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DEFORMATION AND DAMAGE OF COMPOSITE MATERIALS OF STOCHASTIC
STRUCTURE: PHYSICALLY NONLINEAR PROBLEMS (REVIEW)

L. P. Khoroshun and E. N. Shikula

The studies on the theory of deformation and short- and long-term damage of physically nonlinear
homogeneous and composite materials are systematized. In the case of short-term damage, a single
microdamage is modeled by an empty quasispherical pore occurring in place of a microvolume damaged
by the Huber—Mises criterion. The ultimate microstrength is assumed to be a random function of
coordinates. In the case of long-term damage, the damage criterion for a single microvolume is
characterized by its stress-rupture strength determined by the dependence of the time to brittle fracture
on the difference between the equivalent stress and its limit, which is the ultimate strength. The equation
of porosity balance at an arbitrary time and the equations relating macrostresses and macrostrains
constitute a closed system. Algorithms of calculating microdamage and macrostresses as functions of
time and macrostrains are developed. The effect of nonlinearity on the curves is studied
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Introduction. Occurrence and development of dispersed microdamages in materials under loading commonly lead to
the formation and development of main cracks, which are a cause of failure of materials and structural members. Physically, the
damage of a material may be considered as dispersed defects such as microcracks, microvoids, or destroyed microvolumes. They
reduce the effective or bearing portion of the material that resists loads.

There are three approaches to the mathematical modeling of the damage of materials. The first approach proceeds from
the microinhomogeneity of the elastic and strength properties of a material, resulting in dispersed microdamages under loading,
which are modeled by microcracks or micropores [3, 7, 13, 17, 19, 20, 27-34, 40-46, 50, 51, 55-100]. The damage equations are
derived from the theory of deformation of structurally inhomogeneous materials and certain failure criteria for microvolumes of
the material. The second appreoach formally introduces a damage parameter as a measure of discontinuity of the material but do
not indicate its physical meaning and postulates an evolutionary equation that relates the damage rate and the applied stress [1,
8-10, 15, 16, 25, 26]. The third approach describes damage by thermodynamic (rather than structural) parameters, which
contribute, together with stresses and strains, to the laws of thermodynamics. This gives formal relationships among stresses,
strains, and damage parameters [2, 5, 18, 23, 24, 52, 53].

When subjected to increasing load, many homogeneous and composite materials show a nonlinear relationship between
macrostresses and macrostrains. This may be due to the physically nonlinear deformation of the components [14] and the
formation of dispersed microdamages [33] occurring as microcracks or micropores in place of destroyed microvolumes [55, 56,
66]. The former type of nonlinearity is typical for composites with plastic metal matrix and polymer matrix at high temperatures.
The latter type of nonlinearity is typical for materials with brittle components such as polymeric composites at low temperatures,
carbon-matrix composites, ceramic composites, etc. Actually, both nonlinearities are manifested simultaneously. Therefore, it is
of interest to study the coupled processes of physically nonlinear deformation and damage of homogeneous and composite
materials.
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Predicting the effective deformation properties of composites whose components show nonlinear stress—strain behavior
involves solving a physically nonlinear problem of elasticity for a microinhomogeneous body, which is very difficult to solve
compared with the linear problem, especially for regular structures [6]. If the structure is stochastic, we can use the ergodic
property [36, 37, 49] to replace the averaging of the solution over a macrovolume with preliminary statistical averaging at one
point, which considerably simplifies the formulation and solution of the problem. The singular [49] or one-point [36]
approximation allows us to solve the nonlinear problem only for composites with quasispherical inclusions or composites
reinforced with unidirectional infinite fibers. With the method of conditional moments [37], it is possible to determine the
effective properties of physically nonlinear composites with arbitrarily shaped reinforcement by solving a system of nonlinear
algebraic equations for strains averaged over the components. This allows studying the nonlinear deformation properties of
materials with soft metal or polymer matrix reinforced with quasispherical solid particles [43].

It is obvious that the first informal approach provides the most adequate modeling of real damage processes. Proceeding
from the stochastic inhomogeneity of microstrength peculiar to real materials and described by probability distributions, we can
explain and model short-term (instantaneous) damage [55, 56], which occurs upon the application of load, and long-term
damage, which is the accumulation of microdamages after the application of load [57]. The real damage of a material is generally
a combination of short- and long-term damage.

The stochastic equations of elasticity of porous materials whose skeleton is physically nonlinear underlie the
mathematical theory of coupled processes of deformation and damage of physically nonlinear materials. The damage of a
material is modeled by dispersed microvolumes destroyed to become randomly arranged micropores. A microdamage of a single
microvolume is characterized by its ultimate strength according to the Huber—Mises failure criterion or by its stress-rupture
strength described by a fractional or exponential power function, which is determined by the dependence of the time to brittle
fracture on the difference between the equivalent stress and its limit (ultimate strength according to the Huber—Mises criterion).
The ultimate microstrength is assumed to be a random function of coordinates whose one-point distribution is described by a
power function on some interval or by the Weibull function. The effective elastic properties and the stress—strain state of a
physically nonlinear material with randomly arranged microdamages are determined from the stochastic equations of elasticity
of physically nonlinear porous materials. We will derive the equation of damage (porosity) balance at an arbitrary time from the
properties of the distribution functions and ergodicity of the random field of ultimate microstrength and the dependence of the
time to brittle failure for a microvolume on its stress state and ultimate microstrength. The macrostress—macrostrain relations for
a physically nonlinear porous material and the porosity balance equation form a closed-loop system describing the joint
processes of physically nonlinear deformation and microdamage. We will use an iteration method to develop algorithms for
calculating the macrostresses and microdamage as functions of macrostrains and time and to plot the respective curves. The
influence of nonlinearity on the deformation and microdamage of materials will be analyzed.

The present review systematizes the studies on the theory of deformation and short- and long-term damage of physically
nonlinear composites of stochastic structure performed at the S. P. Timoshenko Institute of Mechanics over the period from 1993
through 2010.

1. Nonlinear Deformation of Materials.

1.1. Nonlinear Deformation of Dispersion-Reinforced Materials: Problem Formulation. Dispersion-reinforced
materials which are composites reinforced with uniformly distributed small quasispherical or quasispheroidal solid particles are
very popular. A composite of stochastic structure with perfectly bonded (continuity of forces and displacements at the interface)
physically nonlinear components can be represented as a microinhomogeneous elastic medium. The relationship between
microstresses i and microstrains g; atan arbitrary point of a composite can be expressed as

oy =kymn(eaﬁ )€ (1.1)

where kl'jm , 1 the stiffness tensor deterministically dependent on the strains & ap is a statistically homogeneous random function
of coordinates x,..

If a macrovolume (which is a volume much greater than inhomogeneties) of a composite is subject to homogeneous
macrostresses and macrostrains, the stresses ¢ i and strains g, are ergodic statistically homogeneous random functions. Their
expectations (G l.j> and (e l.j> at an arbitrary point are equal to the macrostresses and macrostrains, respectively. Substituting (1.1)
into the equilibrium equations

c...=0 (1.2)
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and using the kinematic equations

1
€y =U ) Ei(ui’j g ), (1.3)

we obtain physically and statistically nonlinear equilibrium equations for displacements:
[kijmn(smB )um,n],j:O. (1.4)

Since a macrovolume is much greater than microinhomogeneities, it may be considered to be an infinite domain V" [35,
36, 48]. Let us represent random fields of stresses, strains, and displacements as sums of population means and fluctuations:

o, :<0'l.j)+c72., & :<8i/.>+82., u; :<8ij>xj +u?. (1.5)
Then Eq. (1.4) becomes:
}\‘Cymn m,nj {[ ijmn (8 B) }\‘ymn] mn}’j =0, (1'6)

where k‘lijm , 1s some stiffness tensor with components independent of the coordinates. The boundary condition for the infinitely

distant boundary S is as follows, according (1.5):

ul =0 (1.7)

Using a tensor Green’s function satisfying the equation

}\'C

ijmn mk ,jn

(D —x@ )+ 5(x D x5, =0, (1.8)

we reduce the boundary-value problem (1.6), (1.7) to an integral equation for the strain tensor:

1 1 2 2 2 2
e =(e; )+ K (¢ —x U)[Mpgmn(s( )2 I (1.9)
where the integral operator K iipq is defined by
K g ) =x) e = j Gip g F =x)(0P ~(@))dV @, (1.10)

@

where the superscript in parentheses denotes a point in space.
The nonlinear stress—strain relation (1.1) is referred to an arbitrary point of the composite, which is in one of its
components. If the point is in the kth component, then

S =N (855 )6 (1.11)

The stresses o i and strains &¥ i in the kth components can be represented as

—<Gk>+ck0 —(s >+gk° (1.12)
where (c Y, <8 .y are the average stresses and strains over the kth component; 050 ,8];.0 are the respective fluctuations within the

kth component. If we neglect the fluctuations of stresses and strains within the component, then the nonlinear relation (1.11)
becomes:

(oh) =1, (ehp) Xeh,)- (1.13)

Averaging (1.13) over a macrovolume, we obtain an expression for the macrostresses:
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2
(o) :kz_:lckxl;'jmn (egp) Ne ks (1.14)

where ¢, is the volume fraction of the kth component.
e@ , A2) \v(l) ) (distribution density of the strains at the points

Let us average (1.9) using conditional density f (sf.jl) 85 M

xﬁl) ,x£2) and the elastic moduli at the point xﬁz) provided that the point xﬁl) is in the vth component). Then, neglecting the

fluctuations of strains within the component, we obtain a system of nonlinear algebraic equations for the average strains in the
component:

2
<a;>=<a,-,>+1§1K,§;§q[x’;qmn(<a§B>>—x‘,’,qmn]<afm> (v=12), (1.15)

where the matrix operator K ;’1’; ; s defined by

K —K.

Vg =Kijpg @) =x3p e eV =22, (1.16)

Puk (xgl) —x£2) )= f( 5{2) | (Vl) )is the probability of transition from the point xﬁl) in the vth component to the point xﬁz) in the kth
component. Determining the average strains ¢ sg.) as functions of (¢ l.j) from (1.15) and substituting them into (1.14), we obtain

the nonlinear relation between macrostresses and macrostrains.
Let us consider a composite with an isotropic matrix and isotropic unidirectional quasispheroidal inclusions:

k »
}\‘ijmn :)\‘kﬁijsmn +2Hk1ijmn (k=1,2), 7\’Cijmn :}\‘csijsmn +2Hc]ijmn’
Pop = + (B, —c Jexp(—yn2 (2 +x2)+n2x2), (1.17)

where A, 1, ,A 1 . are the elastic moduli of the components and reference body; / — (6;,0 nt 5,0 i )/ 2is aunit tensor;

n, and n, are the reciprocal semiaxes of quasispheroidal inclusions. In this case, operator (1.16) becomes:

k
Kk = O = Hayd;,8, +ayly, +a3[8,85,85, +8,38,5(5,, ~285,8; )]
+ay8;38 383,83, +as(I;3,,8 3 +1;3,,8;3 =26;38 383,85, )},
; _(7\.C+uc)(1—s1—s2) . __(7\.C+3p.c)(1—sl)+(7»C+uc)s2
1~ > 2 = >
8 (A, +2u.) . (A, +2u.)
; _(7‘c+“c)(51+552_1) ; _“c_(27‘c+5“c)51+5(7‘c+“c)52
3 - ) 5 - k)
. (A +2u.) (e +2u.)
A+5u . —(h, +13 =5+
a4 __c Mc ( c Hc)sl ( c 2“0)‘;2, S] — 12 (1—S),
S (e +2u,) 1-k
R In(k—Vk? -1), k=1,
1-(1+2k2 )s, L VE2 21 (L.18)
Sy =5 =, §= .
2(1-k7) 2 k - arcsinV1—k?2, k<l
1-k

If £ = 0,0, 1, we obtain the expressions of the operator for laminated, unidirectional fibrous, and particulate materials,
respectively.
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Let the bulk strains and stresses of the inclusions and matrix are related linearly, i.e., the bulk moduli K|, =A, +2u /3

are independent of the strains, and the deviatoric stresses <GZ. Y" and strains <8;]/- )" are nonlinearly related by
() =2u,(J, Xe))'s  J, =[e)) eyl (v=1,2) (1.19)
Using formulas (1.15), (1.17)—(1.19), we find the average strains:
@} =(e) + (D" ey 4 ()= ()10, € )85

+2uy (J1) =15 (S (€ 2 (1.20)
where the transversely isotropic tensor Ql.jmn has the following nonzero elements:

Q1111 Y9122 =900 92013

== IA{(KC D + 20+ X R )sy R [+ 20 )0=s)+ (K420 (1=5)1},

2A
1 ' /
01133 =933 =¥3311 =P332 :i[(}\‘c )R, + 20+ 0 )5y + 08y (1=5)]
1 ’ ’ ’ ’
O3y = o (W + ] = (g #2042 DO +R. s +i sy T

0y1sy ~Os11y Oy g #1803 + O 30, )(1-5)
Ptz =Oam21 =2 = T G e ) L iy O+ )

1313 =93131 =313 =91331 =Pa323 =93030 =%3023 =033

1 (A +2u )+ )5y —4(h, +1 )5y
420, (A, +2u )+ (A, +2u ) (1+s; )5y —4(N, +uc)sz]’

(A=p, (M, +2u DA, +2u , + X+ (+s)]+p" B, +p (A, + 30, )s,y
+ GV +20)[(A +p sy +u s (s
N=cihy(Jy)+eah(J))=A,, W =ciuy(Jy))+eu (J))—1,) (1.21)
Substituting (1.17), (1.20)—(1.22) into (1.14), we arrive at the relation between the macrostresses and macrostrains:
(05) =y =hyy Xy + (M (e, + 205 (83308
(G330 =h13(8,, ) +A33 (330, (O;3) =20y (e;3) (k,r=12) (1.23)

where the effective elastic moduli are defined by the following formulas [43]:

* *
TR

; =c1[x1u1)+u1<J1>]+c2[x2u2)+u2<J2)J—%{[xlul)—xzuznz

X (b + 20 )+ 30T+ 20 () )=y (UM, () )=H (g T (h + 20, (1=, )+ 4p'A]
+H () -pr,, )]2[MC(7\'C +2u, Y(1=15 )+(7\'C +H, )(7\'6- +2u, )S, +(M +2u")413,

M e1¢3 [, (U)o P IO + 31 (=5 )+ (hg 38, ), ]
11 12 _ _ 12t 2\ 2 c c 1 c c P2
R e ) e+ 20 ) PTGy + 3, W15y 1+ (g + 30, ),
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2y = e b () +eahy (Jz)—%{[xlul)—xz )2 [, Ony +20, )+ 30'A]
H[A )=y (I () =Ry ()R (A + 20 )(1=s; ) +4u'4]
=2 (T =y ()PP +p D, +20 sy + 1 AT,

7\*33 = [MUPD+2u, (I D]+ e[y (T )+ 20, ()]

S ()= (TP, (b, + 20, )+ 30'A]

A 1V 2H HelAetad, H
+4[7\'1 (J] )_7\'2 (Jz )][H] (Jl )_HQ(JQ )][HCO\'C +2!vlc)31 +u'4]

A ()~ (TP, (g +20 sy + (b, )(Oh, +20 )5y + (A +p")AT)

e[y ()1, (I, )]2[(7% +2u )45 =40, +2u )5, ]
2 (g + 230, )+ 1 [y + 20, )55 ) =40, + 220, )5, |

7‘24 =ciuy (J))+en, ()=

>

A=p s;(I=s) )+ (A, +1,)s,. (1.24)

Since the solution is approximate due to the neglect of the fluctuations of the strains within the component, these
formulas, include the elastic moduli A . ,u . of the reference body. It is reasonable to choose their values considering the coupling
of'the components and keeping them close to the real or experimental values [36, 37] or values obtained by other methods [6, 49].
If the inclusions are stiffer than the matrix, then

—1 -1
c c c c
n, = L2 _Euc, W= L . , (1.25)
K, K, 3 mi(Jy) mo(Jy)
If the matrix is stiffer than the inclusions, then
Ao =( K+, Ky)=2u /3, . =cu(J))+Heu, () (1.26)

The effective elastic constants (1.24)—(1.26) appearing in the constitutive equations (1.23) depend on the deviatoric
average strain ( sfj )" of the matrix; therefore, they should be expressed in terms of the given macrostrains ( 81‘j>' To this end, we

use formulas (1.23) and
(o) =¢i(o)) +ey(op)s (e;) = (&) +ey(e7) s
(Gl‘.]’.) =i, (J, )(8;}7) +2u,(J, )(s;.) (4,7, p=1,2,3, v=12), (1.27)

whence we find

*

A=A =2us (Ja )
(e¥) = (~1yv+D M1 T 2 3-v sy
e N IV ETNAA

(&)

N A3 —hyy (T3 DIy (o ) =R (J1=[A53 —A3 =25 L (T3 Iy (o) =2 ()]
6~V Ve (K| —K, )1y (o)1 ()]

<833>6ij3

Az —hg_y T3 DIy () =k (DI=TA + 4, =205 =205 (T3 )y ()= ()]
6(-DVDe (K| =Ky ()= (J;)]

<8\3/3> =

()
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N 2[7“23 A3y 3o ) =25, (U3 IR, () -1y (U )]+2[7‘>;3 _7;;3 “25, (o I, () =M ()]

(£33)
6(-D Ve (K| =K )y (o)1, ()] »

x*44 B3y (3y)
CV[Hz(Jz )_Hl(Jl )]

(e);) =(-nHv*h (€30 (i,/,r=12, v=12). (1.28)

Determining the invariants /| and ./, as functions of macrostrains from the nonlinear equations (1.28) and substituting
them into (1.23)—(1.26), we obtain a nonlinear relationship between macrostresses and macrostrains.

