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USING DISCRETE FOURIER SERIES TO SOLVE BOUNDARY-VALUE STRESS
PROBLEMS FOR ELASTIC BODIES WITH COMPLEX GEOMETRY
AND STRUCTURE

Ya. M. Grigorenko

The paper deals with some approaches to solving linear and nonlinear boundary-value stress problems
for elastic bodies with complex geometry and structure. The problems are described by partial
differential equations solved using discrete Fourier series. The results obtained are presented in the form
of plots and tables
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Introduction. The solutions of two-dimensional boundary-value stress problems for plates, shells, and space bodies
described by partial differential equations are often represented as Fourier series in powers of one coordinate. This makes it
possible to reduce the dimension of problems, making them one-dimensional ones, which could be solved by approximate
analytic or numerical methods if the differential equations and boundary conditions would permit separation of variables. In some
classes of problems, however, the configuration of the domain, thickness variation, mechanical and other factors are such that it
appears impossible to separate variables and reduce the problem to a system of ordinary differential equations [3, 5, 7-10, 22].

The present paper outlines a nontraditional approach to this class of problems. It employs discrete Fourier series, i.e.,
Fourier series of functions defined on a discrete set of points. Modern computers are capable of calculating series with a
sufficiently great number of terms to solve problems with high accuracy. We will solve linear and nonlinear problems for thin
and space bodies with complex geometry.

1. Discrete Fourier Series Approach to Solving Boundary-Value Problems for Partial Differential Equations. Let
us discuss an approach to solving two-dimensional boundary-value stress—strain problems for elastic bodies under various
loading and certain boundary conditions. The problem is reduced to partial differential equations with coefficients dependent on
two coordinates. The approach employs discrete Fourier series and makes problems one-dimensional [12—14, 32, 33, 42].

Let the stress—strain state of an elastic body be described by the system of partial differential equations

oz. okz

L=, aB—2L |+ f(aB)  (ijk=L1) (1.1)
o ]

where Z, =Z;(o,B) (o) <a<a,,B; <B<P, )are the unknown functions; ®@; are linear functions; f; (c,f)are the right-hand
sides; and OB is an orthogonal curvilinear coordinate system.

For open elastic bodies, this system of equations is supplemented with boundary conditions on o =const and 3 =const.
In the case of bodies closed in one coordinate direction, the boundary conditions for this direction are replaced by periodicity
conditions.
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The periodicity in the boundary-value problem for the system of equations (1.1) for elastic bodies closed in, say, the
Op-direction makes it possible to represent solutions for all unknown functions as Fourier series in powers of the coordinate . It
is, however, necessary that no terms in the equations hinder the separation of variables with respect to this coordinate. In simpler
problems, variables can be separated by expanding all the functions into Fourier series.

However, the system of differential equations (1.1) often has terms with coefficients that include geometrical and
mechanical parameters, which makes it impossible to separate variables and expand the unknown functions into Fourier series.
To overcome these difficulties, subsidiary functions expressed in terms of the unknown functions and their derivatives are
introduced. Then the governing system of equations becomes

k

oz, 0 Zj _ _
:F' a’Baia(Pp +f'(aaﬁ) (l,j,kZI,I,FZI,R,p=l,P), (12)
da. i aBk r i
05Z. 0'Z.
where @7 :cpﬁ{oc,ﬁ, 60(; , aﬁfl } (s,t <1).

Since the system of differential equations (1.2) includes both subsidiary (¢#) and unknown (Z;) functions, the total

number of unknown functions exceeds the number of equations. This should be taken into account in solving the boundary-value
problem.
To solve the original boundary-value problem, we expand all the functions in (1.2) into Fourier series in powers of 3:

M M
X(aB)= D X, (a)cosh, B Y(ap)= DY, (a)sini, B, A, =2mm/T, (1.3)
m=0 m=0

where X and Y are the unknown and subsidiary functions; 7 is the period.
Substituting series (1.3) into the system of equations (1.2), separating variables, and performing some transformations,
we obtain a coupled system of ordinary differential equations for the amplitudes of series (1.3):

dz.
= Fyy (@0 Zy 00, ) Sy (@) (=LLm=0.M.r=LR. p=LP) (1.4)

Similar transformations lead to boundary conditions for the amplitudes of the functions Z, ~at the ends of the interval
o, <a<a,. To solve the boundary-value problem for the system of equations (1.4), we will use the stable
discrete-orthogonalization method [2, 6, 8]. The system of equations (1.4) in many cases appears to be stiff because of the
inhomogeneity of the mechanical and geometrical properties and the load.

The method used to solve the one-dimensional problem orthogonalizes the vector solutions of the Cauchy problems for
a finite number of values of the argument. Besides the amplitudes of the unknown functions, the system of equations (1.4)
contains the amplitudes of the subsidiary functions, which should be determined individually. In integrating system (1.4), we
calculate the amplitudes of the subsidiary functions from the amplitudes of the unknown functions at some points of the interval
a for all harmonics simultaneously at each step of discrete orthogonalization, a value of ; <B <[, being constant. The
functions defined on a discrete set of points are expanded into Fourier series [23, 29, 30]. As the number of points at which the
subsidiary functions are calculated is increased, the discrete Fourier series tends to the exact Fourier series, which is a way to
improve the accuracy of the results. We determine the coefficients of these series with Runge’s method, substitute them into the
system of equations (1.4), and continue its integration, satisfying the boundary conditions at the ends of the interval
0 SO=0,.

Note that the above procedure depends on the form of the right-hand sides in (1.1).

In solving applied problems, use in most cases is made of only few first terms of the discrete Fourier series because the
Fourier coefficients rapidly decrease, weakening the effect of higher harmonics. The accuracy of approximations in calculating
Fourier series is known to be greatly dependent on the rate of decrease in the Fourier coefficients, which in turn is associated with
the differential properties of a function extended to (—oo, ). There are also approximate approaches that make it possible to
compare values of a coefficient in a discrete Fourier series with the exact values of the same or other Fourier coefficients for the
same function defined analytically [29].
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Let us discuss results obtained with this approach.
Let a function y(x) be specified on a set of points, i.e., y(x; )=y,, x; =i2n/k (i=0,1,2,...,k—1). Let us expand the

function f(x)defined on a discrete set of points x; (i =0,k —1)into a Fourier series:
n
(x)=ay+ Z(am cosmx+b, sinmx) (n<k/2), (1.5)

m=1

where the coefficients a,a,, , and, b, are defined by

1 2 2mi 2 Omi
a, :%2)/1., a, :%ZyicosmT, b, :%Zyl sian (m<k/?2) (1.6)
i=0 i=0 i=1

Let us establish the relationship among the approximate and exact values of the Fourier coefficients.
Consider a function y = f(x) that is analytically defined on the interval [0, 2n] and doubly differentiable. Its exact
Fourier series is

yx)=4, +~Z1Aj cos jix+ ZIBJ. sin Jix, (1.7)
J= J=

where the capital letters denote the exact values of the coefficients. The values y; = y(x; )appearing in (1.6) can be calculated by
setting x; =i2n/ k (i=0,1,2,..., k—1). Substituting these values into (1.6) and carrying out some transformations, we obtain

a, :Am +Ak7m +Ak+m +A2k7m+...,

b, =B, ~B, , +B

m m

“By e (m<k/2)

k+m

For example,

ay=Ag+A+.., ap =A;+ A+, ay =A, + A+, a3 = A, +Ag+...

for k=12 and
a :AO + Ay +.., a =4, +A23+..., Ay =Ay + Ay +..., as :A3 + A5+,
ay, =Ay +Ayg+..., as =4 +A19+..., ag=Ag+Ajg+.., as :A7 +A17+...,
ag :Ag+A16 +..., etc.
for k= 24.

It can be seen that for adequate accuracy, only two to three harmonics may be retained when & = 12 and seven to eight
harmonics when k = 24.
Discrete-Orthogonalization Method. Consider the linear boundary-value problem

6ijg=A(t)§(t)+‘}7"(t) (a<t<b) (1.8)
t
with the boundary conditions
B,g(a)=b,, (1.9)
B,g(b)=b,, (1.10)
whereg =1{g,,2,,...,&, }T is a column vector, fis the column vector of the right-hand side, A(¢)is a given nxn matrix, B, and

B, are given kxn and (n — k)xn matrices (k < n), and 51 and 52 are given vectors.
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The essence of the method is as follows. We will seek the solution of the boundary-value problem (1.8)—(1.10) in the
form

Z()=3.C,8 ()4, (1) (L11)
j=1

where m = min{k,n —k} (et m =n —k for definiteness), g ; are the solutions of the Cauchy problem for the system of equations
(1.8) for f'=0with initial conditions that satisfy the boundary conditions at the left end of the interval (1.9) for b, =0, g, , | is the
solution of the Cauchy problem for (1.8) with initial conditions that satisfy the boundary conditions (1.9), m is the number of
boundary conditions at the right end of the interval of integration.

The discrete-orthogonalization method ensures a stable computational process by orthogonalizing the vector solutions
of the Cauchy problem at a finite number of points within the interval of variation in the argument. Let integration points 7 (s =0,
1,..., N) divide the segment [a, b] so that 7, =aand ¢, = b. Of these points, we choose orthogonalizaton points 7; (i =0, 1, ...,
M). The selection of these points is usually determined by the accuracy required, but is arbitrary in other respects.

