1
Bl (x)=(m+1) .. (i=—m.. .,N=1) |0, 0= []Jt-x,)| (1.2)
p=i Ot (xp ) J=i

For practical purposes, it is convenient to use normalized B-splines:

. X. —X. ~.
B! (x) :%B,’n (x). (1.3)

The following recurrence formula holds for such splines:

. X—X. . X. —X .
B! (x)=7_le;1_1(x)+x”’"7“B,gj_11 (x). (1.4)

i+m i ivm+1 Vel

It may be used as the definition of B-splines;
Bl (x)= Loxelx,x, )
0 0, xe[x;,x;, )

1
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The functions Brin (x) are splines of degree m with defect 1 and finite minimal supports. Moreover, the system of
functions B fn (x)(i =-m,...,N —1)is linearly independent and forms a basis in the space of splines §', (A). This means that each
spline S, (x) €S, (A)can be uniquely expressed as

N-1 )
S, (x)= Y. bB} (x), (1.5)

i=—m

where b; are some constant coefficients.
The splines B ,’n (x)have the following properties:

() B! (x)>0forxelx,,x;, ) B. (x)=0forxe[x,,x; | )

7 . X —X.
b Bl (x)dx = i+m+1 i
(b) [ B, (x ==ttt =L

—00

Consider a uniform expanded partition

’. — —
Atx_,, <o.<x_ <Xy < <Xy <Xy <<Xyin (xk+1 —X; =h =const)

and set up the first three B-splines of odd degree. They are numbered by numbering the middle knots of their supports.
Therefore, B-splines of odd degree are denoted by B rln (x)rather than by B ,"n_(’" +1/2 (x), i.e., the numbering of splines is

shifted by (m+1)/ 2to the right.
Thus, we have

first-order B-splines

0, —00 <x<X;_|,
. t, X Sxle.,
B{(x)= - (1.6)
1-t, x; <x<x;,¢»
0, X, Sx<o,
cubic B-splines
0, —00 <X <X;_5,
3
t, X;_y SX<X;_q,
; 1 —3t3 +342 +3t+1, X Sx<x;,
By(x)=—1, 3 ) (1.7)
6|3t -6t +4, X, SX<X;,q,
3
(1-1)", X SX<X;, 5,
0, Xj, 9 SX <0,
quintic B-splines
0: —0o0 <x<xi_3,
0
> X;_3 SX<X;_5,
=567 4561 41007 +100% 450+, x ) <x<x, |,
A 1| 1067 —206* —200% +2062 +506 +26, x; <x<x,,,,
By (x)=—+ ’ a (1.8)
5 5 4 2 )
120 | —10¢° +30¢" —60z“ + 66, X; SX<X; 5
565 2004 +206% +200% =506 +26,  Xipy S¥ <X,
(1—t)5, Xip2 SX<X;i3,
0 X; 3 Sx<oo,
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Fig. 1 Fig. 2
TABLE 1
x Bj(x) By (x) BY (%)
X;_y 0 0 0
1 1 1
Xi1 = o o
6 2h 2h
4 2
X g 0 hT
N 1 _1 1
i+1 6 2% h2
Xiin 0 0 0
where 7 = (x—x; )/ h on the interval
m+1 m+1 m+1 m+1
X, ,X , k=i=——,i+—— i=———+IL,N+—-1 m=13,5
g %41 ] 5 >y b 5 5

Figures 1-3 show these B-splines and the associated bases in the spaces S, (A)(m=1,3,5).
Tables 1 and 2 summarize the values of the splines Bé (x)and B g (x)and their derivatives at the knots that belong to their

supports.
Using Spline-Approximation to Reduce Two-Dimensional Problems to One-Dimensional. Let us find the solution
u(x, y)of the following system of linear partial differential equations in the rectangular domain Rix, <x<x,, y, < y<y, |

N =~ Ao ADo AD
F x,yja,al’al’aiu’aiujaiu’”. =0 (19)
ox Oy ox? Oxdy oy
that satisfies the boundary conditions
Gl xpa 2% —q (1.10)
x )
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TABLE 2

. Bi(x) BI'(x) BI'(x) BI" (%) Bl (x)
X 4 0 0 0 0 0
1 1 1 1 1
Xi-2 20 2ah i e I
120 24 6h 2h h
X 26 10 2 b 4
=1 120 24h 6h2 h3 n*
66 1 6
x PR —_— PR
! 120 0 K2 0 4
. 26 _ 10 2 R 4
i+l 120 24h 6h n3 n*
| ] 1 1 1
xi+ 2 AN - 72 _73 7
120 24 6h 2h h
X3 0 0 0 0 0

where F and G are linear vector functions; I is the boundary of the domain R. We will approximate the solution of the
boundary-value problem (1.9), (1.10) along the Ox-axis. Let us introduce a partition A:x, <x; <..<x, ontheinterval[x,, x, ]
Let the solution of the boundary-value problem have the form

u(x, )= Zu(y)* ;(x), (1.11)

i=0

where u; (y)are unknown vector functions; the components of the vector functions y ; (x)are linear combinations of B-splines
satisfying the boundary conditions (1.10) on the sides x =x,, and x =x ; of the rectangle R.

The symbol @ * b denotes a vector whose elements are products of the respective elements of the vectors @ and b.
B-splines should be selected so that their degree is greater than the order of the highest derivative of the component of the
solution u in the equations of system (1.9).

Substituting solution (1.11) into the system of equations (1.9) and requiring that its residual be equal to zero on the
straight lines x =€, (k =0, 1, 2,..., N )in the rectangle R that emerge from the collocation points (§, , y, )on the side y = y,, we
obtain a system of ordinary differential equations of high order:

| dv .
F[&k, ¥ 2T ()W), Zﬁi(y)*%@,

), 5y V),
; LG Z O

i, (v), 4, (5 ) w0, )
; i R Zl: 2 () J : (1.12)
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With (1.11), the boundary conditions (1.10) at the points (&, y;),(&;,, )(k=0,1,...,N) on the sides y=y, and
¥ =y, of the rectangle R become

G[gk,yj,Zui(yj (&k)Zu (y;)* 4y ; iik)
du;(y;) :
ZT* V(&) =0 (j=L2k=0,1..,N) (1.13)

The one-dimensional boundary-value problem (1.12), (1.13) can be solved, for example, with the
discrete-orthogonalization method. To this end, we represent the problem in Cauchy’s normal form. One of the important stages
of approximation is to set up a combination of vector functions \ ; (x) satisfying given boundary conditions.

Some boundary conditions and associated linear combinations of cubic B-splines have been given above. In what
follows, we will also use quintic B-splines. For simplicity, we assume that the solution of the boundary-value problem is a scalar
function u(x, y).

Let us set up linear combinations of quintic B-splines for some boundary conditions on the sides x =const of the
rectangle R. To this end, we will use the values of B g (x) at the knots of the partition A from Table 2 and the properties of

B-splines. Consider the following boundary conditions:
Qu(xy . 7;)

=H(XN,J{,~ :T: )

au(xo,yj )

Uy ;)=

WO(X)—$B’2()——B (1) + B (x) wl(x)=Bgl(x)—%Bg(x)+B;(x),

v, (x)=B; (x)— B ()+B2(x)  y,()=BL(x) (i=3,4,..,N-3)

wN,2<x>=B§V‘2<x>—3—l33§V )+ BY+2 () wN,1<x>=B§“‘1<x)—§B;V )+ BY 1 (x),

164

vy (0)=BY (x)- BN“< e BN*2(x), (1.14)
82u(x0,y.) ﬁzu(xN,y.)
uo(xoayj):Tj:u(xN ,yj):Tj: d

Yo (0)=12B32 (x)-3B5  (x)+ B2 (x),  w,(x)=-B5' (x)+BL(x),
Y, ()=-B5*(x)+BZ(x), v, (x)=Bi(x)(i=3,4,..,N-3)
Wy )=BY 2 @)-BY () vy (0)=B )-8 ()
vy 0)=BY (x)-3BY 1 (x)+12BY*2 (x), (1.15)

dulxg. ;) O ulxg.y;) duxy.y;) ulxy.y;)
ox - 6x3 - ox 6x3

= 0’

vo(0)=B2(x) v, (x)=B5'(x)+BL(x), w,(x)=B5*(x)+BI(x),

v, (0)=BL(x)(i=3,4,.., N=3), wyy ,(x)=BY"2(x)+B}*?(x)
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vy =B¥T)+BYN )y 0)=BY (x). (1.16)

Combining these conditions on the sides x = const of the rectangle, we can increase the number of possible boundary
conditions.
Discrete-Orthogonalization Method. Consider the linear boundary-value problem

2—g:A(t)§(t)+j’(t)(a£t£b) (1.17)
t
with the boundary conditions
B,g(a)=by, (1.18)
B,g(b)=b,, (1.19)

where g =1{g,, g5, ..., &, i7" is a column vector; f'is the column vector of the right-hand side; 4(¢)is a given square matrix of

order n; B| and B, are given rectangular matrices of orders k x nand (n—k)x n(k <n), respectively; 51 and 152 are given vectors.
The solution of the boundary-value problem (1.17)—(1.19) is represented as

g1)=2.C;g,(1)+g,., (1), (1.20)
Jj=1

where m=min{k,n —k} (let m=n—k for definiteness); g ; are the solutions of Cauchy problems for the system of equations
(1.17) for f =0with initial conditions satisfying the boundary conditions at the left endpoint of interval (1.18) forb, =0; g, , | is
the solution of the Cauchy problem for system (1.17) with initial conditions satisfying the boundary conditions (1.19); mis the
number of boundary conditions at the right endpoint of the interval of integration.

The discrete-orthogonalization method makes it possible to run a stable computational process owing to the
orthogonalization of vector solutions of the Cauchy problem at a finite number of points of the interval of variation in the
argument. Let us partition the interval [a, b] with points of integration 7 (s =0,1,...,N)so thatz, =aand ¢\, =b. Among these
points we choose points of orthogonalization 7; (i =0,1,...,M ). These points are usually selected so as to ensure the required
accuracy of the solution of the problem.

Let the solutions #,. (T, ) (r=1, 2,...,m+ 1)of the Cauchy problems at the point 7; have been found with some numerical
method, say, the Runge—Kutta method.

Thus, we have the following vectors at the point 7; before orthogonalization:

@ (T,) ty(T, )y 1, (T, @, (T)). (1.21)

Letus orthonormalize the vectors ﬂj (Tj ) (j=12,...,m)atthe point 7; and denote them by z, (T; ), z, (T} ),.., Z,,, (T} ).
The vectors z; are expressed in terms of the vectors u; as

W}’V

-1
e U e
Zr:(ur—zlwrjsz (}’:1,2,...,’7’1)
j=

r—1
Wij :(Er’ Ej )(j<r)’wrr :\/(ur’ Er)_zwfj ’ (1.22)
J=1

The vector Zil is not normalized and is calculated with the formula

m

Zm+1 :am-%—l_zwm+l,j2j' (1.23)
J=1

Using (4.7) and (4.8) at 1 =T}, we get

129



Wi12) Sy, WopZy SUy =Wy 2y, W33Z3 SU3 —W312) —W3p 2y,

Wom Zm = %m “Win1Z1 " Wm2 22 =W m—1%m-1>
Zml "Wl Wi 1,180 Wi 1,222 7 Wik tm =1 m-1 " Wit Fm-

Performing transformations, we obtain the matrix equality

u (T;) z(T})
EZ(TZ) EZ(TZ')
:Qi ,
gm(Ti) Em(Ti)
Em+1(Ti Em+1(Tl'
wy (T}) 0 0 q
Woi (Tz ) Woro (T,' ) 0 0
T; T, ) . ..(
o, =aup= " ~ (124)
W (T) Wy (0w, (T . 0
Wm+l,l(Ti) Wm+1’2(Ti) Wm+l,3(Ti) R |

The vectors z, (7; ) are the initial values of the Cauchy problems for homogeneous (7 =1, 2,...,m)and inhomogeneous
(r=m+1)systems of differential equations (1.17) on the interval 7; <t <T, .

At each orthogonalization point 7}, the solution of the system of equations (1.17) satisfying the boundary conditions at
the left endpoint of interval (1.18) can be represented by two expressions:

m
g(T;)= Z Cﬁ.’*l)ﬁj (T;)+u,,, (T, )(before orthogonalization)
Jj=1
and
m .
g(T)= z C;.’) z;(T;)+Z,,, (T; ) (after orthogonalization).

J=1

The solution of the system of equations (1.17) in the interval 7; <7 <T;_ | can be represented as

n .

g(t)= Zc‘g’)gj (t)+2,,, (1)

Jj=1

After integration on the last interval 7', | <¢ <T,, and orthogonalization at the point 7, , we get
< M
g(TM)=Zc§. )Ej(TM)+Em+1(TM ) (1.25)

j=1

Satisfying the boundary conditions at the right endpoint of the interval of integration, i.¢e., substituting (1.25) into (1.19),
we obtain a system of m linear algebraic equations for the unknowns C S.M ) (j=L2,...,m). After CE.M ) is found, the solution of
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the boundary-value problem (1.17)—(1.19) at the point z =T, is given by (1.25). This completes the forward elimination part of
solution.

The back substitution part of solution involves the determination of the constants C}i_l) from the constants C}i)

(j=1,2,...,m)beginning with i = M
To this end, we equate

> ™, (1) +,,, ,(T,)= ZC(’ D2, (T)+2,,,(T)) (1.26)
Jj=1 =l

Replacing u | with (1.24) att =T, we get
1
C(’ )y 1121 +C (W2121+W2222 )+C )(w3lzl+w3222+w33z3 )+ ..

(i-1)
+C (W 121t WyoZyHtw, m)

+(Wm+l’]21+w Zy+o W )= C(’)zl+C()z +.. +C(’) mF Zmal-

m+1,2 m+1,mZm m+1

Equating the coefficients of the vectors z j (j=12,...,m), we find

1~ (i—1 ~(i) /s ~(i—1 r1-1~(
Q' Ci D =CcO@=12,.,M) or CUD=[1CO, (1.27)

where Q’l. is a transposed matrix; C ) is a column vector with elements Cl(i) , Céi), e C}Sf) .1
Thus, equalities (1.27) can be used to determined the constants C §'i) at all points, beginning with i = M. Next we can find

the solutions g (7; ) of the boundary-value problem.

2. Stress—Strain State of Orthotropic Shallow Shells (Classical Formulation). Due to the wide use of composite
materials, not only isotropic shallow shells [5] but also orthotropic shells [2] are used as structural members.

In what follows, we will outline an approach to solving two-dimensional problems of the statics of orthotropic shallow
shells [27] that employs spline-approximation to reduce them to one-dimensional problems that can be solved numerically with
the discrete-orthogonalization method. Such an approach was used in [8§1-83] to solve problems in the theory of plates and
shells.

To describe the deformation of shallow orthotropic shells with rectangular planform, we will use the equations of the
Donnell-Mushtari—Vlasov theory of shells:

the kinematic equations

w
K, =— s K, = ) K = s 2' 1
the equilibrium equations
ON ON
1,08 0 —2+ oS _ 0
ox Oy oy  Ox
oM, ELH 0 oM, oH 0
ox Oy B Oy ox 2
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the constitutive equations
Ny =Cg) +Cpey, Ny =Che +Cpe,, §=Cepy,
M, =Dy x; +D,k,, M, =D,k +DypKk,y, H=2CsK,,
E. h v E h 2y h E h

Chi=—t—y Cp=-_t2="21Tc, ="2" Cc=G,h
1 l=v,v, 12 l=viv, 1=vv, 2 l=v,v, 66 12
3 3 3
Eh B viEyh B VyEh

Dy T 2(l—voy.y 127 - ’
(1=vyvy) 12(1-vyv, ) 12(1=vyv,)

D Eyh? Dy G,y 1
2201w,y 0 T2

(2.2)

2.3)

(2.4)

where x and y are coordinates (0 <x <a,0< y <b); u,v,ware the displacements along the coordinate axes and along the normal
to the coordinate plane; €, ,¢,,€,,K,,K, ,K;, are the tangential and flexural strains; N, ,N,,S,0,,0,, M, M, ,H are forces
and moments; £,,E,,G},,V,,V, are the elastic and shear moduli and Poisson’s ratios; R; and R, are the radii of curvature in

two directions; / = h(x, y)is the thickness of the shell.

Eliminating O, and Q, from Egs. (2.2), expressing the forces and moments in Egs. (2.3) in terms of the displacements

using (2.1), and substituting them into Eqs. (2.2), we obtain three governing differential equations for the displacements:

0%u 0%u

8 v 0C; ou 0C¢c ou
Cii—+Css —5 +(C12+C66) 1o, 766 7
ox? 8y

ox ox oy Oy

¢l

oC oC C C C C
L% v Crnov, 0fCu G| S, S jow
oy Ox Ox Ov Ox R, R, ox

2 2 6C oC
Cp = g V+C66 ey +(C12 +C66) 2 6V g6 OV
ay ox? ox: 8y Oy 6y ox ox

+6C66 %4_66‘12 %_‘_ﬁ CL_FCA W+ Ci_kci aiwz(),
ox 0y Oy Ox Oy R, R, dy

4 4 4 oD, 03 aD,, 3
D, =22 p, Y. D, +4D +2 Y S Al
11 v 22 v ( 12 66) v 1

ot o’ oy’ ox ox’ oy oy’

2
+(26D12 +48D66J 03w +(28D12 +46D66J & w J{a Dy, +6D12J82W

y y )ox?oy ox ox ) oxoy? ot | ax?

oy? 0Ox0y Bxﬁy R, Bx R, 8y R,

ox? ov? R, R,

2 2
{a Dy 0 D22]62W+ 02 Dgs 0*w LG ou Gy ov, I(CM+C12

Ciy ou C Cp €

R, 8x R, 0y R1 R, R2
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Boundary conditions, which can be expressed in terms of displacements, are set on the boundaries x =const and
. . 0%u 0°v ot
y =const of the shell. Resolve the system of equations (2.5) for the derivatives PR
ox< ox° Ox

The solution of the boundary-value problem for the system of differential equations (2.5) can be represented as

N
u(x, )= u; (x)o; (»)
i=0

N
VX, 1) =D v; ()9, (»),
i=0

N
wx, y)= 2w, (), (1) (2.6)
i=0

whereu,,v;,w, (i= O,iN)are unknown functions of the variable x; ¢, and y; (O,iN),N > 6, are functions set up using cubic and

quintic B-splines, respectively, that allow composing linear combinations so as to satisfy various boundarie conditions on the
boundaries y =0and y = b of the shell.