The nonlinear system of equations (1.23)—(1.28) can be solved numerically using the following iterative method. The
nth approximation of the effective elastic moduli is determined by the formulas

o
) =[N (J1(,,) )1y (Jl(n) N+cey (A, (Jz(n) )+H, (Jz(n) )]

C1C2 2 '
A M U1y ) =2 o)1y piny + 20 ) )+ 30y Ay )
(n)

+ 2L (Jl(n) )= A,y (‘]2(n) Nk, (Jl(n) )=H, (J2(n) T c(n) O‘c(n) * 2HC(n) =51 )+4p l(n)A(") ]

101 ) ) =1 ) )P [y Py + 2 J1=51)

+ (}\‘c(n) +uc(n) )(kc(n) + zl’lc(n) )SZ + ()\’,(n) +2“’(n) )A(n) ]} ?
*(n) _q*(n)
}\'11 }\'12

’ =ciy (g )Tl (o)

2
B €16y [H] (J1(n) )_lvlz (Jz(,,) )] [(kc(n) +3u c(n) )(1_51 )+ (}\’c(n) +3u c(n) )52]
2“ c(n) (}Lc(n) + 2” c(n) )—H’L,(n) [(}\’c(n) + 3“ c(n) )(1—S1 )+ O”c(n) + 3” c(n) )SZ ]

* Clc2 2 ,
7‘1(3’1) =M (S )+ o (o )_T{D‘l 1y ) =22 oy TR ) Py + 20 ) ) F 30y Ay ]

n
F ) )= 2g gy DI 1) ) =1 gy DI ey Crcny 28y WIH 57D+ 400, A )]

2 '
—2Ap, (Jl(n) )—H, (Jz(n) )] [(7\'6(,,) T ) )(}”c(n) + 2!»15(,,) )s, + 7\'(,1)14(,1) 1,

2357 = Dy (1 )+ 284 () ] €5 Thy () )+ 2005 (T ) )]

clcz 2 '
_T( ) M U1y ) =2 o)1 IRy iy + 2 ) )30y Ay )
n

A 1) )= 20 oy I 0y ) =10 () DI ey Crny + 2 ey D51 F 1y A )]
2
A (1 )71 )T I ey gy + 21 ey )5
+ (kc(n) T ) )(7"0(,1) + ZIJC(,,) )5, + (7“’(,,) +H’(n) )A(n) 15 (1.29)

7‘4(4;1) = (i )T ety (o)
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2
9% [y () ) =10 (T ) TRy 20 oy M8 ) =4 N ) + 200 ) )52 ]
20 ) Py 20 0 ) TR [y + 20 00 WA+ 8) =4 (R ) + 20 ) )5, ]

()\"(n) =1k (oo )T M (i ) =Ry » l‘l’(n) =1l (S ) F ol (1) ) R oy

Ay =H ey Peiny + 20 o) M ey + 20 ) + My Ry (571
Ty By T e )Py 3 ey 152 + Ry + 20 () NPy FH oy 152+ T+s)IE - (130)
Ay =yt A=51)+ Gy TR () 525
and
Xc(n) =(e) Ky +¢yKy) =20 /3, Hoo(n) =€y (‘]l(n) )+l (JZ(n) ) (131)

if the matrix is stiffer than the inclusions and

-1 -1
c c 2 c c
A=l 2| —ESu L = L4 2 (1.32)
<o) {K] K2] 3 < < “1(‘]1(")) Hz(Jz(,,))

otherwise. The average strains (sl.vl.) (+1) are determined in terms of the macrostrains (al.j) by the formulas

*(n) _¥(n) _
<8\~/->(n+1) :(_1)(V+l) 11 }\‘12 2“3—\/ (J(3—V)(n) )<g
J

)
20\, [Hz (Jz(n) )—1 1 (‘]l(n) )] v

N 2[7‘1(2’1) My (Jiamyyimp MM 2 o) — 1y (Jl(n))]_[}‘l(ln) + 7‘1(3’1) - 27“1(2”) =205, (Ji3myyimp MR (o)) = 2 ()]
6=V e, (K; =Ky () =1 (Ja)]

(6,8,

N 2[7‘1(3'1) A3y (J(37v)(n))][u2(‘]2(n))_“ 37v(‘]l(n))]_[;\’3(?:l) - 7‘1(3’1) —2u 37V(J(37v)(n))][;\’2(‘]2(n))_ A (Jl(n))]
6D ¢ (Ky = Ky () =15 (Tyg,))]

<833> Bz'j’

<8§/3>(n+1) _

_ 2[7“1(;) =My (Jiamyyim) I (To) =1y (Jl(n))]*[kl(ln) + 7*1(2") - 27”1(3n) =205, (Ji3myy ) R (o)) = 4 (y )]
6D e, (K) =K () =R ()]

()

*

N 2[7“3(3")_ Aoy U aovyimy) = 205y (Ti3myyim MM 2 (Do) = (g )1+ 2[x3(3”)— 7‘1(3n) =205, (J3myyim) TR (Do) = 2 ()]
6(=D™ e, (K} = KM () =12 ()]

<£33>,

Mgt 13- U o)

<8Y >(n+ 1) :(_1)(V+1)
a CV[Hz(Jz(n))_Hl(Jl(n) )]

(6,30  (ijsr=12, v=12) (1.33)

Ty =0 (1=0,1,2,..)

It is assumed that at small strains, the nonlinear stress—strain curves of the inclusions and matrix have linear segments
with shear moduli p; (0) and p, (0), respectively.

1.2. Nonlinear Deformation of Particulate Composites. Let us consider a particulate composite with physically
nonlinear isotropic inclusions and matrix. Denote the bulk and shear moduli of the inclusions and matrix by K| ,u, and K, , 115,
respectively, and the volume fractions of the inclusions and matrix by ¢, and ¢, , respectively. For a particulate composite, the
macrostress—macrostrain relationship (1.23) becomes:
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(o) =(K™=2u"/3)(e )8, + 2" (e,). (1.34)

The effective elastic constants (1.24)—(1.26) for a particulate composite are defined by the following formulas [11, 36,
37, 39]:

« cier (K, —K,)? « ¢ c - 2 « " %
POy o e 1S T DL L Lo Lel - DL P FL D (1.35)
c1K2+c2K1+nc Cllqy ey g tm,

[nc= w m teOKet8e) Kc=xc+2uc/3j. (1.36)
3 6(K,.+2u,)

Since the solution is approximate because of the neglect of the fluctuations of the parameters within the components,
expressions (1.35) and (1.36) include the elastic moduli K ., . chosen considering the coupling of the components and keeping
them as close as possible to the real values. An analysis of various alternatives for K .,u . shows [39] that for a particulate
composite it is expedient to set

K. =K +c,K,, p.=cu;+c1, (1.37)
if the matrix is stiffer than the inclusions and

K, K
K = 1"2 i B ol Lt (1.38)

c > c
clK2 +c2K1 i, F Ol

otherwise.
If the composite components are physically nonlinear (1.19), then the elastic moduli (1.36) are functions of the
invariants J,J,, and, consequently, of the average strains <81\.;-> (v=1,2). Expressing the average strains in the components in

terms of the average strains (g l.j> in the composite, we obtain the effective moduli as functions of the average strains in the
composite. For a particulate composite, the following expressions derive from (1.28) [11, 36, 37, 39]:

TREESTIN
(6,18 +—— M3=v e v (139)
N (TR TP B

2"y 1y KT =Ky )=3K T (K —Ky ) —is )
6CVH*(H1 1, NK —Ky)

(e}) =(=D¥*!

Substituting expressions (1.39) into (1.35), (1.36), we obtain expressions for the effective moduli in terms of the
average strains (sl.j).

The effective moduli of a particulate composite with physically nonlinear components can be found using an iterative
algorithm similar to (1.29)—(1.33). The nth approximation of the effective moduli K “*” and p *") is defined by

cj¢, (K _K2)2

(n)’
cle -i—czK1 +n,

K'™ =¢ K| +c,K, -

2
* c1 ¢ [ (i) o (Voo )]
o =y (i) ) HEkn (o )= ) ®

p s
iy (o)t uy (U )+m£")

HE) Z g H) % Wt (1.40)

p( Ok, +8ulm)

(1.41)
oK, +2nM)

(ngw uo, i

and
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K =K +c,K,y, nl =cip () oty o) (1.42)

if the matrix is stiffer than the inclusions and

K = K1K2 H(”):
c ’ c
cle +c2K1

oy Mo o)

(1.43)
iy (S )Tl ()

otherwise. The average strains (sl.V].) (+1) are determined in terms of the macrostrains (al.j) by the formulas

*(n)

I (E I

Cy [m 1 (Jl(n) )_Mz (Jz(n) )]

<8;J/_>(n+1) :(_1)V+1 <gll>

+2u*<”>[u1 (1) ) =Ha oo KT =K 5 )=3K " (K =K )™ =g (U 5]
60\,1’- ' [P«l (Jl(n) )_Hz (Jz(n) )](K1 _Kz )

(€,)5; . (144)

It is assumed that at small strains, the nonlinear stress—strain curves of the components have linear segments with shear
moduli p (0)and p, (0), respectively.

Let us study, as an example, the nonlinear deformation of a particulate composite with linear elastic inclusions and
nonlinear elastic matrix, with the bulk strains of the matrix being linear (i.e., the bulk modulus K, =X, +2u, /3 does not
depend on the strains) and the shear strains described by a linear hardening diagram (i.e., the deviatoric stresses (cé. )" and strains

(sé y" are nonlinearly related):

or =Kyep, O =2, (1.45)

rr r’

where i1, (J, )is the shear modulus described by the function

[T T, <T,,,
My (=1 7 , 2o (1.46)
o +(I=py Tus)ho 1(205), Ty 2Ty,
(V2 =212, Ty <o) (D) 12, Thy =0yN2/3, (1.47)

(csg. ), <8§~ )" are the average deviatoric stresses and strains in the matrix; 6, is the limit of proportionality of the matrix.

The above formulas were used to analyze effective nonlinear stress—strain curves of a particulate composite for
different volume fractions of the components and given macroparameters

(€12 20, (0,,) =(033)=0. (1.48)
According to (1.34), the macrostress (o) is related to the macrostrain (g, ;) by

(o) =—

— & (1.49)
K +up /3

The composite has linear elastic inclusions made of aluminoborosilicate glass with the following characteristics [11]:
K, =38.89 GPa, p,; =29.17 GPa (1.50)
and epoxy matrix described by the linear-hardening diagram (1.45)—(1.47) with the following constants [11, 22]:

K, =333GPa, p,,=1.11GPa, p’ =0.331GPa (1.51)
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and the yield stress
G, =0.015 GPa. (1.52)

Figure 1.1 shows the macrostress (o) /p, as a function of the macrostrain (¢,) in a particulate composite for
different values of ¢, . As is seen, the physical nonlinearity of the matrix has a significant effect on the stress—strain curves for all
values of ¢; <1 The curve of the material with linear-hardening matrix consists of two linear segments.

1.3. Nonlinear Deformation of Laminated Composites. Let us consider a laminated material with nonlinear elastic
isotropic components. The bulk and shear moduli of the vth component are denoted by K, and 1, , and the volume fraction of the
vth component by ¢, . The macrostrains (& l.j) and macrostresses (G l.j> in the composite are related, according to (1.23), by

I =(Ay, Ay Xy + (M (e, +405 (€332)9;

(033) =Aj3(E, ) +A53(e33),  (O;3) =20 (e;3) (i j,r=12) (1.53)

For a laminated composite, the effective moduli 7;;1 ,7&; 2 ,7:;3 ,7\*33 ,kz 4 are defined, according to (1.24)—(1.26), by the

following formulas [11, 36, 37, 39]:

. R R G e T
Ay = ’ TR )

A+ 20 A+2u A+ 2u

-1 2

My = : (2 vof M ,

A+ 20 A+ 20 A+2u

-1 -1 -1
A = ! » . My = ! S 1 (1.54)
A+2u A+21 A+21 u

(O, =K, -2u,/3 (fy=c f;+cyfy, V=12) (1.55)

If the composite components are physically nonlinear (1.19), then the elastic moduli (1.54), (1.55) are functions of the

invariants J,,J,, and, consequently, of the average strains <8;]/-> (v=1,2). Expressing the average strains in the components in

terms of the average strains (g l.j> in the composite, we obtain the effective moduli as functions of the average strains in the
composite. For a laminated composite, the following expressions derive from (1.28) [11, 36, 37, 39]:

-1
(e%) =(e,), <81Y3>:pl'<:> ),

v
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.
v 1 1 ) A B 1 _
<833>_7¥\,+2HV <k+2u> {<7\+2p> kv<k+2p>:|<833>+<8"> (v=L2). (1.56)

Substituting expressions (1.56) into (1.54), (1.55), we obtain expressions for the effective moduli in terms of the
average strains (& i ).

The effective moduli of a laminated composite with physically nonlinear components can be found using an iterative
algorithm similar to (1.29)—(1.33) or (1.40)—(1.44). The nth approximation of the effective elastic moduli is determined by the

formulas
) _ | T W)\ R0 ) )
TN A ) 200 )]\ M)+ 200 ) W)+ m ) |
) _ ! Tl e\ o] M rU )
12 MJ(,,))"'ZIJ(J(,,)) X(J(,,))+2LL(J(,,)) X(J(n))+2;,t(J(n)) ’
|
7\jk(n) _ 1 . 7\‘(J(n) ) ’
1 7“(«](”))4'2“(-](,,)) MJ(,,) )"’ZP-(J(,,))

-1 -1
Ay = 1 L = ! (1.57)
MJ(n) )+ 2H(J(,1) ) H(J(n) )

(kv (Jv(n))zKV _214\, /3(Jv(n)) (v=12), <f(J(n) » =lel (Jl(n) )+02f2 (Jz(n) ) (1.58)

The average strains <8;]/.> (+1) are determined in terms of the macrostrains (g ij> by the formulas

-1
vty _ e vin+l)y _ ! . ! .
i P e “v(Jv(n))<“(J(n))> i

-1
<8v(n+ 1)> _ 1 ) 1
33 A, (JV(,,))"‘ZHV(JV(,,)) 7»(.](”))-‘:- 2“(J(,,))

MJS
X ( (n)) _}\’v (Jv(n)) 1 <833>+<8rr> (v=12) (1.59)
M )+ 200 ) MI () )+ 20 (1))

It is assumed that at small strains, the nonlinear stress—strain curves of the components have linear segments with shear
moduli p (0)and p, (0), respectively.

Let us study, as an example, the nonlinear deformation of a laminated composite with linear elastic reinforcement and
nonlinear elastic matrix, with the bulk strains being linear and the shear strains described by linear-hardening diagram (1.46),
(1.47).

The composite has aluminoborosilicate glass reinforcement with characteristics (1.50) and epoxy matrix with constants
(1.51), linear-hardening diagram (1.45)—(1.47), and yield stress (1.52).
If

(8330 20, (o})) =(05,) =0 (1.60)

then, according to (1.53), the macrostress (G55 is related to the macrostrain (g55) by
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TRaP

Figure 1.2 shows the macrostress (c45) /1, as a function of the macrostrain (£45) in a laminated composite for
different values of ¢, . It can be seen that the physical nonlinearity of the matrix has a significant effect on the stress—strain curve
({o33) /1, versus (g55)) for all values of ¢; <1 The curve of the material with linear-hardening matrix consists of two linear
segments.

1.4. Nonlinear Deformation of Fibrous Composites. Let us consider a unidirectional fiber-reinforced material with
nonlinear elastic isotropic components. Denote the bulk and shear moduli of the fibers and matrix by K|, u; and K, ,u,,
respectively, and the volume fractions of the fibers and matrix by ¢, and c,, respectively. The macrostrains (& ij> and
macrostresses (G l.j) in the composite are related, according to (1.23), by (1.53).