Let the Cauchy problems have been solved at the point 7; by using, say, the Runge—Kutta method. Denote the solutions
byu, (T, )(r=12,...,m+1)

Thus, prior to orthogonalization, we have the following vectors at the point 7;: u, (T} ), tiy (T} ),..., u,, (T; ) ut,, (T} ).
Let us orthonormalize the vectors ﬁj (Tj ) (J=12,....,m)atthe point 7;: z,(T; ), z, (T} ),..., Z,,, (T, ).

The vectors z; can be expressed in terms of the vectors u; as follows:

—1

. ’Z _

Z}" :{ur—. 1W’,JZJ] (r:1»25--'7m)3
j=

r—1
— — — — 2 .
wherewrj :(ur,zj),wrr = (ur,zr)—Zer,]<r.
J=1

The vector z, | is not normalized and is given by

m
Tl Sy _zwm+1,j Ej'
j=1
After transformations, we obtain the matrix equality
uy (T;) z(T})
uy (T;) z (1)
=Q,; , (1.12)
am (Ti ) Em (Tl )
Em+1(Ti 2m+1(Ti
where
wy (T;) 0 0
war (T;) wy (T;) 0
w21 (T)) War (T;) was (T5)
Qi :Q(Tl'): 31: i 32: i 33: i
Wml(Ti) WmZ(Ti) Wm3 (Ti)
Wi 10 T) Wop1 (@) Wy 5(T3)
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The vectors z, (7} ) are the initial values of the Cauchy problems for the homogeneous (r = 1, 2,..., m) and
inhomogeneous (»=m+ 1) systems of differential equations (1.8) for 7, <t <T,_,.
After the integration over 7, _; <t <T,, and the orthogonalization at 7', we have

g(Ty, )=ZC§.M)EJ.(TM )42, 1 (Tyy ) (1.13)
j=1

Satisfying the boundary conditions at the right-hand end of the integration interval, we obtain a system of m linear
algebraic equations for Cﬁ.M ) (j=12,...,m). After determining CS.M ) the solution of the boundary-value problem (1.8)—(1.10)

at the point ¢ =7, is defined by (1.13). This completes the forward procedure of the method.
The backward procedure uses the constants C;i) (j=12,...,m)to determine Cy - beginning with i = M. Then

1A A . ~ (i1 r-lE G
Q' ci D =ch (=12..,M) or CUD=]C®, (1.14)

where Q'l. is a transposed matrix, C ) is a column vector with components Cl(i) ) Céi ) . ,C,(’f) 1
Thus, we can use (1.14) to determine C §.i) at all the points beginning with i = M.

This algorithm requires storing information on the matrices Q2 ; and vectors z,, (r=1,2,...,m+1).

All the information obtained at the orthogonalization points is not usually needed in practice; it is sufficient to use the
values of the unknown functions at the so-called output points, which are far fewer than the orthogonalization points. In this
connection, the following trick may be used to highly reduce the amount of information to be stored.

LetT,_;and T, » be the output points. Then, Eq. (1.14) leads to

r -1

p
- iy
oD - [HQH/'] ce.
Jj=0

P
Thus, to determine the vectors C ¢~V it is necessary to store information on the product of matrices H Q
Jj=0

i+ which
greatly saves computer memory.

In solving specific problems, the following inductive procedures may be used to evaluate the accuracy of the solution
[8]: (i) increasing the number of orthogonalization points, which greatly reduces the computational error due to the stiffness of
the system of equations and (ii) solving the boundary-value problem from left to right and from right to left. Since these schemes
are very different, coincidence of all significant figures would allow regarding all digits except the last one as exact.

The sections below discuss the solutions for various classes of elastic bodies found by the above approach.

2. Rectangular Plates. Consider a hinged square plate of varying thickness bent by a transverse load
q=qqsin(nx/ a)sin(ry/ a)[11, 14, 42]. The midsurface of the plate is described in a rectangular orthogonal coordinate system
Oxy and occupies the domain 0 <x <a, 0 < y <a. The thickness of the plate varies in one coordinate direction as

h(x)=hy[1+o(l-6x+6x%)] (~l<a<l), hy =const. (2.1)
The stress—strain state of the plate is described by a system of partial differential equations with variable coefficients [42]:

6Qy B 52
ay  ox?

2
_y2) 9w _ _
{DM(I Y )6x2 vMy q,

oM P

L-0 —2=|D,, (1 By
—=0 -2— -V
oy Qy ox (=) ox
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w_ g L VN (22)

ER3 . o A oH . :
where D, = ————is the bending stiffness; QO y = 0 yF a— is the reduced transverse force; H is the torque; M o W and 9 )
12(1-v*) X
are the bending moment, deflection, and angle of rotation at y =const, respectively; E is the elastic modulus, and v is Poisson’s
ratio.
The boundary conditions are

3 A2

w=0, M, =vM LERTOTW 6 at x=0,4, 2.3)
y 12 8x2
3 A2

w=0, M =vMm —EP W _o y=0,a. 2.4)

=V
y x 12 ayz

This problem can be solved by two methods. Since the thickness varies only in one direction (along the x-axis),
expanding the unknown functions into Fourier series in powers of the coordinate y and separating variables yields a system of
ordinary differential equations, which can be solved by a numerical method for the variable x. The solution may be considered
exact. This is one method.

The other method employs discrete Fourier series. To this end, the terms in the governing system of differential
equations (2.2) that hinder the separation of variables with respect to x are replaced by subsidiary functions. This yields the
system of differential equations

n 5 ’
aQy :Ea o8 _V6 My_q aMy:Q - E 6(p2
dy 12 gx2 o oy Y 6(1+v) ox
09 2 2
ow_ o , sz% +V67W, 2.5)
oy Y oy E ox?
where
02w 09 M
x,v)=h> "2, x,)=h> —2, X, y)=—2. 2.6
¢y (%) e ®y (%, ») & 93y e (2.6)

Formally, the coefficients of system (2.5) are independent of the coordinate x, though the subsidiary functions are
dependent. The solution of the boundary-value problem for (2.5) that satisfies the boundary conditions at x = 0and x = @ and the
functions ¢ j (j=1,2,3)on the right-hand sides are expanded into series:

M M
Y(x,y)= 2 Y, (»sink,x  0y(x1)= D 0,, (¥)coshk,x, (2.7)
m=1 m=1
where
Y:{Qy,My,w,Sy,(p],@3,q}, ?»m =nm/ a.
Substituting (2.7) into (2.5) and (2.4), we get a system of ordinary differential equations for the amplitudes in these
series:
dQ E dM R E
y.m 2 y.m
— =\ | = -vM -q, , = +—»2 ,
dy m(lz (pl,m y,m ) dm dy Qy,m 6(1+V) m(PZ,m
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dw ds 12(1-v?)
— y.m _ 2 _
d; =-9 ym & = O3 “VEW,, (m=LM), (2.8)
where ¢, #0,q, =..=q,, =0.
The boundary conditions are
w,, =0, My’m =0 at y=0a (2.9)

The equations in (2.8) are integrated for all harmonics simultaneously. During the integration, we calculate the
amplitudes of the subsidiary functions (2.6) at each iteration. To this end, the following quantities are calculated at a number of
points x; (i =1, R) of the segment [0, a] from the current amplitudes of the unknown functions for a fixed value of y, :

M
h(x;)=hy[1+a(l=6x; +6x})], @l =0, (x;, ¥, )=—h>(x;) D 22 w, (¥, )sin k., x;,

m=1

M
0) =0y (s v )=h () D %, (3 deos h, x;,
m=1
M
i 1 in A 2.10
?3 —903()5,‘,)’]{)—}[37 ZMy,m(yk)sm m¥i (2.10)

(x,' m=1

Next, for a fixed value of y, , we oddly extend the functions ¢, and ¢ and evenly extend the function ¢, to the segment
[a, 2a] and calculate ¢ m (v ) using a standard procedure for determining the coefficients of a tabulated Fourier function of
variable x. After that, ¢ jm (. )are substituted into the system of equations (2.8) to take the next step of integration, going from
Yy t0 ¥y - Prior to the integration, initial values of the unknown functions are specified considering the boundary conditions.

Let us examine the influence of the number R of points at which the subsidiary functions are calculated and the number
M of points used to solve the problem for a bent square plate on the convergence of the solution obtained using discrete Fourier
series to the exact solution.

The input data: a =1,v =0.3, 1, =0.1, 2 =0.3, R =38, 40, 60, 80, 100, M =6, 8, 10, 15. Table 1 collects the values of the
deflection w, bending moment M , and angle 8 | in the section y = 0.5 versus certain values of the coordinate x. The last row
contains the exact solution obtained by the former method.

Table 1 demonstrates that as R is increased and M is kept constant, the approximate solutions for w, 8 | (an analog of the
first derivative with respect to w), and M . (an analog of the second derivative with respect to w) converge to the exact solution.
For example, the solution for w at x = 0.5 obtained using discrete Fourier series differs from the exact solution by 1- 107*. The
errors are similar for 8 | and M . This is because we solve a system of equations that includes all these functions.

The stress—strain state of rectangular plates having thickness varying in two coordinate directions and being subjected
to anormal load was analyzed in [34] considering certain boundary conditions. The effect of variation in the thickness at constant
weight on the deformation and strength of the plates was also examined.