Composing functions ¢, (y)and v, (y)as linear combinations of B-splines that satisfy certain boundary conditions on
y=0and y=>, substituting expressions (2.6) into the governing equations (2.5), and requiring them to be satisfied at the

collocation points y, (k =0,N ), we obtain a system of 3(N + 1) equations. The boundary conditions on the boundaries x = O and

x=a are dealt with in a similar way. The resulting system of ordinary differential equations and the boundary conditions
constitute a two-point boundary-value problem on the interval 0 <x <a.

If
? = {j’yl ’ jjz LARER) jjg 9}T = {EJﬁlavav'awsw’nwﬂaww}j‘7 (27)
where y, = {j}mo , j/ml yees j/mN }T (m=1,8), then the boundary-value problem can be represented in the form
ar =AX)Y + f(x) (0<x<a), (2.8)
dx
BY(0)=b,, B,Y(0)=b,. (2.9)

To solve the boundary-value problem for the system of equations (2.8) with the boundary conditions (2.9), we use the
stable numerical discrete-orthogonalization method. Substituting the functions u; (x), v; (x), w; (x) (i =0, N ) into (2.6), we find

the solution of the original problem for displacements and then use them to determine the stress—strain state of the shell.

Let us discuss solutions to some problems obtained with this approach. Consider orthotropic shallow shells made of
materials with five different sets of elastic constants. Assume that the elastic modulus £ is constant (£, = E =const), while the
elastic modulus £ y =HE, the shear modulus G = ME, and Poisson’s ratio v . are variable. The sets of elastic constants of the
shell material are as follows [2]:

() w=2 %=03, v_=0.075,
(i) p=135 1=0215 v, _=0.122,

(iii) w=l 2=0385 v_=03,

(iv) p=0741, 1=0.159, v_=0.165,

) w=05 %=0125 v _=0.15. (2.10)

Set (iii) represents the isotropic case. The input data are: a =12, =10, =0.4, R, =22.9,R, =13.
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TABLE 3

0/ E
99
4 1 2 3 4 5
x=6
0 0 0 0 0 0
1 40.0 56.7 65.3 98.2 141.7
2 120.9 169.0 188.0 282.0 394.4
3 202.6 279.7 301.9 452.0 614.9
4 259.9 353.9 376.3 562.7 751.1
5 280.2 382.6 401.6 600.4 795.8
X y=5
0.0 0 0 0 0 0
1.2 89.5 105.1 102.4 133.8 156.6
24 201.9 251.2 250.4 344.9 4224
3.6 259.7 339.3 346.7 398.5 635.6
4.8 277.5 374.6 390.2 577.5 757.6

Consider an orthotropic shell with the above geometrical parameters under a uniform transverse surface load
4, =q, =const. All the four sides of the shell are clamped:

u=v=w=a—W=0 at x=0andx=aq,
ox
ow

u=v=w=—=0 at y=0and y=>. (2.11)
Oy

Table 3 summarizes the deflections of the shell for x=6 0< y<5and y=5 0<x<6 for the five sets of material
constants (2.10). It can be seen that with decrease in the elastic modulus £ e the deflection at the center (x = 6, y = 5) of the shell

increases by a factor of 1.3, 1.4, 2.1, 2.8 compared with the deflection of the shell with the first set of elastic constants.
+

Figures 4 and 5 show the variation of the stresses G; ,6,,0 b

.G, along the OX-axis for y = 5and along the OY-axis for
x = 6, respectively, for the fifth set of elastic constants. The stress 6 is maximum on the short sides of the shell. Figure 6 shows
the distribution of the maximum stress ¢~ for the five sets of elastic constants (indicated by numerals). As the elastic modulus
E y decreases, the maximum stress ¢ increases by a factor of 1.16, 1.24, 1.44, and 1.64.

3. Statics of Noncircular Cylindrical Shells of Complex Shape (Classical Formulation). Along with circular
cylindrical shells, it is of great interest to analyze the stress—strain state of noncircular cylindrical shells of low and high
eccentricity, which are widely used in aerospace and mechanical engineering applications [100].
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In this connection, there is a need for effective methods of solving boundary-value problems for such shells, including
problems for cylindrical shells whose cross-section is described analytically. Such problems include static problems for elliptic
and corrugated cylindrical shells [77-79, 92-95].

In what follows, we will outline an approach to solving more complicated problems for corrugated elliptic cylindrical
shells. We start with the equations of the Donnell-Mushtari—Vlasov theory of shells.

1. The first quadratic form for the mid-surface of a noncircular cylindrical shell is given by

dS? =ds*> +v%(0)d0?, ydo =dt, (3.1)

where s is the longitudinal coordinate; 0 is the azimuth angle; ¢ is the circumferential coordinate; y(0) is the transformation
coefficient between 7 and 6.
In polar coordinates, the directrix of the mid-surface (Fig. 7) is defined by

a
(l—e2 cos? 6)1/2

e=+y1=(a/b)? =2A/(1+A) (A=(b-a)/(b+a)), 3.3)

where a, b, e are the semi-axes and eccentricity (a < b); a is the corrugation amplitude; £ is the number of corrugations; the point

H0)= +ocosk® (0<0<2m), (3.2)

O (r = 0) is at the intersection of the ellipse axes. Curve (3.2) describes an ellipse when o = 0 and a wavy circle when a = b.
In the chosen polar coordinate system, the cross-sectional radius of curvature is defined by

2 21302 2 .
Ry =R(B)= LTI aesin20 | iinko|,
24207 =" 2(1-e? cos? 6)3/2

2 2 2
P 2c0s20 _ 3eTsin®O L 12 coskol (3.4)
2 | (1-e?cos? 0)>2  2(1-e? cos? 9)?

The governing system of partial differential equations in coordinates s and 0 is
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where u, v, w are the longitudinal, circumferential, and normal displacements of the mid-surface; the coefficients a; and b, can

be found in [79].
The ends s = 0 and s = / of the shell are clamped:

u=v=w=9,=0 at s=0,/, (3.6)

where 3 is the angle of rotation of the normal.

The boundary-value problem is solved using spline-approximation with respect to the longitudinal coordinate to reduce
it to a one-dimensional problem whose solution with respect to the circumferential coordinate is found using the stable numerical
discrete-orthogonalization method.

The solution of the boundary-value problem (3.5), (3.6) is represented as

N
u(s,0)= 2 u; (O)y; (s)
i=0

N
v(5,0)= D v; (B)w,, (s),

i=0

N
w(s,0)= > w, (0)y 3, (5), (3.7)

i=0

where u; (0),v; (0),w, (0) (i =0,N)are unknown functions; v ; (s) (n=1,2, 3)are linear combinations of cubic (for n =1, 2)

and quintic (for n = 3) B-splines such that certain boundary conditions can be satisfied exactly. Satisfying the boundary
conditions (3.6), we derive the following expressions for the B-splines in (3.7):

V0 ()=-4B71(s)+BY(s). v, (s)=B5'(s)-0.58) (s)+ Bl (s),

Vi (9)=B](s) G=2N=2) wy_ (5)=B3 " ()-0.5B] (5)+ B} ' (s)
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Wiy (=483 L)+ BY () vy (s)=—4B3 (5)+ B3 (s)

Vo (9)=B3"(5)=0.5BY (5)+ Bi (s}, w,;(s)=BJ(s) (j=2,N-2),
Yoy 1 ()=BV T ()=05BY (s)+BY (s w,y (5)=—4BY 1 (s)+BY (s),

V=L BT B O+ B6L vy (9)=B5 ()2 B9+ BY ()

wgz(s>:Bg2(s>—3—133§’<s)+3§<s), V3 (5)=B5(s) (i=3,N-3)

Vs y_a (5)=BY "2 (s)- 3B N()+BY () wyy_ (9)=BY ()~ 3BN( s)+BY 1 (s),

v, N(s)—@BN”( )- BN”< )+ BY (5), (3.8)

where B 3’ (j=-LN +1)are cubic B-splines; B é (j=-2,N +2)are quintic splines over a uniform partition.

Substituting (3.7) into the differential equations (3.5), requiring them to be satisfied at the collocation points s =s,,

(m=0,N) i.e.,in N+ 1 sections, and performing some transformations, we obtain the following system of ordinary differential

equations:

‘%:A(eﬁ+ﬂe) (0<0<2nm) (3.9)

T 55 5w 5" oI —G6 5 o o o 5 7 0 U T
(U ={uw,u' v v wow W W =y Sy s g g g U, Sl sty sty 3 p=18).
Periodicity or symmetry conditions are formulated if the shell is circumferentially closed, and boundary conditions at
the rectilinear edges are prescribed if the shell is circumferentially open.
The boundary-value problem for the system of equations (3.9) with appropriate conditions for 6 is solved using the

discrete-orthogonalization method. Substituting the functions u; (0),v; (8),w, (0) (i =0, N )into (3.7), we obtain the solution of

the initial-boundary-value problem for displacements and then use them to determine the stress—strain state of the shell.
2. This approach was used to analyze the stress—strain state of corrugated cylindrical shells with elliptical cross-section
depending on degree of ellipticity, corrugation parameters, and thickness.
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Let us determine the stress—strain state of a closed shell with clamped ends under uniform pressure 9, =4 For
cylindrical shells with the cross-sectional perimeter of the mid-surface equal to the length of a circle of radius R, the following
equalities hold:

A2 A A0
+b)f =2nR, =l+—+—+—+..,
Marb)f =R = e
R R
a==(1-A), b==(+A). (3.10)
f f

The input data are R = 20, /=30, k=4 (A, o and / have the values indicated in Figs. 8—10 and Table 4). Figures 84, b, ¢
show the distribution of the deflection w over the interval 0 <6 <7/ 2in the middle section s = 15 of a shell with A=0.1 (b/a =
11/9), « =0.1, 0.2, 0.3, and & = 0.4, 0.5, 0.6. From Fig. 8a, it follows that the shell with low ellipticity and low amplitude of
corrugations (o/R = 0.005) deflects at 6 = 0 (major vertex) in the opposite direction to the applied load, the deflection being
maximum at 0 ~ 0.28x (the center of the interval). The deflections at 6 = 0 and 6 ~ 0.28r are approximately equal in absolute
magnitude. When 6 =/ 2(minor vertex), the shell deflects in the direction of the load due to ellipticity, the deflection being very
small. From Fig. 8b, it follows that as the corrugation amplitude is increase to o = 0.2 (o/R = 0.010), while A and % are kept

constant, the maximum deflection at 0 = 0.28n increases almost twice as that at o = 0.1; the deflection at © = 0 is opposite to the
applied load and is slightly smaller than that at 6 ~ 0.28x; the deflection at 6 = 1t/ 2is less than that at 6 = 0 and is also opposite to

the load. In this case, the effect of corrugation become stronger. Figure 8¢ demonstrates that for oo = 0.3 (o/R = 0.015) and the
same values of A and /4, the maximum deflection at © = 0.28nis greater by a factor of almost 1.5 that the deflection at o = 0.2 and
the deflection at 6 =0 and 6 = 1t/ 2is opposite to the load and is less by a factor of 1.5 than the maximum deflection (at 6 ~ 0.28x).
Thus, corrugation with amplitude o = 0.3 has a stronger effect on the deformation of the shell than ellipticity does, even
if /R is very small.
Figure 9a, b, ¢ shows the deflection of the shell within 0 <6 <7t/ 2in the middle section s = /2 =15 for A=0.2 (b/a =
3/2),00=0.1,0.2,0.3,and 7= 0.4, 0.5, 0.6.
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From Fig. 9aq, it follows that when o = 0.1 (a/R = 0.005) the deflection is maximum at 6 ~ 0.28tand is somewhat less

and has opposite sign at © = 0. The deflection at 6 =t/ 2is in the same direction as the applied load and is half the deflection at
0 = 0. In this case, ellipticity has a stong effect.

Figure 95 demonstrates that when oo = 0.2 (o/R = 0.01), the maximum deflection at 6 ~ 0.28ris almost twice that at o =
0.1, while the deflection at © = 0 is almost half that at oo = 0.1 and is opposite. When 0 =t/ 2, the shell deflects in the same
direction in which the load acts for # = 0.5, 0.6 and in the opposite direction for 2 = 0.4.

In this case, the effect of corrugation is noticeable. From Fig. 9c¢, it follows that when a = 0.3 (a/R = 0.015), the
maximum deflections at 0 = 0.28m and 6 = 0 are, respectively, much greater than and half that at o = 0.2.

At 0 =0, the shell deflects in the opposite direction. The deflection at 6 = t/ 2is somewhat different from the deflection
at 6 = 0, but has the same direction.

Figure 10a demonstrates that when o = 0.1 (/R = 0.005), the deflection is maximum at 6 = 0.28mw, is half as great and
has opposite sign at 0 = 0, and at 6 =1t/ 2, has the same magnitude as the deflection at 6 = 0 and the same sign as the maximum
deflection.

It follows from Fig. 105 that the maximum deflection at o = 0.2 (a/R = 0.01) is greater by a factor of 1.5 thanat o =0.1
when 6 = 0.28m and is less by a factor of 3 than the maximum deflection and has opposite sign when 6 = 0.

Figure 10c shows that the maximum deflection at o = 0.3 (o/R = 0.015) is double that at o = 0.1 when 6 =~ 0.28m and
greater by a factor of 4/3 than the deflection at oo = 0.2. When 6 = 0, the deflection is less by a factor of 4 than the maximum
deflection and has opposite sign. When 0 =1/ 2, the deflection has the same direction as that of the load for 2= 0.5, 0.6 and has
opposite direction for = 0.4. Figure 10 indicates that when 6 = 0, the deflections are similar in both magnitude and direction for
all values of a.

Compared with Fig. 10, the maximum deflections increase by a factor of 1.5 to 2. This is because the effect of ellipticity
is weaker than the effect of corrugation amplitude.

The stress—strain state of some noncircular cylindrical shells was determined in [77-79].

Table 4 gives the stresses Gg and 6y within 0 <0 </ 2on the outside and inside surfaces, respectively, of the shell for

o= 0.1, 0.3 and the values of A and h specified above. It can be seen which stresses correspond to the deflections in Figs. 8-10.
The stress Gg is minimum at A = 0.1 and 6 = 0 and is much greater and opposite in sign (compression) at A >0.2. When 6 =mn/ 2,

the stress cg is positive (tension) at A=0.1, 0.2 and reverses sign at A >0.3. The stress cg is maximum at 0 = 0.6n/ 2(tension).
The pattern is similar for 2= 0.5, 0.6. The stress 6 is mainly tensile. It may become compressive only at 6 ~ 0.6/ 2
The stress 6, is higher than ] .

4. Free Vibrations of Rectangular Plates with Variable Thickness (Classical Formulation). Basic Equations.
Consider a freely vibrating rectangular orthotropic plate of variable thickness /4(x, y) described in a rectangular coordinate
system (the plane Oxy is the midsurface of the plate) [39].