For a fibrous composite, the effective moduli 7:;1 Jhrs sk 7‘*33 ,XZ4 are defined, according to (1.24)—(1.26), by the

12°"™13 >
following formulas [11, 36, 37, 39]:

* *
Myt

¢1cy (b +1y —hy —p, )2
2 o (b iy ey (b 4y )12 T A TH )

(g +uy )ty (A +;,L1)+uc’

Aoy —h ¢ C - 2
M2 e e, - 1€ (g —Hy) ,
2 po(h, 1)

Ao+3u,

Cluz +C2M1 +

ey (M +iy =Ry =1y )Ry —2y)
cl(k2 +H, )+Cz(}‘1 TR, ’

*
Mz =cjh +eyhy —

ey (M =2, )?
(Mg +py )ty (A +p1)+uc’

N33 =c; (b + 20 )+ ey (hy + 21, )=

‘3102(“1_“2)2
Cilly R F1,

7‘14ZC1H1+02H2_ (h, =K, =2u,/3v=12), (1.62)

(M, =cuytealy, Ao =cih +eyh, (1.63)

if the matrix is stiffer than the fibers and

-1 -1
¢ ¢ ¢ ¢
n, = a2 A, = il B —EMC (1.64)
Hp Ho Ky K, 3
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if the fibers are stiffer than the matrix.
If the composite components are physically nonlinear (1.19), then the elastic moduli (1.62)—(1.64) are functions of the
invariants/, ,.J,, and, consequently, of the average strains (8}]. Y, (85- ). Expressing the average strains in the components in terms

of the average strains (al.j) in the composite, we obtain the effective moduli as functions of the average strains in the composite.
For a fibrous composite, the following expressions derive from (1.28) [11, 36, 37, 39]:

* *
My =R =25,

(e} =(-D¥*! (8;)
Y 2,1y —py) Y
. 2(7:2 A ), 1y )_(7‘?1 +X;3 _27‘72 —2u5_, )y — Ay )<8 Y5,
6CV(K2 _Kl)(Hz_Hl) ey
2(7:;3 Ay 1y —1y )_(%3 _7‘?3 —2u5_, )0 —Ay) 5
! 6c, (K, —K - 3309
CV( 2 1)(“2 H])
(&) =(—)¥*! 23 —hy )Wy —py )=y TRy =205 25 )(R, _7‘1)<8W>
6CV(K2 —K )1y —1y)
N (M3 =hs_y =205 )1y =1y ) =(hg3 =Ay3 =205, )R, _7‘1)<8 )
3¢y (Ky =K )y —1y) >
Ngy —H 5 o
(e)y) =(-)VT1 M3 ey (i,),r=1, 2). (1.65)

CV(Hz _Hl)

Substituting expressions (1.65) into (1.62)—(1.64), we obtain expressions for the effective moduli in terms of the
average strains (sl.j).

The effective moduli of a fibrous composite with physically nonlinear components can be found using an iterative
algorithm similar to (1.29)—(1.33), or (1.40)—(1.44), or (1.57)—(1.59). The nth approximation of the effective elastic moduli is
determined by the formulas

MOREPNO

. 5 12 =c[M (J1(n) )+H1(J1(n) Nty [hy (Jz(n) )+H, (Jz(n) )]

2
49 (2 )1 1y ) =2 o) ) =R o))
o[, (Jz(n) )+H, (Jz(n) N+ [N (‘]l(n) )Ry (Jl(n) )]+u§")

*(n) _y*(n) _ 2
n n ’
2 WO () )

A 43 ()

ity (S )Tl (i )+

7‘1(3n) =M iy )t ek (o)

9% [ 1oy )T 1y ) =2 (T ) ) =10 (T ) A (1) ) =2y (1) )]
[, (Jz(,,) )t+H, (Jz(n) N+, [M (Jl(n) )+ (Jl(n) )]+H£n)

237 = Dy (1 )+ 281 (1) ] €5 Thy () )+ 2005 (T )]
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) c16 M Uy ) =g oy I (1.66)

o[, (Jz(n) )+H, (Jz(n) N+ [M (Jl(n) )+ (Jl(n) )]+M£")

€16y [H] (Jl(n) )_Hz (Jz(,,) )]2

A = (T )+ ol (o) )=
44 151 1(n) 2823 2(n)
! ! Cluz(Jz(n))J“Cz“l(Jl(n))+“§n)

(Hg-n) =y (S )+l (o ) 7“(:) =M (1o )+ a0 (o)) (1.67)

if the matrix is stiffer than the fibers and

—1 1
m _|__ < ) m_| 9,2 _2 m

pe = + ;oA o Ly 2 26 (1.68)
‘ |:Ml(‘]l(n)) ”2(J2(n))] ‘ {Kl K, 3¢

if the fibers are stiffer than the matrix.

The average strains (81‘.]’.) (+1) are determined in terms of the macrostrains (si/) by the formulas

* * )

(e¥y (M = (_1yv+l A =8 =25, U sy
Y ZCV[HQ(JZ(H))_Hl(Jl(n) )]

<8,'j>

N 2[7‘1(2’1) A3y (J(37V)(n))][“2(‘]2(n))_l"‘l(Jl(n))]_[}\‘l(ln) + 7“1(3” _27“1(2n) =215, Yy I (o) = 2 (g )]
6c, (K2 _Kl)[Hz(Jz(n))_Hl(Jl(n))]

(£,)8;

*

N 2[7‘1(;’) A3y (J(37v)(n))][“z(‘]2(n))*“1(Jl(n))]’[7“3(3n) ’7“1(3”) =25, Vo) I (o) =2 (Jl(n))]<8 ',
6CV(K2_Kl)[Hz(-]z(,,))_ul(*]l(,,))] Sl

<8§3>(n) _ (_1)v+1

5 2[7‘1(3’1) Ay Uy (o) — 1y (Jl(n))]’[kl(ln) + 7‘1(2") ’27‘1(3n) =25, oy I () =2 (Jl(n))]<8
6CV(K2_Kl)[HQ(JQ(,,))_H1(J1(n))] "

N [7‘3(5) - 7\‘3—v(‘](3—v)(n))_2u 3-v (v IR 2(J2(n))_“1(‘]1(11))]_[7”3(;) ‘7“1(3”) -2 3—v(J(3—v)(n))][7“2(‘]2(n))‘ M (Jl(n))]<8 )
3CV(K2_Kl)[Hz(Jz(n))_Hl(Jl(n))] 3

*(n)

(60, = (<1)*+! rag M3y Uanm)
' CV[Hz(Jz(n) )_ul(Jl(n) )]

(&;3) (i,j,r=12). (1.69)

It is assumed that at small strains, the nonlinear stress—strain curves of the components have linear segments with shear
moduli i, (0)and p , (0), respectively.
The foregoing can easily be generalized by assuming that the matrix is isotropic and physically nonlinear, and the fibers

are linear elastic transversely isotropic and normal to the isotropy plane x,x, . The elastic moduli of fibers are denoted by kll 1

Kll 2 %11 35 k133 , k14 4 As in the case of a material with isotropic components, the macrostresses (& l.j) are related to the macrostrains

<Gl.1.> by (1.53), where the effective elastic moduli X; g are defined by the following formulas [11, 36, 37, 39]:

€16 (7‘111 +7‘112 20, —2u, )?

2¢;(hy +py )+ ey (M + 2L )+2m

M+, = L+ 2+ 20, by 4+, )-
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I 1 2
ey (Mg =hjp —2u,)
2ei1, +ey (Vg =My )+2n

* *

1 1
Ay =y =cp (b =App )+ 2¢,0, —

Y| 1
1y (Mt =20y =21, )(hj3 =2,),)

Aix =CiA1x +Co ks — (1.70)
13 =6 M3 T
20, (Mg +py )+ ey (M) + 2, )+2m
* * 20102(7“113 —hy )’
Az =cihyz +cy (A +2u,)— . | .
2e) (hy +pp )+ ey (M + Ay ) +2m
1 2
* 1 1€y (hgg —15)
Ayg =Crhyy oM, - 1
oM, teyhyy +5
(2m=c](x1”—1112)+2c2u2, m=c; (M + M) 20, (hy +1,), =My +2051, (1.71)
if the matrix is stiffer than the fibers and
-1 -1 -1
C C C C C C
2m= T 11 2|, = ] 1] + 2 ) S=]71 —2 (1.72)
A=Ay 2u, MitA, 200, +uy) Mg 2,

if the fibers are stiffer than the matrix.
If the composite components are physically nonlinear (1.19) (v = 2), then the elastic moduli (1.70)—(1.72) are functions
of the invariant ./, and, consequently, of the average strains (8%). Expressing the average strains in the matrix in terms of the

average strains (€ l]'> in the composite, we obtain the effective moduli as functions of the average strains in the matrix [11, 36,37,
39]:

A —Ag, AL+l 1
11" M2 A A £ o1 * o1 * ol
0 (e A UG =Ayay =Ry —App ay = (hyz =Rz )a3 Ke,,)

¢y (g =y +2yy) 2

(€5) =

+[(7J;3 _7‘113 Na; —a, )_(7‘*33 _7“133 Jay Kes3)18,,

1 * * *
<8§3> =_A*{[(7“13 _7‘113 Jag = (A + 2, _>‘111 _7“112 Jay Ke,,.)
2

+[(}"§3 _}"133 )a, _2(7\:3 _7\'113 )a3 ]<833>}s (1.73)

Aoy — AL
—H (e Gjr=12)
Cy(y =Ry

(e}y) =
Ay =y (W) =M =200 I[N +1y =20 =205 )(My5 =2y =205) =200 5 =1, )*],
a; :(7‘113 ) )2 _(7‘]12 ) )(7‘133 —hy —2u,),
ay = (N3 —hy )? =W =y =205 (W3 =Ry =20,

a3 :(7‘113 ) )(7‘111 _7‘112 “2,) ay :(7‘111 +7“112 =20y =2, )(7“111 _7‘112 —21,) (1.74)
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The effective moduli of a fibrous composite with physically nonlinear components can be found using an iterative
algorithm similar to (1.66)—(1.69). The nth approximation of the effective elastic moduli is determined by the formulas

x’;(l”) + x’;g’) =c; (W + 25 )+2e, [0, () )+1 5 o)l

S 02[7‘111 + 7“112 =20y (Jy () ) =25 Uy )1
26110y () )+ Mo (T )]+ €5 o4+, ) +2m™

0102[7‘111 _7‘112 —2u, (JZ(n) )
(1)

n™ 1 2m™

2 =100 = ) =)+ 20505 () )=
2e115 (o )6, (7‘111 _7“112 )+

€16 [7°111 + k112 =2k, o) =22 o )][7“113 ) o)
261y (T gy )+ 1 (T )]+ W+, +2m™

* 1
7‘1(3’!) =cihy tehy Uy )

2c¢9 [7“113 ) o IS
2¢1 [y (J g )+ 1 (T )]+ €5 O, +20,)+ 2m™

Ay) =My +eylh, o )+ 25 ()=

€16, [7”144 ) (‘]2(}1) )1

A =l e, (T, ) - (1.75)
44 1Maa TR Uagy
! cluz(Jz(n))+Cz7‘l44+S(n)
(2m<"> =c; (M) =Xy )+ 20, ()
2 == (M) + M)+ 205 [y (T )H0, T )b s =My +6505 () (1.76)
if the matrix is stiffer than the fibers and
-1 -1
) |G @ L P ! ,
)‘11 —7\.12 2”2(-]2(,,)) 7»11 +7u12 2[7\42 (Jz(n) )+M2(J2(,,) )]
-1
s | Ty 2 (1.77)
Naa Hz(Jz(n))

if the fibers are stiffer than the matrix.

The average strains <8;]/~> (+1) are determined in terms of the macrostrains (¢ l.j> by the formulas

*(n) 4% (n) 41 1
S Rt S Rt
vl

1 1
(25 (S )=y +249,]

<8,'j>

* * *

1
AW 105" =2 =57 =2 )ag =" =25 el Ke,)
2

+[(7:(3n) ~Ms )(al(”) —aé”) )—(7‘2(3") —s3 )a§") Kes3)i8;,

1 * * *
(e35) ") T 10557 =23 =00 + 287 =2y =2y )a" e )
2
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+) =y el -2 =45 e e ) (1.78)

*(n) 5l
ENCE
1

oy (o )_7‘144]

(¢;3)  (i,),r=12)

(A(Z") =y [Ny =Ny =215 (U y())]
AR+ K =20y () =205 (T3 V3 =257 =205 (5, =23 =2y (5,01 2
af" =[Xy3 =y (3 )% ~[Rpy =y (5 P53 _}”(2’11)7 ~ g s
aé”’ =[N3 =y (o)1 2 =[2, _7‘(2}11); =25 (Lo N33 =y () ) =205 (T )],
ag”) =[N3 =g (0 MM =Ry =205 (T,

af{” =[N+, 20, Vom) ) =22 Vo) I~y ~215 (S D (1.79)

It is assumed that at small strains, the nonlinear stress—strain curves of the matrix have a linear segment with shear
modulus p, (0).

Let us study, as an example, the nonlinear deformation of a laminated composite with linear elastic reinforcement and
nonlinear elastic matrix, with the bulk strains being linear and the shear strains described by linear-hardening diagram
(1.45)—(1.47).

The components of the composite are high-modulus carbon fibers with the following characteristics [22]:

El =8GPa, E}=226GPa, v}, =03, vl;=02, Gl;=60GPa, (1.80)
volume fraction ¢, =0, 0.25, 0.5, 0.75, 1.0 and epoxy matrix with constants (1.51), linear-hardening diagram (1.46), (1.47), and

yield stress (1.52), where £ 11 and £ % , v% , and vi 35 Gll2 and Gll3 are the transverse and longitudinal Young’s moduli, Poisson’s

ratios, and shear moduli of fibers related to Klll ,Xll ) ,kln ,7»133 ,7»14 4 by the formulas

1

-1

E

1 1 11| 1 1 Lol 2 1 1 1

Myt :E1E3[E3[2_261 ]_ZEI vi3) ] s My =gy =Gy,
12

El E!
1 1 a1 4l 1 141 E3 1 1 1
Mz =visWpthp ) Ay = +A) =1 2 b A =033 (1.81)
E, 2Gy,
If
(€110 20, (0,,) =(033) =0, (1.82)

then, according to (1.53), the macrostress (o) is related to the macrostrain (g, ) by

* *

(o) =MDyt Lt Dt a0, Y2 Ke ) (1.83)
117 7 % % * D 11 12 33 13 117 .
7\‘117\’33 _(7\‘13 )

Figure 1.3 shows the macrostress (c,,) /1, as a function of the macrostrain (¢, ,) in a fibrous composite for different
values of ¢,. It can be seen that the physical nonlinearity of the matrix has a significant effect on the stress—strain curve
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(o) /K, versus (g;)) for all values of ¢; <1 The curve of the material with linear-hardening matrix consists of two linear
segments.

2. Short-Term Microdamage of Materials during Nonlinear Deformation.

2.1. Homogeneous Material. Let us consider the physically nonlinear deformation of an isotropic material described by
the dependence of the bulk (K) and shear (1) moduli on strains and accompanied by microdamage. The microdamage of the
material is modeled by randomly arranged quasispherical micropores occurring in those microvolumes where the stresses
exceed the ultimate microstrength.

The macrostresses and macrostrains are related by (1.34), where the effective moduli K * and 0 * are functions of
porosity p and macrostrains (€ i ).

The effective moduli of a porous physically nonlinear material can be determined using an iterative algorithm [38]. The
nth approximation of the effective moduli K “?) and p *") is defined by

1 2 1 1 2
o - KBTI 19K+ BU ) MUy M=) o

3Kp+4u(J ], )(1-p) 3K (3-p)+4u(J ], )2+ p)

where J (ln) = [((8}]. ) )(” ) ((8}j ) )(” ) ]1/ 2 is the nth approximation of the second invariant of the deviatoric average-strain tensor
(e!.y ™ in the undamaged portion of the material. At the (n+ I)th iteration, these strains (g ) are determined in terms of the
ij ij

macrostrains (&) by the formulas

(81..)(”“) _ 1 K ¥(n) “*(n)
y

— Vi +———D. s (e 57 (22)
(1-p)| k B H(J(ln)) jop N ap

where V.

