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THEORY OF LONG-TERM MICRODAMAGE OF PHYSICALLY NONLINEAR
HOMOGENEOUS MATERIALS

L. P. Khoroshun and E. N. Shikula

A theory of long-term damage of physically nonlinear homogeneous materials is proposed. Damage is
modeled by randomly dispersed micropores. The failure criterion for a microvolume is characterized by
its stress-rupture strength. It is determined by the dependence of the time to brittle fracture on the
difference between the equivalent stress and its limit, which is the ultimate strength, according to the
Huber—Mises criterion, and assumed to be a random function of coordinates. An equation of damage
(porosity) balance in a physically nonlinear material at an arbitrary time is formulated. Algorithms of
calculating the time dependence of microdamage and macrostresses are developed and the
corresponding curves are plotted. The effect of the nonlinearity of the material on its macrodeformation
and damage is analyzed
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Introduction. A possible cause of failure of materials and structural members under loading is the occurrence and
development of dispersed microdamages, which commonly lead to the formation of main cracks. Physically, the damage of a
material may be considered as dispersed defects such as microcracks, microvoids, or destroyed microvolumes. They reduce the
effective or bearing portion of the material that resists loads.

Experimental data on and experience of using structural members and structures suggest that damage can be either
short-term (occurring instantaneously after the application of stresses or strains) or long-term (building up with time after the
application of load). A structural theory of short-term microdamage of homogeneous and composite materials was proposed in
[7,9, 10]. It employs the mechanics of microinhomogeneous bodies of structure stochastic and models dispersed microdamages
by quasispherical micropores [5]. Long-term damage is usually considered as accumulation of dispersed microdamages such as
micropores and microcracks. At the microscopic level, the strength of a material is statistically inhomogeneous, i.¢., the ultimate
strength and stress-rupture curves for a microvolume are random functions of coordinates with certain distribution density or
cumulative distribution. When a macrospecimen is subject to constant tensile stress, some microvolumes whose ultimate
strength is less than the applied stress are damaged, i.e., microcracks or micropores form in their place. Microvolumes where the
stress is less than, yet close to the ultimate strength are damaged after a lapse of time, which depends on the difference between
the applied stress and the ultimate microstrength. The theory of long-term damage of homogeneous and fibrous materials was
developed in [8, 11, 12] based on models and methods of the mechanics of stochastically inhomogeneous materials.

Under high loads, many materials exhibit physical nonlinearity. This type of nonlinearity is typical of metals and
polymeric materials at high temperatures. Therefore, it is important to generalize the theory of long-term damage of
homogeneous materials [§8] based on models and methods of the mechanics of stochastically inhomogeneous materials to
physically nonlinear materials. The stochastic equations of elasticity of porous materials whose skeleton is physically nonlinear
underlie the structural theory of long-term damage of physically nonlinear homogeneous materials. The damage of a material is
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modeled by dispersed microvolumes destroyed to become randomly arranged micropores. The failure criterion for a single
microvolume is determined by its stress-rupture strength described by a fractional or exponential power function, which is, in
turn, determined by the dependence of the time to brittle failure on the difference between the equivalent stress and its limit,
which characterizes the ultimate strength according to the Huber—Mises criterion. The ultimate strength is assumed to be a
random function of coordinates whose one-point distribution is described by a power function on some interval or by the Weibull
function. The effective elastic properties and the stress—strain state of a physically nonlinear material with randomly arranged
microdamages are determined from the stochastic equations of elasticity of physically nonlinear porous materials. We will
derive the equation of damage (porosity) balance at an arbitrary time from the properties of the distribution functions and
ergodicity of the random field of ultimate microstrength and the dependence of the time to brittle failure for a microvolume on its
stress state and ultimate microstrength. The macrostress—macrostrain relations for a physically nonlinear porous material and the
porosity balance equation form a closed-loop system describing the joint processes of physically nonlinear deformation and
microdamage. We will use an iteration method to develop algorithms for calculating the microdamage and macrostresses as
functions of time and to plot the respective curves.

1. Let us consider the physically nonlinear deformation of an isotropic material described by the dependence of the bulk
(K) and shear (1) moduli on strains and accompanied by microdamage. The microdamage of the material is modeled by
randomly arranged quasispherical micropores occurring in those microvolumes where the stresses exceed the ultimate
microstrength.