For example, the thickness was considered to vary in two coordinate directions as follows:

2
h(x,y)=h0(1+ﬁcos2;“)[1—0{(2;—1) ] (—Zﬁxég, OSyﬁbj. @.11)

The weight of the plate is independent of the values of o and f3.
Let us consider a plate having the following boundary conditions:

3 A2
w=0, M_=vM SR U (2.12)
Y12 g2 2
w=0, Sy:0 at y=0, y=b (2.13)
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TABLE 1

Ew/ q, -ES, / q, M, /102q,
R M x
0.1 03 0.5 0 0.2 0.4 0.1 03 0.5
38 8.327 |24.026 | 31.381 | 83.167 | 80.277 | 38.552 | 0.365 | 1.992 | 2.813
40 ‘ 8.333 | 24.039 | 31.396 | 83.232 | 80.308 | 38.564 | 0.368 | 1.992 | 2.813
38 8.324 | 24.023 | 31.386 | 83.081 | 80.286 | 38.657 | 0.355 | 1.994 | 2.815
40 i 8.330 | 24.036 | 31.401 | 83.148 | 80.318 | 38.666 | 0.359 | 1.996 | 2.816
38 8.324 |24.022 | 31.384 | 83.048 | 80.249 | 38.637 | 0.355 | 1.994 | 2.812
40 " 8.330 |24.035|31.399 | 83.116 | 80.282 | 38.646 | 0.359 | 1.994 | 2.814
40 8.331 |24.035|31.399 | 83.086 | 80.283 | 38.642 | 0.369 | 1.994 | 2.815
60 8.345 | 24.665 | 31.434 | 83.251 | 80.159 | 38.666 | 0.378 | 1.998 | 2.816
80 e 8.350 | 24.076 | 31.446 | 83.308 | 80.387 | 38.674 | 0.377 | 1.999 | 2.816
100 8.352 | 24.081 | 31.452 | 83.334 | 80.399 | 38.677 | 0.378 | 1.999 | 2.817
Exact solution | 8.357 |24.091 | 31.463 | 83.377 | 80.424 | 38.687 | 0.379 | 2.000 | 2.817

and being subjected to the following distributed transverse load:
. Tfa
=q,sin—| —+x | 2.14
q9=4gsin— [ 5 ) (2.14)

Though the opposite edges x =+a/ 2 are hinged, it is impossible to separate variables with respect to x because the
thickness varies along the x-axis. To overcome these difficulties, we introduce subsidiary functions into the governing system of
equations. To be calculated, these functions are expanded into Fourier series.

Hence, we write the original system of equations (2.2) in the form (2.5) that contains three subsidiary functions (2.6).
The solution of the boundary-value problem for (2.5) with (2.12), (2.13) and, (2.14) is sought in the form

N
R(x,y)= > R, (y)sin xn(‘z’ +x),

n=1

N
a nn
0, (x,y)= Z(Pz,n (y)cos kn(2+xj, }\’n :7’
n=1
R:{anMy,W,Sy,(Pl,(P3,q}~ (215)

Substituting (2.15) into Egs. (2.5), (2.9), (2.12), (2.13), and (2.14), we get a system of ordinary differential equations for
the amplitudes of these series:
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dw as 12(1-v?)
n=-9 2= V2w , 2.16
dy y,n dy E Q3.0 n''n ( )
where g, 20, g, =..=q, =0(n=1N).

The boundary conditions (2.12) at x =+a/ 2 are satisfied automatically and the boundary conditions at y =0,y =5
become

w, =0, 8y>n=0 at y=0, y=b (n=LN) (2.17)

With (2.6), the amplitudes of the subsidiary functions appearing in the governing system of equations are expressed as

(Pl’n :(pl,}’l ()’:Wm )7 (p2,n =(p2,n (y’8 y,m )5 (P?,,n =(P3>n (yaMy’m ) (m= LN)’ (218)

which determine the coupling of all the 4N equations in (2.16).

Besides the unknown functions, the system of equations (2.16) includes subsidiary functions, and the number of
unknowns exceeds the number of equations. This necessitates calculating functions (2.18) during the integration of Egs. (2.16).
To this end, we can expand these functions into discrete Fourier series in powers of x.

To find, while integrating Egs. (2.16), the values of the functions ¢ i (x,y) (j=1,2,3,n=1,N) from the current

amplitudes of the unknown functions at a fixed value y =y, (k =0,7) of the segment [0; b], we calculate the following

quantities at a number of points x; (i = 1,M ) of the segment [-a/2, a/2]:

hy = h(x; 30,

N
1 . a
0] =0, (5. 3 ) ==h 3w, () )sin 7‘,1(2“‘1')’

n=1

N
i a
0 =05 (5 v ) =hi 20,9, (3 )eos %n[zﬂ,-)’

n=1

N
. 1 . a
05 =03 ()= 5 LMy, (o )Smkn(z”,-j- (2.19)

i n=1

As a result, we obtain the values of the functions ¢ j (x;, ¥, )(j=1,2,3)at the points x; (i = W). Now these functions
can be expanded into discrete Fourier series similar to (2.15) whose coefficients are the missing amplitudes of the subsidiary
functions for system (2.16).

Thus, we oddly extend the functions (pi and (pg and evenly extend the function (pé to the segment[a/ 2, 3a/ 2] Next, we
calculate @ i (j=1,2,3,n :1,7N) using a standard procedure for determining the Fourier coefficients of a tabulated function

[29]. After that, we substitute ¢ i (¥, ) into the original system of equations (2.16) and continue the integration over y, going

from y, to y, ;.

To solve the boundary-value problem for the system of equations (2.16) with the boundary conditions (2.17), we apply
the stable discrete-orthogonalization method. To this end, we first formulate, based on (2.17), initial conditions at y = y, = 0for
2N + 1Cauchy problems:
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If g, =0, then

1) Qy,lzly QAyaz =0, ..., Qy,N =0, My’I:O,..., My,N =0,
w; =0, . owy =08 ;=0.., 8 =0
2) 0,,=0 0,,=1 0,5=0 ... 0, =0 M, =0 ... M, =0
wy =0 ..., wy =0, Sy,l_O, , gy,N =0,
m) Qy1=0, ’ Qym71=0’ Qym =], Qy,m+1 O, , QyNz(), Mylzo’ , MyN 0’

N) Q1=0 .. @ y =0 Qyy=L M, =0... M,,=0
wy =0, ..., wy =0, Sy’l—O, s Sy,N 0,
N+1) Qy’1=0, s Qy,N =0, My,lzl, My,2=0,..., My,N =0,
wy =0 ..., wy =0 Sy,l =0 ..., Sy,N 0,
N+2) Qy’1=0,..., Qy’N =0, My,1=0, My,2=1, My,3=0,..., My,N =0,

N+ m) 0,1=0 ., O,y =0 M =0, M =0 M, =LM, =0 M, =0

2N) 0,1=0 ., O,y =0 M, =0 ., M \ =0 M, =1
wy =0, ..., wy =0, 8y1=0,..., SyN=0. (2.20)
If g, # 0, then we specify zero initial conditions for the (2N + 1)th Cauchy problem:
Qy’1 =0, ..., Qy,N =0, M., =0, ..., M,y =0,

wp =0 ,owy =0 9 ,,=0..,9 =0 2.21)

»,
Using (2.20) and (2.21) for each of the 2N + 1 Cauchy problems, we calculate the functions ¢ i (j=1,2,3,n= LW)by

formulas (2.19) for y = 0. Performing the procedure outlined above, we determine the amplitudes of the unknown functions for
=y, which are in turn used to determine the amplitudes of the missing subsidiary functions ¢ im (»1) (j=1,2,3)needed at the
next step of integration. Thus, we perform the integration over y with step Ay, =y, -y, (k=0,K-1) and the

orthogonalization at given points of the interval [0, b].
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Let us follow this approach to analyze the stress—strain state of plates whose thickness varies but weight remains
constant.

Tables 2 and 3 summarize the values of the deflection wand bending moment M | for a plate with thickness varying in
two coordinate directions as (2.11) and weight remaining constant.

Table 2 demonstrates how the deflection depends on the parameters a and 3 varying along the OY- and OX-axes. The
parameter 3 has a greater effect on the deflection than the parameter a does. It should be noted that the maximum deflection
differs a little from that of the plate with thickness constant along the OY-axis. Table 3 shows how the bending moment depends
on a and B. For example, as the parameter 3 increases, the maximum moment at x = 0 and y = 1 increases more intensively at

o =0.3 thanat oo = 0and a0 =—0.3. If f =—0.3 and p =—0.2, the moment is distributed along the O.X-axis not smoothly but similarly
to the moment in the plate with thickness constant along the OY-axis.

Thus, choosing an appropriate law of variation in the thickness of a plate at constant weight may result in the most
rational stress—strain relationship.

3. Complex-Shaped Plates with a Hole. This section outlines an approach to solving two-dimensional bending
problems for complex-shaped plates with a hole. The approach can be applied to a wide class of variable-thickness plates with
configuration described by orthogonal curvilinear coordinates [15].

Consider an isotropic plate with a doubly connected midplane. We choose a curvilinear orthogonal coordinate system
(o}, 0, )such that the two coordinate lines o} = o} and o} = a] coincide with the boundaries of the plate.