P and DijocB are the volumetric and deviatoric components of the unit tensor /

jjap>

Ling =Vijop + Piap> Viop =1/ 388,45, D

5ap> =1/ 28,8 5 + 8,8 o, —2/38,8,5) (2.3)

jop oj “jp " Vi ja

Given macrostrains (g i ), the effective moduli are determined as the limits of the iterative process

K" =1im K™, p* = lim p* ™. (2.4)

n—>0 n—>0

We will use the Huber—Mises criterion [15] as a condition for the formation of a microdamage in a microvolume of the
undamaged portion of the material:

1
1L =k, 2.5)
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where / (ly = (<G}j ) ’<G}j ) )1/ 2 is the second invariant of the deviatoric average-stress tensor <G}j y"in the undamaged portion of the
material; & is the ultimate microstrength, which is a random function of coordinates. Since the average stresses <c}.j>’ in the

undamaged pOI’tiOI‘l are related to the macrostresses <Gl]> as follows [33]
chy = L c 2.6

a failure criterion in terms of macrostresses follows from (2.5):
1
o _p, (2.7)
l1-p

where [ = ((cl.j)'(cij)')l/ 2 is the second invariant of the deviatoric macrostress tensor. If the macrostrains are given, then,

according to (1.34), (2.7), we obtain a failure criterion in terms of macrostrains:

27 (Pl |

-k (2.8)
I-p

€ >

where I, =((& i Y{e i ) )1/ 2 is the second invariant of the deviatoric macrostrain tensor.

The one-point distribution function F'(k), where k is the ultimate microstrength for the undamaged portion of the
material, can be approximated by a power function on some interval

, k <k,
F(k)= kko )’ ko <k<k (2.9)
Wk k) O '
1, k> ky,
or by the Weibull function
0, k<kg,
F(k)= (2.10)
I—exp[-m(k—ky)"], k=>kg,

where k , is the minimum value of the ultimate microstrength; k, ,m,n are deterministic constants describing the behavior of the
distribution function and determined by fitting experimental microstrength scatter or stress—strain curves.

Assume that the random field of ultimate microstrength & is statistically homogeneous in real materials, and its
correlation scale and the size of single microdamages and the distances between them are negligible compared with the
macrovolume. Then the random field & and the distribution of macrostresses in the material under uniform loading are ergodic,
and the distribution function F(k) defines the fraction of the undamaged portion of the material in which the ultimate
microstrength is less than k. Therefore, if the stresses (c}.j) are nonzero, the function £ (/ cly )defines, according to (2.5), (2.9), and

(2.10), the content of damaged microvolumes of the skeleton. Since the damaged microvolumes are modeled by pores, we can
write the porosity balance equation [55]:

p=py+(1=py)FUL) (2.11)
where p, is the initial porosity.

If the homogeneous macrostresses (GU.) are given, then, according to (2.7), the porosity balance equation (2.11)
becomes

I
p=py+(1-p, )F(l_"p} (2.12)

378



If the macrostrains (al.j> are given, then, according to (2.8), we have

27 (pole;))
p=py+(1-py)F 1_7})’18 . (2.13)

Thus, the microdamage of a material with given macrostresses does not depend, according to (2.12), on its elastic
properties, including physical nonlinearity. If the macrostrains are given, the microdamage is described by the more complicated
equation (2.13) which contains the effective shear modulus p * depending on porosity and macrostrains (& i ).

Equations (1.34) and (2.13) form a closed system describing the coupled processes of statistically homogeneous
physically nonlinear deformation and damage. Physical nonlinearity affects the way pores form during deformation, and the
porosity of the material has an effect on its stress—strain curve. This is why the nonlinearity of the stress—strain curve is
determined by the physical nonlinearity of the material and the increase in the porosity during physically nonlinear deformation.

To describe the coupled processes of physically nonlinear deformation and damage, it is necessary to find the
macrostrain-dependent effective elastic moduli of the porous material with the iterative algorithm (2.1)—(2.3) and to determine
the porosity from Eq. (2.13) also with an iterative method. At the nth step of the iterative process (2.1)—(2.3), Eq. (2.13) is
represented as

2“*(”) (PKSU-))[

P (p)=p=py—(=py)F =

=0 (2.14)

€

Then the root p of Eq. (2.14) at the mth step of some iterative process can be expressed as

pmm = ar ™ (ptm=h), (2.15)
where 4 is an operator on the function f ) (p)
The root is found as follows:
p= lim p"m"), (2.16)
m—»0
n—»0

Formulas (1.34), (2.4), (2.16) provide the solution to the problem posed, i.e., macrodeformation ({c l.j) versus (g i »)and
microdamage (p versus (g i ») curves for a physically nonlinear material.

Let us analyze, as an example, the coupled processes of nonlinear deformation and microdamage of a material with bulk
strains being linear and shear strains described by a linear-hardening diagram:

o, =Ke,. o) =2/}, 2.17)

where the bulk modulus K does not depend on the strains, and the shear modulus p(J) is described by

Kos TSTO,
- "\T,
n() Wl 1- 2o T>T,, (2.18)
Bo )2J
 =(eye;)"% T=(cyo))"?, Ty =0,2/3, (2.19)

where 8;-1- and c'l.]. are the strain and stress deviators; 6, is the tensile proportional limit assumed to be independent of the
coordinates; 1, and p" are material constants.

To describe the coupled processes of physically nonlinear deformation and short-term damage of a homogeneous
material with given macrostrains, we will use an algorithm based on the secant method [4]. This theory was used to study the
coupled processes of nonlinear deformation and microdamage of a homogeneous material described by the linear-hardening

diagram (2.17), (2.18) with the following constants [12]:
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K =333GPa, p,=111GPa, p’'=0.331GPa (2.20)

and the following proportional limits and minimum tensile microstrength (o »= ko~3/2):

oy =0.003GPa, o, =0.011GPa, 2.21)
oy =0, =0.007 GPa, (2.22)
oy =0015GPa, o, =0.003. (2.23)

Figures 2.1-2.3 show, by solid lines, the porosity p as a function of the macrostrain (&) for the linear-hardening
material with proportional limits and minimum tensile microstrength (2.21)—(2.23), respectively. For comparison, the figures
show (by dashed lines) p versus (g, ,) for the linear elastic material. As is seen, the physical nonlinearity of the material has a
significant effect on its microdamage, especially for ¢ » > 00> i.e., when the proportional limit is less than the minimum tensile
microstrength. When o » >0 microdamage in the linear-hardening material begins at higher macrostrains than in the linear
elastic material. When G, <0, microdamage in the linear elastic material begins at the same macrostrain as in the physically
nonlinear material, but develops more intensively at the initial stage (i.e., its porosity is higher than in the physically nonlinear
material at the same macrostrain).

Figures 2.4-2.6 show, by solid lines, the macrostress (c,;) as a function of the macrostrain (g;;) for the
linear-hardening material with microdamage for (2.21)~(2.23), respectively. For comparison, the figures show (c,,) versus
(g, for the linear elastic material with microdamage (dashed lines) and the linear-hardening material without microdamage
(dotted lines). As is seen, physical nonlinearity has a significant effect on the stress—strain behavior of the material, especially for
G, >0y. The stress—strain curve of the linear elastic material with microdamage consists of linear and nonlinear segments. The
curve of the linear-hardening material without microdamage consists of two linear segments. The stress—strain curve of the
linear-hardening material with microdamage consists of two linear and one nonlinear segments. Comparing the linear elastic and
linear-hardening materials subject to microdamage shows that at the initial stage of deformation ({&,,) < 0.02), the macrostress
in the former is higher than in the latter, given the same macrostrain.

2.2. Particulate Material. Let us consider the physically nonlinear deformation of a particulate composite described by
the dependence of the bulk (K |,) and shearp , (v =1,2)moduli on strains and accompanied by microdamage. The microdamage
of the composite components is modeled by randomly arranged quasispherical micropores occurring in those microvolumes
where the stresses exceed the ultimate microstrength. The porosity of the inclusions and matrix is denoted by p, and p,,
respectively. Denote the bulk and shear moduli of the porous inclusions and matrix by K, p; and K, ,iu ,, respectively, and
their volume fractions by ¢, and ¢, , respectively. The macrostresses (¢ ij> and macrostrains (g ij> are related by (1.34), where the

effective moduli K and u * are functions of porosities p,, p, and macrostrains (g l.j>.

The effective moduli of a physically nonlinear particulate composite with porous components can be determined using

the following iterative algorithm. The nth approximation of the effective moduli K (") and n *(7) is determined, according to
(1.40)—(1.43) in terms of the nth approximation of the respective moduli of the inclusions (K 1(2) 1 g)) and matrix (K g’;) N (2'2 )
[11,36,37,39] as
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2
(Ki,-K5,)

(n)’
clep +c2K1p +n,

K *(m :clKl]7 +ey Ky —cicy

2p

(n) _,, ()2
W) =13

*n) _ . (n) (n) _ lp
T =R R GR, 66 RO INCINNCE (2.24)
1o, TEHy, T
0 240 0 ne OK 81 (2.25)
c o3 6K, +2u(m)
and
K, =clK1p+czK2p, ME”) =clp§;)+czug2 (2.26)
if the porous matrix is stiffer than the porous inclusions and
(n), (n)
K - KipKap m__ Mty (2.27)
c ? c !
oKy, +6,K, clug'2+c2uf2)

otherwise. The nth approximation of the effective moduli of porous inclusions, K 1(;? 1 EZ), and porous matrix, K 5';) ,ug;), is

defined by the following formulas [35, 38, 39]:

1 2

K _ 4KVHV(JV(,1) )(I_PV)
vp 1 ’
3K, py +4u, (Jyn))0=py)

[9K , + 81, () My (4 1= 2y )
3K, (3= py )+ 41, (T3 )2+ py)

(n) —

ni (v=1,2), (2.28)

where J i( n) is the nth approximation of the second invariant of the deviatoric average-strain tensor (s;j") ) in the undamaged
portion of the inclusions or matrix. The (n + )th approximation is related to the nth approximation <81‘Vj> ) of the average strains

in the components by
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! Hp o 1| K e (n)
evym ;1 - (¥YMs. L (v=1,2) (2.29)
A=p)|u, Uy 7 3K w U] T

<8l__v> (n+1) _

The average strains ( 8;}> () are determined in terms of the macrostrains (e l'j> by the following formulas[11,36,37,39]:

*(n) “Egl) :
vy (n) __1\v+1 v)p
0 = )
ey(uy, —H5,)
ZH*(n)(H(n) ("))(K*(n) _K(’Z) )_3](*(’1)([((") —K(n))(p*(") u(”) )
; 2 B2 e, 08, | (2.30)

60\]“ *(n) (H (Vl) (”) )(K(”) (”) )

Given macrostrains (& i ), the effective moduli are determined as the limits of the iterative process

K" =1m K™, u" = lim p*®™, (2.31)

n—>0 n—>0

We will use the Huber—M ises criterion [15] as a condition for the formation of a microdamage in a microvolume of the
undamaged portion of the components:

1
Y=k, wv=12) (2.32)

A%

where / (ISV = (((5}]" Y G}j?’) ! )1/ 2 is the second invariant of the deviatoric average-stress tensor (c}j" y" in the undamaged portion of

the kth component; k., is the ultimate microstrength, which is a random function of coordinates. Since the invariant of the
average-stress deviator 1 clsv is related to the invariant of the average-strain deviator 7 é‘ = ((s;j’. ) '(al.vj Y)W2 ag

— P v (2.33)
. . . _ ’ r 1/2 .
and /) is related to the invariant /_ = (e l.j> (e l.j> )< for the whole composite by

Tt
= (- 1)V+1&1 (2.34)
¢ (H1p Hzp)

the failure criterion (2.32) can be expressed in terms of macrostrains as

2u vp (n _H(3,V)p)
ey (I=py )1y, —1y),)

(-nv+! I =k, (v=12). (2.35)

& v

The one-point distribution function F|, (k,, ) for some microvolume in the undamaged portion of a component can be
approximated by a power function on some interval

0, kV <kv0,
ko —koo )
0
F,(k,)= [k"_k"j s koo <k, <k, (2.36)
1v v0
1, k, >k

or by the Weibull function

382



0, kV <kv0,
F,(k,)= " (2.37)
l—exp[-m, (k, —k,,)V ] k, 2k,

where &, is the minimum value of ultimate microstrength in a component; k., ,m,, ,n,, are deterministic constants describing
the behavior of the distribution function and determined by fitting experimental microstrength scatter or stress—strain curves.
Assume that the random field of ultimate microstrength &, is statistically homogeneous in real materials, and its
correlation scale and the size of single microdamages and the distances between them are negligible compared with the
macrovolume. Then the random field k,, and the distribution of macrostresses in the component under uniform loading are
ergodic, and the distribution function £ (k,, ) defines the fraction of the undamaged portion of the component in which the
ultimate microstrength is less than &, . Therefore, if the stresses <G}jv> are nonzero, the function 7, (/ év ) defines, according to

(2.32), (2.36), and (2.37), the content of instantaneously damaged microvolumes of the skeleton of the component. Since the
damaged microvolumes are modeled by pores, we can write a porosity balance equation [55, 58, 62]:

Py =Py +(1=p o F, (I, (2.38)

where p, , is initial porosity.
With (2.34) and (2.35), the porosity balance equation (2.36) takes the following form in the macrostrain space:

%
2u vp (n _H(3_V)p)
ey (I=p )1y, —15,)

)V+1

Py =Py +(=pF,| (-1 (2.39)

e P

where p * and Moty ), are defined by (2.24)—(2.28).

Equations (1.34), (2.24)—(2.30), (2.36) (or (2.37)), (2.39) form a closed-form system describing the coupled processes
of statistically homogeneous physically nonlinear deformation and damage of a particulate composite. The physical nonlinearity
of its components affects the way pores form during deformation, and the porosity of the components has an effect on its
stress—strain curve. This is why the nonlinearity of the stress—strain curve of the particulate composite is determined by the
physical nonlinearity of its components and the increase in the porosity during physically nonlinear deformation.

To describe the coupled processes of physically nonlinear deformation and damage of a particulate composite with
given macrostrains, it is necessary to find the macrostrain-dependent effective elastic moduli of the composite with porous
components with the iterative algorithm (2.24)—(2.30) and to determine the porosity from Eq. (2.39) also with an iterative
method. At the nth step of the iterative process (2.24)—(2.30), Eq. (2.39) is represented as

) (" _y () )
1=y =y =1y | (7 T | @40)
¢y (I=py )y, —13 )
Then the root p,, of Eq. (2.40) at the mth step of some iterative process can be expressed as
i =, £ (p{m Dy, (2.41)
where 4, is an operator on the function fv(”) (py)
The root is found as follows:
py = lim plmm., (2.42)
n—0

Formulas (1.34), (2.24)—(2.31), (2.36) (or (2.37)), (2.40), (2.42) provide the solution to the problem posed, i.e.,
macrodeformation (o ij> Versus (z—:l.j>) and microdamage (p,, versus <8ij>) curves for a particulate composite with physically
nonlinear components.
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Let us study, as an example, the coupled processes of nonlinear deformation and microdamage of a particulate
composite with linear elastic inclusions and nonlinear elastic matrix with bulk strains being linear and shear strains described by
a linear-hardening diagram (1.45)—(1.47).

To describe the coupled processes of physically nonlinear deformation and short-term damage of a particulate
composite with given macrostrains, we will use an algorithm based on the secant method [4]. The above theory was used to study
the coupled processes of nonlinear deformation and microdamage of a particulate composite with microdamaged matrix for
Weibull distribution and macroparameters (1.48). According to (1.34), the macrostress (o) is related to the macrostrain (g )
by (1.49). In the porosity balance equation (2.39), we use

3K*
I, :\F*<811>* (2.43)
3K +1/3u")

which is equivalent to (1.48).
The inclusions are linear elastic particles with characteristics (1.50). The matrix is described by linear-hardening
diagram (1.45)—(1.47) with constants (1.51) and the following yield stresses and minimum tensile microstrength

S2p =kyoV3/2:

Gy =0.003GPa, G, =0.011 GPa, (2.44)
Gy9 =05, =0.007 GPa, (2.45)
Gy =0.015GPa, o, =0.003 GPa, (2.46)

Figures 2.7-2.9 show, by solid lines, the porosity p, as a function of the macrostrain (g, ;) for a particulate composite
with linear-hardening matrix with proportional limits and minimum tensile microstrength (2.44)—(2.46), respectively. For
comparison, the figures show (dashed lines) p, versus (g, ) for a particulate composite with linear elastic matrix. As is seen, the
physical nonlinearity of the matrix has a significant effect on its microdamage, especially for Gyp > 020 i.e., when the
proportional limit is less than the minimum tensile microstrength. The figures demonstrate that when o, » > %2> microdamage
in the particulate composite with linear-hardening matrix begins at higher macrostrain than in the composite with linear elastic
matrix for all values of ¢;. When &, p <O20> microdamage in the composite with linear elastic matrix begins at the same
macrostrain as in the composite with physically nonlinear matrix, but develops more intensively at the initial stage, especially for
¢; <0.5 (i.e., its porosity is higher than in the physically nonlinear material at the same macrostrain).