The stresses and strains at an arbitrary point of a physically nonlinear porous material are related by

o :k(za(xB )arrﬁij+2;,l(s(1B )Sij (A=K -2/3pn), (1.1

where the bulk (K) and shear (i) moduli deterministically depending on the strains € op Are random functions of coordinates that
have the values K (81113 ), “(8&[3 )in the skeleton and K =p =01in pores, the index 1 referring to the skeleton.

If a macrovolume (which is a volume much less than the pores and distances between them) is subject to homogeneous
macrostresses and macrostrains, the microstresses ¢ i and microstrains & j are ergodic statistically homogeneous random
functions of coordinates. Their expectations (o l.j) and (e l.j) at an arbitrary point are equal to the macrostresses and macrostrains,
respectively. Substituting (1.1) into the equilibrium equation

Gy = 0 (1.2)
and using the kinematic equations
1
gy =ty =5 (W +us) (1.3)

we obtain an equation for the fluctuations of displacements

Bty + Ot u) ;= AMe g )=k 1,8, +2[1 (45 )R o Jey ) (1.4)

where A and p  are the constant elastic moduli of a comparison body; the fluctuations of displacements are given by

— 0
u; —(sl.j>xj+ul.. (1.5)

The boundary condition on a boundary s at infinity follows from (1.5):

u% =0 (1.6)

Using Green’s function satisfying the equation

MG e ) =X+ O +18 )Gy (efD =32+ 8D -5, =0 (17

we reduce the boundary-value problem (1.4), (1.6) to an integral equation for the strain tensor:
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el = (e + Ky 00 —x PP (e -2 18,0 + 200D (5] ) - Je ) (18)

where the integral operator K iipg is defined by

1D _+(2)(2) =
@D —xe® =[G,
2

Kijpg g @ =x)(0P ~(0))ar @), (1.9)

where the superscript in parentheses denotes a point in space.

The stresses c}j and strains s}j in the skeleton (undamaged portion of the material) can be represented as the sum

1 _ 1 10 1 _ /.1 10
G,‘j _<Gij>+cij 5 8,‘/ _<8ij>+8ij 5 (1.10)

10 .10

where (62.), (a}j> are the average stresses and strains over the skeleton; Cjj» &y are the respective fluctuations within the

skeleton. If these fluctuations are neglected, the nonlinear relation (1.1) becomes
(o) =M(egp) Xy, )8 +20 (egp) Xep), (1.11)
whence follows an expression for the macrostresses:

(o) =(1=p)Xoy) = (1= P)Megp) Ky, ) 8 + 2 ((Bgp) Xej)] (1.12)

To establish the relationship between the macrostresses and macrostrains, it is necessary to calculate (8}]) as a function
of (e ij> and substitute it into (1.12). To this end, we will average Eq. (1.8) using conditional density f{(e 5}) , sf.jz) ‘gl) )(distribution

density of strains at points xﬁl) and xfz) provided that these points are in the skeleton). Then, neglecting the fluctuations of strains

within the skeleton, we obtain a system of nonlinear algebraic equations for the average strains in the skeleton [6]:
1y _ 11 1 1 1 1
(&) =)+ K1 el ))~h Keh)8, +2[u(ebg)) - Kel ), (1.13)
where the matrix operator K ;}17 g is defined by

11 1 2 1 2
Kl.qu :Kl.qu(xﬁ)—xﬁ ))pn(xﬁ)—xﬁ )), (1.14)
where p, (xgl) —xﬁz) )=7f (52 ) |§1) )is the probability of transition from the point xﬁl) , xﬁz) to the point x§2) within the skeleton.

If the pores are quasispherical and dispersed statistically isotropically, the transition probability is defined by

P ()=1=pli=e()}  r* =0 —x{")x —x), (1.15)

i

where @ (7)is a correlation coefficient such that ¢ (0)=1 ¢ (0)=0.
The macrostress—macrostrain relationship follows from (1.12)—(1.15):

* 2 * *
<Gi/> :(K _gu j<8ry>8y+2lvl <8ij>’ (1.16)

where the effective moduli K and n * are functions of pand (e l'j>‘ The effective moduli of a porous physically nonlinear

material can be determined using the following iterative algorithm [2, 6]:

4K (e " e (1= p)?