To formulate the problem, we will use the Kirchhoff-Love theory. Based on the assumptions of this theory, the
vibrations of the plate can be described by the following equation [4]:

GQX i aQy =ph azw

ox Oy a2’

oM, M, o
ox o ¥

My —WJ:Q , (4.1)
oy ox Y

where x and y are Cartesian coordinates (0 <x <a, 0< y <b); ¢ is time; w is the deflection of the plate; p is the density of the
material.
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TABLE 4

a=0.1 a=0.3
c h 20/ n
A=0.1 A=02 A=0.3 A=0.1 A=0.2 A=0.3
0 136 | —20.54 | -552 | —4571 | —55.82 | —86.12
0.2 1944 | 365 | —2.14 | 811 | -3328 | —50.13
04 | 7583 | 96.66 | 146.61 | 13521 | 1725 | 261.07
" 0.6 | 10561 | 1498 | 2112 | 19275 | 279.01 | 381.79
08 | 5749 | 7426 | 877 | 3846 19 | -12.16
1 1672 | 845 | 1296 | —99.34 | -179.99 | —311.68
0 28 | 2506 | -5822 | —44.27 | —61.03 | —9431
0.2 1564 | 008 | 011 | —224 | -1721 | -23.66
04 | 6107 | 77.51 | 11525 | 109.07 | 137.47 | 199.91
o 0.5
0.6 81.64 | 114.07 | 159.97 | 143.16 | 196.56 | 275.76
08 | 47.66 | 6404 | 80.55 | 2249 | 21.79 | 723
1 1958 | 2082 | 15.68 | —6548 | —111.79 | —189.47
0 399 | 2548 | —56.52 | 3841 | —56.97 | —89.34
02 1282 | 25 | -056 | 04 | -1026 | -13.29
04 | 5012 | 6351 | 938 | 8854 | 110.88 | 158.15
" 06 | 6606 | 9195 | 129.13 | 11157 | 150.52 | 204.53
08 | 4146 | 5742 | 7516 | 215 | 2437 | 192.86
1 2118 | 2723 | 3038 | -4343 | —71.06 | -119.16
0 7031 | 7277 | 92.86 | 113.19 | 10461 | 120.71
0.2 625 | 71.68 | 83.65 | 9203 | 11341 | 139.53
) 04 | 2647 | 2172 | 844 | 2495 | -4525 | —97.36
o 0.4
0.6 12.76 0 ~11.02 | 7031 | -128.82 | ~183.33
08 | 6934 | 9226 | 13398 | 84.87 | 141.16 | 225.14
1 112.61 | 16323 | 241.06 | 221.46 | 34256 | 529.05




TABLE 4 (continued)

a=0.1 a=0.3
c h 20/ n
A=0.1 A=02 A=03 A=0.1 A=0.2 A=03
0 61.02 67.98 89.8 100.51 102.66 124.96

0.2 50.03 58.16 64.4 69.32 80.48 93

0.4 19.93 15.97 7.01 -23.52 | -39.02 -73

" 0.6 12.47 5.23 —-0.61 -46.99 | —=77.07 | -119.34
0.8 54.05 69.46 96.92 76.87 107.49 | 164.62
- 1 84.55 117.16 | 167.25 | 165.24 | 244.05 | 365.74
o 0 53.13 62.07 83.91 86.71 93.36 116.84
0.2 42 47.56 53.95 55.49 62.53 69.79
0.4 16.88 13.61 6.78 —-18.85 | -30.91 =55
" 0.6 11.98 6.94 2.82 -32.51 | -51.91 74

0.8 43.39 53.79 7.23 61.72 83.89 124.44

1 65.92 87.92 121.85 | 127.74 | 18242 | 267.06

The moments M, M I M o and the shearing forces O, , O ) are related by

02w o%w 3w 3w
M. =D, Ysp. 2 o =dAp,. ¥, +2D, )L |,
X { 11 6)62 12 6)/2] X { 11 ax3 12 66 axayz

02w 02w 3w 3w
M =4D,——+D,,—— |, QO =—D,, —+(Dy, +2D/.) S
y { 12 axz 22 ayz J y { 22 6}13 12 66 axzéy

2
M =—ap, W

xy 66 axay' 4.2)

The stiffnesses D i of the plate are defined by the formulas

3
”:Bijh (x,y) B - E1 B - V2E1 _ le2
i 12 ’ 1 1—v1v2, 12 1-v,v, l—vlvz’
E
By = 2 s Bes =Gpps
l—vlv2

where E,E,,Gp,,V,V, are the elastic and shear moduli and Poisson’s ratios.
From the system of equations (4.1), (4.2), we derive an equivalent differential equation for the deflection w:
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4 4 4 oD 3 oD 3
DllL Y+D228 W+2(D12+2D22) ow 421 g W22 0w
Ox 0

8y4 x2 ay2 x  ox? oy 8y3
3 3
29D, +20) Y 129 (D, +2Dg) Y
Oy ox? oy Ox axay2

82Dy, 82Dy, \o%w (02D, 07Dy, 0w | 02Dy 02 2
J{ LA 12}5 W+[ 12 | 2 |9 Y4 66 0 an ha Yoo (4.3)

ox? o? | ox? ox? oy Oxdy  OxOy ot?

Boundary conditions for the deflection are prescribed on the edges x =0, x=a, y =0, y =b. At y = const, the following
boundary conditions are specified:

(1) both edges are clamped:

w=0, a—W=O at y=0, y=b, (4.4)
oy
(i1) both edges are hinged:
2
w=0, I _0 at y=0 y=b, (4.5)
ay2
(iii) one edge is hinged, the other is clamped:
2
w=0, ZY_0 a y=q
oy’
w=0, ‘iwzo at  y=b. (4.6)
oy

Similar conditions can be specified on the edges x = const.
Problem-Solving Method. The solution of Eq. (4.3) can be represented as

N
WZZhW@)WAyL .7

i=0

where w; (x) (i = 1, N )are unknown functions; v ; (y)are functions set up using quintic B-splines (N >6) to satisfy the boundary

conditions at y = const:
Vo (3 =0yB5% (»)+a,B5' (»)+BI ()
vy () =0, B5 (1) +0a,,BY (1)+B5 ()
V,(»)=ay,B5% (1) +ay,B(»+B3(y), i=3,4,..,N-3,
V2 (1)=B3BY T2 (1) +B5,BY (0)+BY T2 (y),
W1 (D=By BY N (3)+B,,BY (1)+BY (1),

vy (V=B BN T2 ("+B,BY 1 (1»)+BY (y), (4.8)
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where Bé(y) (i=-2, ..., N+2 i is the spline number) are splines over a uniform partition A with spacing A 5

Vs <YV 4 <<YNy <VNi5<-<VNi5: D0 =0 yy =b

0’5 0<Y< iz,
= Vi3 SYy<x;_j,
52 +52% 41023 +102% +52+1, Viig SY<Yiqs
; 1 {1027 =20z =202 +202% +502+26, ¥, <y<y;,
B5 (M=
120 | —10z° +30z% 6022 + 66, Vi SY<Vii»
525 -20z% +2023 +2022 —50z+26, Yit1 SV <Viy2>
(1-2)3, Vig2a SY<UVigss
0, Viyz Sy<om,

where z=(y—y, )/hy on the interval [y, ,y;,1.k=i-3,i+2 i=-3,N+2 hy =Y. — Yy =const; oy andBij (i=1,2,3,

j =1,2) are constant coefficients depending on the boundary conditions on the edges y =0and y = b, respectively.

Denote
Ay Uyp Bii By
Ay =|ay oy Ag =By By |
Q3 Gz B3 By

If the edges y =0, y = b are clampled, then

165/4 —-33/8
Aa:AB = 1 -26/33|.
1 -1/33
If the edges y =0, y =b are hinged, then
12 -3
A, =45 =|-1

If one edge is clamped and the other is hinged, then

165/4 -33/8 12 -3
A4, = 1 -26/33], AB =|-1 0
1 —-1/33 -1 0
Let us represent Eq. (4.3) in the form
84w_a 83w+a o*w p 3w p o%w
ot ! o3 ? axzayz . 8x26y N ox?
+a 0w +a 62W+a 84W+a a3w+a 62w+a w,
5 axayz 6 oxdy 7 a\y4 8 ay?, 9 y2 10™

where a; =a;(x,y),i=1,2,..,9, a, =a;,(x, y,®).

(4.9)

Substituting (4.7) into Eq. (4.9), we require it to hold at the collocation points &, €[0,b], k =0, N. Let the partition have
an even number of knots, i.e., N =2n+1(n 2 3), and the collocation points be such that&,; €[vy;, 15,15 &1 €[V2;570i401 )
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(1=0,1,...,n). Then there are two collocation points within the interval[ y, , v,;, | ]and no collocation points within the adjacent
intervals [y,,,1,¥5;,, ] The collocation points within each interval [y,;,y,;, ] are chosen so that &, =x,, + zlhy,

Eriv1 = Vai +22hy (1=0,1,2,...,n), where z, and z, are the roots of a Legendre quadratic on the interval [0, 1]:

z;=1/2 - V376 z, =1/2 + 3/ 6. This choice of collocation points is optimal and significantly improves the accuracy of

approximation. We obtain a system of N + 1linear differential equations for w;. If

¥, =[y Y EN ki =0,...,N; j=0,...,4),
W={WO,W1,--- ’WN}T’ af z{ar(x’éo )7 ar(x’al)’ ey ar(x’};N )} (7"=1,...,9)a

E1T0 ={a1)(x, §p, ©), a,(x, &, ©), ..., a,(x, Ey, O)],

and the matrix [c;a i ]is denoted by ¢ * 4, where 4 =[a i 1{i,j=0,...,N), the system of differential equations becomes

wl =wil(@, ¥, +ag *W; +ay *¥, +ay, *¥)w
+P, (s ¥, +ag 2w+ (@, 2, +ay *
+a, W+ (@ Y, W (4.10)
This system can be reduced to the normal form
‘Z:A(x,oa)y (0<x<a) 4.11)

Y =W Wo e s Wiy W] WY e s Wiy W], WY ,...,W'Z'VH,wi",wg',...,w'j’(,H}T;wg) =w([)(x,?;K YK =1,....N+11=1,2,
3; A(x,®)is an (N +1)x (N + 1)}matrix.
The boundary conditions for this system are given by

B\Y(0)=b,, B,Y(a)=b,, (4.12)

where by, b, are zero vectors.
Analysis of the Numerical Results. The eigenvalue problem for the system of ordinary differential equations (4.11)
with the boundary conditions (4.12) is solved with the discrete-orthogonalization and incremental search methods [21, 76].
The approach was used to analyze the spectrum of natural vibrations of a square plate of variable thickness with various
boundary conditions. The thickness of the plate varies as /(x) = [oc(6x2 —6x+1)+1] A . The cross-sections of the plate are shown

below:

a>0 a<0
~—1 .. o T
Pl K\_,)

The plate is made of orthotropic fibreglass cloth with Young’s moduli £, =4.76- 10* MPa and E, =207 10* MPa,

shear modulus G,, =0531-10* MPa, and Poisson’s ratios v, = 0.149 and v, = 0.0647. The values of the dimensionless

frequency ® = wa> (ph/ D, W2, D, = (hg /12)-10* MPa, of a clamped plate determined with the splines-collocation method

with different number of collocation points (N =10, 12, 14, 16, 18, 20, 22) differ insignificantly (Table 5).
Tables 6 and 7 summarize dimensionless frequencies o, (i =1, 2,3)(ordered by value) of an orthotropic square plate for
a <0and a > 0, respectively, and the following boundary conditions:
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TABLE 5

N
[0 (0]
10 12 14 16 18 20 22
o, 61.139 | 61.132 | 61.129 | 61.127 | 61.127 | 61.127 | 61.127
0 ©, 107.188 | 107.066 | 107.016 | 106.994 | 106.982 | 106.976 | 106.972
0 142.550 | 142.537 | 142.532 | 142.530 | 142.529 | 142.528 | 142.528
o, 62.108 | 62.102 | 62.099 | 62.099 | 62.098 | 62.098 | 62.098
0.3 ©, 97.737 | 97.637 | 97.598 | 97.580 | 97.570 | 97.566 | 97.562
0 145.289 | 145.276 | 145.271 | 145.269 | 145.268 | 145.268 | 145.267
(1) all edges are clamped (boundary conditions of type A):
Tirsin w=0, @=0 at y=0, y=a,
Ik
3 :‘t 4 ow
s - w=0, —=0 at x=0, x=a
Ox

(i1) three edges are clamped and one edge is hinged (boundary conditions of type B):

N
¥

AN

L,

-

LLL

and boundary conditons of type C:

Cal

L

UL Y .

L.
A i

(ii1) two edges are clamped and the other two are hinged (boundary conditions of type D):

ML

o

w =0,

ow

=0
oy

ow

=0
oy

at  y=a,

x=0, x

at  y=0

y=0

at  y=0

a,

y=a,
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TABLE 6

Boundary
conditions ? 0.5 04 0.3 02 0.1 0
on 58.375 59.012 59.605 60.159 60.674 61.139
A ®, 121.526 119.010 116.240 113.311 110.281 107.188
0N 124.339 129.656 134.030 137.585 140.405 142.550
(oN 50.227 51.605 52.905 54.129 54.270 56.320
B ®, 102.334 100.723 98.953 97.083 95.147 93.166
oY 121.396 126.863 131.384 135.083 138.045 140.330
o, 52.733 52.211 51.624 50.995 50.337 49.659
C O, 109.151 112.403 110.490 107.334 104.080 100.783
ON 116.222 113.496 114.497 116.613 117.777 118.403
on 43.939 44.009 43.998 43.923 43.790 43.607
D o, 97.299 95.178 92.905 90.549 88.155 85.755
ON 105.958 109.322 111.879 113.750 115.019 115.748
on 48.701 47.412 46.059 4.676 43.289 41.918
E ®, 95.664 97.177 97.994 98.235 97.985 96.671
0N 113.313 110.306 107.049 103.676 100.170 97.306
(oN 45.045 46.929 48.698 50.354 51.893 53.306
G ®, 85.738 85.046 84.248 83.378 82.453 81.479
(ON 119.425 124.989 129.605 133.396 136.448 138.819
w=0, @ =0 at y=a,
6y2
w=0, @ =0 at x=0
ox
w=0, @ =0 at x=gq;
ox?

boundary conditions of type E:
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TABLE 7

Boundary o
o (O]
conditions 0.1 0.2 03 0.4 0.5
o, 61.542 61.871 62.108 62.237 62.238
A ©®, 104.058 100.904 97.737 94.557 91.364
0 144.062 144.968 145.289 145.035 144.212
o, 57.266 58.096 58.791 59.339 59.724
B ©, 91.149 89.104 87.026 84911 82.749
03 144.977 143.017 143.469 138.723 131.720
o, 48.965 48.257 47.535 46.801 46.051
C 0, 97.477 94.187 90.928 87.713 84.546
o} 118.535 118.208 117.477 116.269 114.688
o, 43.376 43.098 42.744 42.402 41.982
D 0, 83.369 81.013 78.694 76.420 74.190
N 115.981 115.752 115.085 113.998 112.506
o, 40.583 39.297 38.077 36.933 35.878
E ©, 93.185 89.743 86.364 38.065 79.858
o} 96.249 94.852 93.149 91.160 88.934
o, 54.586 55.718 56.642 57.495 58.109
G ©, 80.460 79.389 78.258 77.055 75.765
o 140.291 134.815 129.283 123.717 118.135
J";,g,-— w=0, @—O at y=0 y=q,
oy
- o%w
(Wi w =0, ——=0 at x=0, x=gqg
ox?
and boundary conditions of type G:
2
4 w=0, M=O at y=0 y=a,
I 6y2
/] L
— L
'y
=i —-l'; w=0, al:o at  x=0 x=a
ox
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The number of collocation points N =10. Figures 11-13 show the dimensionless frequency o, of vibrations of a square
orthotropic plate with various boundary conditions for various values of the parameter a.

The maxima and minima of the frequencies ®, and @, are the points of change of mode shape. The frequency of the
clamped plate is maximum for all boundary conditions and all values of a.. The first frequency for type D boundary conditions
changes a little compared with the other boundary conditions. Figure 14 shows natural modes of vibrations of a plate with
boundary conditions of type G.

Problems of the free vibrations of plates and shallow shells with variable thickness were solved using the proposed
approach and the classical theory in [12, 34, 35, 50].

5. Free Vibrations of Conical Shells with Variable Parameters (Classical Formulation). Problem Formulation.
Consider a freely vibrating isotropic conical shell of variable thickness % (x, y)described in a curvilinear orthogonal coordinate
system (s, 0), where sis the meridional coordinate; 0 is the azimuth angle. The Lame parameters 4 =1, B = r; the radii of principal
curvatures R =0 Ry =r/sin @, where ris radius of a parallel circle; ¢ is the angle between the normal to the mid-surface and the
axis of revolution.

The Kirchhoff-Love theory of thin shells employs the following equations to describe the free vibrations of conical
shells [8]:

0%u(s, 0,1)

0 oS
—(rN_)+——cos N, =rph
o ")t g TSN e =Py

0% v(s, 0,1)
or?

>

Ny 0 : ( aHj
——+—(rS)+cos @S +sin +— |=rph
2 3t )+cos @ 0| Qg+~ |=7P

0 00y . %2 w(s,0,1)
—(rQ )+—=-sin oN, =rph———>"-2,
as( 0,) % ONg =rp o2

0 oH
&(I’MS)+%—COS([)M6 -rQ, =0,

oM 4
0 +cos H —rQqy =0, (5.1)

0
—(rH)+
aS(r)

where s, 0 are the curvilinear orthogonal coordinates of a point on the midsurface (sO <s5<s,,0< 0 <b); t is time; u, v, ware the
displacements of the mid-surface; p is the density of the material; Strains and displacements are related by

Ou 10v cos¢p  sing
€,=—, §g=——+ u+ w,
Os r 00 r r
. _1@+@_coscpv y __62w
A § as2’
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=-0.3, o; =48.698 a=-03, o, =84.248 o =-0.3, ®, =129.605

y - . _— y\"-u_‘_‘ " o " gt
— X . — X . ot X
o.s\-bf---f"'?fs 0.5 ™~ —05 2 Ty 05
a=-0.3, ®; =56.692 a=0.3, m,=78.257 o =03, m3=129.283

1 0%w cos @ Ow _Cos @ Ow 10%w

o= 0 02 s o 9T 2 a0 rosoe

(5.2)
If the material of the shells is isotropic, the normal and shearing forces N, N, S, bending and twisting moments M ,
M 4, and H are expressed in terms of strains as

I-v
N,=Dy(e,+vey), Nog=Dy(ve,+ey), S =7DN8S9,

M =D, (s+Vig)r Mo=Dy (vis+%g) H=D (1-V)x- (5.3)
The stiffnesses of the shell are given by

Dy =Eh/(1-v), D, =Eh® /[12(1-V)]}

where E and v are, respectively, the elastic modulus and Poisson’s ratio of the shell material.
The mid-surface undergoes small vibrations, the displacements u(s, 0, ¢), v(s, 0, ¢), w(s, 0, ¢) can be represented by
harmonic functions:

u(s, 0, t)=u(s,0)e ™, v(s,0,t)=v(s,0)e ' w(s,0,1)=w(s,0)e ", (5.4)

where © is the natural frequency.
From the system of equations (5.1)—(5.3) with (5.4), we derive three equivalent differential equations for the
displacements u, v, w:
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u >

o%u u az u o ov 0%y ow
— Q= us ’ Ty o ) w, — ) ® B
os’ o0 Os 00 0s00 Os

>

Uy sV s 5 oW ] ] ] 5 , @
I "0s 00 0s08 Os 00 ps? Os 00 os2 002 0500 os200 003

62\1_ ( ou ou 0%u ov ov 93y ow ow 02w 0*w 9*w 83w 8w J
002 ’

64W_F Ou 0Ov aw ow ?w *w 92w dw 3w Pw  Pw dtw  otw ® (5.5)
00* 557 00" a5 00 o5 " 007 0500 a5 007 aso0? as200 a5t 652002
where ', F , F, are linear differential operators.