Figures 2.10-2.12 show, by solid lines, the macrostress (o) as a function of the macrostrain (g, for a particulate
composite with linear-hardening matrix with microdamage for (2.44)—(2.46), respectively. For comparison, the same figures
show (o,,) versus (g,;) for the linear matrix with microdamage (dashed lines) and the linear-hardening matrix without
microdamage (dotted lines). As is seen, the physical nonlinearity of the matrix has a significant effect on the stress—strain curves
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for all values of ¢; < 1, especially for 5, » > 020 The stress—strain curve for the composite with linear elastic matrix with
microdamage consists of linear and nonlinear segments. The stress—strain curve of the material with linear-hardening matrix
without microdamage consists of two linear segments. The stress—strain curve of the material with linear-hardening matrix with
microdamage consists of two linear and one nonlinear segments. Comparing the materials with linear elastic and
linear-hardening matrix subject to microdamage shows that the macrostress in the latter is higher than in the former, especially
forc; 20.5.

2.3. Laminated Material. Let us consider the physically nonlinear deformation of a laminated composite with isotropic
components described by the dependence of the bulk (K ) and shear (u,,, v=1,2) moduli on strains and accompanied by
microdamage. The microdamage of the composite components is modeled by randomly arranged quasispherical micropores
occurring in those microvolumes where the stresses exceed the ultimate microstrength. Denote the bulk and shear moduli of the
skeleton of the vth component by K ,uu, its porosity by p,,, and the volume fraction of the porous vth component by ¢, . The
macrostresses (G ..> and macrostrains (& ,.) are related by (1.53), where the effective moduli 7:; 1> 7“1 25 k13 , k33 by 44 AT€ functlons

of the porosities p,, (v =1,2) and macrostrains (g, ) The effective moduli of a physically nonlinear laminated composite with
porous components can be determined using the followmg iterative algorithm. The nth approximation of the effective moduli

*(”) ’7‘?(2") ,x’;g”), }f;(;’ ) A 4(:) is determined, according to (1.57), (1.58), in terms of the nth approximation k(v’;) m (V’;) (v=12)of

the respective moduli of the porous components [11, 36, 37, 39] as

-1 2
A RO () 4 ()

*(n) _ 1
1 (1) 4 o (1) (1) 4 o (1) (1) 4 o (1)
Xp +2;,Lp Kp +2;,Lp Xp +2;,Lp
-1 2 -1
(n) (m),, (n)
") _ ! " vof e N e [
12 (1) 4 o (1) (1) 4 o, () () Loy () 7 44 m |
kp +2up Xp +2pp kp +2up (1
-1 -1
()
2 _ ! *p PN I S N (2.47)

13 () () (n) (m) |7 733 () ()
kp +2Hp kp +2pp kp +2up

where

@) =ci0)) +c,05), (2.48)

¢ is an arbitrary function.
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The nth approximation K \(/Z) i (V’;,) , k(v"p) (k(v”p) =K \(/Z) -2u (Vrl? / 3)of the effective moduli of the porous vth component is
defined by formulas (2.28), where (8}]") () is the nth approximation of the average strains in the undamaged portion of the vth
component. They are related to the nth approximation <81\‘;'> ™) of the average strains in the components by (2.29). The average

strains (8}) (") are determined in terms of the macrostrains (g ij> by the following formulas [11, 36, 37, 39]:

-1

1 1
(@)™ =tey), (ef) ™ =— () G (2.49)
“Vp up
-1
(n)
1 1 A 1

(83" = L NP ————— ) (e, ) +(e33)
+ A 42 () \ A0 42 (D L A N

(i,v=12).

We will use the Huber—Mises criterion (2.32) as a condition for the formation of a microdamage in a microvolume of the
undamaged portion of the components: The one-point distribution function F,, (k,, ) for some microvolume in the undamaged
portion of the vth component can be approximated by a power function on some interval (2.36) or by Weibull function (2.37).

Following the same line of reasoning as in 2.2, we can write the porosity balance equation for the matrix [55, 59, 63] in

the form (2.38), where the average stresses (c}}’) in the undamaged portion of the vth component are related to the macrostrains

(sij) as follows [11, 36, 37, 39]:

1v
O.. =
< 4 ) 1-p,

-1
A 1 A 1

vp p R )

| Pt hyp + 2y <7‘p +2“p> [<7‘p +2“p>+zuvp<kp +2“p>J<8rr>8y

-1
1
vpP
+ <833>8ij >
Myp 2y <7“p +2“p>

-1
1 1 A
(%) = P We, )+(es3) ||
o I=p, <}”p+2“p> {<7‘p+2”p>8 +833J

-1
<G}§>=1_i<1> (€;3) (1, /,r,v=12) (2.50)

p

and the effective moduli kvp My, are defined by (2.28).

Equations (1.53), (2.28), (2.47)—(2.49), (2.36) (or (2.37)), (2.38), (2.50) form a closed-form system describing the
coupled processes of statistically homogeneous physically nonlinear deformation and damage of a laminated material. The
physical nonlinearity of its components affects the way pores form during deformation, and the porosity of the components has
an effect on its stress—strain curve. This is why the nonlinearity of the stress—strain curve of the laminated composite is
determined by the physical nonlinearity of its components and the increase in the porosity during physically nonlinear
deformation.

To describe the coupled processes of physically nonlinear deformation and damage of a laminated composite with
given macrostrains, it is necessary to find the macrostrain-dependent effective elastic moduli of the composite with porous
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components with the iterative algorithm (2.28), (2.47)—(2.49) and to determine the porosity from Eq. (2.36) (or (2.37)), (2.38),
(2.50), also with an iterative method. Using formulas (1.53), (2.28), (2.47)—(2.49), (2.36) (or (2.37)), (2.38), (2.50), we represent
Eq. (2.38) at the nth step of the iterative process (2.28), (2.47)—(2.49) in the form

I = pp = pro —(1= o F, (L0, (2.51)
k
where [11, 36, 37, 39]
1k _ lk(n)\ry lk(n)\r\1/2
15" =(o ™) oy D2, (2:52)
Iv(n)\ _ 1
O.. =
R
2 ) B 2 () |
x| e o e IR A YT
XVP+2pr Xp +2pp Xp +2up kp +2up
-1
(1) 1
><<8rr>6ij+ - <833>8“ ’
75 (1) oy (1) \ (1) 4 oy, (1) i
kvp +2uvp kp +2up
-1
()
vy 1 1 P
o = — K& +(€ 5
-1
v(n)y _ 1 1 , i rv=12 2.53
(6,37 p. H;n) (¢;30 (i, ),rv=12) (2.53)

The secant method [4] is used to develop an iterative algorithm for determining the volume fraction of microdamage in
the components and the deformation characteristics of the composite, i.e., formulas (1.53), (2.28), (2.47)—-(2.49), (2.36) (or
(2.37)), (2.38), (2.50) define macrodeformation ({(c ij> versus (g i ») and microdamage (p,, versus (g i )) diagrams for a laminated
composite with physically nonlinear components.

Let us analyze, as an example, the coupled processes of nonlinear deformation and microdamage of a laminated
composite with linear-hardening component with microdamage and linear elastic component without microdamage with bulk
strains being linear and shear strains described by linear-hardening diagram (1.45)—(1.47).

The above theory was used to study the coupled processes of nonlinear deformation and microdamage of a laminated
composite with microdamaged matrix for Weibull distribution and various cases of loading. The composite has
aluminoborosilicate glass reinforcement with characteristics (1.50) and epoxy matrix with linear-hardening diagram
(1.45)—(1.47) with constants (1.51), proportional limits and minimum tensile microstrength ¢, = ko V372 (2.52)—(2.54).

Given macroparameters (1.60), the macrostress (G 55 ) is related to the macrostrain (€55 ) by (1.61), according to (1.53),
In the porosity balance equation (1.45)—(1.47), we use

*

A3
(&1) =(&pp) == (€33)- (2.54)
1M

The physical nonlinearity of the matrix of the composite has a significant effect on its microdamage when » >0
and has a noticeable but not so significant effect when o, » <O When o, » 200> microdamage in the laminated composite
with linear-hardening matrix begins at higher macrostrains than in the composite with linear elastic matrix for all values of c.
When Gy, <Ogs microdamage in the composite with linear elastic matrix begins at the same macrostrain as in the composite
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with physically nonlinear matrix, but develops more intensively at the initial stage (i.e., its porosity is higher than in the material
with physically nonlinear matrix at the same macrostrain).

The physical nonlinearity of the matrix has a significant effect on the stress—strain curves for all volume fractions of the
components, especially for G, » > 020 The stress—strain curve for the composite with linear elastic matrix with microdamage
consists of linear and nonlinear segments. The stress—strain curve of the material with linear-hardening matrix without
microdamage consists of two linear segments. The stress—strain curve of the material with linear-hardening matrix with
microdamage consists of two linear and one nonlinear segments. Comparing the materials with linear elastic and
linear-hardening matrix subject to microdamage shows that the macrostress in the latter is higher than in the former, especially
for o, » >0

2.4. Fibrous Material. Let us consider the physically nonlinear deformation of a unidirectional fibrous material with
transversely isotropic fibers and isotropic matrix described by the dependence of the bulk (X , ) and shear (u , ) moduli on strains
and accompanied by microdamage in the matrix during loading. The microdamage of the matrix is modeled by randomly
arranged quasispherical micropores occurring in those microvolumes where the stresses exceed the ultimate microstrength. Let
the fibers be transversely isotropic and normal to the isotropy plane x, x, . Denote the elastic moduli of the fibers by 7»11 1 ?»112 , 7313 ,

X133, 734 4- the bulk and shear moduli of the skeleton of the matrix by K, , i, its porosity by p,, and the volume fractions of

fibers and porous matrix by ¢; and cz, respectively. The macrostresses (c .y and macrostrains (s -y are related by (1.53), where
the effective moduli K“ ,?»1 5 ’7‘13 ,k33 vy 44 are functions of the porosity p2 of the matrix and the macrostrains (s )

The effective moduli of a physically nonlinear fibrous composite with porous matrix can be determined using the

following iterative algorithm. The nth approximation of the effective moduli 2, (”) k*(”) k*(") k§(3”) v 4(") is determined in

terms of the nth approximation of the respective moduli of the fibers (?»1 15 12, k113, %133, 44) and porous matrix (k(zn ) R g’;)

05) =K 20§ /3) [11, 36, 37, 39] as

¢y (}‘11 +X112 2X(") —2u7 (n) )

M+ = e (O +200,) 426, ) +u ) - ,
o v 2c1(x(”)+u(”))+c2(xu+x12)+zm(”)

1,1 (n) \2
crey (Mg =AMy =215 )
M =1 = e (K =My )+ 20,0 ) P

M g ()
p TR CUNEN GV S L P
Cihy, T (M —Ayp) RONEND

Y '
;f(n) el e ¢1¢y (A + 2y _27L(2n; —211(2'2 (M5 _7‘(;1);)
e 2, (7‘(”) +H(n) )+ ey (Mg + 4y )+ 2m™ ’

(2.55)

. 2¢,c, (M =20 )2
My =eqhlyy +ey (K(n) +2H(")) L2l

26 () +r$D )+ ey O + Ky )+ 2m™

) (7“44 “(n) )?

%
}\‘4(4:’) _Cl}\'44 +62“'( ") - (n) 1 (n)
cl“z teyhyy +s

(2m(">=cl(x1 o)+ 20,020 = e (g 40120, O+ S, s = ekl teon ) (2.56)

if the matrix is stiffer than the fibers and
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-1 -1 -1

C C C C C C
2" = N 1}\4] fn) ;= N lxl (n) ) my| s = ;Tl+ 51) 2:57)
1M 2u, 1t 200 ) 15 ) 4 By,

if the fibers are stiffer than the matrix.
The nth approximation K 5 (") k(”) 1Y) of the effective moduli of the porous matrix is defined by formulas (2.28
Hap

(v =2), where (8}].2 y (") is the nth approx1mat10n of the average strains in the undamaged portion of the matrix. They are related to
the nth approximation (8;) ) ofthe average strains in the matrix by (2.29). The average strains (sé.) () are determined in terms

of the macrostrains (& ii> by the following formulas [11, 36, 37, 39]:

) _p200 a4l
(6250 A i ad

¢ (2“(") }‘111 +7”112 )

ij

1 * X
o 1O 1 =d el =05 =2 )al -G8 =25 )a e,
2

[0 =H3 )@ —al? )= () = K3 )al" Kegs)id,,

(€355 ™ ——A (IS =Mpal” =8 + 1750 =1 = )al e,

2

HOU =25l -2 -y )l Ke,, ) (2.58)
NRESY

() =M (e (jr=12)
‘72(“2,, Nay

(A(z”) =cy (M =2, —2u g;) N, +2h, —2%2"; ~2u g’;) (A5 —x(z’?) ~2u{) =200 5 —xgg )21,
al(n) :(7‘113 _7‘(2’2 )? _(7‘112 _7‘(212 )(7‘133 _7‘(2’2 (n))
af" = (M5 =200 =04y =20 —2u 5 03 -2 —2u ), (2.59)
a{") = (K3 =250 )y 2y ~2u$)
ag” =0 + 2, _27‘(2’1,)7 _2“82 )My ~hiy ~2 (n))

and the effective moduli Kg;), x(z’g m (2’;) are defined by (2.28).

Given macrostrains (& i ), the effective moduli are determined as the limits of the iterative process

N = lim 2501 (2.60)

n—0

We will use the Huber—Mises criterion (2.32) (v=2) as a condition for the formation of a microdamage in a
microvolume of the undamaged portion of the matrix. The one-point distribution function F, (k, ) for some microvolume in the
undamaged portion of the matrix can be approximated by a power function on some interval (2.36) or by Weibull function (2.37).
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Since the damaged microvolumes are modeled by pores, we can write the porosity balance equation for the matrix in the
form (2.38) (v =2), where the average stresses (c}f} () in the undamaged portion of the matrix are related to the macrostrains

(2;,) by (2.29), (2.58), (2.59), and

(o12) =1_1PZKK§’;) “2u j<s%,> 8, + ) ¢e]) "”} : (2.61)

Equations (1.53), (2.28), (2.55)—(2.57), (2.36) (or (2.37)), (2.38), (2.58), (2.59) (2.61) form a closed-form system
describing the coupled processes of statistically homogeneous physically nonlinear deformation and damage of a fibrous
material. The physical nonlinearity of its components affects the way pores form during deformation, and the porosity of the
components has an effect on its stress—strain curve. This is why the nonlinearity of the stress—strain curve of the fibrous
composite is determined by the physical nonlinearity of its components and the increase in the porosity during physically
nonlinear deformation.

To describe the coupled processes of physically nonlinear deformation and damage of a fibrous composite with given
macrostrains, it is necessary to find the macrostrain-dependent effective elastic moduli of the composite with porous components
with the iterative algorithm (2.28), (2.55)—(2.57) and to determine the porosity from Eq. (2.36) (or (2.37)), (2.38), (2.58), (2.59),
(2.61), also with an iterative method. Using formulas (1.53), (2.28), (2.55)—~(2.57), (2.36) (or (2.37)), (2.38), (2.58), (2.59),
(2.61), we represent Eq. (2.38) at the nth step of the iterative process (2.28), (2.55)—(2.57) in the form (2.52), (2.53). The secant
method [4] is used to develop an iterative algorithm for determining the volume fraction of microdamage in the components and
the deformation characteristics of the composite, i.e., formulas (1.53), (2.28), (2.55)~(2.57), (2.36) (or (2.37)), (2.38), (2.58),
(2.59), (2.61) define macrodeformation ({(c l.j) versus (g l.j>) and microdamage (p,, versus (& l.j>) diagrams for the composite
components.

Let us study, as an example, the coupled processes of nonlinear deformation and microdamage of a fibrous composite
with linear-hardening matrix with bulk strains being linear and shear strains described by linear-hardening diagram
(1.45)—(1.47).

The above theory was used to study the coupled processes of nonlinear deformation and microdamage of a fibrous
composite with microdamaged matrix for Weibull distribution and various cases of loading. The composite has high-modulus
carbon fibers with characteristics (1.80) and epoxy matrix with linear-hardening diagram (1.45)—(1.47) with constants (1.51),
proportional limits and minimum tensile microstrength » = koo V372 (2.44)—(2.46).