The problem is reduced to a governing system of four partial differential equations with variable coefficients and
appropriate boundary conditions:

k
0Z. (o, ,0L,) 0°Z, o
P2 fl oy, kf (G,j=14,k=0,4), 3.1
60(1 aaz

where

2,=0 Z,=M,. Zy=w. z,=0, fi=— %20 Hior| 4T %, ,
1 1 2 1 3 > 4 =9 4, | o0, 1 da, 2 1 o qi,

oA o4 .
5 =—1{2(M2 -M, )—21171}/1{‘(21 —26HJ,

4, 8&1 6&2 A4, 8&2
1 04, -1
f3 =—A191a f4 =A1K1_76a 92, K1=D MI_VK2’ M2 =D(K2+v1<1),
2 2
00 04 - 00 04
K, :_1{2+1 2 91]’ 0, __ 1 ow ’ H:D(l V)[ 11 o4y GZJ’
Ay 0o, A} 0oy A4, oo, A,y oo, A, Oo,

Q2 =

« 1 DM, | {aA
J’_
Ay do, A4,

1 04,
. (M, —M, )+Za—H , (3.2)
) oy

Ql ,M,,w, and 0, are the reduced shear force, bending moment, deflection, and the angle of rotation of the normal [8],
ER3
12(1-v?)

and v are the elastic modulus and Poisson’s ratio; and g(a.,,a, )is the distributed transverse load.

respectively; 4, (a.;,a, )and 4, (o, ,a, )are the Lamé parameters; D = ,h=(a,a, )is the thickness of the plate; £
Let us expand all the functions in (3.1) into series:

N N

X(a,0,)= ZXn (ay)cosna,, Y(a,0,)= ZYn (ouy )sin na,, 3.3)
n=0 n=0
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TABLE 2

w-102E / q,

o p y=0.5 y=1.0
x=0 x=04 x=0 x=04
0.3 1.4230 1.0062 2.5134 1.7772
—0.3 0 1.1152 0.7858 2.0507 1.4501
0.3 0.9129 0.6456 1.6973 1.2001
—0.3 1.5668 1.1079 2.4970 1.7656
0 0 1.2097 0.8554 2.0180 1.4269
0.3 0.9754 0.6896 1.6469 1.1646
—0.3 1.7974 1.2709 2.5529 1.8052
0.3 0 1.3491 0.9539 2.0133 1.4236
0.3 1.0617 0.7507 1.6041 1.1343

TABLE 3
M, /10%q,

a p y=0.5 y=1.0
x=0 x=04 x=0 x=04
—0.3 2.0290 3.4171 3.4917 5.2875
0.3 0 4.0349 2.8532 7.2581 5.1323
0.3 6.7177 2.4330 11.5766 4.7182
—0.3 2.6773 42316 4.3067 6.7722
0 0 5.1244 3.6235 9.0585 6.4053
0.3 8.1625 3.1194 14.4720 5.7546
0.3 3.5669 5.4348 5.5853 9.1763
0.3 0 6.5959 4.6640 11.7398 8.3013
0.3 10.0729 3.9883 18.6417 7.1981




0 02 04 06 08 6/n

Fig. 1

WhCI'CX :{QlaMlaW)e]:flafZ’f3 9f4 7K15M2 aKz aAlsAz ’ha(I}, Y :{92 :HaQ; }
Substituting (3.3) into (3.1), we obtain a system of ordinary differential equations:

sz (0,2, ) (i,j=14,n,m=0,N), (3.4)
do., in \F1>% jm J =L, > :
Its order depends on the number of terms retained in the series.

The boundary-value problem for (3.4) is solved by discrete orthogonalization, which is a stable numerical method. To
calculate the right-hand sides f;, of the system during the integration of the Cauchy problems, use is made of expressions (3.3)
and (3.2) and a procedure of numerical expansion of a tabulated function into a trigonometric series.

Comparing results obtained with a different number N of terms in series (3.3), we can analyze the solution for
convergence and accuracy.

Let us consider, as an example, a circular plate with constant thickness 4 under a uniform transverse load ¢g. The plate
has a noncentral circular hole (Fig. 1). The outer edge is clamped, while the inner edge is free.

To describe the plate, we choose bipolar coordinates [23] related to Cartesian coordinates as

msinh o, msinh o,

xX= , Y= (-o<a; <o, 0<a, <2n) 3.5
cosha +cosa, cosh o +cosa,

The first quadratic form is
dS? =Akdo? + 43dos3. (3.6)

The coordinate lines are mutually orthogonal nonconcentric circles. The Lamé parameters are

m
A =4y =———. (3.7
cosh O +COS O,

The parameter m and the ends of the integration interval [} , o] ] are related to the dimensions of the plate as

2 32 _ 2
m=" 0" 7" o Arsinh ™, af = Arsinh . (3.8)
2d a b
We will use the approach outlined in Sec. 1 and the following input data: =50, b=10,d=20,h=1,v=0.3, N=10.
Figure 1 shows the circumferential bending moment M, and deflection w at the inner edge of the plate divided by the

moment M g and deflection w® at the inner edge of the same plate but with a central hole.

Table 4 summarizes the bending moments M and M , and the deflection w in sections I and II of the plate depending on
the horizontal distance Efrom the hole edge. Here /| =a—b—dand/, =a—b+ d are the lengths of sections [ and II, respectively.

481



TABLE 4

i3 M, M, E-107° & M, M, E-107°
l q g "y L g g "y
Section I Section IT

0 0 74.521 4.444 0 0 319.009 10.743
0.210 -56.995 57.999 3.054 0.204 166.230 | 203.666 10.528
0.392 —-101.067 | 30.489 1.970 0.375 155.480 | 178.343 9.086
0.611 -161.673 | -7.740 0.901 0.653 23.111 96.911 4.402
0.802 —221.934 | —44.393 0.270 0.863 -157.514 | -6.794 0.863

1.0 —297.253 | -89.176 0 1.0 -305.971 | -91.791 0

4. Flexible Plates of Complex Geometry. Consider multilayer anisotropic doubly connected plates with complex
geometry and smooth contour undergoing nonlinear deformation [4, 5, 17]. The problem is solved in two stages. First, the
domain is parametrized. To this end, we numerically construct an orthogonal curvilinear mesh that is closed in one of the
directions and is a mapping of a uniform mesh w= {(i%,, jh, ), hy =1/ N, h, =2rn/M,i=0,N, j=0,M}defined in a rectangle Q3
of the plane (x, y) (provided that the lines o, =0and o, =1coincide with the boundaries of D) onto the domain D of the plane

x, ).
The task is to determine the mesh functions x i and y i that satisfy the periodicity conditions in the coordinate o,

Xio =X Vio =Yy (A=O0N), “.1)
the equations
2 2 2 2
[126 ;‘+128’2‘] —0, (12‘95+126§] —0 (i=LN<=1,j=0,M-1) 4.2)
Ay doy A5 Oas i Af ooy A5 doj i
0 ? 0 ? ) ? 0 ?
oo ooy 0a., oa.,
and the boundary conditions
ox ox Oy O . .
¢, (x;2 ;) =0 + 2T 20 (1=0N.j=0.M-1) (4.3)
ooy 0o,  Oay 0o, i

where @; (x, y) = Oare the equations describing the boundaries of the plate.

Replacing partial derivatives by second-order differences, we get a system of 2M (N + 1) nonlinear algebraic equations
that can be solved by the method of successive approximations. After the linearization, we solve, at each iteration, two separate
systems of linear algebraic equations with tridiagonal matrices for X and Vi respectively. Calculations show that with a
properly chosen initial approximation, the iterative process converges quite rapidly. Figure 2 shows an example of orthogonal

mesh.
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Fig. 2

Formulas (4.2) and cubic splines are then used to calculate the Lamé parameters at mesh nodes. At the second stage, we
solve a boundary-value problem for a system of eight partial differential equations describing the two-dimensional geometrically
nonlinear deformation of anisotropic plates in arbitrary orthogonal curvilinear coordinates:

_ .
aZ:G[al,(xz,a Z} (k=0,4), (4.4)

where Z = iV, ,§1 ,Ql My, u,v, w, 9, }T is the vector of unknown functions; G = g; }T (i =1,78) is the vector of right-hand
side, which is a nonlinear vector function of Z; N 15 S 1»and Ql are the normal, shearing, and transverse forces, M| is the bending

moment; u, v, and w are the displacements; 91 is the angle of rotation of the normal.
The boundary conditions at the edges a.; =const for system (4.4) are given by four quantities, one from each of the
following pairs:

(Ny,u), (S;,v), (Op,w), (M,,0,) (4.5)

We use Newton’s method to reduce the two-dimensional nonlinear boundary-value problem to a sequence of linear
boundary-value problems for the following linearized system of partial differential equations with coefficients varying in two
directions:

k7 () gkZ(s+D)

k k
ooy ooy

PAGE))
oo,

>

:F(al,%, J (k=0,4,5=0,1..), (4.6)

] k7 (s) k7 (s+1) ), i k7 (s)
where F =G| a,,a ,ai +J o, 0 ,827 Z6ED 7N Jl o, « ,ai is the Jacobian matrix of the
1°%2 1% 1> %2
ook ook ook
2 2 2

right-hand side of (4.4), F ={ f; }T (i =1, 8). Let the initial unloaded state of the plate be the initial approximation for the iterative

process (4.4). Then the first approximation yields the solution of the linear problem.
Let us reduce the dimension of the boundary-value problem by one. To this end, we represent the unknown functions
and the right-hand sides of (4.6) as truncated trigonometric series:

NH NH
X(al,az):ZX”(ocl)cosnaz, Y(al,a2)=ZYn(al)sinnoc2, 4.7)
n=0 n=0

WhereX:{NlaélaMlauawaelﬂf]af37f4af5:f7af8}TaY={SN]aVaf2af6}'

483



TABLE 5

Point Coordinates M,/q wE /qv E/q- 1073
number, j
a,/n X, mm y, mm NH=10 | NH=14 | NH=18 | NH=10 | NH=14 | NH=18
0 0 0 20.00 | 78.925 | 83.320 | 84.375 | 6.5988 | 6.5999 | 6.6001
8 1/3 18.50 18.48 | 164.81 | 162.80 | 159.43 | 5.2613 | 5.2562 | 5.2558

13 13/24 | 20.00 | 10.29 | 116.34 | 113.00 | 108.02 | 6.8027 | 6.8028 | 6.8017

18 3/4 18.24 | 1.328 | 190.37 | 189.85 | 192.09 | 8.4321 | 8.4280 | 8.4281

24 0 0 0 223.78 | 219.23 | 219.69 | 12.343 | 12.332 | 12.332

Substituting the series into (4.6) and separating variables, we obtain a system of ordinary differential equations:

oz, © ZGDY (i O.NH
aalzf"”(al’zf'" ZG (i,j.k =18, n,mI=0,NH, s=0,1..). (4.8)
Its order is equal to 8(NH + 1) and dependent on the number of terms retained in the series.

Though the right-hand sides of (4.8) cannot be expressed as explicit functions of the amplitudes of the unknown
functions, they can be calculated from these amplitudes. At each iteration, the linear boundary-value problem is solved by
discrete orthogonalization, using spline-interpolated tabulated geometrical parameters and the previous approximation. The
right-hand sides are calculated by an algorithm based on discrete Fourier series.

The solution can be analyzed for convergence and accuracy by comparing the results obtained with different number
NH of terms in (4.7).

Let us consider, as an example, a circular plate of constant thickness 7 = 1 mm bent by a uniform transverse load ¢ =
0.1 MPa. The plate has a noncentral rectangular hole with rounded corners (Fig. 2). The outer edge is clamped, while the inner
edge is free. The boundaries of the plate are described by

_ 2p _ 2p
(pi(x,y)=(xax0j +(y yOJ ~1=0 (4.9)

b

For the inner boundary (i = 0): @ =20, b =10 mm, x, =0, y, = 10 mm, p = 3. For the outer boundary (i =N): a=b=150
mm, x, =y, =0, p=1. We choose a mesh with N =10 and M = 48.

Table 5 gives the bending moment M, and deflection w at several points of the inner boundary of an isotropic plate
obtained by solving the linear problem for different values of NH. It can be seen that the number NH of harmonics should be no
less than 14 for adequate accuracy.

Figure 3 shows the bending moment M| at the outer boundary and the bending moment M, and deflection w at the inner
boundary of a flexible plate made of an orthotropic material with £ =20-103, Ey =25-103, ny =5.10> MPa, Vi = 0.2,
Exvyx :Eyvxy.

The stiffness coefficients at each point of the plate are different and dependent on the angle between the tangent to the
line o, =const and the x-axis.

The dashed line represents the linear solution (first approximation), while the solid line the nonlinear solution (fifth
approximation).

5. Cylindrical Shells. Consider cylindrical shells that have thickness varying in two coordinate directions and are
subjected to a surface load. The stress—strain of such a shell with arbitrary boundary conditions is determined by solving the
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exact equations of the theory of thin shells [7, 8] using discrete Fourier series [50]. By expanding all the functions into Fourier
series in powers of the circumferential coordinate on continuous and discrete sets of points, the two-dimensional boundary-value
problem is reduced to a system of ordinary differential equations with appropriate boundary conditions, which can be solved by
discrete orthogonalization.
We will use orthogonal coordinates s (arc length) and 6 (azimuth) to describe the midsurface of the shell. For the
unknown functions, we choose QS N, S, M oW u, v, 9, where
1 0H 4 2 ow

) =0 +-—, S=S+<H, 9 _=-—— 5.1
Qs QS r 09 r $ Os 1)

The governing system of equations becomes

20 02 M ) 2 A2
QS_VN_V s 1ove v 1-vE 0 (D 6v)

os r S rf2 002 2 N%_ 002 M 50

+

r? rt 002 06°
ONy __ 105 4 of Dy ] 20=v) 8Dy 09,) 21=v) 0Dy ou)
as  rao 300\ pyDy » 0\ p, 00 #40\ p, 0

as _VvON, v OM 1-v2 8 ov
— D
)

1-v2 1-v? 5?2 02w
Dyw+ D,, -q,,

s  r o0 2 00 2 00
_y2 2 2 2
B G(DMGVJI\/@(DNW)+IV8DM8W’
P4 00 ) 2 6 P00 002
s_p 40 Dy ¢] 20-v) 0Dy 08, 21-v) 8Dy ou
os 2 00| pyDy 2 00\ p, 00 P00\ p, 90)

ow @_ 1 V@v v
Os s 0s Dy S L0 7

>
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v_2 1 ¢ lou Dy ou 4 Dy 9,

4
o 1-vpyDy  rd0 3 p,Dy 0 2 p,Dy 00

0% 2 D 2
s b ) v M_L@’ o :1+17M:1+i3 (5.2)
ds Dy o0 00 > Dy 12/

where u, v, w, and § | are the displacements and angle of rotation of the normal; QAS N, S , and M _ are the forces and moment;
3
N = Eh(s,ze) and D, :M are the tangential and flexural stiffnesses. The boundary conditions for the unknown
1-v 12(1-v*)

functions are prescribed at the ends s =0 and s = L.

D

Because the stiffnesses D and D, depend on the variable 0, it is impossible to separate variables using Fourier series in
powers of the circumferential coordinate. Therefore, we introduce the following subsidiary functions that include the terms
hindering the separation of variables with respect to the circumferential coordinate:

; v 2w . j v ;
(P'll :DM{%’W} (j=12) (Pé :DN{W’GG} (/=12),

. D . ou 09 ) 09
gf =M 15 0 Pl (o123, @f =M M Pl ;)
poDy | 007 00 po |90 00
95 =N, ¢g=—8, 9 =M (5.3)
5= Ve 6 = ) 7=~ My :
Dy ° PoDy Dy °
With (5.3), the governing system (5.2) becomes
00, vy v M 12 o2 12 %) 12 ! J1ov2 %o
o 2 a0 2 P A e 2P 4 a2
ONy __18S 4 o0} +2(1—v)6<pﬁ 2(1-v) 9}
as  raoe ;3 00 B A4 e
iﬁ__! ONg v oM _l—v2 803 _l—v2 L@%_l—vz N +l—v2 007
o  r o0 ;2 00 2 00 A 00 2 00 4 e
M _p5 4 o9y 2(1-v) 995 L 20-v) o0}
as S 200 20 00 B3 007
ow__ ou_ Vo v
Os e 0 ro0 r
ov_ 2 1ou 4 , 4 3 03 v &’w v ov
— = ———+— 05 —— 3, =Q;+— 5.4
s 16 o0 BT 2% T TP T e T2 e ©4)
Let us expand all the functions in (5.4) into Fourier series in powers of the coordinate 0:
o0 o0 .
X(5,0)= > X, (s)cosh, 0, Y(s,0)=> Y, (s)sink, 0, K, =-—=" (5.5)

n=0 n=1 2n 2

X:{QAssNSaMsswauy‘(}Sa(P{a@és@S 5(p7sqry}s Y:{SA,V,(Pé,(P{‘,(Pé}
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Substituting (5.5) into (5.4) and the boundary conditions and separating variables, we arrive at a boundary-value
problem for a system of ordinary differential equations with appropriate boundary conditions for the amplitudes of the functions

in (5.4):

o0 22 2
v v 1-v
M IN M 3,
aS r r2 ? r2 ’

242 2 2
_(l—v W, Jr(l—v A, 0! _(l—v W, 5

Prot—— ¢ LAW'E
A . 2 M A n

aNS’n }\’n 3 47\'” 1 2(1_V)7Ln,(p2 _2(1—\1)7\,’1 1

=g 4 g =
Os poon r3 3,n V3 4,n F4 4,n°
S 2
08, Vh, o VA, (=P,
P) - S,n 2 S,n 2 (‘02,’1
S r r r

2 2 2
L L e o PR (e G L

4 Ln 2 2,n 4 P10
oM A 4n 2(1-v)r 2(1-v)r ow
s,n :Q _ n(Pl3 _ ( ) n(Pi +¥(P£ , n o_ _ ,
as sno 2 N 2 n 3 7 Os s,n
ou VA ov 2 4 4
n o_ n _Vv n _ “n o+t 2 T3
P 5.0 Yn rwn’ Os 1—v 6,n + U, + 3 P30 2 3>
o8 ¢, Va2 VA, o
B P T E T (20

The boundary conditions can be represented as
B, Z(0)=b,, B,Z(L)=b,,
where Z(s) = {QS no

matrices; and b; and b, are vectors.