Boundary conditions for displacements are prescribed on the edges s=s,,s, and 6 =0, b. The following boundary
conditions can be specified on the edges s =const:

(i) clamped edge:
ow
u=v=w=— at s=s,, S=5 ; 5.6
2 0 u (5.6)
(i1) hinged edge:
2
vz@:w:a— at  s=s55, S=5,. (5.7)
Os s>

Similar conditions can be specified on the edges 0 = const:

(1) clamped edge:
ow
u=v=w=— at 0=0 0=5h; (5.8)
00
(i1) hinged edge:
2
:@:w omw at 0=0  0=h (5.9)
06 0%

Problem-Solving Method. The solution of the system of equations (5.5) is represented in the form

N N N
u=2ui(9)(p[.(s), V=ZV,-(9)XI~(S), W:ZW[(G)W,'(S)a (5.10)

i=0 i=0 i=0

where u; (0),v;(0), w; (0)(i=0,..., N) are unknown functions; @, (s), x ; (s) are functions set up using cubic B-splines (N > 4);
V; (s) are functions set up using quintic B-splines (N >6). The functions @; (s), ; (s), v; (s) are chose so as to satisfy the
boundary conditions at s =const using linear combinations of cubic and quintic B-splines, respectively.

We rearrange the system of equations (5.5) as

7621/{_61 %4‘(1 @+a @+a u+a 762v+a @+a @

ow
ta;g vtag g+a110w+ alll(m)u,

v d%u Ou Ou ov o2y ov 3w
Y] =a,, —asae+a22 %+a23 e P —tay; — % +aygV+ay e
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02w 3w o%w ow 2w ow
262 tdyy as269+a212 5500 @213 59 T 214 2 Fars 5o 16 Wty g (@),

)

otw  ou ov
Py =ay, aJra32 U+as, %+a34

83w+a otw p 3w np 0w
003 > as2092 0 asoe? o 092

o’w +a 62W+a a—w+a 84w+a a3w+a 82w+a a—W+a W dqq . (0w, (5.11)

+a38

where a,, =a,,(s,0), a,, =a,, (5,0), a3, =as; (5,0), n=1...,10, m=1,...,16, k=1,...,15 a;;, =a;;,(s,0,0),
dyy7 =d17(8,0,0) aszy5 =as4(s, 0, w)

Substituting (5.10) into Egs. (5.11), we require that they hold at given collocation points &, €[s,, s, k=0,...,N.If
the number of knots (N =2n+1Ln23)isevenand &,; €[s5;,55;.1}h &y, 1 €[55;557;411(E=0,...,n), there are two collocation
points within the interval [s,; , s,;, | ]and no collocation points with the adjacent intervals[s,;, |, 5,,, » | The collocation points
within each interval [s,; , 5, ; Jare chosenso that &,, =s,, +2\h,&5;, | =8,; +2,h(i=0,...,n), where h is the mesh spacing;
z, and z, are the roots of a Legendre quadratic on the interval [0, 1], z; =1/ 2-+/3/6and z, =1/ 2++/3/6. This choice of

collocation points is optimal and significantly improves the accuracy of approximation. After all transformations, we obtain a
system of N + 1 linear differential equations for u,,v;,w,. If

o, =[o" &)} X, =[xV €)1 ¥, =lv{" )]
(i,k=0,..,N, [=0,...,2, m=0,...,4),
Ul =fug,..uy V=WV W =g, Wy

al =1a,, (0,8 ). a;, (0,8 )} (r=1...,10),

al ={a,,(8,8) ).y, (0,E0 )} (r=1,...,16),

al =1{a;,(0,&y),..., a3, (0, )} (r=1...,15)
alyy =1a,11(0,&y. 0),.... ay;;(0,€, , )},
a2T17 =1a317(0,80, 0),...,a,17(8,5 ) , )},
a3 =136 (0,80, )., ayy; (0,8, o)}

and the matrix [cl.al.j] is denoted by c¢- 4, where 4 =[aij] (i,7=0,...,N), and ¢ ={c,...,c }, the system of differential
equations (5.11) becomes

u" =0, (@, Oy +apy Oy +ay, Oy +ayy, Py i+ (ay, D +(ay, X, +apg X W
+(as X+ Xog W' + (@9 V) +a; oYy W
V' =X @y @ +ayy @ i+ (A, D +dyy Dy it
H(ayg - Xy +ayy X +ayg Xy +ay7 X W+ (ays - X V'
+(ayyy Wy +ayys W +ay o Vo W@y Wy +ay, W +ay ;Yo'
(g0 Wo W'+ (ay ¥y W™}

IV -l g _ - = _ _ _
w =W {(ag @ tag, Py Ju+(ayy X W +(ayy Wy +ay, Wy +agy W) +ag, Y
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TABLE 8§

Lm R, m R,,m hy, m b, rad B, deg Notation
0.12 0.09 0.09 0.004 /2 0 C1
0.12 0.0875 0.0925 0.004 /2 2.5 K2.5
0.12 0.085 0.095 0.004 /2 5 K5
0.12 0.08 0.1 0.004 /2 10 K10
0.12 0.075 0.105 0.004 /2 15 K15
0.12 0.07 0.11 0.004 /2 20 K20
0.12 0.065 0.115 0.004 /2 25 K25
0.12 0.06 0.12 0.004 /2 30 K30

+ayys Wy +ay Vo W+ (a5 W) +az0 W) +ag -y W'
(a5 Wy + sy V) + gy Py W + (G, Py W, (5.12)

where ™) =u® (0,8,),vH =v® (0,2, ) w =w (0,8, )(k=0,...,11=0,...,3,i=0,...,N).
This system of ordinary differential equations can be represented in normal form:

‘Z;=A(e,m)y (0<0<h), (5.13)

T .
where Y = {ug ooty s Uy see Uy 3V s Vs Vi sees Vg s Wseeis W s Wiaeew Wiy s Wi seens Wiy, Wi, Wi ), A(6, p)is a

8(N +1)x 8(N +1) matrix.
The boundary conditions (5.6)—(5.9) for system (5.13) can be represented as

B,Y(0)=0, B,Y(b)=0. (5.14)

The eigenvalue problem for the system of ordinary differential equations (5.13) with the boundary conditions (5.14) is
solved with the discrete-orthogonalization and incremental search methods.

This approach was used to analyze the natural frequency spectrum of isotropic conical panels.

Analysis of the Numerical Results. Consider non-closed isotropic conical shells (panels) defined by eight sets of
geometrical parameters collected in Table 8, where Lis the length of the generatrix; R, and R, are the radii of the bases; b is the
cone angle; 3, is the taper angle. The thickness of the shells varies as

h=hy(l+acos6) (-05<a<0.5) (5.15)

where 4 is the thickness of a shell of constant thickness and equivalent mass. The shells are made of steel with the following
material characteristics: E = 2.14-10'! Pa, v=0.2588, p =7850 kg/m3.
The conical panels are subject to the following boundary conditions (5.6)—(5.9):
G, all the edges are clamped (conditions (5.6), (5.8));
G, : three edges are clamped (conditions (5.6) both (5.8) at 6 = b) and the fourth edge is hinged (condition (5.7) at 6 = 0);
G : the edges s =const are clamped (conditions (5.6)) and the edges 6 =const are hinged (conditions (5.9)).
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TABLE 9

i A B E, % C E, % D E, %
1 3501.92 | 3489.15 0.36 3485.65 0.46 3480.40 0.61
2 517639 | 5167.92 0.16 5166.65 0.19 5162.83 0.26
3 547931 | 5474.13 0.09 5469.52 0.18 5456.79 0.41
4 7082.30 | 7081.76 0.01 7079.53 0.04 7070.94 0.16
TABLE 10
a
i 0.2 —0.1
A C E, % A C E, %
1 3146.49 3142.51 0.13 3261.88 3258.22 0.11
2 4464.61 4463.34 0.03 4779.10 4777.83 0.03
3 5107.28 5102.03 0.10 5110.15 5104.74 0.11
4 6553.05 6550.98 0.03 6767.75 6765.68 0.03
' 0.1 0.2
l A C E, % A C E, %
1 3494 .41 3491.22 0.09 3612.02 3609.16 0.08
2 5114.44 5109.19 0.10 5117.15 5111.90 0.10
3 5394.24 5392.81 0.03 5695.68 5694.25 0.03
4 7141.92 7140.17 0.02 7319.22 7317.79 0.02

The frequencies obtained using the spline-collocation method with different number of collocation points
(N =10, N =12, N =14, N =16) differ by no greater than 3%. Since the frequencies calculated using N =12 collocation points
differ a little, we will discuss the values obtained with N =12.

The reliability of the results is tested by comparing the frequencies of free bending vibrations of a cylindrical shell of
constant thickness (C1 in Table 8) and conical shells of equivalent mass (K2.5 and K5 in Table 8) hinged at all edges. With such a
problem formulation, it is possible to derive analytic expressions for the frequencies of a cylindrical panel.

Table 9 summarizes the frequencies w,, Hz of flexural vibrations of a cylindrical shell and conical shells of equivalent
mass with all edges hinged calculated analytically (A) and with the spline-collocation method (B, C, D). Here the frequencies of
the cylindrical shell (C1) obtained analytically are in column A; the frequencies for the cylindrical shell (C1) calculated with the
spline-collocation method are in column B; the frequencies of the conical shells K2.5 and K5 obtained with the
spline-collocation method are in columns C and D, respectively; the relative difference between analytic and numerical results
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TABLE 11

Boundary
conditions 0.5 -0.4 03 -0.2 -0.1 0
4.583 4.821 5.019 5.203 5.380 5.554
4.740 5.074 5.410 5.732 6.035 6.317
7.063 7.526 7.908 8.249 8.573 8.889
7.158 7.620 8.049 8.444 8.789 9.077
G, 0.1 0.2 0.3 0.4 0.5 0
5.726 5.896 6.067 6.237 6.407 —
6.577 6.815 7.031 7.225 7.398 —
9.197 9.468 9.682 9.890 10.10 —
9.308 9.543 9.825 10.07 10.29 —
-0.5 0.4 -03 0.2 0.1 0
3.963 4.074 4.202 4313 4.425 4.536
4.425 4.759 5.061 5.364 5.634 5.889
6.127 6.557 6.812 6.971 7.098 7.242
6.875 7.226 7.480 7.703 7.910 8.117
“ 0.1 0.2 0.3 0.4 0.5 0
4.647 4.743 4.854 4.966 5.077 —
6.096 6.271 6.414 6.525 6.637 —
7.417 7.608 7.846 8.101 8.372 —
8.308 8.499 8.674 8.849 9.008 —
0.5 0.4 0.3 0.2 0.1 0
3.470 3.629 3.772 3.915 4.058 4.186
3.979 4.299 4.617 4.939 5.258 5.523
5.379 5.411 5.443 5.459 5.491 5.575
5.777 6.382 6.907 7.257 7.576 7.846
“ 0.1 0.2 0.3 0.4 0.5 0
4313 4.456 4.584 4.711 4.838 —
5.539 5.570 5.602 5.634 5.682 —
5.890 6.201 6.511 6.818 7.127 —
8.101 8.340 8.563 8.769 8.960 —




are given in column E. As is seen, the maximum difference between numerical and analytic results does not exceed 0.4%, which
is indicative of the adequate accuracy of the numerical approach.

The natural frequencies of hinged cylindrical and conical shells with thickness varying as in (5.15) were determined as a
test problem. The calculated results are collected in Table 10, where the frequencies of the cylindrical panel are in column A; the
frequencies of the conical panel are in column C; the relative difference between the frequencies of columns A and C are in
column E. The difference between the frequencies of the cylindrical and conical panels does not exceed 0.15%.

The natural frequencies of conical shells of variable thickness are summarized in Table 11 for a cone angle of 10° (K10
in Table 1), in Table 5 for a cone angle of 20° (K20 in Table 1), and in Table 6 for a cone angle of 30° (K30 in Table 1). Various
boundary conditions were examined.

Tables 11-13 show how the thickness affects the dynamic characteristics of conical shells and allow analyzing the
difference of the natural frequencies of conical shells with variable thickness and constant thickness. This difference increases
with increase in the parameter o and in the frequencies.

The frequency is strongly dependent on the parameter o. For example, the frequencies of shells of variable thickness
with |a|=0.5 differ from that of a shell of constant thickness and equivalent mass by 12% to 25%, depending on the type of
boundary conditions. Thus, minor alterations of the thickness may cause considerable changes in the dynamic characteristics of
shells comparable (in order of magnitude) with the effect of boundary conditions.

Tables 11-13 show how the boundary conditions affect the spectrum of natural frequencies. It can be seen that the more
edges are clamped, the higher the frequency. The boundary conditions of type G5 (edges s =const are clamped and edges
0 =const are hinged), the second and third frequencies approach each other as the mid-surface shape tends to that of the conical
shell of constant thickness.

For all boundary conditions, the natural frequency of the shell decreases with increasing cone angle. Note that the effect
of these changes is an order of magnitude weaker than the effect of the thickness of the shell and the type of boundary conditions.
The frequencies of shells with cone angles of 10 and 30° differ by 5-7%. The greater the cone angle, the sharper the change of the
natural frequencies.

Figures 15—18 show mode shapes corresponding to four natural frequencies of shells with one edge hinged and three
edges clamped. As can be seen, the first natural frequency corresponds to two circumferential half-waves and one longitudinal
half-wave; the second frequency to three circumferential half-waves and one longitudinal half-wave; the third frequency to one
longitudinal half-wave and four circumferential half-waves; and the fourth frequency corresponds to two circumferential
half-waves and two meridional half-waves.

These results are indicative of the high efficiency of the spline-collocation method when applied to analyze the natural
frequency spectrum of thin conical shells (panels) with arbitrarily varying thickness. The free vibrations of conical shells with
thickness varying in one or two directions are analyzed in more detail using the classical theory in [13, 14, 46].

6. Stress—Strain State of Noncircular Cylindrical Shells (Refined Formulation). Consider nonthin orthotropic
noncircular cylindrical shells. We will use the refined theory of shells based on the straight-line hypothesis [21, 31].

To describe the coordinate surface of the shell, we will use an orthogonal coordinate system s, ¢, where s and ¢ are the
longitudinal and circumferential coordinates, and vy is the normal to this surface. From the general equations presented in [21], we
derive the kinematic equations

€ _Ou € —@+k(t)w € —%+@
Soas b o T o oS
oy oy, {ﬁv } oy, oy ou
K, = . K, =—L k() —=+k(t)w A, =—3+—L k()=
S bs ;' ( ot @ St bt Os ( )6z
ow ow
Ye=V,9, v,=v,-9,, 83=—a, St=—5+k(t)v, 6.1)

where g, €, €, are the tangential strains of the coordinate surface; k , 1, K, are the bending strains of the coordinate surface; u, v,

w are displacements; @, ¢, are the complete angles of rotation of the normal; (?) is the curvature of the directrix; 8, 9, are the

angles of rotation of the normal without the effect of transverse shear; v, v, are the angles of rotation of the normal caused by
transverse shear.
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TABLE 12

Boundary
conditions 0.5 -0.4 03 -0.2 -0.1 0
4.498 4.724 4.921 5.107 5.287 5.464
4.678 5.019 5.351 5.665 5.958 6.228
6.927 7.367 7.745 8.095 8.430 8.713
6.995 7.523 7.970 8.321 8.536 8.760
G, 0.1 0.2 0.3 0.4 0.5 0
5.639 5.813 5.987 6.160 6.334 —
6.474 6.695 6.893 7.069 7.225 —
8.899 9.097 9.308 9.532 9.763 —
9.083 9.403 9.685 9.908 10.12 —
-0.5 0.4 -03 0.2 0.1 0
3.883 4.011 4.122 4.234 4.345 4.456
4377 4.711 5.013 5.300 5.570 5.793
5.984 6.382 6.605 6.764 6.891 7.051
6.812 7.114 7.353 7.576 7.783 7.990
“ 0.1 0.2 0.3 0.4 0.5 0
4.568 4.679 4.791 4.902 5.013 —
5.984 6.143 6.271 6.398 6.494 —
7.242 7.464 7.703 7.974 8.260 —
8.196 8.372 8.563 8.722 8.897 —
0.5 0.4 0.3 0.2 0.1 0
3.390 3.565 3.708 3.852 3.979 4.122
3.947 4.265 4.584 4.919 5.239 5.348
5.188 5.236 5.268 5.284 5.316 5.556
5.682 6.271 6.780 7.130 7.433 7.719
“ 0.1 0.2 0.3 0.4 0.5 0
4.265 4.393 4.536 4.663 4.806 —
5.379 5.411 5.443 5.475 5.523 —
5.857 6.175 6.478 6.780 7.082 —
7.990 8.228 8.451 8.658 8.849 —




TABLE 13

Boundary
conditions 0.5 -0.4 03 -0.2 -0.1 0
4.326 4.543 4.742 4.931 5.116 5.299
4.566 4.906 5.226 5.523 5.792 6.035
6.631 7.065 7.416 7.669 7.873 8.078
6.831 7.346 7.594 7.880 8.211 8.549
G, 0.1 0.2 0.3 0.4 0.5 0
5.480 5.660 5.839 6.018 6.197 —
6.249 6.437 6.602 6.747 6.875 —
8.296 8.528 8.775 9.031 9.292 —
8.885 9.149 9.363 9.573 9.786 —
-0.5 0.4 -03 0.2 0.1 0
3.746 3.868 3.987 4.106 4.225 4.342
4.290 4.617 4.920 5.194 5.431 5.626
5.748 6.053 6.238 6.388 6.550 6.743
6.605 6.872 7.110 7.343 7.566 7.776
“ 0.1 0.2 0.3 0.4 0.5 0
4.458 4.571 4.682 4.788 4.891 —
5.782 5911 6.024 6.128 6.231 —
6.971 7.228 7.504 7.790 8.082 —
7.972 8.157 8.333 8.504 8.673 —
0.5 0.4 0.3 0.2 0.1 0
3.263 3.422 3.581 3.724 3.867 4.011
3.899 4.218 4.552 4.870 4.997 5.029
4.854 4.902 4.934 4.966 5.188 5.507
5.539 6.112 6.557 6.891 7.210 7.512
“ 0.1 0.2 0.3 0.4 0.5 0
4.154 4.297 4.440 4.584 4.711 —
5.061 5.093 5.141 5.188 5.236 —
5.825 6.127 6.430 6.732 7.035 —
7.799 8.053 8.260 8.451 8.626 —
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The equilibrium equations are

ON, ON, 0 N Ny o .
+—B g =0 —L4+—L4 +q, =0,
Os o s t Os 17
00, 00, oM. oM
S 4 =L KON + :0’ S 4 s :0’
as o KONty PR
oM, oM,
ot " os _Qt =0’ NSt _k(t)Mts _Nts =O’ (62)

where N, N,, N, N, are the tangential forces; O, O, are the shearing forces; M, M,, M,

moments; g, q,, ¢, are the components of the surface load.