Given macroparameters (1.82), the macrostress (o) is related to the macrostrain (g, ) by (1.83), according to (1.53),
In the porosity balance equation (2.38), we use

* * *

* 2 * *
(}"13 ) _7\’12}“33 (811), (833> _ (*}\‘12 _}“11 )7‘13

<822>: * % * * *
7\’117\’33 _(}\’13 )2 7\'117\'33 _(7\'13 )2

(&11)- (2.62)

Given macroparameters (1.62), the macrostress (o 55 ) is related to the macrostrain (€55 ) by (1.63), according to (1.53),
In the porosity balance equation (1.45)—(1.47), we use

An analysis shows that the physical nonlinearity of the matrix has a significant effect on the microdamage of the
composite. The physical nonlinearity of the matrix of the composite has a significant effect on its microdamage when o, » >0
and has a noticeable but not so significant effect when o, » <O2- Wheno, » 2020 microdamage in the fibrous composite with
linear-hardening matrix begins at higher macrostrains than in the composite with linear elastic matrix for all values of ¢;. When
Gyp <020 microdamage in the composite with linear elastic matrix begins at the same macrostrain as in the composite with
physically nonlinear matrix, but develops more intensively at the initial stage (i.e., its porosity is higher than in the material with
physically nonlinear matrix at the same macrostrain).

The physical nonlinearity of the matrix has a significant effect on the stress—strain curves for all values of ¢, especially
for 6, » 2020 The stress—strain curve for the composite with linear elastic matrix with microdamage consists of linear and
nonlinear segments. The stress—strain curve of the material with linear-hardening matrix without microdamage consists of two
linear segments. The stress—strain curve of the material with linear-hardening matrix with microdamage consists of two linear
and one nonlinear segments. Comparing the materials with linear elastic and linear-hardening matrix subject to microdamage
shows that the macrostress in the latter is higher than in the former, especially for Gy, >0
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3. Long-Term Damage of Materials during Nonlinear Deformation.

3.1. Homogeneous Material. Let us consider the physically nonlinear deformation of an isotropic material described by
the dependence of the bulk (K) and shear (1) moduli on strains and accompanied by microdamage. The microdamage of the
material is modeled by randomly arranged quasispherical micropores occurring in those microvolumes where the stresses
exceed the ultimate microstrength.

The stresses and strains at an arbitrary point of a physically nonlinear porous material are related by

o, :}\.(SOLB )SWSU. +2“(8aﬁ )sl.j (A=K-=-2/3pn), 3.1

where the bulk (K) and shear (i) moduli deterministically depending on the strains € op Are random functions of coordinates that
have the values K (;3}1B ), u(séﬁ )in the skeleton and K =p = 01in pores, the index 1 referring to the skeleton.

If a macrovolume (which is a volume much greater than the pores and distances between them) is subject to
homogeneous macrostresses and macrostrains, the microstresses i and microstrains g j are ergodic statistically homogeneous
random functions of coordinates. Their expectations (o l.j) and (& l].) at an arbitrary point are equal to the macrostresses and
macrostrains, respectively. Substituting (3.1) into the equilibrium equation

Gy = 0 (3.2)
and using the kinematic equations
1
g =ty =5 W+ U (3-3)

we obtain an equation for the fluctuations of displacements:

Bttt O g s =AM g )=k Je,, 8 + 2An(e g )1 eyt o (3.4)

where & and p , are the constant elastic moduli of a reference body; the fluctuations of displacements are given by

— 0
u; —<8l.j>xj+ul.. (3.5

The boundary condition on a boundary s at infinity follows from (3.5):

u% =0 (3.6)

Using Green’s function satisfying the equation

MG e ) =X+ (g #1800 (efD =22+ 8D —x2)5,, =0 (37

we reduce the boundary-value problem (3.4), (3.6) to an integral equation for the strain tensor:

e =(e) + Ky 0 —xPDP @G-, 16708, + 200 P @51 160) (3.8)

iipq
where the integral operator K iipg is defined by

(D =x )@ =[Gy g (7 =xiP )0 ~(g)av @), (3.9)
)

y (2

K iipq (ip,j)q

where the superscript in parentheses denotes a point in space.

The stresses c;. and strains 8%]- in the skeleton (undamaged portion of the material) can be represented as the sum

1 _ 1 10 1 _ /.1 10
Gij —<G[~j>+6ij 5 8,’] _<8ij>+8ij 5 (3.10)
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If these fluctuations are neglected, the nonlinear relation (3.1) becomes

where <G}j Y, (8}]) are the average stresses and strains in the skeleton; ¢ are the respective fluctuations within the skeleton.

(o) = M(Egg) )(E),) 8 + 20 (egp) ) (e, (3.11)
whence follows an expression for the macrostresses:
(o) =(1=pXoy) == P)Megy) ) (e, )8y + 24 (egy) ) (e j)] (3.12)

To plot macrostresses versus macrostrains, it is necessary to determine (a}j) as a function of (¢ l.j> and substitute it into
(3.12). To this end, we will average Eq. (3.8) using conditional density f' (ag}) s 85.1.2) |§1) ) (distribution density of strains at points

xﬁl) ,xﬁz) provided that the point xﬁl) ,xﬁz) is in the skeleton). Then, neglecting the fluctuations of strains within the skeleton, we

obtain a system of nonlinear algebraic equations for the average strains in the skeleton [36, 37]:
Iy _ 11 1 1 1 1
(eh) =(e) +K I {IM(EL)) =R Kol )8, + An((elg))=h Keb, ) (3.13)
where the matrix operator K 11]}) q is defined by

K tljzlw =Kiipg @D = )pyy D —x ), (3.14)

where p,, (xgl) —xﬁz) )=f (§2) |§1) )is the probability of transition from the point xﬁl) ,x}z) to the point xﬁz) within the skeleton.
If the pores are quasispherical and dispersed statistically isotropically, the transition probability is defined by

py(MN=1-pll-o(")} r* =x? —xD)x® —x1, (3.15)

where @(7)1is a correlation coefficient such that ¢(0)=1 ¢@(0)=0.
The macrostress—macrostrain relationship follows from (3.12)—(3.15):

(o) =(K™ =207 /3)e,,)8; + 2" (&), (3.16)

where the effective moduli K and n * are functions of pand (e ij>' The effective moduli of a porous physically nonlinear

material can be determined using an iterative algorithm [11, 35, 39]. The effective moduli K, u” of a porous physically

nonlinear material are expressed [11, 36, 37] in terms of those of its undamaged portion, K, , as

. 4K uep)1-p)
K = >
3K ((e};) )P +4n((e) (1= p)

o _[9K(e))+ 8u(e ;) (e) )(1-p)® a1

3K ((&}))(3= p)+4u((Ep))(2+ p)

where <8}j> are the average strains in the undamaged portion of the material. Since they are expressed in terms of the elastic

moduli K, of its components, which, in turn, are functions of the average strains in the undamaged portion of the v component,
they can be determined using the following iterative algorithm. Their (n + 1)th approximation is related to the nth approximation

by
1 K F) o ”*(Vl)
(=P K(ely™) " el ™)

CORARE Dijop [(Eqp ), (3.18)
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where V.

P and Di/'ocB are the volumetric and deviatoric components of the unit tensor /

jjap>

Ljup =Vijap +D =8;805 /3 Dygp = (8,8 15 +8,68 o, —26,8.5 /3)/2

jap>  Vijap =% o0 p +9ip0ja ~20;04p

The zero-order approximation represents a physically linear material.
We will use the Huber—M ises criterion [15] as a condition for the formation of a microdamage in a microvolume of the
undamaged portion of the material:

1<16> =k, (3.19)

where / <1 o) = ((c%j N '(c%j. ) )1/ 2 is the second invariant of the deviatoric average-stress tensor (c%j )" in the undamaged portion of
the material; & is the ultimate microstrength, which is a random function of coordinates. Since the average stresses ( G}j-) in the

undamaged portion are related to the macrostresses (G [.j> as follows [35, 39]:

@) =12 ), (320)

the invariant of the average-stress deviator / (1 o) is related to the invariant of the macrostress deviator / (o) = (o i Y{o i ) )1/ 2 and

the invariant of the macrostrain deviator / (0 = ((aij ) '(al.j Y)W2 ag

b1

o =17, 1o (3.21)
2 *
o

loy =1 ko (3.22)

A failure criterion in terms of macrostresses follows from (3.19), (3.21):

by

1_p <G> :k, (3.23)

and a failure criterion in terms of macrostrains follows from (3.19), (3.22):

217 (p(e))
— Uy

(3.24)
lI-p

) =k

If the invariant / <1 o) does not reach the limiting value & in some microvolume of the material, then, according to the
stress-rupture criterion, failure will occur in some time 1, , which depends on the difference between / <1 ) and k. In the general

case, this dependence can be represented as some function:
T =0 k), (3.25)

where ¢ (k,k)=0and ¢ (0, k)= o0 according to (3.19).
The one-point distribution function F'(k) for some microvolume in the undamaged portion of the material can be
approximated by a power function on some interval

0, k<kg,
k—k
F(k)= , kg <k <k, (3.26)
ky =ko
1, k >k,
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or by the Weibull function

0, k <k,

B (3.27)
1—exp[-m(k—ky P 1, k>k,

F(k)={

where k|, is the minimum value of k from which failure begins in some volumes of the material; k, ,m,Bare constants found from
strength scatter fitting.

Assume that the random field of the ultimate microstrength £ is statistically homogeneous, which is typical of real
materials, and the microdamages and the distances between them are negligible compared with the inclusions and the distances
between them. Then the distribution function F'(k)is ergodic because it defines the content of the undamaged portion of the

material in which the ultimate microstrength is less than k. Therefore, if the stresses <G%j> are nonzero, the function F'(/ <1 o) )

defines, according to (3.19), (3.26), and (3.27), the content of instantaneously destroyed microvolumes. Since the damaged
microvolumes are modeled by pores, we can write a balance equation for destroyed microvolumes or porosity of the material
subject to short-term damage [55]:

P=po+(1=py)F}g ) (3.28)

If the homogeneous macrostresses (G l.j> are given, then, according to (3.21), the porosity balance equation (3.28)
becomes

1
p=py+(1-p, )F[l_p1<c>j. (3.29)

If the macrostrains (g l.j> are given, then, according to (3.22), we have

27 (pey))

o (3.30)

p=po+U=py)F (g) |

If the stresses (c}.j) act for some time ¢, then, according to the stress-rupture criterion (3.25), those microvolumes are

destroyed that have & such that
12t =]y k), (3.31)

where 7/ is defined by (3.21), (3.22).
The time to brittle failure T, for real materials at low temperatures is finite beginning only from some value of / <1 o > 0.
In this case, the durability function ¢(/ <1 o) > k) can be represented as follows [57]:
m

1

1 yer | S0 k<I'. <k y<l 332

¢( o) ? )_TO (y =H{c) — ™ Y< )9 ( )

(o) T (o)
(o)

where some typical time t,, exponent n,, and coefficient y are determined from the fit of experimental durability curves.
Substituting (3.32) into (3.31), we arrive at the inequality

fl/nl
k<t AT (r:t}. (3.33)

(o) 1_i_Yljl/nl T

Considering the definition of the distribution function F'(k ), we conclude that the function F[(/ <1 o) Yy (£)], where
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14+

1+ yfl/"l

y(t)= (3.34)

defines the relative content of destroyed microvolumes in the undamaged portion of the material at the time ¢. Then, in view of
(3.28), the porosity balance equation for the material subject to long-term damage can be represented in the following form [57]:

P=po+(1=pyFIU 5 v(D)] (3.35)

or, in view of (3.21):
Loy
p=py+U=py)F p y(r)|, (3.36)

where pis a function of dimensionless time ¢, and / (o) is defined by (3.22).
If the time 7 is finite for arbitrary values of / <1 o) which may be observed at high temperatures, then the durability

function can be approximated by an exponential power function [57]:

m
o) ,k):‘ro{expml [(k/[<10> ) —1]—1} , (3.37)
which has enough constants t, ,m, ,n,,n, to fitexperimental curves. Substituting (3.37) into (3.31), we arrive at the inequality
1 1/n,
-1/ ]
k<Ilg {1+ln(1+t ) )} [r :j. (3.38)
m To

Considering the definition of the distribution function F'(k ), we conclude that the function F[(/ <1 o) W(t)], where

Un,
\y(t):{1+11n(1+t1/"2 )} , (3.39)
m
1

defines the relative content of destroyed microvolumes in the undamaged portion of the material at the time ¢. Then, in view of
(3.20), the porosity balance equation (3.25) for a material subject to long-term damage can be represented in the form (3.35).

At t =0, the porosity balance equation (3.35) with (3.26), (3.27) defines the short-term (instantaneous) damage of the
material. As time elapses, Eq. (3.35) with (3.26), (3.27), (3.34) (or (3.39)) defines its long-term damage, which consists of
short-term damage and additional time-dependent damage.

Equations (3.16)—(3.18), (3.35), (3.26), (3.27), (3.34) (or (3.39)) form a closed-form system describing the coupled
processes of statistically homogeneous physically nonlinear deformation and long-term damage. Physical nonlinearity affects
the way pores form during deformation, and the porosity of the material has an effect on its stress—strain curve. This is why the
nonlinearity of the stress—strain curve is determined by the physical nonlinearity of the material and the increase in the porosity
during physically nonlinear deformation.

Letus analyze, as an example, the coupled processes of nonlinear deformation and microdamage of a material with bulk
strains being linear and shear strains described by a linear-hardening diagram:

(0,0 =K(&,.), (o) =2 Xe)", (3.40)
where the bulk modulus K does not depend on the strains, and the shear modulus p(J) is described by
Ko> T<T,,
m(/)= u’+[1—”’JT°, T>T,, (341
Ho )27
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where (& i Y and (o i )" are the strain and stress deviators; o, is the tensile proportional limit assumed to be independent of the
coordinates; ., and " are material constants.

Formulas (3.16)—(3.18), (3.35), (3.26), (3.27), (3.34) (or (3.39)) and the secant method [4] can be used to develop an
iterative algorithm for the determination of the stress—strain state of the material and the volume fraction of microdamages in it.
For the Weibull distribution and functions y(¢) defined by (3.34) and (3.39), we studied the coupled processes of nonlinear
deformation and microdamage of a homogeneous material described by the linear-hardening diagram (3.40)—(3.42) with the
following constants [11, 22]:

K =333GPa, p,=1.11GPa, p'=0331GPa (3.43)

and the following proportional limits and minimum tensile microstrength (c »= ko~3/2):

o, =0.003 GPa, S, =0.011 GPa. (3.44)

If

(6,0 #0, (0y) =(033) =0, (3.45)

then, according to (3.1), the macrostress () is related to the macrostrain (g, ;) by

3K* *
(o)) =———(ey)). (3.46)
K +1/3n

In the porosity balance equation (3.30), (3.36), we use

3K (e
Ly =\F*<“>* (3:47)
32K +1/3u%)

which is equivalent to (3.45).

Figure 3.1 shows (by solid lines) the porosity p of the linear-hardening material with y(¢) defined by (3.34) as a
function of time 7 for different values of (g, ). For comparison, the figure shows (by dashed lines) p versus 7 for a linear elastic
material. The same notation is used in Figs. 3.2-3.4. As is seen, physical nonlinearity has a significant effect on microdamage.
The microdamage of the linear-hardening material occurs later (at greater values of ) and more intensively than in the linear
elastic material, i.c., at great values of #, the porosity of the linear-hardening material is higher than that of the linear material.

Figure 3.2 shows the macrostress (c,,) /p as a function of time 7 for different values of macrostrain (& ,) in the
linear-hardening material (solid lines) and the linear elastic material (dashed lines) for the fractional power durability function
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(1) defined by (3.34). As is seen, at small values of ¢, the physical nonlinearity of the material has a significant effect on its
stress state as well. At great values of 7, the effect of nonlinearity on the stress state is weak.

Figures 3.3 and 3.4 show the porosity p and macrostress (o) / i, respectively, of linear-hardening and linear elastic
materials with y (7 ) defined by (3.39) as a function of time 7 for different values of (¢,). As is seen, the curves are qualitatively
similar to those for the function y (¢ ) defined by (3.34).

3.2. Particulate Composite Material. The physically nonlinear deformation of a particulate composite is described as
the dependence of the bulk (K ) and shear (u,, v=1,2) moduli on strains. The microdamage of the composite components
caused by loading is modeled by randomly arranged quasispherical micropores occurring in those microvolumes where the
stresses exceed the ultimate microstrength. The macrostresses (G ij> and macrostrains (€ l.j) in an elementary macrovolume are
related by

(00 =(K" =2/3u" )(e,,.)8 + 2" (&), (3.48)

where K N * are the effective moduli dependent on the macrostrains (g ij> due to physical nonlinearity and microdamage.