(5.6)

(5.7)

A T . 1 -
N s .S, M SN Wity sV .9 s }° is the column vector of unknown functions; B, and B, are rectangular

The boundary-value problem (5.6), (5.7) is solved by discrete orthogonalization on the interval 0 <s < L. For each n in

Egs. (5.6) with (5.3), we have:

(p]j,n :(plj,n (svw) (G =1,2), qDé,n :(Pé,n (s,w,v) (G=1,2),
0], =05, 689 ) (=123, o) =0} (su8) (=12),

o, =0l (SN o), =9/ (5% o], =¢] (sM) (n=0N)

(5.8)

The functions cplfn appearing in the coefficients of the Fourier series (5.5) cannot be explicitly expressed in terms of the

Fourier coefficients of the unknown functions and are calculated in integrating (5.6) using discrete Fourier series at each step
s = const. Formulas (5.8) relate these coefficients and the amplitudes of unknown functions and demonstrate the coupling of

Egs. (5.6).

To demonstrate that the approximate solution converges to the exact one, let us consider a cylindrical shell with

circumferentially varying thickness

h=hy(1+Bcos0)  (0<0<2n)

(5.9)
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TABLE 6

WE /10 g,
N, /10qg,
H Method R N
0/nt=0 0/n=1
s/ L=0.1 s/ L=0.5 s/ L=0.1 s/ L=0.5

0 ; 0.654 2117 1887 6108
0.794 2569 0.794 2571
” 5 0.770 2492 2098 6.788
0.963 3115 0.891 2884

1
025 o g 0.745 2411 2146 6.945
' 0917 2968 0917 2969
3 0 0.749 2424 2157 6.982
0926 2997 0926 2998
5 0.748 2421 2157 6.981
o o 0926 2996 0927 3.000
0 3 0326 1055 0.943 3.053
0791 2561 0.794 2570
6 5 0385 1245 1049 3393
0.962 3112 0.891 2884

1
05 ” g 0374 1211 1073 3472
: 0917 2966 0917 2969
3 0 0372 1206 1079 3491
0.925 2995 0926 2997
5 0372 1205 1078 3.490
o o 0922 2984 0926 2998

The shell is subjected to a load 4, =4 sin s/ L and is hinged at the ends, i.e.,

These boundary conditions allow using two approaches to solve the problem:

(1) use of discrete Fourier series;

(i1) separation of variables with respect to the longitudinal coordinate and solution of a one-dimensional problem by
discrete orthogonalization.

The latter approach may be considered exact.

The input data: R = 30, L = 30, H = 0.25, 0.50, B = 0.5, v = 0.3. Table 6 presents the values of the deflection w
(nominator) and force N, (denominator) for some values of s and 0. Here R is the number of terms in the discrete Fourier series, N
is the number of terms retained. It can be seen that as R and N increase, the solutions for w and Ny tend to the exact one. Even at
R =36 and N = 12, the results agree to three to four significant digits, i.e., the error is several hundredths of a percent, which is
indicative of high accuracy of the solution.
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If o and B are arbitrary, the weight of the shell remains constant and equals that of the shell with constant thickness
H =const (o = =0).

Let us now consider a noncircular cylindrical shell under uniform external pressure g = —¢,, [10, 14, 54, 55]. The shell
has elliptic cross-section, is closed in the circumferential direction, has length L and constant thickness 4. The edges are hinged
or clamped.

We choose the functions for which the boundary conditions at the ends are formulated as unknown and reduce the
closed-form system of equations of the problem to a system of eight partial differential equations:

NS _ 2 o -5 so N o
s aN TS T T
2
o0, __ M, M 5 oMy
ds a2 S o’
Ou o 1,5 ou ow 00
—=g, —=C_(S.-2¢,)——, —=-0_, S —x., 5.11
as B gy Cee(Seme) o Go= 0 SR 1D
where
6Mt 15 6u
0 =kMy, ¢, =k, o ©3 =kN, 04=kv, o@5=kw, ¢¢=k|C¢S "o )
g, =C N,-ve,, k=DM -vk,, N,=Cg(g,+ve,) Mt=D22(Kt+v1<S),
ow aet ov 00
ez:_a“ﬁ’ Ke=g BT TOs M, =2D,, aitsﬂpé .

N, S 5 and Q , are the normal, shearing, and transverse forces; M s is the bending moment; u, v, and w are the displacements; 0 s 1S

the angle of rotation of the normal; C,, and D, (I =1, 2, 6)are coefficients dependent on the elastic modulus £, Poisson’s ratio v,
and the thickness & [8]; k, =k, (¢) is the curvature of the directrix; and s and 7 are the longitudinal and circumferential
coordinates, respectively.

Let us expand all the functions appearing in (5.11) into series:

N N
X(s,t)=Y X, (s)cosh,t, Y(s,t)=D Y, (s)sinl,1, (5.12)
n=0 n=0

where

X={Ng,O, M uw 0, N, M, e.,¢,K,%K,,05,95,4},

2 S’ t’ S’ t’
Y={SS:V,etaNtaMstaMtaQtaq)la(Pz7(P47(P6}3

A, —2mn/ 1, lis the length of the directrix.
Substituting (5.12) into (5.11), we obtain

N =% (2 s B =L N
ds - n( Prn— s,n)’ ds AN n TP o
do, M,
S, 2 S,
ds :ngt,n +q)3,n —dy ds :Qs,n _Z}VnMst,n’
du v, 1-v ~
d: =& d: ZTDN (Ss,n _2(Pl,n )+7\‘nun’
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TABLE 7

0 L E N, N, M, M,
Type ; 104‘10 99 9y 9y 9y
0 -5.491 -105.75 -36.20 -3.047 -5.515
0.1 —4.632 -82.94 -32.04 -2.556 —4.612
0.2 -2.501 -21.29 -22.48 -1.164 -1.798
Hinging
0.3 1.096 58.35 -13.38 0.774 2.614
0.4 1.789 126.32 -8.44 2.606 7.097
0.5 2.492 151.35 -7.15 3.322 8.881
0 -2.526 —43.11 -37.76 -1.419 -2.501
0.1 -2.139 -36.58 -33.57 -1.221 -2.113
0.2 -1.176 -16.66 -23.59 -0.622 -0.889
Clamping
0.3 -0.087 13.72 -13.58 0.297 1.110
0.4 0.783 43.72 —7.74 1.244 3.313
0.5 1.105 55.50 -6.10 1.629 4,227
dw do, ,
dsﬂ :_es,n’ 70]3 =K (5.13)
where
-1 -1
8s,n =Cll Ns,n _vgt,n’ Ks,n =Dll Ms,n “Venr

Nt,n =C22 (at,n + vss,n )’ Mt,n =D22 (Kt,n + VKs,n )’

Kt,n :7\‘N (knwn +(P4,n)’ 8z‘,n :knvn +(p5,n’

M, =2Dgs(pg, =20, ) (n=0,N). (5.14)

Here for each n, the amplitudes Qn (j=1,6), €, KN, s M, .M,  ontheright-hand sides of Eqs. (5.13) depend on all

s,n’t,n’ t,n>77 st,n
the harmonics of the corresponding unknown functions. To determine these amplitudes, we integrate the system of 8(NV + 1)
equations (5.13) proceeding as follows:
We calculate

N N N

. : . . . : 1-v ~

1 _ 1 : T _ 1 I _ 1 s

0y =k, E v,sinh t;, @5 =k E w,CoSh t;, Qg =k, E (2D NSS’n +knuanm Ayt
n=0 n=0 n=0

at points ¢, (i =1,M ) on the directrix and determine the coefficients ¢, ,, ¢5 ,,and ¢ .

N, M. ,and Mst’n.

Next, we use formulas (5.15) to calculate € Koo Ny M,
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Finally, we determine

N N N
(Pi :ktl zMst,n sin k., ¢;, (Pl2 :_ktl th,n sinh, ¢;, (Pl3 :ktl ann cos k1,
n=0 n=0 n=0

at the points ¢, and find ¢, ,, ¢, ,,and @5 .

The input data: L = 60, h= 0.5, v = 0.3, N= 10, M = 40; the ellipse semiaxes a = 19.456, b =9.7278.

Table 7 summarizes the deflection w, forces N o N and moments M M, on the midsurface for different values of 6.
The value 6 = 0 represents a position on the minor axis of the ellipse. The table compares two types of boundary conditions:
hinging and clamping, which demonstrates the influence of boundary conditions on the stress—strain state of the shell.

6. Conical Shells. Consider conical shells that have thickness varying in the circumferential direction and are subjected
to a surface load. The stress—strain state is determined for arbitrary boundary conditions using the exact equations of the theory of
thin shells [7, 8, 25] and discrete Fourier series [51, 52]. By expanding all the functions into Fourier series in powers of the
circumferential coordinate on continuous and discrete sets of points, we reduce the two-dimensional boundary-value problem to
a system of ordinary differential equations with appropriate boundary conditions, which can be solved by discrete
orthogonalization.

We will use orthogonal coordinates s (arc length) and 0 (azimuth) to describe the midsurface of the shell. Then the

radius of the directrix is 7(s) =7, +cos @-s, where 7, is the radius in the reference plane, ¢ is the angle between the normal to the
shell surface and the z-axis.