M, are the bending and twisting

sr

The constitutive equations for orthotropic shells symmetric about the chosen coordinate surface are

Ng=Ce +Chey,

Ny =Coeey +2k(1)Dggx o,

My =Dk +DyyK,,

O, =Kyv,
where
€y = E o Cp=v,Cyys
l=vyv,
Dy, :i’ Dyy =v,Dyy,
12(1-vv,)
K, =§hGSY,

where £, E,, v, v, are the elastic moduli and Poisson’s ratios in the directions s and #; G

h(s, ?) is the thickness of the shell.

M, =D,k +Dyx,,

N, =Cre,+Chey,
Nts :C668st’

M =M =2D¢ex

st?

0, =Kyv,, (6.3)
C,, = Eih Ce =G h
22 _I_Vs"z, 66 —Yst’b
3 3
b Eh b _Guh
2 1(-vy,y % 127
st
K, =>hG,, (6.4)

G GfY are the shear moduli; 2 =

st> sy

To solve such a two-dimensional boundary-value problem, we will approximate the candidate solution by spline
functions in one coordinate direction and will solve the resulting one-dimensional boundary-value problem with the stable
numerical discrete-orthogonalization method. This approach allows solving problems for various boundary conditions on each

edge of the shell. The governing system of equations is
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0%u B 0%u ou' ow ov u , ,
78t2 —Clll 765‘2 +a12 a+al3 a+al4 a+a15 g+al6v +a17w+a18u +a19qs,
0%y ou' 0%y , oy’ az\l/
——=a F Ay Vb g ——F Ay WAy W + a0y, —>+ Ay, +a !
=ay - tay 23 24 25 26 27V, Tdgg
o> s os? s os?
a\vt au ’ ’ 6\/ !
Tdy o a3 10 5“12,11" Tay i +ay 3 g+a2,14‘|’s+a2,15‘11’
?*w_ ou , %w o ,
—atz =ay; a+a32v+a33v taywtass 7852 +asg . tazy, tagV,

ow ,
TazgVstas g“’z,uw taz 1249,

oy oy, oy,

vy, , 0%u o' s
+ay, +ayg
o2 Os Os

w
=a,u +a —+a —+a —+a \ +a
41 42 7 s T T das Vs T e

u ’ v a\ljs ’ ’
a9 a+“4,10" Tay pwtay g a+a4,13 o Tay 4V, Tay 15V Tay 1695

2 2
v, =a —au’+a vt+aV +a —azv+a wt+as . w+a —awls+a y, +a o,
— 751 52 53 54 55 56 57 58V ¢ 59
or? Os os? Os os?
+as 0V, +a @-i-a u' +a @-i-a v’ +a %-ka %+a q (6.5)
5,10 V¢ 5,11 Os 5,12 5,13 Os 5,14 s 5,15 Os 5,16 Os 5,17%¢- :

The expressions for the coefficients a;; can be found in [87].

Supplementing the system of governing equations (6.5) with boundary conditions on all edges for open shells and with
boundary conditions on the curved edges and periodicity conditions along the circumference for closed shells, we arrive at a
two-dimensional boundary-value problem.

The system of equations (6.5) includes no higher than 2nd-order derivatives of the unknown functions with respect to s.
On this basis, we can use cubic splines to approximate the solutions with respect to the coordinate s. Then the candidate solution
of the boundary-value problem for the system of equations (6.5) can be represented as

N N N
u(s,0)= D u; (e (s)  Vs,0)= 2 v (e, () wls,t)= D wl(t); 03, (s)

i=o0 i=o i=o
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N N
VD=2 W ey () W (5= 2w, (005 (s) (6.6)

i=o0 i=o0

where u(7), v{(1), w(?), v (?), v,,(¢) are the unknown functions of variable 7 (pjl.(s) (= 1,75) are linear combinations of cubic
B-splines over a uniform partition A: 0=s,, <s, <...<s, = Lthat satisfy the boundary conditions on the curved edges s = 0and

s=L
The following boundary conditions are prescribed on the curved edges s = const:

(1) edge is clamped:
u=v=w=y =y, =0 6.7)
(i1) edge is hinged and is free in the longitudinal direction:

ou oy
N,=v=w=M_ =y, =0 or a:v:w: assz\yt:(}, (6.3)

(iii) edge is clamped and is free in the normal direction:

v  ow oy,
u=Ngy =0,=y, =M, =0 or u=—=—= =

=7 =0 6.9
Os Os Vs os 69)

(iv) edge is hinged:

0
=Y _y =0 (6.10)

u=v=w=M_ =0,=0 or u=v=w o ;

Since the boundary conditions (6.7)—(6.10) contain only unknown functions and their first derivatives, which are
equated to zero, on the edge s =const they can be represented in terms of B-splines:

(a) if the unknown function is equal to zero, then

@ jo (s)==4B3" (5)+BY (s)
_ 1
i (s)=B3" (s)—EBQ (s)+ B3 (s)
0 (s)=B3(s) (i=2,3,...,N-2) (6.11)
(b) if the derivative of the unknown function with respect to s is equal to zero, then

© ;o (s)=B3 (s),

0,1)=85" ()= BY(5)+BL (5)

¢ ()=B3(s) (i=23,...,N-2) (6.12)

The functions 9 N 1(s) and PN (s) are represented in a similar way.
Substituting solution (6.6) into the governing system of equations (6.5) and requiring them to be satisfied on N + 1 lines
s =&; (i = 1,N +1), according to the spline-collocation method, we obtain a system of ordinary differential equations of order

10N + 1):
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R -

R uR+7 (6.13)

dt
(Ez{uo,...,uN,ub,...,u'N,vO,...,vN,vb,...,v'N,WO,...,WN,WE),...,W'N,

T
\Vs()""a WSN’ \V;())a W;‘N’ \Vt():"'a \V[Na \V,[()aa W;N} ),

where R is a vector function of #; f is the vector of right-hand sides; 4 is a square matrix whose elements depend on 7.
The boundary conditions on the straight edges ¢, and 7, of longitudinally open shells are

AR(t))=a,, A,R(t,)=a,. (6.14)

The resulting one-dimensional boundary-value problem (6.13), (6.14) is solved by the stable numerical
discrete-orthogonalization method.

Let us use this approach to determine the stress—strain state of an open transversely isotropic elliptic cylindrical shell
with thickness varying in the longitudinal direction under a uniform normal load q, =g, =const. The shell is clamped along the
entire boundary. The cross-section of the coordinate surface of the shell is defined parametrically:

x=bcosy, z=asiny (—n/2<y<n/2), (6.15)

where a and b are the ellipse semiaxes; y is the angle. The coordinate ¢ is transformed into the coordinate 6 for the function
v(¢(0))as follows:

2 2
dr (dx) +(dz) —o(0), ov_ 1 ov ov _0ov ot (6.16)

a0 \la0) \ab o o(0)00’ 80 or o0

It is assumed that the ellipse area remains invariable and equals the area of a circle of radius R, i.e., ab = R? = const. The
thickness of the shell varies in the circumferential direction as A(y )= h (1+ c.cos 2y ) so that the weight of the shell remains
constant with variation in a.. The transverse shear modulus of the shell material is given by G’ = E / d, where E is the elastic
modulus in the isotropy plane.

We will study the influence of the variation in the thickness (the weight being kept constant) of the shell with the
following parameters on the circumferential distribution of deflection and stress: L =30, hy=1,R=10,a =5,20,d=40,v=0.3,
o=0,£0.3,£0.5.
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This problem is described by the system of partial differential equations with variable coefficients (6.5). The boundary
conditions (6.7)—(6.10) are prescribed on the edges of the shell.

Figures 19-21 show the deflections and stresses on the lateral surfaces of the shell in the section s = L /2 depending on
its thickness. From Fig. 19a it follows that for an ellipse with a = Sthe deflection is maximum near the straight edge and increases
with a (by a factor of more than 1.5 at o = 0.5), i.e., with the thickness near the major vertex of the ellipse. As this thickness
decreases, the deflection decreases insignificantly. The stiffer vertex shifts in the opposite direction to the applied load. Figure
19b demonstrates that the pattern is very different when @ = 20: the maximum deflection is near the minor vertex of the ellipse
and increases (by a factor of more than 2 at oo =— 0.5) with decrease in a, i.e., the thickness of the shell near this vertex. As this
thickness increases (o = 0.3, 0.5), the deflection decreases insignificantly.

Figure 20 shows how the stresses on the outside surface of the shell vary with its thickness. It is seen from Fig. 20a that

the maximum value of G;r increases with a. (its value at o = 0.5 is almost double that at oo = 0). Figure 205 shows that the stress is

maximum at the minor vertex of the ellipse. The stress at oo =—0.5 is more than double that at o = 0.
The stress pattern on the inside surface of the shell with @ =5 in Fig. 214 is qualitatively similar to that in Fig. 20a, but
has opposite sign. Quantitatively, the maximum stress 6, is more than twice as high as the stress c:“ . Itcan be seen from Fig. 21b

thatat a =20, the stress o, is almost half'the stress c;r . The stress 6, is maximum near the straight edge of the shell witha =5.

Thus, by changing the thickness of a shell keeping its weight constant, it is possible to influence the distribution of
displacements and stresses.

The static behavior of nonthin noncircular shells was studied in [88-91].

7. Stress State of Conical Shells of Variable Thickness (Refined Formulation). Let us determine the stress state of
nonthin orthotropic conical shells under distributed surface and local loads, using a refined theory based on the straight-line
hypothesis [21]. To describe the shell, we will use an orthogonal coordinate system s, 0, v, where s = const and 6 = const are the
lines of curvature of the coordinate surface, and y is the normal coordinate to the coordinate surface.

The coordinate surface of the conical shell is described by the first quadratic form dS 2 =ds? +r%d0?, where r is the

radius given by r =1, +cos ¢-s, 7, is the radius of the datum plane, ¢ is the angle between the normal and the axis of revolution, ¢

is the radius of curvature Ry =r/sin ¢.
From the general equations presented in [24], we derive the kinematic equations

€ _Ou € —l(av+ucoscp+wsin(p) € _16u+r6(v)
scas Y rloe Co0 e as\r)
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K _ v, K . %+W COS(p—Sin(P(aV+uCOS(p+wsin(p)
S S B ) ’
a .
2K o . Ws+rg Yo —qu)(au—vcosgo)
r 00 os\ r 2 \ 00
ow 1ow vsing
= _8 s = _8 s 8 = =———++ 5 7.1
Ts=Vs s To =Vo 0 s os 0 r 0 B (7.1)

where g, g, €. are the tangential strains of the coordinate surface; «,
9, 9 are the angles of rotation of the normal without the effect of transverse shear; y, v, are the angles of rotation of the normal

caused by transverse shear; u, v, w are the displacements; y , v 4 are the complete angles of rotation of the normal.

Kg, K g are the bending strains of the coordinate surface;

The equilibrium equations are

ON ON g4
COS(pNS+ra——cosq)N9+ +rq, =0,
s
aNO 56 i
%‘FCOS([)NSB'FV +¢08 N g, +sin @Qg +7qy =0,
00; 00y .
cos +r—S4+— —sinoN, +rqg, =0,
00, = 20 ONg +1q,

N

OM o
r +cos oM —cos M + ~—rQ, =0

Os 00
oM o oM o
W*'(Mse +Mg )cos o+r ™ —rQy =0, (7.2)

where N, Ny, Ny, Ny, are the tangential forces; O, Oy are the shearing forces; M, My, M g, M, are the bending and twisting
moments; g, g, g, are the components of the surface load.
The constitutive equations are

2sin )

Ny =Ce +Cheg, Nog=Ce +Chep, N =Ceee g+ 6650
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Nos =Cepspr M =Dk +DpyKkg, My =D,k +D)rKy,

Moo =My =2Dgex o, Oy =Ky, Oy =K,v,, (7.3)
C Eh C C c Eoh C..=G,h, D 7Esh3
= E) =V ) = B = 9 = ”
11 1-v.vy 12 =Ve* 22 1=v,vy 66 — sH 11 12(1=v vg)
D D,,, D Egh’ D Gyoh” K, =2hG_. K,=>hG ) (7.4)
=V N = = = — , =— .
12 =Vt 22 12(1-v v ) 66 1 1= sy 2= "er

where E, Ey, v, v are the elastic moduli and Poisson’s ratios in the directions s and 6; G, GSY,
h(s, 0) is the thickness of the shell.

From formulas (7.1)—(7.4), we derive a governing system of partial differential equations for displacements describing
the stress—strain state of conical shells of variable thickness:

GGY are the shear moduli; 4 =

o%u u du o%u v v %y ow
02 =byu+byy a+b13 %”’14 252 +bysvtbig — as +byy %"'blS 76s66+b19w+b1’10 g"’bl,llqs’
o%v ou ou o%u ov ov o%v
——=byu+byy —+b,y, —+b,y ——+b,v+b,, —+b,; —+Dbg ——
092 21T Pn o0 e 004 5 ag a5V D6 5ot a7 e 3
ow oy 0%y oy 0%y

+bygW+by g —+ +b S+b tby oy —2 by — L4 ,
29 2,00 59 T P211 5 0212 a0 T 72,13 Ve TP214 T T T 2015 os2 2,1696

2w ou v ow ow
ey =byu+bsy, g+b33v+b34 %+b35W+b36 ——+by; 0

0w oy Yo
+byg ——+b +byg—>+b +by 1 —+b ,
38 52 39Vs 0300 s 3.1Ve T03 12 o0 313y

(a;gszbzuwrbu %+b43 %”744 (Z; +bysvtbyg Z +byy 29 byg aaszag
+hygwtby g %+b4,11“’s+b4,12 a;i: +by 13 6;/(; +by 14 a;g“fb4,15‘l’e
+by 16 a\gSe“Lb4,17 a(\3V96“Ll’4,18 aazs\geeer4,19qs’
aza\ge —bgu+bsg, %ers3 %+b54 2289+b55v+b56 Zv+b57 Dy b 8;\/
+hsow+bs 1 %J“bs,n‘l’s +bs5 15 %”}5,13 %”95,14 (Zgjéwbs,ls‘l’e
+b5,16&g—se+ 5’1762;766+ 5’186;\29+b5,19q9 (0<s<L,0<0<2n) (7.5)

The expressions for the coefficients bl.]. can be found in [69].
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To solve such a problem, we will approximate the candidate solution by cubic spline functions in one coordinate
direction and will solve the resulting one-dimensional boundary-value problem with the stable numerical
discrete-orthogonalization method.

To determine the arbitrary constants in the general solution of system (7.4), it is necessary to prescribe five boundary
conditions on each edge of the shell. There may be clamped, hinged, symmetry, etc. boundary conditions set on straight and
curved edges.

Thus, the stress—strain state of nonthin conical shells of variable thickness is described by a system of partial differential
equations (7.5) with appropriate boundary conditions.

For example, the following boundary conditions can be set on the curved and straight edges of the shell:

(a) clamping:
u=v=w=0, ﬁsz\yezo, (7.6)
(b) hinging:
oy _
Qu_ 0, v=w, Vs _ 0, Yq=0 (curvededges), (7.7)
0Os 0Os
ov aﬁe .
u=0, 2 =0, w=0, 0 =0 (straight edges). (7.8)

Let us use the above approach to analyze the displacement and stress fields in nonthin conical shells with
circumferentially varying thickness. Let the thickness of conical shells vary as (5.15), i.e., #(0) = h, (1+ a.cos 0).
Let us show that the weight of the shell is independent of the parameter .

L2n
The quantity / :j _[h(s,e)dsde remains constant because the expression 1+ acos 0 does not depend on s, i.e.,
00
2n
I (1+ o.cos 0)d0 = 2n =const.
0

Let us determine the stress—strain state of an isotropic closed nonthin conical shell with circumferentially varying
thickness under uniform normal pressure 4y, =qq = const. The shell ends s = 0 and s = L are clamped. Input data: L =30, ;= 12.5,
E = Ey=E, v =0.3. Half the cone angle y = 7/6.