The porosity of the inclusions and matrix is denoted by p, and p,, respectively. Denote the bulk and shear moduli of
the porous inclusions and matrix by K, ,u; and K, , 1, , respectively, and their volume fractions by ¢, and ¢, , respectively. The
effective moduli of a physically nonlinear particulate composite with porous components can be determined using the following
iterative algorithm. The effective bulk (K *) and shear (1 *) moduli are expressed [11, 36, 37, 39] in terms of those of the

inclusions (Klp N 1p) and matrix (K2p N 2p) as

(K, ~K;,)?
K" :clKlp +02K2p —C1Cy Ip 2p X
c]K2p+c2K1p+nc
: (L, —Myp)°
Ho=cly, TC6ly, =€) L L (3.49)
Clly, F ol g, +m,
9K +38
nczﬂuc,mczﬂgﬁggglhﬁ, (3.50)
3 6(K,.+2u,)
and
Kc:clK1p+czK2p, He=ciy, +6ly, (3.51)

if the porous matrix is stiffer than the porous inclusions and
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K, ,K Mo,k
K = 1p™2p 1p¥2p

c

) _ (3.52)
c
clK2p+c2K1p ClMy, T My,

otherwise. The effective moduli of porous inclusions, K
formulas [11, 35]:

and porous matrix, K are defined by the following

lpap'lpa 2[7’“'2[7’

4K (e m, (e N(1-p, )2
3K, (e ))py +4u, (e )= )

Ky =K, (@)=

[9K , ((el¥ )+ 8u, (Y ), (el (1= p, )2
3K, ()Y )(B=p, ) +4n, (e )2+ p,,)

By =Ry, (€)=

(v=1,2), (3.53)

where (8};’ ) are the average strains in the undamaged portion of the inclusions and matrix. Since they are expressed in terms of

the elastic moduli K, (v =1,2) of the components, which, in turn, are functions of the average strains in the undamaged

portion of the vcomponent, they can be determined using the following iterative algorithm. The (n + 1)th approximation is related
. . v (n) . .

to the nth approximation (& l.j> of the average strains in the components by

vy oL
(I-p,)
(n) (n) (n)
x % gy () 4 KP Hyp 8v>(n)
iy Geby )7 TSR ey ™) (e )
(v=12). (3.54)

The average strains <8;}> () are determined in terms of the macrostrains (e ij> by the formulas

(&)™ = (!

2u *(n) (n EZ) (n) )(K *(n) K(") )=3K *(n) (K (n) K(") N *(n) - (n) )< . M *(n) —u g{;l)) o >
X € o
6c *(n) (u(”) (”) )( (n) K;V;) ) ey e (P. g;) (”) )
(x=3-k). (3.55)

The zero-order approximation represents physically linear components.
We will use the Huber—Mises criterion [15] as a condition for the formation of a microdamage in a microvolume of the
undamaged portion of the components:

1y =k, (v=12) (3.56)

where /Y (o) = ((G}}’) ’(G}jv) ' )1/ 2 is the second invariant of the deviatoric average-stress tensor ¢ G})’)' in the undamaged portion

of the vth component; &, is the ultimate microstrength, which is a random function of coordinates. Since the average stresses
(c}].v) in the undamaged portion of the vth component are related to the average stresses (Gl.vj) in the component as follows

[35, 39]:
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vy _ 1
(o} =+

(o}, (3.57)

v

the invariant 7V (o) is related to the invariant of the deviatoric average-stress tensor / <VG> = ((c;j’. ) '(c;]’. ) )1/ 2 in the component by

the formula

11\/ _ 1

(o =1, Ko (3.58)

A%

and is related to the invariant of the deviatoric average-strain tensor / <Vg> = ((8;;. Y{ 8;’1. ) )1/ % in the components by the formula

2u
1 v
= o Iy, (3.59)

where ) (8 is related to the invariant / (& = ((a ) (s ) )1/ 2 for the whole composite by
B
Iy =" M Mowy Iy (3.60)
c, (1 p Hop )
With (3.59) and (3.60), the failure criterion (3.56) takes the following form in the macrostrain space:

2|~lvp (1 _H(g_v)p)
<y (I_PV )(Hlp —Haop

(-Hv+! | Iy =k, (v=12) (3.61)

If the invariant /Y (o) does not reach the limiting value k,, in some microvolume of the vth component, then, according to
the stress-rupture criterion, failure will occur in some time 7}/, which depends on the difference between Iy (o) and k,,. In the

general case, this dependence can be represented as some function:
=0, (Y k) (3.62)

where ¢, (k,,,k,)=0and ¢, (0,k, )=o0 according to (3.56).
The one-point distribution function |, (k,, ) for some microvolume in the undamaged portion of a component can be
approximated by a power function on some interval

0, k, <k,
ko —kyy )
F, (k)= (VOJ , ko <k, <k, (3.63)
klv _kvO
1 ky, >k,
or by the Weibull function
k, <k .,
F,(k,)= n v (3.64)
1- exp[—m by —k, )™ 1k, 2k,

where &, is the minimum value of ultimate microstrength in a component; k., ,m,, ,n,, are deterministic constants describing

the behavior of the distribution function and determined by fitting experimental microstrength scatter or stress—strain curves.
Assume that the random field of ultimate microstrength k,, is statistically homogeneous in real materials, and its

correlation scale and the size of single microdamages and the distances between them are negligible compared with the

macrovolume. Then the random field k,, and the distribution of macrostresses in the component under uniform loading are
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ergodic, and the distribution function £, (k,, ) defines the fraction of the undamaged portion of the component in which the
ultimate microstrength is less than k. Therefore, if the stresses (cslv) are nonzero, the function F,, (I (o) )defines, according to

(3.56), (3.63), and (3.64), the content of instantaneously damaged microvolumes of the skeleton of the component. Since the
damaged microvolumes are modeled by pores, we can write a porosity balance equation [55]:

Py = Pyg + (1= pyg E (L3 ) (3.65)
With (3.59) and (3.60), the porosity balance equation (3.65) takes the following form in the macrostrain space:

%
2qu (1 “HiEovyp )

Py =Pyo +(1=py F, | (D! e | (3.66)
where p * and Moty ), are defined by (3.49)—(3.53).
If the stresses (c;) act for some time 7, then, according to the stress-rupture criterion (3.62), those microvolumes of the

vth component are damaged that have &, such that
t21) = (pv(lg;> k), (3.67)

where I is defined by (3.58) or (3.59).

The time to brittle failure ) for the vth component of real materials at low temperatures is finite beginning only from

v k., )can be represented as follows [57]:

some value of / (o) > 0. In this case, the durability function ¢, al (o) Ky
ky -1y, Y
Ik )=tg,| O k, <IY <k 1 3.68
d)((cs)’ )—T()V v (YV (o) SHy> 'YV<)a (3.68)
() _yvkv

where some typical time 7, , exponent n,, , and coefficient y,, are determined from the fit of experimental durability curves for
the vth component.
Substituting (3.68) into (3.67), we arrive at the inequality

1+lTl/n v ;
v v o=
k, <11 e [zv _TJ. (3.69)
1+yvtv Ov

Considering the definition of the distribution function |, (k,, ), we conclude that the function F, 1] 0> v, (t )], where

-1/n
I+¢, Y

N v
v, ()= ﬁ» (3.70)

I+y

defines the relative content of the destroyed microvolumes in the undamaged portion of the vth component at the time EV. Then,
in view of (3.57), the porosity balance equation for the vth component subject to long-term damage can be represented as

1) -
Py =Poy +(1_p0v )Fv %Wv(tv) > (3.71)

v

where p, is a function of dimensionless time 7, and / <VG> is defined by (3.58)—(3.60).
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If the time 1)/ is finite for arbitrary values of / <12;> , which may be observed at high temperatures, then the durability

function can be approximated by an exponential power function [57]:
I k)= ko /1Y )"y —1]-1"2v 372
Oy (g k) =Tgy {expmy, [(k, 117G )Y —1]=1"2v, (3.72)

which has enough constants 1, m,, ,n,,,n,, to fit experimental curves. Substituting (3.72) into (3.67), we arrive at the
inequality

1 l/nlv

-1/ - t

k, <IY |:1+ln(1+tv M2 )} [;V :J. (3.73)
mlv ‘COV

Considering the definition of the distribution function F (k,, ), we conclude that the function 7, [/ <lé> v, (t )} where

l/n1V
v, (i) ={1+11n(1+ti/”2v )} : (3.74)

1v

defines the relative content of the destroyed microvolumes in the undamaged portion of the vth component at the time EV. Then,
in view of (3.57), the porosity balance equation for the vth component subject to long-term damage can be represented in the form
v

(3.71), where p,, is a function of dimensionless time 7, , and / (G) is defined by (3.58)—(3.60).

At fv =0, the porosity balance equation (3.71) with (3.58)—(3.60), (3.70) (or (3.74)) defines the short-term
(instantaneous) damage of the vth component. As time elapses, Eq. (3.71) with (3.58)—(3.60), (3.70) (or (3.74)) defines its
long-term damage, which consists of short-term damage and additional time-dependent damage.

Equations (3.48), (3.49)—(3.55), (3.71), (3.58)—(3.60), (3.70) (or (3.74)) form a closed-form system describing the
coupled processes of statistically homogeneous physically nonlinear deformation and long-term damage of a particulate
composite. The physical nonlinearity of its components affects the way pores form during deformation, and the porosity of the
components has an effect on its stress—strain curve. This is why the nonlinearity of the stress—strain curve of the particulate
composite is determined by the physical nonlinearity of its components and the increase in the porosity during physically
nonlinear deformation.

Let us analyze, as an example, the coupled processes of nonlinear deformation and long-term microdamage of a
particulate composite with linear elastic inclusions and nonlinear elastic matrix with bulk strains being linear and shear strains
described by a linear-hardening diagram

(0}) =Ky (ep), (o7 =2u,(J, Xep)', (3.75)

where the bulk modulus K, does not depend on the strains, and the shear modulus . , (J, ) is described by

Hao> Ty =Ty,
Jy)=1 uy | T 3.76
Ry () H2+[ _ZJZO’ Ty 2Ty, (3.76)
Mo )2/
Ty =W e, T, =(op)op) )2, Ty, =0y0V2/3, (3.77)

where (sé.)' and (Gé.)' are the strain and stress deviators in the matrix; 6, is the tensile proportional limit assumed to be

independent of the coordinates; 1, 11, are the material constants of the matrix.

To describe the coupled processes of physically nonlinear deformation and long-term damage of a particulate
composite, it is necessary to find the macrostrain-dependent effective elastic moduli by the iterative algorithm (3.49)—(3.55) and
to determine the porosity from Eq. (3.71), (3.58)—(3.60), (3.70) (or 3.74)) also by an iterative method based on the secant method
[4]. We analyzed the coupled processed of nonlinear deformation and long-term damage of a particulate composite for Weibull
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distribution (3.64) and for both fractional power durability function y , (¢, )defined by (3.70) and exponential power durability
function v, (52 )defined by (3.74). The inclusions are linear elastic particles with the following characteristics [22] and volume
fraction:

K, =38.89 GPa, p,=29,17GPa, ¢, =0,0.25,0.5,0.75,1.0 (3.78)
and the matrix is described by the linear-hardening diagram (3.75)—(3.77) with the following constants [11, 22]:

K, =333GPa, p,, =1.11GPa, p)=0.331GPa (3.79)

and the following proportional limits and minimum tensile microstrength (o, » = N3/ 2kyq):

Gy =0.003 GPa, ©,, =0.011 GPa (3.80)
(Poy =0, kgy /1y =001, my =1000, o, =2 y, =005 n,=I). (3.81)

If
(g #0  (0,,)=(033)=0 (3.82)

then, according to (3.48), the macrostress (G, ) is related to the macrostrain (g, ;) by

3K* *
(1)) =t ey, (3.83)
K" +1/3u

In the porosity balance equation (3.66), we use

3K (e
Iy =\F<“> (3.84)
32K +1/3u%)

which is equivalent to (3.82).

Figure 3.5 shows (solid lines) the porosity p, of the linear-hardening matrix as a function of time 22 for
fractional-power function v , (¢, ) defined by (3.70) and for different values of ¢,. For comparison, the figure shows (dashed
lines) p, versus, for the linear elastic matrix. The same notation is used in Figs. 3.6-3.8. As is seen, the physical nonlinearity of
the matrix has a significant effect on the microdamage of the particulate composite. The microdamage of the composite with
linear-hardening matrix sets in at greater values of 7, and occurs more intensively than in the composite with linear elastic
matrix, i.e., at great values of ¢ » » the porosity of the composite with linear-hardening matrix is higher than in the composite with
linear elastic matrix.
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Figure 3.6 shows the macrostress (o) /p, in composites with linear-hardening and linear elastic matrices as a
function of time 7, for fractional-power function \, (7, ) defined by (3.70) and for different values of ¢,. As is seen, at small
values of ¢ »» the physical nonlinearity of the matrix has a significant effect on the stress state of the particulate composite as well.
At great values of 7, , the effect of nonlinearity on the stress state is weak.

Figures 3.7 and 3.8 show the porosity p, of the matrix of and the macrostress (G, ) / ., in a particulate composite with
linear-hardening and linear elastic matrices as functions of time ¢ , for exponential-power function y , (t , )defined by (3.74) and
for different values of ¢,. As is seen, the curves are qualitatively similar to those for the function v, (fz ) defined by (3.70).

3.3. Laminated Composite Material. The physically nonlinear deformation of a laminated composite with N isotropic
components is described as the dependence of the bulk (K ) and shear (u,,,v=1,2,...,N) moduli on strains. The damage of a
component of the composite is modeled by randomly arranged quasispherical micropores occurring in those microvolumes
where the stresses exceed the ultimate microstrength. The macrostresses (G l.j) and macrostrains (al.j) in an elementary
macrovolume are related by

(o) =y =y Xe ) + Ky (e,,) + 23 (e33)) 8,
(033) :7“’;3 (&) +7‘*33 (€330, (0;3) :27“14@1'3)

(i, /,r=12), (3.85)

where 7»?1 ,7;;2 , 7\’;3 , ?»23 ,kz 4 are the effective elastic moduli dependent on the macrostrains <8ij> due to physical nonlinearity

and microdamage.
Denote the bulk and shear moduli of the skeleton of the vth component by K, , its porosity by p,,, and the volume
fraction of the porous vth component by c,, (v=1,...,N). The effective moduli of a physically nonlinear laminated composite

with porous components can be determined using the following iterative algorithm. The effective moduli X; 1> 7»’;2 , 7;; 3> Xg3 , 7‘1 4

of the composite are expressed [11, 36, 37, 39] in terms of the moduli va My (v=12,...,N)of its components as

-1 2
kp+2pp kp+2up lp+2up
—1 2 -1
. A ALK .
kp+2”p 7‘17+2“p kp+2“p Hp

—1 -1

. 1 Ay . 1

M=l . My =) (3.86)
p T, p+2”p p T,
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where f'is an arbitrary function,
N
(fp=2efp (3.87)
v=I

The effective moduli Kvp ,kvp My (kvp =

Kvp -2u w /3)(v=1,...,N)of the porous vth component are defined by
formulas (3.53), according to [11, 35]. The average strains (s}.j") appearing in these formulas are determined using the following

iterative algorithm. The (7 + 1th approximation is related to the nth approximation by (3.54) (v=1,...,N). The average strains
(s}j’.) are determined in terms of the macrostrains (€ l'j> by the formulas

-1
e}y ==(el) = (e,), <al-v3>=ul<1> 1),

vp \Fp
-1
1 1 A 1
Ayp T2, \ A, +20 Ay +20, P Ay +20
(i,j=1,2v=1..,N) (3.88)

The zero-order approximation represents physically linear components.
We will use the Huber—Mises criterion (3.56) (v=1,...,N ) as a condition for the formation of a microdamage in a

microvolume of the undamaged portion of the components. If the invariant / <1(VS> does not reach the limiting value k,, in some
microvolume of the vth component, then, according to the stress-rupture criterion, failure will occur in some time t), which

depends on the difference between / (1;’

) and k,,. In the general case, this dependence can be represented as some function (3.62).
The one-point distribution function F (k,, ) for some microvolume in the undamaged portion of the vth component can be
approximated by a power function on some interval (3.63) or by Weibull function (3.64).

Assume that the random field of ultimate microstrength &, is statistically homogeneous in real materials, and its
correlation scale and the size of single microdamages and the distances between them are negligible compared with the
macrovolume. Then the random field k,, and the distribution of macrostresses in the component under uniform loading are
ergodic, and the distribution function £, (k,, ) defines the fraction of the undamaged portion of the component in which the

ultimate microstrength is less than k. Therefore, if the stresses (c}}’) are nonzero, the function F, (/ <lé> )defines, according to

(3.56), (3.63), and (3.64), the content of instantaneously damaged microvolumes of the skeleton of the component. Since the
damaged microvolumes are modeled by pores, we can write a porosity balance equation in the form (3.65), (v =1,...,N ), where
D, 1s the initial porosity. Given macrostrains (& i ), the average stresses <GZ.> are related to the macrostrains (€ ij> as follows [11,

36, 37, 39]:

-1
A 1
1 N vp
LY=L= .. :2 )+
<GU> <Gl] > Mvp<glj> kvp+2pvp <7\‘p+2up>

A 1
x|| (—F +2u,, <>J<sw)+<s33> 3,
[<7\‘P+2Mp> ! 7\.p+2|.,tp !
-1
A
(o}, >=...=<csN>=< ! > [< p ><a,r>+<s >J,
33 33 }Vp+2up 7¥p+2up 33
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-1
(0}3) =..=(c}}) =4ul> (&;3) (i, /,r=12). (3.89)

p

If the stresses (GZ) act for some time 7, then, according to the stress-rupture criterion (3.62), those microvolumes of the
vth component are damaged that have k|, satisfying inequality (3.67), where / <1(VS> is defined by (3.89).