Because the stiffnesses D) and D, depend on the variable 6, it is impossible to separate variables using Fourier series.
Therefore, we introduce subsidiary functions that include terms hindering the separation of variables with respect to the
circumferential coordinate [5, 13—15]:

2 2
szM{a u, 0%u_ oy

i ov
7’777:8 .=192)3545 J =D u, ,— =l>2
\Vl 892 692 ae S} (] ) Wz N { 7 66} (J )>

. D 0 09 : D G, o)
wg=M{;‘g,aeS} (=121 ="M {s, o } (j=123)

Do PoDy 00 00

i 1 1 1

/=——{N_,N i=1,2) = S, =M. 6.1
Vs DN{ SN U ) Ve poDy N D, s (6.1)

With (6.1), the governing system becomes

ON - i Y
»_( v)cosger | vsin (pNZ _cos oS
Os r r r 00

_Vvsin @ oM, +(1—V2)Sin2 0 0%v " 1-v? v}
P2 092 4 002 2 2

~ (1=v?)sin pcos @ o*yi N 1-v? Y2 _(1—v?)sin? ¢ o*y; _ (1-v?)sin pcos @ o*y y
= 00> 27 = 06> 2 00>

. 5 . 1
ON, __cos@, singdS 4sing oy,

Os r r 00 B3 00

L Veos ¢ 0’ M, _(l—v2 )sin gcos ¢ 02| . (1-v2 )cos? ¢ °y}
rr 007 r 00* rt 00>

~2(1-v) 6\4/5 . (1-v? )sin gcos @ 52\1113 N (1-v2)cos? ¢ 52\|’it . 2(1-v) 5\41% y
’,,4 00 },,4 692 ’,,3 692 },,3 00 z?
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oS __veosON, vsing ON, _2cos<p§_vsin(p oM . (1-v%)sin? ¢ Oy _(l—v2 ) o)

os r 00 r 00 r

_(l—v2 )sin @cos ¢ a\lllz _1—\/2 5\|1§ _(1—v2

}"2 00 1’4

00 2 00

)sin? ¢ Oy; _(1—\/2 )sin pcos ¢ O}

P 00 P2 90

oM

4sin @ 5\|l£ _ (1-v)cos @

.
4 20 3 o0 9

% =sin N, —cos N _ —

Os 2 00 r

02N _ Pt 1
Ms_(l v )sm(pcosgow +2(1 V) 0y 3

1
. b e

N (1-v? )cos? ? 2 (l—v2 )singcos @ 3 2(1-v) 5\|!§ N (1-v? )cos? ¢ 4

1
}"3 }"3

ou
G—S’ =cos? cp-\|115 +sin @cos (p-\yg

ou

z 2

=sin @cos (p-\yg- +sin? ORAVAs

_cos ¢ Ou, L 4sing

1 r2 ae r2 1°

veos¢ ~_vcos (‘D@—sin 09
a0 s

”
7

vsin
_vsing,

_vsing ov +oos 99

r

2_sin(p5u72+coscp _4sing 5

1-v ro00 3

. 2 2 :
vsing 0“u,  vcos@ O“u, vsing dv cos@

4 r 00 r r2 W4,

(6.2)

o 2 002 2

where
u, =ucos @+wsin @,
N, =N cosp+Q sino,

9, =q;cos 0+q, sin @,

002 2 o8 r ¥
u, =usin @+ wcos @,

N, =N sinp+0 coso,

q, :qssin(p+qy cos .

Let us expand all the functions in (6.2) into Fourier series in powers of the coordinate 6:

X(5,0)=Y X, (s)cosh, 0, Y(s,0)=>Y,(s)sin1,0, A

n=0

X=WN, N_ Mo u u_.9 vy wlys.q,.q9.}, Y=y, ¥e.qq}-

_n _n

"o 2

n=1

(6.3)

Substituting (6.3) into (6.2) and the boundary conditions and separating variables, we arrive at a boundary-value
problem for a system of ordinary differential equations for the amplitudes of the functions in (6.2):

dN (1-v)cos i
r.n ® vsin @
ds =" , Nr,n + , Nz,n
: 2 Vi 2 2
cosQ, g VvsSing, o (I-v=)sin“ @ ., I-v=
N }\’nSn + 2 }\’nMs,n - 4 }\’nwl,n + 5 Vaon
r r r r
(l—v2 )sin @cos 1-v? (l—v2 )sin2 (l—v2 )sin @cos
+ 4 : (p}‘%'t\vin + B W%,n 4 (pkzn 13,n + B ’ (P}\’znwin —4
r r r r
N, __CosQ sin(pk $ 4sin(pk 11
ds p z,n ” n~n r3 n N
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2N 2 2
VCOS(p 2y (l—v )sin @cos @ , 5 (I-v®)cos“ @.o »
}\' s,n 4 )\‘nwl,n_ 4 }\‘nwl,n
r? r r
2(1-v) 1 (l—v2 )sin pcos @ ,» 3 (l—v2 )cosz(p P 2(1-v) P
N A 7Ln\‘fl3,n_ A Xn Ln 3 7“n Lin 3 7Ln\v3,n 4z

das i
n :vcoscp7L N +vs1n(p

2cos @ 54 vsin@ (1-v?)sin? ¢ 1 (1-v?) 1
AN, — S, + 5 MM, ————— A + A

r, z,n ntln A 2.n
ds r r r ’ A )

—v2)gi 2 o2 Va2
+(1 % )sm(pcoscpx \I/2 +1 Ve y2 +(1 v z‘sm (pxnw3 (1-v )sm(pcosq)x

1’4 ntln I’2 nWZ,n - }”3 —qp>
dM 4si
S,n . Sm @
" =sin (er’n —cos (me —Tk”\v‘"n
(1-v)cos ¢ (l—v2 )sin pcos @ | 2(1-v) 1
a r MS,” B }’3 \VLn + }”3 7\',1\|f3,n

+

.2 2 2N _ .2 2
+(1 v<)cos (pwz (1-v )sm(pcoscpw3 21 V)k % +(1 VE)CcosT @ 4

3 1,n 3 1,n 2 n't3.n 2 Ln>
du, , 2 | . 5 VCOS @ VCos @ )
———=C08”~ @ Y5, +SIn PCOS O Y5, — u,, — A,v, —sinod
ds ’ ’ r ’ r ’
du_, 1 .2 5 vsing vsin ¢
—— =sin QCcoOs P- Y5 , +sin” @ Y35, — u, , — A,v, +cos@l .,
ds ’ ’ r ’ r ’
dv 2 cos ¢ 4sin ¢ 5 sin @ CosS @ 4sin @
d;l =E\V6,n }Ln r.n 7’3 4.n , 7“nuz,n + , Vo~ rz W4,n’
des,n vsin @ 22, 4 V0802 _vsin @ cos @
d =V, nlyn >\‘n zZ,n 2 }\‘nvn - 8s,n (n=0,N). (6.4)
S r r r r
The boundary conditions are
B,Z(0)=b,, B,Z(L)=b,, (6.5)

where Z(s)= N, N, n ,S MM, Uz Vn 29 } is the column vector of unknown functions; B, and B, are the

rectangular matrices; and b1 and b2 are vectors.
The boundary-value problem (6.4), (6.5) is solved by discrete orthogonalization on the interval 0 <s < L. For each n in
Eqgs. (5.6) with (5.3), we have:
vl =] v 8 ) (=123,4)  wi =v] (su.v) (j=12)
vi, =vl, G 8 G=120 vy, =v) 6880 (7=123)

wi,=vl, (5NN (=12 e, =ve, 68k g, =vy, (s M) (6.6)

The functions \|/lj , appearing in the coefficients of Fourier series (6.3) cannot be explicitly expressed in terms of the

Fourier coefficients of the unknown functions, but can be calculated by integrating system (6.4) and using discrete Fourier series
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TABLE 8

wE / g,
0/m R=20 R=40 R=280 R=100 R=120
N=4 N=6 N=8 N=12 N=15
0 3539.9 3719.6 3640.9 3658.3 3658.5
0.2 3769.5 3813.7 3840.5 3831.9 3831.7
0.4 4370.6 4200.8 4264.2 4256.3 4256.4
0.6 5113.6 4960.8 4890.1 4903.6 4903.7
0.8 5714.8 5803.4 5779.4 5775.6 5775.4
1.0 59443 6179.0 6266.9 6263.2 6263.5
TABLE 9
o5 /4,
0/n
R=20 R=40 R=280 R=100 R=120
N=4 N=6 N=8 N=12 N=15
0 —0.6530 —0.3032 —0.4882 —0.4681 —0.4669
0.2 —0.6347 —0.4928 —0.4540 —0.4547 —0.4556
0.4 —0.6287 —0.8706 —0.7262 -0.7476 —0.7470
0.6 —0.7327 —1.0860 -1.1710 -1.1620 -1.1617
0.8 —0.9605 -0.9225 —0.9818 -0.9647 —0.9655
1.0 -1.1023 -0.7015 -0.5901 -0.6184 -0.6173
TABLE 10
Gy /q0
0/ n
R=20 R=140 R=80 R=100 R=120
N=4 N=6 N=8 N=12 N=15
0 0.5859 0.2720 0.4380 0.4200 0.4190
0.2 0.5722 0.4443 0.4093 0.4099 0.4109
04 0.5740 0.7948 0.6629 0.6825 0.6819
0.6 0.6793 1.0069 1.0857 1.0773 1.0771
0.8 0.9018 0.8661 0.9218 0.9056 0.9065
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at each step s = const. Formulas (6.6) relate these coefficients and the amplitudes of the unknown functions and demonstrate the
coupling of all the equations in (6.4).