A
Let us analyze the effect of the parameters of /4, and o on the stress—strain state of conical shells of constant weight.

Since the shell is mechanically and geometrically symmetric about the boundaries 6 = 0and 6 = i, we will consider half the shell:
0 €[0,7]. The following symmetry conditions are set on the boundaries 6 =0and 6 =
ou ow _ oY

—=—=0, v=0(,
ot ot ot

=0 ¥, =0
According to the spline-approximation method, a candidate solution can be represented as

N N N
u(s,0)= 2 u; ()9 (s v(5,0)= D2 v, (0)0y;(s)  w(s,0)= D w,;(0)03;(s)

i=0 i=0 i=0
N N
Y (5.0)=D v (0)04;(5)  Wq(s,0)=D v (0)0s,(s) (7.9)
i=0 i=0

If the edges s = const are clamped, then

©10()=—4B31(s)+BY(s),  @;,(s)=B3"(s)-0.5B) (s)+ B} (s),
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0,;($)=Bi(s) (i=23,..,N-2),
01 y_1 (=B ($)=05B ()+BY 1 (s) @y ()=—4B) T ()+BY (5),
020 (5)=—4B31 (5)+BY (s) 9y (5)=B3" (5)-0.5B (s)+B; (s),
0y, ($)=BL(s) (i=23,..,.N-2)
0y n1 (=B ()=05BY ()+ B 7' (s) @,y (9)=—4BJ =1 (s)+ B (s)
030 (5)=—4B31()+BY(s),  @5,()=B3"(5)-0.5B3 (5)+ B} (),
@3, (s)=Bi(s) (i=2,3,...,N-2)

03 x_1 (=B (5)=05BY ()+ B "' (s) @3y ()=—4B3 7! (s)+ B} (s)
040 ()=-4B1()+BY(s),  @4,()=B3"(5)-0.5BY (5)+ B (),
04;()=BL(s) (i=23,....,N-2)
04y 1()=B T (5)=05B3 (5)+BY ' (s), @4y (5)=—4B3 7' (s)+ B (s),
950 (5)=-4B1()+BY(s),  @5,(s)=B3"(5)-0.5BY (5)+ B (s5),
05, ()=BL(s) (i=23,..,.N-2)

05 -1 ()=B3 ()08 ()48 71 (5) 05y (=483 (5)+ B3 (s). (7.10)

Substituting solution (7.4) into the governing system of equations (7.2) and requiring them to be satisfied on N + 1 lines
s = &; (i= LN +1), according to the spline-collocation method, we obtain a system of ordinary differential equations of order
10(N + 1):

dR - -
— =AR + f, 7.11
70 /s (7.11)

’

R={Uy ety Uy sy 3 Vg aees Vi s VigseeesViy s Woseee s W s Wiaeen Wy s
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is a vector function of 0; £ is the vector of right-hand sides; 4 is a square matrix whose elements depend on 6. The symmetry

conditions on the straight edges are
AR(0))=a,, A,R(0,)=a,. (7.12)

The resulting one-dimensional boundary-value problem (7.11), (7.12) is solved by the stable numerical
discrete-orthogonalization method.

Figure 22a shows the circumferential distribution of the deflection w within 0 < 6 < 7 in the section s = L/2 for h; = 1
(Fig. 22a), hy= 1.5 (Fig. 22b),and o = 0, 0.3, 0.5, 0.7. The values of the parameter o are indicated in the figures. The dashed line
corresponds to the shell of constant thickness with o = 0. It can be seen that as 4, is increased from 1 to 1.5, the maximum
deflection decreases by a factor of 1.5. The maximum deflections at o =0, 0.3, 0.5, 0.7 are in a ratio of 1:2:3:5.

Figures 22a, b, ¢ show the circumferential distribution of the stresses cg within 0 <0 < 1 in the section s = L/2 for ho =1

(Fig. 23a, ¢), hy=1.5 (Fig. 23b,d),and =0, 0.3, 0.5, 0.7. The dashed line corresponds to the shell of constant thickness with a. =
0. It can be seen that the curves for stresses are similar to those for deflections.

Thus, varying the values of the parameters 4 and o in (5.15) and keeping the weight of the shell constant, we can find
the rational distributions of the deflection and stresses.

Let us analyze the stress—strain state of closed conical shells under a localized load defined by
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TABLE 14

Ewlqq
B a
y=0 v =m/6 y=n/4
2 —0.8818 —1.0053 —1.1963
n/4 4 —0.812 —0.92993 -1.1127
8 —0.6542 —0.75287 —0.90693
2 —1.3308 —1.4723 —1.6891
/6 4 -1.2269 -1.3619 —1.5691
8 —0.99073 —-1.1029 —1.2768
2 —-1.9601 -2.112 —2.3441
n/12 4 —1.7863 -1.9311 -2.1527
8 —1.4213 —1.5417 —1.7277

qo(cosO—cosP), 0<0<P, L/2-a<s<L/2+a,

0, B<O<n-B,
—q, = —q(cosO—cosP), n-P<O<m+P, L/2-a<s<L/2+a,
0, T+P <0 <2n-P,

g, (cos 6 —cos ), 2n—-B<0<2n, L/2-a<s<L/2+a.

The shells are made of transversely isotropic and orthotropic materials and clamped at the ends. The values of the cone
angle y and the parameters o and [ are variable. The value g, is selected so that the load remains the same (equal to q* =
qo(m/12)) for different values of o and B. It is shown that increasing the interval of application of the load leads to a decrease in w
and 64 in the zone of maximum load at 6 = 0.

Table 14 summarizes the maximum deflections for 6 =0, different degrees of localization of the load, and different cone
angles. The input data: Gsy = Gey =0.2F, GSe =04E, E =5E,Ey= 1.25E, v =045, Vo= 0.18, L =30, 1 =R, —L/2siny, R,

= 20. The shells have constant thickness (% = 1.5).

Thus, by varying the parameters of localization of the load on the shell, it is possible to influence the distribution of
displacements and stresses.

The above results on the displacement and stress fields in nonthin conical shells of variable thickness are of theoretical
and practical value in the strength and reliability design of structural members. The stress—strain state of shallow conical and
spherical shells with variable thickness was analyzed using a refined theory in [32, 55-62, 70, 71].

8. Numerical Solution of Problems. Free Vibrations of Shallow Shells with Variable Parameters (Refined
Formulation).

Starting Equations. Consider a shallow orthotropic shell with rectangular planform and variable (in two directions)
thickness /(x, y)undergoing free vibrations. We will use a refined problem formulation and the straight-element hypothesis. The
planform geometry is approximately identified with the geometry of the midsurface, while the principal curvatures are such that
ky-ky =0.

According to the straight-element hypothesis, the displacements are given by
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u (v, z,0)=u(x, y,t)+zy (x, y, 1),
uy(x, v, z,t)=v(x, y,t)+zwy(x, y,t),
u, (x,v,z,t)=w(x, y, 1), (8.1)

where x, y, z are coordinates; u oo Uyt are the respective displacements; u, v, ware the displacements of the coordinate surface

along the x-, y-, and z-axes, respectively; v .,y ) are the complete angles of rotation of the straight-line element.
The expressions for strains below follow from (8.1):

e (X, y,z,t) =g (x, y, 1)+ 2, (X, ¥, 1),
e,y z,0)=¢ ,(x, y, )+ 21, (x, y, 1),
ey, (%, ¥, 2, 1)=& (X, , 1)+ 220, (%, . 1),
e (x,y,z, )=y, (x, y, 1),

e,y z, 0=y, (x, y,1), (8.2)

where v, and y ) are the angles of rotation caused by transverse shear; ¢ ¢, and ¢ are the shear strains that determine the

internal geometry of the coordinate surface; ¥, , % y , 2% xy are the flexural strains characterizing the bending and twisting of the
coordinate surface.

The strains and displacements are related by

ou ov Ou Ov

Sx a"‘k w, Sy :87y+kzw’ Sxy :aiy“l‘a,
v, o, oy, v,
Xx axx +k xy = 8)/ +k2 W’ 2Xxy = ayx + ax >

V=Y, +8x, v, =Y, +9
ow ow

9 =—"T"tku 9 =-"+hky 8.3
o Ox Y oy (83)

where § _ and 8 , are the angles of rotation of the normal without the effect of transverse shear; &, and k, are curvatures.
The free transverse vibrations of shallow shells are described by the following refined equations:

a]vx+8Nyx » 8ny+6Ny:0
ox oy ' ox Oy '
o o0 2
O +—2 kN _—k,N yHph— o7w =0,
ox oy or?
oM. oM 3 92
i S 9 SN £
X oy 12 o2
2
Mo My g p2 TV g (84)
ox oy Yo 12 o2

where x and y are the Cartesian coordinates of a point on the midsurface (0<x <a, 0< y <b); ¢ is time; wis deflection; p is the
density of the material.

The normal and shearing forces N, N N w N e the bending and twisting moments M, M , M w M e and the
transverse forces O ,0 ) are given by
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N, =C118x+C128y, Ny =C128x+C228y,
ny =C668xy +2k2D66xxy’ Nyx =C668xy +2k1D66Xxy’
Mx =D11Xx+D12Xy’ My =D12Xx+D22Xy’ Mxy :Myx=2D66Xxy’

Qx:Kle, Qy :szya

where
C Exh C C C Eyh C.. =G_h
= Y =V N = Y = ,
11 1_vay 12 =Vt 22 I_vay 66 — Yxy
E 3 E 3 G._h’
= 0w v ) 5 s Dip=v,Dy, Dy = T2l—v v 3 - s Dge = xlyz ,
( —vxvy) ( —vxvy)
5 5
Ky = hGy, Ky =2hG,

E_E , are the elastic moduli, ny ,G

Xz’

G yz are the shear moduli; V.,V are Poisson’s ratios; & = h(x, y)1is the thickness.

(8.5)

(8.6)

The system of equations (8.4)—(8.5) yields five equivalent differential equations for the three displacements u, v, w and

the two angles v,y 3

32u+6C11 ou

oC 2 oC oC
66@+C665u+ 66 v, 9C1p Ov
o2 ox ox Oy oy yr Oy x  x Oy

Cll

0%y oCy, oC,, ow
+(,, +C +| k +k w+ (k,C,, +k,C,, )—
(&) 66)6x6y [ 1o 27 5 (k) Cyy +k,y 12)8x

oD . 8 02
+h, 66 NV +k D Vx
oy Oy oy?

0Dgs OV
dy Ox

az‘vy _

+k —_—
1 66 "oy

+k,D 0,

82v+5C12 %+8C66 @ 6‘2u

0C¢c 0v 0C,y, oy
66 =5 +(Cy +C) 6 —+ 2
Ox oy Ox Ox Oy 0.

Oox ox Oy Oy

2 k2K v+
oy 202

2 acC ac oD aD
+Cs, o V_[kl T2 ) T2 g, 2 ) 22 jw
oy? y oy oy oy

ow
+(kCyy +ksCoy +hy Ky +kikyDyy +k3D,, )z-Ty

oD, o 52 oD, Oy o2y
) 12 Vs —kyDy, - +hy Koy, —k, 2% +kyDyy = =0,
oy Ox 0x0y Y oy Oy oy?
c’izw aKl ou 8[(2
K, — -k, —u— (K, k, +k,C;, +k,C,, )——k %
152 g (K ky +kyCy +hy 12)6x 272

o9 2 2
—(szz +k1C12 +k2C22 )a—y—(k1 C11 +2k1k2C12 +k2C22 —pho” )w

oK oK 2, 0K o oK oy
+71%+72%+K267W+71WX+K1 \Vx 2
ox Ox Oy Oy oyr  Ox
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02 oD
W"+K1k1u—(k12 ‘

X

oD ow
Dy, Lyk? ;2 jw—(ka“ +k3D,, +1<1)a

ox?

W3 oD, 0y 0D, Oy %y
_ Kl —p— 2 v+ 11 x4 66 X +D66 2x
ox Ox oy Oy oy

oD . Oy, oD, Oy
+—00 P T2 Y (D, + Dy ) ——2 =0,
oy Ox ox Oy ox0y
%y oD
y 2 9
Dgg 2+K2k2v—(k1

Oy

2 2
+k5

oD ow
22 ]w—(kllez +k3Dyy +K )
ox oy oy

oD, & oD, 0 o2
e b ‘Vx+ 66 OV +(Dy, +Dgy ) Wy
oy Ox ox oy Ox0y

3 oD, Oy, aD,, 0y 0%y
—[Kz—p}; 2]\vy+ 66~y 72 " Yip S (8.7)

— O
2 I T

The following boundary conditions for the displacements and angles are prescribed on the edges x =0, aand y =0, b. At
x =const, the following boundary conditions are specified:

(1) both edges are clamped:

u=v=w=\|1x=wy=0 at x=0 x=g (8.8)
(i1) both edges are hinged:
ou oy,
=v=w= = =0 at x=0 x=ga 8.9
o ox Y (9)

(iii) one edge is clamped, and the other is hinged:
USVEWSY =Y, =0 at x=0

ou oy .
=y=w= = =0 at x=a 8.10
ax ox Yy ( )

Similar conditions can be specified on the edges y =const. To this end, it is necessary to replace x by y, u by v, and y by
v, in Egs. (8.8)—(8.10).
Problem-Solving Method. The solution of the system of equations (8.7) is represented in the form

N N N
(e, )= 2 u, ()@ (W v 2= 2 v (00, (v wlx ¥)= 2w ()95 (1),
i=0 i=0

i=0
N
UNESOE Zowx )y ; (1) wy(x,y>=;)\uyi ()5 ; (¥) 8.11)
1 1=
where u; (x), v; (x), w; (x), ¥ x (x), v, (x)(i= , N')are unknown functions; oy (y)(j=1,...,5)are functions set up using

cubic B- sphnes N> 4 that satlsfy the boundary condltlons at the edges y=0and y b with the help of linear combinations of
cubic B-splines.
We rearrange the system of equations (8.7) as
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@—a @+a @+a —azu+a @+a v —azv
a2 loax oy oy? Yoax oy 0Ox0y

2
W oy, 82\|/x Ei\uy 0%y
+ag —+aq +ay, +ay, +ay, ,
ox oy oy? ox 0x0y
2 2 2
Oy O, My T iy Dby D, OV
o2 Ox oy Ox0y Ox oy oy?
0 02 oy %y
+b8w+bg@+blo—\u’“+b117\u)‘+b12\uy+b13 L +by, 2
oy Ox 0Ox0y oy o?
az—w—c u+c @+c v+e v —+cwte aw —+c aw
62W a\Vx a\Vy
+cg -2 +eoy, +¢g o +epv oy, +ep o
o? G G o?
Ve —dyu+dyw+d, +d4\|/x+d Vo vag Mg, 2 Vs
ox? ox oy 8y2
6\p 6\uy 02 \yy
tdg ——+dy ——+d|) ————
8x Oy oxoy
0%y, P S P P i 7
=gV w
) g1V+t&, 83 — o 84 o 85 Y +8g axdy 87V,
+ 5\|ly+ 5\Vy+ azwy
8 (= TE89—= T80 5
8o (89 g (103

(a, =a,(x,y) (m=1...,12), bp =bp(x, y) (p=1...,14),
cq:cq(x,y) (g=1,...,4,6,...,12), cs :cs(x,y,co),
d,=d, (x,y) (r=1...,3,5..,10) d,=d,(x,y,0)

gs :gs(xay) (S:L'-'9678:9910)7 g7 :g7(x7y70)))'

Substituting (8.11) into Egs. (8.12), we require that they hold at given collocation points &, €[0, b}, k =

This system of ordinary differential equations can be represented in normal form:

Y
d——A(x o) (0<x<a),
dx
where
YV = = = ! = ! = r 1T
Y—[u,u,v,v w,w \U J\Vx,wyaw);]
_ T
—uo,...,uN,vo,...,vN,wO,...,wN,\uxo,...,\ny,wyo,...,\vyN]

(8.12)

(8.13)

(8.14)

is the column vector of unknown functions and their 10(2V + 1)-order derivatives; A (x, ®)is a 10(N + 1)x 10(N + 1)}matrix.
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The boundary conditions (8.8)—(8.10) for system (8.14) can be represented as
BY(0)=0, B,Y(a)=0. (8.15)

The eigenvalue problem for the system of ordinary differential equations (8.14) with the boundary conditions (8.15) is
solved with the discrete-orthogonalization and incremental search methods.