K F) ,
3K (e ) " )p+4uCey) )1 p)
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TR (e ) )+ 8uCe ) T ep) (A= p)?
3K (e ) "B p)+4n((e) )2+ p)

p o

*(n—=1) *(n=1)
1 = 1\ (n) Vijaﬁ+ 5 1\ (n) Dijcxﬁ
(1=p)| K (&)™) u((el) ™)

G (8qp)s (1.17)

and D.

where V. ijop

iiap are the volumetric and deviatoric components of the unit tensor /

jap®
Tjop =Vijap *Pijop> Vigap =1/385%ap:

Djp =1/2(3 +8,58;, =2/38,8 ) (1.18)

o9 *0ip %o
Given macrostrains (g i ), the effective moduli are determined as the limits of the iterative process

K" =1lim K™, p* = lim p* ™. (1.19)

n—>0 n—>0

We will use the Huber—M ises criterion [3] as a condition for the formation of a microdamage in a microvolume of the
undamaged portion of the material:

I _
I =k, (1.20)
1 <1 o) = ((cb)'{c}j}' )1/ 2 is the second invariant of the deviatoric average-stress tensor (c}.j)' in the undamaged portion of the

material; & is the ultimate microstrength, which is a random function of coordinates. Since the average stresses <G}-j> in the

undamaged portion are related to the macrostresses (G l.j) as follows [6, 7]:

(o) :1_1p<c,-j>, (1.21)

the invariant of the average-stress deviator / <1 o) is related to the invariant of the macrostress deviator / (o) :(<Gij Y{c i ) )1/ 2 and

the invariant of the macrostrain deviator / (& = (e i Y(e i ) )1/ 2 as

1
1 _
1<6> —§1<G>, (1.22)
2 *
1 _<
I 1—p1<‘°'>' (1.23)
A failure criterion in the macrostress space follows from (1.20), (1.22):
b I, , =k 1.24
—p (@ =% (1.24)
and a failure criterion in the macrostrain space follows from (1.20), (1.23):
2 (p(ey))
— 1y =k. (1.25)

1-p
If the invariant / <1 ) does not reach the limiting value & in some microvolume of the material, then, according to the

stress-rupture criterion, failure will occur in some time 1, , which depends on the difference between / <1 o) and k. In the general

case, this dependence can be represented as some function:
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T =0 g k) (1.26)

where o(k, k)=0and ¢(0, k) =0 according to (1.3).
The one-point distribution function F (k) for some microvolume in the undamaged portion of the material can be
approximated by a power function on some interval

0, k< ko S
p
k—k,
F(k)= , kg <k<k, (1.27)
ky —k,
1, k >k,
or by the Weibull function
0, k <k,
Flk)= t-exp[-m(k kP . K2k, (1.28)

where ko is the minimum value of & from which failure begins in some volumes of the material; &, ,m, B are constants found from
strength scatter fitting in the material.

Assume that the random field of the ultimate microstrength £ is statistically homogeneous, which is typical of real
materials, and the microdamages and the distances between them are negligible compared with the inclusions and the distances
between them. Then the distribution function F'(k)is ergodic because it defines the content of the undamaged portion of the
material in which the ultimate microstrength is less than k. Therefore, if the stresses (c}.j> are nonzero, the function F'(/ <1 o) )

defines, according to (1.20), (1.27), and (1.28), the content of instantaneously destroyed microvolumes. Since the damaged
microvolumes are modeled by pores, we can write a balance equation for destroyed microvolumes or porosity of the material
subject to short-term damage [7]:

p=py+(=poF U5 ) (1.29)

where p, is the initial porosity.
If the homogeneous macrostresses (G l.j) are given, then, according to (1.22), the porosity balance equation (1.29)
becomes

1
p=py+(-p, )F[1—p1<0>j' (1.30)

If the macrostrains (g ij> are given, then, according to (1.23), we have

247 (pyley))
p=py+(1-py)F le ) (1.31)

If the stresses <G;-j> act for some time ¢, then, according to the stress-rupture criterion (1.26), those microvolumes are

destroyed that have & such that
= =(p(1<10> k), (1.32)

where 7/ is defined by (1.22), (1.23).
Atlow temperatures, the time to brittle failure T, for real materials is finite beginning only from some value of / <1 o > 0.