The time to brittle failure ) for the vth component of real materials at low temperatures is finite beginning only from

some value of / <1;’> > 0. In this case, the durability function ¢, (/ <1;’> ,k,, ) can be represented in the form (3.68). If the time 1 is
finite for arbitrary values of / <1;> , which may be observed at high temperatures, then the durability function can be represented as

(3.72). Substituting (3.68) or (3.72) into (3.67) and considering the definition of the distribution function F, (k,, ), we conclude
that the function £ [/ <1(VS> v, (fv )}, where v, (EV )is defined by (3.70) or (3.74), respectively, defines the relative content of the

destroyed microvolumes in the undamaged portion of the vth component at the time 7,,. Then, in view of (3.57), the porosity
balance equation for the vth component subject to long-term damage can be represented in the form (3.71), (v=1,...,N ), where

the porosity p,, of the vth component is a function of dimensionless time fV , and the average stresses (G}fk) in the ith component

are defined by (3.89).

At ¢, =0, the porosity balance equation (3.71) with (3.89), (3.70) (or (3.74)) defines the short-term (instantaneous)
damage of the vth component. As time elapses, Eq. (3.71) with (3.89), (3.70) (or (3.74)) defines its long-term damage, which
consists of short-term damage and additional time-dependent damage.

Equations (3.48)—(3.54), (3.71), (3.89), (3.70) (or (3.74)) form a closed-form system describing the coupled processes
of statistically homogeneous physically nonlinear deformation and long-term damage of a laminated material. The physical
nonlinearity of its components affects the way pores form during deformation, and the porosity of the components has an effect
on its stress—strain curve. This is why the nonlinearity of the stress—strain curve of the laminated composite is determined by the
physical nonlinearity of its components and the increase in the porosity during physically nonlinear deformation.

Let us analyze, as an example, the coupled processes of nonlinear deformation and long-term microdamage of a
two-component laminated composite with linear elastic reinforcement and microdamaged nonlinear elastic matrix with bulk
strains being linear and shear strains described by linear-hardening diagram (3.75)—(3.77). Formulas (3.48)—(3.54), (3.71),
(3.89), (3.70) (or (3.74)) and the secant method [4] can be used to develop an iterative algorithm for the determination of the
stress—strain state of the nonlinear laminated composite and the volume fraction of microdamages in its components (layers). We
conducted calculations to plot macrodeformation curves for a two-layer composite with microdamaged matrix for Weibull
distribution (3.64) and for fractional power durability function v, (t , )defined by (3.70). The reinforcement is an elastic layer
with characteristics and volume fractions specified in (3.78). The matrix is described by linear-hardening diagram (3.75)—(3.77)
with constants (3.79) and proportional limits and minimum tensile microstrength (3.80), (3.81).

If

<833> #0, <011> :<022> =0, (3.90)
then, according to (3.85), the macrostress (G35 is related to the macrostrain (g55) by

(Oa3) =[O+ 20, Wy — 2K )2 e ss). 3.91)

11 T2

In the porosity balance equation (3.71), (3.89), (3.70), we use

*

13

A
(&) =(ep) :_W@”% (3.92)

11 T2

which is equivalent to (3.90).
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The analysis demonstrates that the physical nonlinearity of the matrix has a significant effect on the microdamage of the
laminated composite. The microdamage of the composite with linear-hardening matrix sets in at greater values of ¢ , and occurs
more intensively than in the composite with linear elastic matrix, i.e., at great values of 7, , the porosity of the composite with
linear-hardening matrix is higher than in the composite with linear elastic matrix.

At small values of 22, the physical nonlinearity of the matrix has a significant effect on the stress state of the laminated
composite as well. At great values of 7,, the effect of nonlinearity on the stress state is weak.

3.4. Fibrous Composite Material. Let us consider the nonlinear deformation of a unidirectional fibrous composite with
transversely isotropic fibers and isotropic matrix. The nonlinearity is due to the physical nonlinearity of the matrix and the
accumulation of microdamages in it. The physically nonlinear deformation of the fibrous composite is described as the
dependence of the bulk (K, ) and shear (it , ) moduli of its matrix on strains. The microdamage of the matrix caused by loading is
modeled by randomly arranged quasispherical micropores occurring in those microvolumes where the stresses exceed the
ultimate microstrength. The macrostresses (o ;) and macrostrains (& l.j) in an elementary macrovolume of a fibrous material are
related by (3.85), where 7:1 ,7:’1‘2 ,7»3;3 ,7»23 ,hyy are the effective elastic moduli of the composite, which are functions of the

macrostrains (g ;) because of the physical nonlinearity and microdamage of the matrix.
Let the fibers be transversely isotropic and normal to the isotropy plane x,x, . Denote the elastic moduli of the fibers by
A k113 , k133 ,7»14 4- the bulk and shear moduli of the skeleton of the matrix by K, ,u ,, its porosity by p,, and the volume

1
A 12>

11>
fractions of fibers and porous matrix by ¢, and c,, respectively. The effective moduli of the physically nonlinear laminated

composite with porous matrix can be determined using the following iterative algorithm. The effective moduli 731‘1 ,X; ) ,7;;3 ,
*

X33, 7‘24 of the composite are expressed [11, 36, 37, 39] in terms of the respective moduli of the fibers 0‘111 , kllz ,?»113 ,X]33 , 7J44)
and the matrix (}\'2]) Mg sz =K2p —Zuzp / 3) as

1 1 2
€16y (M) +2q, —2%2[7 —2u2p)

A+, = A+ )20, (0, 4, )
11 12 1 11 12 2\ 2 ’
posp 2c1(x2p+p2p)+c2(x111+x112)+2m

1 1 2
ey (M =y _2“2,9)

*

* 151
My =hp = (A=A )+ 2e51, ), =

2mn

2c veo, L = )+
Moy, 6y (b =2y) "t om

1 1 1
ey (W —2%2”13 —mg’g EER —x(z’“;)

A el e Al - (3.93)
P20, 08) +uS ey (A + 2, )+2m ™)
2e0, (M =2, )2
. 1 1€2W3 =)
X33 :clk33+cz(7\,2p+2p2p )— : . ,
201(7u2p oy, )+cy (Mg + Ay )+2m
* | 0102(7‘144 “Hap )?
Ayg =Crhyy o1y, — 1
My, teyhyy +s
@m=c; (M) =My )+2eok 5,0 20 = (W) + M5 )20, (Mg, FHo, b 5= Ny TEok 5, (3.94)

if the matrix is stiffer than the fibers and

1 -1 1
m:[ 1 & : n Cy J i zn:( 1 4 : n ¢y J ’ S:((;l_'_ ) J (3.95)
Mi—hp 2oy Mp+hgy 2R, tHo,) Mgy Mop

if the fibers are stiffer than the matrix.
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The effective moduli K, T
v =2, according to [35]. The average strains (g i ) appearing in these formulas are determined using the following iterative

}\'2[7 Moy (sz :sz -2u 2p / 3) of the porous matrix are defined by formulas (3.53),

algorithm. The (n+ 1th approximation is related to the nth approximation by (3.54), v=2. The average strains (aé) are

determined in terms of the macrostrains (80.) by the formulas

* *

1 1
A=Ay =R+,

<812> =
ij 1 I
¢y (2, =My + A1)

)

1 * 1 * 1 * 1
_E{[(x“ —Aypay =(hyy =y )ay —(hyz —Aj3)az Ke,,)

+[(7‘73 _7‘113 )Na; —a, )_(7‘*33 _7“133 )az Kes3)id;

1 * * *
(e33) :_W{[O‘B ~Ny3day =gy + Ay, =My =Ny day Ke,,)
2
H(W53 —My3 )ay =205 =5 )as Ke,, 0k (3.96)
) _}‘144
<8123> = = <8j3> (iajar=172)>

Ay =c, (7”111 _7‘112 25, )[(7‘111 +7‘112 =20y, ~ 2y, )(7‘133 Ay =2y, )_2(7‘113 Aoy )’}
4 :(7‘113 ~Aap )? _(7‘112 ~Aap )(7‘133 ~hop =My, )
a; 2(7‘113 _x2p )? _(1111 _?\'2]) —2u5, )(7”133 Ay, =25,
as :(7‘113 A )0‘111 ‘7”112 ~25,)
ay =M+, ~2hy, —2,, O, =, ~2,,) (3.97)

and the effective moduli sz ,kzp My, are defined by (3.53).

The zero-order approximation represents a physically linear matrix.

We will use the Huber—Mises criterion (3.56), v=2 as a condition for the formation of a microdamage in a
microvolume of the undamaged portion of the matrix. If the invariant / <1§> does not reach the limiting value k, in some

microvolume of the matrix, then, according to the stress-rupture criterion, failure will occur in some time r,% dependent on the
difference between / <1(25> and k, . In the general case, this dependence can be represented as some function (3.62). The one-point

distribution function F, (k, ) for some microvolume in the undamaged portion of the matrix can be approximated by a power
function on some interval (3.63) or by Weibull function (3.64).

Assume that the random field of ultimate microstrength &, is statistically homogeneous in real materials, and its
correlation scale and the size of single microdamages and the distances between them are negligible compared with the
macrovolume. Then the random field k, and the distribution of macrostresses in the matrix under uniform loading are ergodic,
and the distribution function F, (k, ) defines the fraction of the undamaged portion of the matrix in which the ultimate
microstrength is less than k, . Therefore, if the stresses <G§j2> are nonzero, the function F', (1 <1(25> ) defines, according to (3.56),

(3.63), and (3.64), the content of instantaneously damaged microvolumes of the skeleton of the matrix. Since the damaged
microvolumes are modeled by pores, we can write a porosity balance equation in the form (3.65), v =2, where p,, is the initial
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porosity. Given macrostrains (& i ), the average stresses <6}j2> in the undamaged portion of the matrix are related to the average

macrostrains <G§-> in the matrix by (3.57), v =2 The average stresses (cé) are related to the average strains (sg.) by

(07) =hy, (€708, + 2,y (€5), (3.98)

. 2\ - . . . .
and the average strains (& l.j) in the matrix are related to the macrostrains (¢ l.j) by (3.96), (3.97), the effective moduli ., oMoy of

the porous matrix being given by (3.53),v=2
If the stresses (05.) act for some time 7, then, according to the stress-rupture criterion (3.62), those microvolumes of the

matrix are damaged that have &, satisfying inequality (3.67), where 1 <1c25> is defined by (3.96), (3.97).
The time to brittle failure 1:]% for real materials at low temperatures is finite beginning only from some value of / <1(25> >0.
In this case, the durability function ¢, (/ %é ,k, )can be represented as (3.68). If the time ri is finite for arbitrary values of 7 <1§> ,

which may be observed at high temperatures, then the durability function can be represented as (3.72). Substituting (3.68) or
(3.72) into (3.67) and considering the definition of the distribution function F, (k, ), we conclude that the function
Fy[1 <1§> W, (t,)], where vy, (7, ) is defined by (3.70) or (3.74), respectively, defines the relative content of the destroyed

microvolumes in the undamaged portion of the matrix at the time 22. Then, in view of (3.57), the porosity balance equation for
the matrix subject to long-term damage can be represented in the form (3.71), v =2, where p, is a function of dimensionless time
32, and the average stresses <G§k> are defined by (3.96), (3.97).

At £, =0, the porosity balance equation (3.71) with (3.96), (3.97), (3.70) (or (3.74)) defines the short-term
(instantaneous) damage of the matrix. As time elapses, Eq. (3.71) with (3.96), (3.97), (3.70) (or (3.74)) defines its long-term
damage, which consists of short-term damage and additional time-dependent damage.

Equations (3.48), (3.93)—(3.95), (3.71), (3.96)—(3.97), (3.70) (or (3.74)) form a closed-form system describing the
coupled processes of statistically homogeneous physically nonlinear deformation and long-term damage of a fibrous composite.
The physical nonlinearity of the matrix affects the way pores form during deformation, and the porosity of the matrix has an
effect on the stress—strain curve of the composite. This is why the nonlinearity of the stress—strain curve of the fibrous composite
is determined by the physical nonlinearity of its matrix and the increase in the porosity during physically nonlinear deformation.

Let us analyze, as an example, the coupled processes of nonlinear deformation and long-term microdamage of a fibrous
composite with linear elastic fibers and microdamaged nonlinear elastic matrix with bulk strains being linear and shear strains
described by a linear-hardening diagram (3.75)—(3.77). Formulas (3.48), (3.93)—(3.95), (3.71), (3.96), (3.97), (3.70) (or (3.74))
and the secant method [4] can be used to develop an iterative algorithm for the determination of the stress—strain state of a
physically nonlinear fibrous composite and the volume fraction of microdamages in its matrix. We conducted calculations to plot
macrodeformation curves for a fibrous composite with microdamaged matrix for Weibull distribution (3.64) and for fractional
power durability function y , (t , )defined by (3.70). Let the composite consist of an epoxy matrix described by linear-hardening
diagram (3.75)—(3.77) with constants (3.79) and proportional limits and minimum tensile microstrength (3.80), (3.81) and
high-modulus carbon fibers with the following characteristics [22]:

El =8GPa, vi, =02, v}, =03, G}, =60GPa, (3.99)

where £ 11 and £ % s v{ , and v% 3 Gll2 and Gll3 are, respectively, the transverse and longitudinal Young’s moduli, Poisson’s ratios,

: : : Y Y BS B Y |
shear moduli of the fibers, which are related to the elastic moduli A}, A}, , A 53,433,4,, by

1

-1
E
1 1 11 1 1 1.1 2 1 1 1
Ayt :E1E3{E3{2_2G1 ]_2E1 (vi3) ] s A Ay =26,
12

El 1

El El
My =vii b+, by =@+, )3[2— ! ] M, =Gl (3.100)
1 12
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If

() #0  (0,,)=(033)=0 (3.101)

then, according to (3.85), the macrostress (o) is related to the macrostrain (g, ;) by

* *

e
(o) = 7»11 33 (};;3 )2 [(7‘11 +7“12 )K33 2(7%3 )2 Kepp- (3.102)

In the porosity balance equation (3.70), (3.71), (3.96), (3.97), we use

2 _pk gk 2o
(62, = (13)—123;@11% . 33>_w< £1), (3.103)
)\'117\'33 _()\'13) }\’11}\'33 (}\’13)

which is equivalent to (3,101).

The analysis demonstrates that the physical nonlinearity of the matrix has a significant effect on the microdamage of the
fibrous composite. The microdamage of the composite with linear-hardening matrix sets in at greater values of 7, and occurs
more intensively than in the composite with linear elastic matrix, i.e., at great values of 22 , the porosity of the composite with
linear-hardening matrix is higher than in the composite with linear elastic matrix.

At small values of 7,, the physical nonlinearity of the matrix has a significant effect on the stress state of the fibrous
composite as well. At great values of 7, , the effect of nonlinearity on the stress state is weak.

Conclusions. The mathematical theory of coupled processes of deformation and damage of physically nonlinear
materials has been developed based on the stochastic equations of elasticity of porous materials whose skeleton is physically
nonlinear. The damage of a material has been modeled by dispersed microvolumes destroyed to become randomly arranged
micropores. A microdamage of a single microvolume has been characterized by its ultimate strength according to the
Huber—Mises failure criterion or by its stress-rupture strength described by a fractional or exponential power function, which is
determined by the dependence of the time to brittle fracture on the difference between the equivalent stress and its limit (ultimate
strength according to the Huber—Mises criterion). The ultimate microstrength has been assumed to be a random function of
coordinates whose one-point distribution is described by a power function on some interval or by the Weibull function. The
effective elastic properties and the stress—strain state of a physically nonlinear material with randomly arranged microdamages
have been determined from the stochastic equations of elasticity of physically nonlinear porous materials. The equation of
damage (porosity) balance at an arbitrary time has been derived from the properties of the distribution functions and ergodicity of
the random field of ultimate microstrength and the dependence of the time to brittle failure for a microvolume on its stress state
and ultimate microstrength. The macrostress—macrostrain relations for a physically nonlinear porous material and the porosity
balance equation form a closed-loop system describing the coupled processes of physically nonlinear deformation and
microdamage. An iteration method has been used to develop algorithms for calculating the macrostresses and microdamage as
functions of macrostrains and time and to plot the respective curves. The influence of nonlinearity on the deformation and
microdamage of materials has been analyzed.
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