Calculated Results. We use the above procedure to examine the natural frequency spectrum of a shallow isotropic shell
with variable thickness and square planform (a =5 =0.5 m). The thickness of the shell varies as

h=h0[l+ (622 —6Q+1)], (8.16)

where 0<C<1 |a|<L {=x/a; h, =0.04 mis the thickness of a shell with constant thickness and equivalent mass. For a shallow
cylindrical shell, we have k; =1/ R and k, =1/ Ry =0
The number of collocation points N = 14. The physical characteristics of the shell: £ =2.016-10'! Pa,v=0.3, p =7800

kg/m3. Letr, =6.26000, . =1.60250, r,, =0.86125, where . =R, / a is the dimensionless radius of curvature.
The following boundary conditions are considered:

(1) all edges are clamped (BC1):
u:v:w:\yx:wy:O for x=0, x=aq,
u=v=w=\yx=\|/y=0 for y=0 y=b
(i1) three edges are clamped and the fourth edge is hinged (BC2):
u:v:w:\yx:\yy:O for x=0, x=a

oy
—av_W:\I/ :7}):0 for y=0, y:b’

U=—-=
oy ¥ oy

(iii) two opposite edges are clamped and the other two edges are hinged (BC3):

(iv) two adjacent edges are clamped and the other two edges are hinged (BC4):

u=v=w=\|1x=\|/y=0 for x=0 y=0,
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TABLE 15

o, =o0apl-v)/E
Ty i N
8 10 12 14 16 18 20 22
1 0.4606 | 0.4557 | 0.4537 | 0.4528 | 0.4523 | 0.4520 | 0.4518 | 0.4517
2 1.0829 | 1.0810 | 1.0802 | 1.0799 | 1.0797 | 1.0796 | 1.0795 | 1.0795
6.26000
3 1.0829 | 1.0810 | 1.0802 | 1.0799 | 1.0797 | 1.0796 | 1.0795 | 1.0795
4 1.1817 | 1.1294 | 1.1085 | 1.0986 | 1.0937 | 1.0908 | 1.0891 | 1.0881
1 1.7392 | 1.7056 | 1.6926 | 1.6866 | 1.6835 | 1.6818 | 1.6808 | 1.6801
2 0.5364 | 0.5322 | 0.5305 | 0.5297 | 0.5292 | 0.5290 | 0.5289 | 0.5289
1.60250
3 1.0810 | 1.0791 | 1.0783 | 1.0779 | 1.0777 | 1.0776 | 1.0775 | 1.0775
4 1.2631 | 1.2140 | 1.1945 | 1.1854 | 1.1807 | 1.1781 | 1.1766 | 1.1757
1 1.7559 | 1.7225 | 1.7095 | 1.7036 | 1.7005 | 1.6988 | 1.6978 | 1.6972
2 0.6980 | 0.6947 | 0.6934 | 0.6928 | 0.6925 | 0.6923 | 0.6921 | 0.6921
0.86125
3 1.0760 | 1.0740 | 1.0732 | 1.0728 | 1.0726 | 1.0725 | 1.0724 | 1.0724
4 1.4558 | 1.4131 | 1.3962 | 1.3883 | 1.3843 | 1.3821 | 1.3808 | 1.3800
0
—=y= Ve o =0 for x=aq,
0ox Y
oy
u:@: x:J:O for y=b;
y oy
(v) all edges are hinged (BCS):
Ou oy,
—=v=w= = =0 for x=0, x=gq,
Ox Y
\
u=@: =y =—2>Y=0 for y=0, y=b.
oy y

The results obtained with different number N of collocation points are somewhat different. The absolute value of
frequency and, hence, the accuracy of calculations increase with the number of collocation points. However, the difference is
hardly noticeable at N >16. For this reason, we performed calculations for N =18 which ensured an error less than 1% (the

difference between the calculated frequencies and those found analytically, by Fourier-series expansion).

Table 15 summarizes dimensionless resonant frequencies as functions of the number N of collocation points for shells

with different curvature of the midsurface, constant thickness (o = 0), and all hinged edges.
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TABLE 16

®, = oap(l- v¥)/E

! r. = 6.26000 r. = 1.60250 r =0.86125

A C P, % A C P, % A C P, %

1 0.4516 | 0.4519 | 0.08 | 0.5287 | 0.5290 | 0.07 | 0.6920 | 0.6923 | 0.04

2 1.0794 | 1.0796 | 0.02 | 1.0775 | 1.0776 | 0.01 1.0724 | 1.0725 | 0.01

3 1.0860 | 1.0908 | 0.45 | 1.1737 | 1.1781 | 0.38 | 1.3783 | 1.3821 | 0.28

4 1.6788 | 1.6818 | 0.18 | 1.6959 | 1.6988 | 0.17 | 1.7400 | 1.7429 | 0.17

For validation purposes, we compare the natural frequencies of a shallow isotropic shell with square planform and
hinged edges calculated with our approach and by using the following Fourier-series expansion:

o0
MTX . ATy
u= Z Z a.  cos—-sin ——,
mn b

m=1,3,..n=13,... a

o0
. mmx AT
y= Z Z bmnsm—cos—y,
m=1,3,..n=1,3.. a b

a

m=1,3,..n=1,3, a
- - . mMnx nTt
V= 2 2 Cm SmfcosTy. (8.17)

m=1,3,.n=1,3

Table 16 compares the dimensionless frequencies obtained using expansion (8.17) (A) and our approach for N =18(B)
and gives the difference in percent (P). As is seen, the maximum difference does not exceed 0.5%, which is indicative of the high
accuracy of the approach that employs the spline-approximation of unknown functions.

Tables 17 and 18 summarize the first four resonant frequencies of shells of variable (|a|> 0) and constant thickness
(o = 0) with radii of curvature . =6.26000 and 7, =1.60250, respectively.

Figure 25 shows the first four modes of an isotropic shell with variable thickness for o =0.1, BC1, and different values
of the curvature of the midsurface.

Analyzing Tables 17 and 18, we conclude that the natural frequencies of isotropic shells are more strongly dependent on
the number of clamped edges than on the parameter o.. The fewer there are clamped edges, the lower the frequency. The
geometry of the surfaces bounding the shell, which are symmetric about the midsurface, has a strong effect on the behavior of the
natural frequencies. The greater the difference between the curvatures of the bounding surfaces and midsurface, the more the
difference between the frequencies of the shells with variable and constant thickness. The first frequency varies linearly with the

parameter o for all values of curvature and all boundary conditions. The dependence ® = /(o )is nonlinear at higher frequencies

in all cases. The higher frequencies are more strongly dependent on the parameter o than the lower frequencies. An analysis of
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TABLE 17

BC

®; = ,a\p(l- v2)/ E

a

0

0.1

0.2

0.3

0.4

0.5

0.7514

0.7591

0.7665

0.7739

0.7813

0.7889

0.7967

0.8048

0.8131

0.8218

0.8308

1.3567

1.3969

1.4317

1.4620

1.4884

1.5116

1.5060

1.4866

1.4661

1.4447

1.4225

1.5921

1.5827

1.5709

1.5570

1.5414

1.5244

1.5318

1.5491

1.5640

1.5764

1.5865

2.0631

2.0911

2.1130

2.1297

2.1420

2.1503

2.1551

2.1566

2.1549

2.1502

2.1426

0.6370

0.6513

0.6652

0.6788

0.6924

0.7060

0.7196

0.7334

0.7473

0.7613

0.7754

1.3080

1.3500

1.3766

1.3681

1.3581

1.3472

1.3352

1.3226

1.3092

1.2954

1.2810

1.3884

1.3836

1.3863

1.4182

1.4461

1.4707

1.4923

1.5111

1.5273

1.5411

1.5526

1.9362

1.9660

1.9896

2.0082

2.0226

2.0331

2.0402

2.0440

2.0450

2.0430

2.0381

0.5538

0.5733

0.5922

0.6107

0.6289

0.6470

0.6649

0.6828

0.7006

0.7185

0.7363

1.1981

1.1987

1.1975

1.1950

1.1914

1.1870

1.1819

1.1763

1.1702

1.1637

1.1571

1.2698

1.3132

1.3509

1.3839

1.4131

1.4388

1.4615

1.4815

1.4989

1.5138

1.5263

1.8231

1.8547

1.8802

1.9009

1.9172

1.9299

1.9392

1.9453

1.9487

1.9493

1.9422

0.5847

0.5897

0.5943

0.5983

0.6022

0.6060

0.6098

0.6138

0.6179

0.6223

0.6271

1.1978

1.2244

1.2460

1.2636

1.2774

1.2879

1.2854

1.2722

1.2580

1.2435

1.2287

1.3532

1.3454

1.3359

1.3251

1.3133

1.3013

1.2987

1.3040

1.3077

1.3095

1.3094

1.8469

1.8683

1.8845

1.8963

1.9045

1.9096

1.9119

1.9114

1.9085

1.9032

1.8957

0.4467

0.4485

0.4496

0.4503

0.4511

0.4519

0.4532

0.4551

0.4577

0.4610

0.4654

1.0512

1.0649

1.0737

1.0786

1.0805

1.0796

1.0762

1.0707

1.0632

1.0540

1.0431

1.1289

1.1229

1.1158

1.1078

1.0995

1.0908

1.0820

1.0733

1.0648

1.0564

1.0484

1.6422

1.6569

1.6676

1.6750

1.6796

1.6818

1.6819

1.6802

1.6766

1.6716

1.6649




TABLE 18

BC

®; = ,a\p(l- v2)/ E

a

0

0.1

0.2

0.3

0.4

0.5

0.8914

0.9009

0.9098

0.9184

0.9269

0.9355

0.9440

0.9528

0.9617

0.9709

0.9804

1.3757

1.4143

1.4479

1.4772

1.5028

1.5252

1.5448

1.5617

1.5554

1.5361

1.5159

1.6692

1.6611

1.6505

1.6380

1.6239

1.6084

1.5917

1.5740

1.5762

1.5883

1.5980

2.0956

2.1226

2.1434

2.1593

2.1708

2.1785

2.1827

2.1836

2.1816

2.1764

2.1683

0.7943

0.8092

0.8235

0.8373

0.8509

0.8645

0.8779

0.8914

0.9049

0.9185

0.9323

1.3257

1.3662

1.4014

1.4322

1.4505

1.4412

1.4308

1.4200

1.4083

1.3963

1.3839

1.4752

1.4717

1.4660

1.4589

1.4595

1.4834

1.5045

1.5228

1.5387

1.5523

1.5635

1.9702

1.9987

2.0214

2.0391

2.0527

2.0624

2.0689

2.0723

2.0727

2.0702

2.0649

0.7272

0.7461

0.7641

0.7815

0.7987

0.8156

0.8324

0.8491

0.8657

0.8824

0.8990

1.2858

1.2982

1.2983

1.2971

1.2949

1.2919

1.2883

1.2842

1.2796

1.2748

1.2698

1.2963

1.3277

1.3644

1.3966

1.4251

1.4503

1.4725

1.4921

1.5092

1.5239

1.5363

1.8586

1.8889

1.9133

1.9329

1.9483

1.9603

1.9689

1.9745

1.9773

1.9773

1.9748

0.6773

0.6842

0.6904

0.6962

0.7017

0.7069

0.7122

0.7174

0.7229

0.7284

0.7342

1.2127

1.2387

1.2598

1.2770

1.2909

1.3019

1.3104

1.3165

1.3203

1.3218

1.3192

1.4248

1.4193

1.4119

1.4033

1.3936

1.3832

1.3721

1.3608

1.3491

1.3378

1.3286

1.8739

1.8945

1.9101

1.9214

1.9292

1.9339

1.9359

1.9351

1.9320

1.9266

1.9189

0.5082

0.5133

0.5175

0.5214

0.5251

0.5290

0.5332

0.5378

0.5430

0.5489

0.5557

1.0496

1.0629

1.0716

1.0767

1.0785

1.0776

1.0744

1.0690

1.0618

1.0527

1.0421

1.2014

1.1984

1.1942

1.1893

1.1839

1.1781

1.1723

1.1665

1.1608

1.1555

1.1504

1.6582

1.6732

1.6840

1.6916

1.6963

1.6988

1.6992

1.6977

1.6944

1.6896

1.6832
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Fig. 25

formula (8.16) shows that the thickness of the shell is minimum at the point (a/2, y), which affects the vibration modes of the
shell (Fig. 25) by slightly shifting the maximum amplitude toward the center when the number of half-waves along the OX-axis
is odd.

We used the above procedure to examine the natural frequency spectrum of a shallow isotropic doubly curved shell with
variable thickness and square planform (a =b = 0.5 m). The number of collocation points N =18 The shell is made of
orthogonally fiberglass-reinforced (2:1) plastic with the following characteristics: £ = 3.68- 10'0 pa, E, =268 10'0 pa, G, =

=050-10'" Pa, G,; =041-10'" Pa, G, =045-10'° Pa, v, =0.077,v, =0.105, p =1870kg/m".

Three cases are considered: 7, = ry, = 12.5,3.125, 1.5625, where r,, =R . / aand "y :Ry / b are the dimensionless radii
of curvature.

We used the spline-approximation method to determine the dimensionless frequencies for different number of
collocation points (N =8, 10, 12, 14, 16, 18, 20, 22). Tables 19 and 20 summarize these frequencies for shells with four clamped
edges and o =—0.4 and for shells with four hinged edges and a = 0.4, respectively. For N >16, the frequencies no longer
significantly differ with increase in the number of collocation points for all boundary conditions and curvatures of the
mid-surface.

Tables 21 and 22 summarize the first four resonant frequencies of orthotropic shells of variable (]o.|> 0) and constant
(o = 0) thickness with radii of curvature 7, = r, = 12.5.

Figure 27 shows the first four natural modes of orthotropic shallow shells with double curvature and variable thickness
for BCl and a0 =0.1.

Tables 21 and 22 indicate that the natural frequencies of orthotropic shells are more strongly dependent on the boundary
conditions than on the parameter o.. The more there are clamped edges, the higher the frequency. The first frequency varies

almost linearly with the parameter o for all values of curvature and all boundary conditions. The dependence ® = f(a) is

nonlinear at higher frequencies. The higher frequencies are more strongly dependent on the parameter o than the lower
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TABLE 19

o, =wad [ph, /D,
r=r, i N
8 10 12 14 16 18 20 22
1 15.6808 | 15.6128 | 15.5885 | 15.5788 | 15.5739 | 15.5690 | 15.5690 | 15.5690
2 38.9396| 38.2883 | 37.9577 | 37.8168 | 37.7439 | 37.7098 | 37.6855 | 37.6758
= 3 39.1875|38.9153 | 38.9056 | 38.9007 | 38.8959 | 38.8959 | 38.8959 | 38.8959
4 55.0336|54.4163 | 54.1878 | 54.0906 | 54.0420 | 54.0177 | 54.0031 | 53.9934
1 17.3967 | 17.3384 | 17.3141|17.3043 | 17.2995 | 17.2995 | 17.2946 | 17.2946
2 39.8583|39.2312|38.9007 | 38.7598 | 38.6917 | 38.6577 | 38.6334 | 38.6237
He 3 40.1256 |1 39.8291 | 39.8194 | 39.8194 | 39.8145 | 39.8145 | 39.8145 | 39.8145
4 55.5537|54.9364 | 54.7079 | 54.6107 | 54.5621 | 54.5378 | 54.5232 | 54.5135
1 22.0193|21.9658 | 21.9464 |21.9415|21.9366 | 21.9318 | 21.9318 | 21.9318
2 42.6629|42.1040 | 41.7831 | 41.6470 | 41.5790 | 41.5450 | 41.5207 | 41.5109
0% 3 42.9789 | 42.6338 | 42.6289 | 42.6241 | 42.6192 |1 42.6192|42.6192 | 42.6192
4 57.1869|56.5647|56.3363 | 56.2391 | 56.1905 | 56.1662 | 56.1516 | 56.1419

frequencies. From Fig. 27 it is seen that the sequence of natural modes is independent of the curvatures of the midsurface and
these modes are the same as those of a plate with similar planform dimensions.

The results obtained here confirm the capability of our approach of determining the natural frequencies of shallow
orthotropic doubly curved shells with different mechanical and geometrical parameters and different boundary conditions. This
makes it possible to calculate the dynamic characteristics of such structures to determine their load-bearing capacity and ensure
the required margin of safety.

Such problems are solved in [15, 48, 49, 58-62].

9. Free Vibrations of Closed Cylindrical Shells with Variable Parameters (Refined Formulation).

Problem Formulation. Consider closed circular cylindrical shells of variable thickness undergoing free vibrations. To
determine the natural frequencies and vibration modes of such shells, it is necessary to use a refined theory. We will use the
Timoshenko—Mindlin theory based on the straight-line hypothesis.

According to the accepted hypothesis, the small displacements of the shell can be represented in the mid-surface
coordinate system 0yz (y is the normal coordinate to the mid-surface) as follows:

u,(r,0,z)=w(0,z),
ue(r,9,2)=V(9,2)+’y‘}’9(9,2),

u_(r,0,z)=u(6,z)+y¥_(6,2), ©.1)
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TABLE 20

©,=,a®[ph)/ D,
r=r, i N
8 10 12 14 16 18 20 22
1 29.8111129.6507 | 29.5826 | 29.5535 | 29.5389 | 29.5340 | 29.5292 | 29.5292
2 50.3770 | 48.8993 | 48.3209 | 48.0584 | 47.9272 | 47.8542 | 47.8154 | 47.7911
e 3 56.2099 | 56.1564 | 56.1370 | 56.1273 | 56.1224 1 56.1175| 56.1175| 56.1175
4 71.9734|71.0936 | 70.7533 | 70.5978 | 70.5249 | 70.4811 | 70.4617 | 70.4471
1 33.8601 |33.6851 | 33.6171 | 33.5879 | 33.5685|33.5636 | 33.5587 | 33.5539
2 52.0539|50.5811 | 50.0076 | 49.7451 | 49.6138 | 49.5458 | 49.5020 | 49.4777
e 3 57.2404 | 57.1821 | 57.1578 | 57.1432 | 57.1383 | 57.1383 | 57.1383 | 57.1334
4 72.6587|71.7595|71.414471.2540 | 71.1762 | 71.1373 | 71.1130 | 71.1033
1 44.2524|44.0337 | 43.9462 | 43.9073 | 43.8879 | 43.8781 | 43.8733 | 43.8684
2 57.0654 | 55.5974 | 55.0287 | 54.7711 | 54.6447 | 54.5718 | 54.5329 | 54.5086
e 3 60.4145|60.3270 | 60.2929 | 60.2784 | 60.2686 | 60.2686 | 60.2638 | 60.2638
4 74.8023 | 73.8496 | 73.4802 | 73.3149 | 73.2372 1 73.1934 | 73.1691 | 73.1545

where u(z,0), v(z,0), w(z,0) are the displacements of the coordinate surface; ¥, (z,0), ¥ (z,0) are functions describing the
complete rotation of the normal (-H/2<y<H/20<0<2n,0<z <L)
The kinematic equations are as follows:

ee(r,e,z)=89(9,z)+y1<9(9,2),

eo. (1,0,2) =g, (0,2)+ 2y, (6,2)

_Ou

z A
Oz

la\Ue 1
Kg=——"——

"R 00

Yo =Y

1 ov
gg=— ——+—
RO R

(18\/ 1 )
——+—w|,
R\R OO R

1

W?