In this case, the durability function ¢ (/ <] o) k) can be represented as follows [8]:
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k-1l

oI} gy ) =g —— (Yk <)o <hk,y<1) (1.33)
1 (o) —vk

where some typical time 1, exponent n,, and coefficient y are determined from the fit of experimental durability curves.

Substituting (1.33) into (1.32), we arrive at the inequality

-1/n,

k<l X (z:’} (1.34)
1+yt '™ To

Considering the definition of the distribution function F'(k ), we conclude that the function F[(/ <1 o) W (t)], where

1+7m
1+yfl/n1

y(t)= (1.35)

defines the relative content of the destroyed microvolumes in the undamaged portion of the material at the time #. Then, in view
of (1.29), the porosity balance equation for a material subject to long-term damage can be represented in the form

p=po+1=py)FIU {5 )w(D)] (1.36)
or, in view of (1.22):

e
l1-p

p=p0+a—pow{ wuﬁ, (137)

where pis a function of dimensionless time 7, and / (c) is defined by (1.23).
If the time 7, is finite for arbitrary values of / <1 o) which may be observed at high temperatures, then the durability

function can be approximated by an exponential power function [8]:
0Ly k) =1y fexpm, [(k/ Ihy )" —1]—1}”2 : (1.38)

which has enough constants t, ,m, ,n,,n, to fit experimental curves. Substituting (1.38) into (1.32), we arrive at the inequality
| Un,
k<I' | 14—In(1+7""2) - (1.39)
(o) m,

Considering the definition of the distribution function F'(k), we conclude that the function F[(/ (1 o) W (1)), where

l/n1
w(f){nmlln(nz””z )} , (1.40)
1

defines the relative content of destroyed microvolumes in the undamaged portion of the material at the time #. Then, in view of
(1.1), the porosity balance equation for a material subject to long-term damage (1.26) can be represented in the form (1.36).

At ¢ =0, the porosity balance equation (1.36) with (1.27), (1.28) defines the short-term (instantaneous) damage of the
material. As time elapses, Eq. (1.27) with (1.28), (1.35), and (1.36) (or (1.40)) defines its long-term damage, which consists of
short-term damage and additional time-dependent damage.

Equations (1.16), (1.27), (1.28), (1.35), (1.36) (or (1.40)) form a closed-loop system describing the joint processes of
statistically homogeneous physically nonlinear deformation and long-term damage. Physical nonlinearity affects the way pores
form during deformation, and the porosity of the material has an effect on its stress—strain curve. This is why the nonlinearity of
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the stress—strain curve is determined by the physical nonlinearity of the material and the increase in the porosity during
physically nonlinear deformation.

To describe the coupled processes of physically nonlinear deformation and damage, it is necessary to find the
macrostrain-dependent effective elastic moduli of the porous material by the iterative algorithm (1.17) and to determine the
porosity from Eq. (1.36) also by an iterative method. At the nth step of the iterative process (1.17), Eq. (1.23), (1.36) is
represented as

27 (py(ey))

F(p)=p-py—(1-py)F 1
- p

o |=0 (1.41)

Then the root p of Eq. (1.29) at the nth step of some iterative process can be expressed as
pumm =A™ (pmy (1.42)
where 4 is an operator on the function f (n) (p). The root is found as follows:

p= lim pm), (1.43)
m—>o0
n—>0

At ¢ =0, the porosity balance equation (1.29) with (1.22), (1.23) defines the short-term (instantaneous) damage of the
material. As time elapses, Eq. (1.22) with (1.23), (1.35), (1.36) (or (1.40)) defines its long-term damage, which consists of
short-term damage and additional time-dependent damage.