1ow 1
ot o 2
RO R

e (r0,z)=¢,(0,2)+vx(0,z2),

e, (r.0.2)=7,(0,z)

eye(r769Z)ZYG(e’Z)5

“"Ro0 o ¢ oz’
10y, vy 1 ou
Koz = + T2 A
R 80 &z R2 00
ow
-V yz =\PZ +ga

9.2)

where €q, € _, €4, are the tangential strains of the mid-surface; g, 1 _, k4 are the bending strains; v, v, are the angles of

rotation of the normal caused by transverse shear. The constitutive equations for orthotropic cylindrical shells of variable

thickness are
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TABLE 21

;= wiaz phy / Dy,
Boundary
conditions o
-0.5 -0.4 -0.3 -0.2 -0.1
25.9322 26.2919 26.6516 27.0259 27.4050
47.9612 49.4243 50.6832 50.5034 50.1339
BCl1
51.3491 51.1158 50.8339 51.7866 52.7539
66.0967 67.1126 67.9438 68.6292 69.1833
22.1797 22.7387 23.3025 23.8712 24.4497
45.8273 45.6523 45.4287 45.1760 449038
BC2
46.4786 47.9903 49.2930 50.4402 51.4464
62.5143 63.5740 64.4489 65.1732 65.7759
20.3277 20.4881 20.6242 20.7458 20.8624
42.9886 44.0094 439851 43.5622 43.1101
BC3
44.7336 44.3934 44.8600 45.5357 46.0801
59.7972 60.5360 61.1047 61.5324 61.8435
19.4382 20.1819 20.9159 21.6547 22.3887
40.2763 40.1985 40.0867 39.9604 39.8194
BC4
45.3801 46.9307 48.2771 49.4534 50.4985
59.1847 60.2929 61.2165 61.9942 62.6456
15.6225 15.5690 15.4864 15.3795 15.2628
38.1327 37.7098 37.2529 36.7766 36.2905
BC5
38.3271 38.8959 39.2653 39.4743 39.5375
53.5656 54.0177 54.3142 54.4892 54.5572
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TABLE 22

o, =0’ fphy I D,
Boundary
conditions
0 0.1 0.2 03 0.4 0.5

27.7987 | 28.2070 | 28.6348 | 29.0722 | 29.5340 | 30.0104
49.7354 | 49.3028 | 48.8410 | 48.3598 | 47.8542 | 47.3341

ol 53.6094 | 543628 | 55.0287 | 55.6120 | 56.1175 | 56.5550
69.6305 | 69.9756 | 70.2284 | 70.3985 | 70.4811 70.4860
25.0329 | 25.6357 | 26.2433 | 26.8655 | 27.5022 | 28.1536
44.6073 | 44.2962 | 43.9754 | 43.6448 | 43.3143 | 42.9886

ne 52.3407 | 53.1330 | 53.8379 | 54.4600 | 55.0044 | 55.4808
66.2668 | 66.6654 | 669716 | 67.1952 | 67.3459 | 67.4188
20.9693 21.0763 21.1735 | 21.2756 | 21.3728 | 21.4700
42.6386 | 42.1526 | 41.6519 | 41.1512 | 40.6506 | 40.1548

o 46.5175 | 46.8529 | 47.1057 | 47.2758 | 47.3730 | 47.4022
62.0525 | 62.1692 | 62.2032 | 62.1546 | 62.0331 61.8387
23.1324 | 23.8761 24.6246 | 25.3829 | 26.1461 26.9141
39.6736 | 39.5229 | 39.3819 | 39.2458 | 39.1194 | 39.0125

BC4
51.4220 | 52.2484 | 529775 | 53.6288 | 54.2073 | 54.7128
63.1900 | 63.6420 | 64.0114 | 64.2982 | 64.5170 | 64.6579
15.1413 15.0198 149128 14.8156 14.7427 14.6990
35.7947 | 353037 | 34.8225 | 343608 | 33.9136 | 33.5004

ne 39.4791 39.3042 | 39.0271 38.6528 | 38.1910 | 37.6369
54.5281 54.4211 54.2413 53.9934 | 53.6823 53.3129
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Fig. 27

1
EKOZ’

N, =Cpe, +Cpeq, No=Cpe +Cheg, N g =Cgeeqg +2Dg
M. =Dyx, +Dpig, Mg =Dk +DyKg, Mg =M =2Dgxg.,
Op =Kyvg, Q.=Kyv,, Ng =Cgeeq. K1 =56, 2)G 3 /6
=5h(0, 2)Gyy /6, By =B, =E/(1-v?), By =E/2(1+V),
By, =VE/(1-v?), C, =B;h®,2), D :Bi].h3(6, 2)/12, 9.3)

where G5 and G, are the transverse shear moduli; £ is Young’s modulus; v is Poisson’s ratio.

The motion of an element of the mid-surface is described by the equation

%+i%: hﬁzu, 10Ny _,_8N729+iQe =ph&,
0z R 00 ot R 00 0z R o2
d 2 oM oM 3 92
Q. 109 1N6:phaw’ oM, 1 ez_Z:pL Ve
0z R 09 R o2 0z R 00 12 o2
1My oM h3 82w9 1
Rao = TP MegMeVed oD

where N _, N 0N .9-Nog, andQ_, Oy are the tangential and shearing forces; M _, M 0 M 9, My, are the bending and twisting
moments; p and 2 =% (0, z) are the density of the material and the thickness of the shell.

Assuming that all particles of the shell undergo harmonic vibrations with circular frequency » and considering that
u(®,z,0)=u(0,2)e’,  w0,z,0)=9(0,2)e’”,  w(0,z,1)=w(0,z)e’,
W (0,2,0)=Fy(0,2)e™, W_(0,2,0)=F_(0,2)e™™

[T L

(hereafter the sign is omitted), we represent the equations of motion as
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c d
Fig. 28
oN ON, ON
. 1 0Ny, +photu=0, 1 0, 920 +1Q9 +pho?v =0,
oz R 00 R 80 oz R
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R oo e QetPo Ve 02

Substituting formulas (9.2)—(9.3) into (9.5), we obtain a governing system of differential equations for the functions
u(z,0), v(z,0), w(z,0),¥_(z,0),'¥y(z,0)and their derivatives:

o o v v o

L' Uy —— s T —5 s 5 > > Vs 5 5 ] 5 ]
’[ 00 0z 5% 92z 000z 00 0z p%9 92z 000z

ow ow %w ow w ., 0¥y ¥y MW, 0°¥, 2°¥,

Wyiais D) ) ) ) B ) ) ) B
0 0z 529 92, 000z 9 a0 7 6z T 529 0 9%s 000z
oV, oY, o0*Y. oY, oy
Z’ z b z b z b z b z 9 mz :O$ (9'6)
00 0z 020 9%z 000z

where L; (i :E)are linear operators, and adding boundary conditions, we arrive at a two-dimensional boundary-value problem.

Problem-Solving Method. To solve the two-dimensional boundary-value problem posed, we use the spline-collocation

method to reduce it a one-dimensional problem that can be solved with the discrete-orthogonalization and incremental-search
methods [1-5].

The solution of (9.6) can be represented as

N N N
w(z,0)=> u; (0)9;(2)  Wz.0)=D v, (0)9y;(2),  w(z,0)=D w,(8)p3,(2)

i=0 i=0 i=0

N N
¥, (2.0)= 2 W, (000, ¥y(2.0)= 3 ¥y (0)gs,(2) ©.7)
i=0 i=0

where u, (0), v, (0), w; (0), ¥y, (0), ¥_; (0) are functions of 6; Qi (z)(j=L...,5i=0,...,N) are linear combinations of cubic

B-splines on a uniform partition {A:0=z, <z, <...<z, =L} that satisfy the boundary conditions at z =0and z = L.
The system of equations (9.6) is reduced to

Y'=A(0,0)7, (9.8)
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TABLE 23

V4 Q a=0 a=0.1 a=02 a=03
Q4 0.0899 0.0900 0.0901 0.0905
2 Q, 0.1083 0.1071 0.1060 0.1048
(O} 0.1089 0.1087 0.1083 0.1077
Q4 0.0899 0.0905 0.0909 0.0910
4 Q, 0.1083 0.1063 0.1039 0.1013
(O} 0.1089 0.1089 0.1089 0.1088
Q4 0.0899 0.0898 0.0895 0.0890
6 Q, 0.1083 0.1057 0.1030 0.1001
Qs 0.1089 0.1084 0.1080 0.1076
Q4 0.0899 0.0898 0.0894 0.0888
8 Q, 0.1083 0.1059 0.1033 0.1005
Qs 0.1089 0.1091 0.1092 0.1089

=

where Y ={u, u', v, v', w, w', V., V., Wy, Uy W 4(0,w)is a 10(N +1)x 10(N + 1)ymatrix. The boundary conditions are

BY(0)=0, B,Y(n)=0, 9.9)

where B, and B, are 5(N +1)x 10(N + 1)-matrices.

The boundary-value eigenvalue problem (9.8), (9.9) is solved using the discrete-orthogonalization and
incremental-search methods.

We analyzed the natural frequency spectrum of a clamped circular cylindrical shell with thickness circumferentially
varying as H =H(1+ acos p0), H, =2,p =2/, 1eN, a =0,0.1, 0.2, 0.3. Figure 28 illustrates how the thickness of the shell
varies in the circumferential direction with the parameter p (p =2, 4, 6, 8) for o =0.3.

Table 23 summarizes the first three dimensionless frequenciesQ, =o, H \/p/iG (mis frequency number).

When p =2,4, as the parameter a is increased, the first frequency increases and the second and third frequencies
decrease. When p =6, § all the three frequencies decrease with increasing a.

Table 24 collects the calculated values of the parameter p for a circular cylindrical shell with thickness
circumferentially varying as H = H, (1+acos p0), Hy =2, p=2L1=1,...,20 and . =0.3.

It can be seen that the effect of the parameter p on the natural frequencies of the shell is stronger when 2< p <8
Beginning with p = § the first three frequencies monotonically decrease with increasing p.

We studied the influence of change in the length of the shell within 15 < Z <150 on the natural frequencies of closed
circular cylindrical shells with the radius of the mid-surface remaining constant (R = 10). Shells with thickness circumferentially
varying as H =H, (1+acos p0), p=2, H, =2, o =0.2, and shells of constant thickness (o =0) were compared considering
various boundary conditions. The calculated values of Q are given in Table 25.
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TABLE 24

P Q Q) Q,

2 0.0905 0.1048 0.1077
4 0.0910 0.1013 0.1088
6 0.0890 0.1001 0.1076
8 0.0888 0.1005 0.1089
10 0.0887 0.1004 0.1085
12 0.0885 0.1003 0.1083
14 0.0884 0.1002 0.1082
16 0.0882 0.1001 0.1080
18 0.0881 0.1000 0.1079
20 0.0880 0.0999 0.1077
22 0.0879 0.0998 0.1076
24 0.0878 0.0997 0.1075
26 0.0877 0.0997 0.1075
28 0.0877 0.0996 0.1074
30 0.0876 0.0996 0.1073
32 0.0876 0.0996 0.1073
34 0.0875 0.0995 0.1072
36 0.0875 0.0995 0.1072
38 0.0874 0.0995 0.1072
40 0.0874 0.0994 0.1071

The first natural frequencies can be compared. The effect of the parameter o on the frequencies is strong in short shells
with hinged edges (to 8%) and is less strong for quite short (15 < L <20)shells with clamped edges (to 2%).
At greater lengths of the cylinder, the influence of the parameter a. is insignificant. The first frequency tends to zero with

increasing length of the cylinder, which is in agreement with the results for thin shells in [13, 14].

Let us analyze the effect of varying the radius of mid-surface within 10 < R <20at constant length L =20 on the natural
frequencies of a shell with various boundary conditions.
H=H,(1+acos pb), p=2 Hy, =2 a.=0.2, and shells of constant thickness (o =0) were compared considering various
boundary conditions. The calculated values of Q2 are given in Table 26.
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TABLE 25

Hinging Clamping

L L/R
a=0 a=02 a=0 a=02
15 1.5 0.1256 0.1257 0.0987 0.0902
20 2.0 0.0899 0.0901 0.0707 0.0706
25 2.5 0.0703 0.0704 0.0547 0.0546
30 3.0 0.0579 0.0581 0.0450 0.0449
35 3.5 0.0497 0.0498 0.0389 0.0389
40 4.0 0.0439 0.0439 0.0350 0.0350
45 4.5 0.0397 0.0397 0.0325 0.0324
50 5.0 0.0366 0.0366 0.0307 0.0307
55 5.5 0.0343 0.0343 0.0273 0.0273
60 6.0 0.0325 0.0325 0.0238 0.0239
65 6.5 0.0303 0.0296 0.0209 0.0211
70 7.0 0.0276 0.0270 0.0185 0.0187
75 7.5 0.0252 0.0247 0.0165 0.0167
80 8.0 0.0231 0.0227 0.0148 0.0150
85 8.5 0.0213 0.0210 0.0133 0.0136
90 9.0 0.0197 0.0194 0.0120 0.0123
95 9.5 0.0182 0.0180 0.0109 0.0112
100 10.0 0.0169 0.0167 0.0100 0.0103
105 10.5 0.0157 0.0156 0.0091 0.0094
110 11.0 0.0146 0.0146 0.0084 0.0086
115 11.5 0.0137 0.0136 0.0078 0.0080
120 12.0 0.0128 0.0128 0.0072 0.0074
125 12.5 0.0120 0.0120 0.0066 0.0069
130 13.0 0.0112 0.0113 0.0062 0.0064
135 13.5 0.0106 0.0106 0.0057 0.0059
140 14.0 0.0099 0.0100 0.0054 0.0056
145 14.5 0.0094 0.0094 0.0050 0.0052
150 15 0.0088 0.0089 0.0047 0.0049

187



188

TABLE 26

Hinging Clamping
R R/L

a=0 a=02 =0 a=02
10.0 0.5000 0.0899 0.0901 0.0707 0.0706
10.5 0.525 0.0888 0.0890 0.0701 0.0700
11.0 0.550 0.0878 0.0880 0.0697 0.0696
11.5 0.575 0.0869 0.0871 0.0693 0.0692
12.0 0.600 0.0861 0.0863 0.0689 0.0688
12.5 0.625 0.0853 0.0855 0.0686 0.0685
13.0 0.650 0.0846 0.0847 0.0683 0.0682
13.5 0.675 0.0839 0.0840 0.0679 0.0668
14.0 0.700 0.0833 0.0833 0.0676 0.0644
14.5 0.725 0.0827 0.0826 0.0670 0.0622
15.0 0.750 0.0821 0.0819 0.0655 0.0601
15.5 0.775 0.0815 0.0808 0.0643 0.0581
16.0 0.800 0.0805 0.0796 0.0625 0.0563
16.5 0.825 0.0795 0.0786 0.0606 0.0546
17.0 0.850 0.0786 0.0776 0.0588 0.0531
17.5 0.875 0.0777 0.0767 0.0571 0.0515
18.0 0.900 0.0769 0.0758 0.0555 0.0501
18.5 0.925 0.0762 0.0750 0.0540 0.0487
19.0 0.950 0.0755 0.0743 0.0526 0.0474
19.5 0.975 0.0748 0.0736 0.0513 0.0462
20.0 1.000 0.0742 0.0729 0.0500 0.0451




The greater the ratio R / Lthe stronger the effect of the parameter o on the natural frequency of the shell. In all cases, the
first frequency decreases with increasing radius of the mid-surface of the shell. The frequencies differ by 2% if the shell is
clamped and by 10% if the shell is hinged.

We also analyzed the natural frequency spectrum of closed circular cylindrical shells with thickness circumferentially
varying as H = H, (1+ a.cos p0). Applying the spline-collocation and discrete-orthogonalization methods makes it possible to
analyze the effect of the parameters p and o on the natural frequency spectrum of the shell when the geometrical parameters R
and L of the shell are changed and to compare the obtained results with those for a cylindrical shell of constant thickness with
various boundary conditions. Thus, varying the parameters p and a, it is possible to control the natural frequency spectrum of
shells of variable thickness. Problems on the free vibrations of cylindrical shells with thickness varying in two directions were
solved in [11, 42].

The stress state of hollow circular isotropic and orthotropic cylinders of finite length with clamped ends was analyzed in
[81].

Conclusions. We have reviewed publications and generalized the results on the static and dynamic deformation of a
wide class of shells with variable parameters obtained using classical and refined problem formulations. Solving static and
dynamic problems for such shells involves computational difficulties. In this connection, an effective discrete—continuous
numerical—analytic approach has been developed. It employs the spline-collocation method to reduce the starting system of
partial differential equations with variable coefficients to one-dimensional boundary-value problems for systems of ordinary
differential equations of high order that can be solved with the stable numerical discrete-orthogonalization method (in
combination with the incremental-search method in the dynamic case). This approach was used to analyze the stress—strain state
and free vibrations of rectangular plates, shallow circular and noncircular cylindrical and conical shells with variable thickness
and anisotropic properties using classical and refined problem formulations.

Emphasis was placed on the reliability of numerical results. The effect of mechanical and geometrical parameters,
boundary conditions, and type of load on the displacement and stress fields and dynamic characteristics of shells has been
analyzed. The results obtained are indicative of the high capability of the proposed approach (along with the finite-difference and
finite-element methods) to solve problems in the mechanics of shells.
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