2. Let us analyze, as an example, the coupled processes of nonlinear deformation and microdamage of a material with
linear bulk strains and shear strains described by a linear-hardening diagram

(0,,) =K(e,,),
(0, =2(S Xe,)', @.1)

where the bulk modulus K does not depend on the strains, and the shear modulus p(S')is described by

H()) TSTO)
n(s)= Wt N Tio’ r>T,, (2.2)
Ko )28

and
S =g (e,
T=(o,) (o))",
T, =+2/30,, (2.3)
where (& i Y and (o i )" are the strain and stress deviators; o, is the tensile proportional limit assumed to be independent of the

coordinates; 1, and ' are material constants.
Theroot pof Eq. (2.14) can be found by the secant method [1]. Since the root p falls within[ p, 1], which follows from

™ (py)=<0,
7 @y=o, (2.4)

the zero approximation p(o’”) is defined by
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©my _a BT )b [ (a ), (2.5)
f(n) (b(o) )_f(") (a(o) )
(2.6)

where a(?) = Do ,6(9) =1 The subsequent approximations of the secant method are found in the iterative process
am) £ (plm)y_pm) p(m) (gq(m)y

FO By ) (g (m)y

p(m,n) :Af(n)(p(mfl,n) )(p(mfl,n) =
S0 (@m0 p 0 (pmtany <q

am =qm=1 — pOm) = pm=Ln) g
am = plm=Lm) = pm) — pm=1) ¢ () (g(m=1)y () (p(m=Ln)y>
(m=1,2,...),
which proceeds until
LFO pmI<, 2.7)
where d1is the error of the root.
This theory was used to study the coupled processes of nonlinear deformation and microdamage of a homogeneous
material described by the linear-hardening diagram (2.1), (2.2) with the following constants [2, 4]:
K =333GPa, p,=1.11GPa, p'=0.331GPa (2.8)
and the following proportional limits and minimum tensile microstrength (6, =v3/2 k()):
6, =0.003 GPa, o =0.011 GPa. (2.9)
If
(g0 # 0 (0y)=(033)=0 (2.10)
then, according to (1.1), the macrostress (o, ;) is related to the macrostrain (g, ) by
3K * *
(01 =—5 (e, 2.11)
K /3

542



’ () /1 170 04
0.04 e R EEETR
0.75 W--_.--- 0015
22T 0005 |eememen 0.015
v /7 =001 /0.005 _____________ 585 | s
0.50 ff=F~ e N 0.010 (XA
/ 0.004
025 His i soos N S
00— e m—
(11 =10.002 I
" 0 1.25 2.50 3.75 ‘
Fig. 4
It is assumed that
2 3K (e
o :\f*l*l (2.12)
32K +u"/3)

in (1.31), (1.37), which is equivalent to conditions (2.10).

Figure 1 shows (by solid lines) the porosity p of the linear-hardening material with y (¢ ) defined by (1.35) as a function
of time ¢ for different values of (&1,)- For comparison, the figure shows (by dashed lines) p versus t for a linear material. The
same notation is used in Figs. 2—4. As is seen, physical nonlinearity has a significant effect on microdamage. The microdamage
of the linear-hardening material occurs later (at greater values of 7) and more intensively than in the linear material, i.e., at great
values of ¢, the porosity of the linear-hardening material is higher than that of the linear material).

Figure 2 shows (by solid lines) the macrostress () / u of the linear-hardening material with t defined by (1.35) as a
function of time 7 for different values of (¢, ). As is seen, at small values of (), the physical nonlinearity of the material has a
significant effect on its stress state as well. At great values of 7, the effect of nonlinearity on the stress state is weak.

Figures 3 and 4 show the porosity p and macrostress (c;,) / 1, respectively, of linear-hardening and linear materials
with y () defined by (1.40) as a function of time ¢ for different values of (g;1)- As is seen, the curves are qualitatively similar to
those for the function (¢ ) defined by (1.35).

Conclusions. A theory of long-term damage of physically nonlinear homogeneous materials has been proposed. The
damage of the material has been modeled by randomly arranged micropores. The failure criterion for a single microvolume is
determined by its stress-rupture strength determined by the dependence of the time to brittle fracture on the difference between
the equivalent stress and its limit, which characterizes the ultimate strength according to the Huber—Mises criterion. The
equation of damage (porosity) balance of a physically nonlinear material at an arbitrary time has been formulated. Algorithms of
calculating the time dependence of microdamage and macrostresses have been developed. The respective curves have been
plotted. The effect of nonlinearity of the material on its macrodeformation and damage curves has been examined.
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