Equations (6.4) are integrated for all harmonics simultaneously using the procedure of Sec. 1.

Let us now examine the influence of the numbers R and N on the results.

Consider a conical shell with cone angle 2o (oo =7/ 2—¢) and thickness varying as 4(0)=H(1+cos 0). The shell is
clamped at the ends and is subjected to a uniform normal load g = g, =const. It is assumed that as the cone angle changes, the
generatrix turns about the midradius R, (radius at s =L/ 2), its length remaining constant. With such a manner of variation in
the thickness, the weight of the shell remains constant for any value of . The input data: L =30, R ., =30, #=0.25,8=0.3,
o =30°.

Table 8 collects the deflections in the section s = /2 obtained with different values of R and V. It can be seen that as the
number N is changed from 6 to 8, the maximum deflection observed at 0 = wincreases by almost 1.5%. With further increase in
N, however, the difference between deflections decreases and the solution tends to the exact one. As Nis increased from 10 to 12,

the difference between maximum deflections is 0.03%. The situation is similar for the stresses Gg (Tables 9 and 10). Tables

8-10 indicate that the solution converges.

Let us follow this approach to analyze the dependence of the stress—strain state of conical shells with thickness varying
in the circumferential direction on the cone angle and thickness.

Let a clamped shell have cone angle 2o (o0 =t/ 2 — @) and thickness varying as #(0) = H(1+ Bcos 0). The shell is under a

uniform normal load ¢ = g, =const. It is assumed that as the cone angle is changed, the generatrix turns about the midradius R,
(radius at s = L/2), its length remaining constant. With such a manner of variation in the thickness, the weight of the shell remains
constant for any value of . The input data: L = 30, R id= 30, H=10.25,=0.0,0.2,0.3,04, a =0°, 15°, 30°, 45°, R =100,
N=12.

Figures 4-6 show the variation in the deflection w in the longitudinal direction for 3 =0.4 and 6 = 0, ©/ 2, mand different
values of 2a.. It can be seen how the deflection depends on the angle a when 6 is kept constant. The deflection near the major base
increases. As the thickness changes in the circumferential direction from 0 =0to 6 = w, the maximum deflection increases as
follows: 1,1.3,2.3 foraa=15°; 1, 1.4, 2.4 fora=30°,and 1, 1.3, 2.3 for a =45°. That is, the maximum deflections are in similar
ratios for all cone angles. The maximum deflection and the deflection of the cylindrical shell are in the ratio 1:1.2:1.6:2.4 for all
values of a.. The circumferential variation of the deflection can be explained by the fact that the thickness between 8 =0and 6 =7t
changes from 1.4 to 0.6, i.c., by a factor of 2.3.

Other approaches to solving static problems for conical shells with variable thickness were outlined in [34-36].

7. Flexible Shells with Curved Coordinate Surfaces. Consider shells with curved (Monge) surfaces [26], which form
a wide class of surfaces referred to the lines of principal curvatures.

The governing system of partial differential equations describing such shells can be represented in orthogonal
coordinates o and a, [11, 16, 21]:
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az(alocz):(;[al’azmj (k=0,4) (7.1)

aa] 8@5

where Z = {N,,$,,0,.M,,u,v,w,8,}1, Z =1{Z,}(i=1,8),G ={g,} is the vector of right-hand side; N|, §,, and O, are the

normal, shearing, and transverse forces; M is the bending moment; u, v, and w are the displacements; and 8 | is the angle of
rotation of the normal. Let the shell be closed in the o, -direction. Then the solution must satisfy periodicity conditions in o, and
boundary conditions at the edges a.; =const, which are given by four quantities, one from each of the following pairs:

(Npu), (S0, (©Opw), (M[,9,). (7.2)

We will use linearization to reduce the nonlinear boundary-value problem for the system of equations (7.1) with the
boundary conditions (7.2) to a sequence of linear two-dimensional boundary-value problems for the system of equations

PG I ok7()  pk7(st1)
=F Oy,0,,

(k=0,4,5=0,1,2,...),

oo, 8&’2‘ ’ 6&12‘
_ k7 (s) k7 (s) _ _
F:G(Ql,az aZkJ"‘J(alaaz,a Zk J (Z(S+1) _Z(S))7 (73)
ooy ooy
= e *Z . , . . .
where F' ={f;}(i=1,8),J Oy, 0y — |18 the Jacobian matrix of the right-hand side of (7.3).
oo
2

The boundary conditions can be linearized similarly. The initial condition or the parameter-continuation method is
chosen as one sees fit. The two-dimensional linear boundary-value problem is solved at each iteration by expanding the functions
on the right-hand side of (7.3) into discrete Fourier series [9, 10]. Then the solution of the boundary-value problem for the system
of equations (42) with appropriate boundary conditions is sought in the form of truncated series:

N N
X(al,ocz):ZXn(al)cosnocz, Y(al,az):ZYn(ocl)sin noL 5, (7.4)
n=0 n=1

whereX:{zi,fi}andY={zj,fj},i=1,3,4,5,7,8,j=2,6.
Substituting (7.4) into (7.3) and the boundary conditions and performing some transformations, we arrive at a coupled
system of 6 + 8N differential equations:
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TABLE 11

Minor base, o, - 1072, MPa Major base, G, - 1072, MPa
" s=1 5=2 s=3 s=1 s=2 s=3
—10.404 —7.494 —7.407 -9.293 —7.989 —7.828
’ 6.120 4.946 4.898 9.124 8.797 8.706
6.623 8.614 8.544 4.474 5.079 5.048
/2
-0.372 -1.221 —-1.183 2.385 1.987 1.995
dZi(i;l) _r () (st (s) (s+1)
dat, —fi,o(o‘l’zj,()’zj,o LimLim )
st+1
(o 2y 250 780,745
(i,j=1,3,4,57,8, k,/=1,8 n,m=LN, s=0,1,...). (7.5)

The linear boundary-value problem for system (7.5) is solved at each iteration by discrete orthogonalization.

Let us consider, as an example, a flexible elliptic conical shell. Its midsurface is generated by a ray PN (the point P lies
on the Oz-axis and the point N on the ellipse) moving along an ellipse with semiaxes 4 and B (Fig. 7). The minor base of the cone
is also an ellipse with semiaxes given by a =A4, b=AB, A=c/ (I+¢), ¢c=PO,[=0Q.

The Cartesian coordinates of the midsurface are expressed as
a;+c a, +c

sin o, =B
l+c 2 7 [+c¢

x=A4

cosa,, z=o; (0<a,</ 0<a, <2m)

The shell is clamped and subjected to internal pressure g = 1.5 MPa. The input data: £ =70 GPa,pu =0.3, 4 =450, B =
275, ¢=500,7/=600, 7 =2.5 mm, N=6.

Table 11 summarizes the normal stresses o, for three approximations s and oo, =0and o, =7/ 2 The upper values
are the stresses on the outside surface and the lower values are the stresses on the inside surface. The table demonstrates how the
nonlinear solution (s = 3) differs from the linear one (s = 1).

8. Shells of Complex Geometry (Linear and Nonlinear Problems). In this section, we address nonlinear
boundary-value problems for thin flexible shells with various holes and nontrivially shaped boundaries. Their middle or
coordinate surface is described in a nonorthogonal coordinate system that does not coincide with the lines of principal curvatures
[18-21].

We use the general tensor equations of the geometrically nonlinear theory of thin shells [31] to derive a governing
system of nonlinear partial differential equations in the case of a nonorthogonally parametrized midsurface. The approach to be
used to solve nonlinear boundary-value problems involves linearization, reduction of a two-dimensional problem to
one-dimensional, and expansion of some functions into discrete Fourier series.

Let us analyze, in invariant tensor form, the stress—strain state of thin flexible shells with midsurface parametrized by

I'= const coinciding with the boundaries of open shells.

two curvilinear (Gaussian) coordinates a! and .2, the lines o
The closed-form system of equations includes:

the kinematic equations
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_ _ _ o, o
Zsl.j—eij+ul.oj, Zj— V. iV \% Jo +b; bjel.a,

e; ==V, 0, =bywm v, = 70 O‘j (8.1)

the equilibrium equations
Vo TY=bJ0% +q' =0,V 0% +b,,0% +4° =0,
V MY -0/ -T/% =0 (8.2)
the elastic relations

S =1f:2 [uaija(xﬁ +(1—H)aiaajﬁ]ea|3»

M =— Ei[ualfao‘13 +(1- )am“jﬁ] ap’ TV =5V -bJM", (®3)

12(1-p)

where i, j = 1, 2; the summation is over the doubly repeated indices o and  from 1 to 2; a? are the contravariant components of
the first metric tensor aj of the midsurface; bl~ and b.j are the covariant and mixed components of the second metric tensor, V ;

denotes covariant differentiation with respect to the metric ag; u; and w are the covariant components of the
tangential-displacement vector and the deflection of the midsurface; 7'¥ and M ¥ are the contravariant components of the tensors

of forces and moments; S j are the components of the symmetric tensor of forces; Q' are the transverse forces; ¢/ and ¢ 3 are the

components of the external surface load; and £, and h(oz1 , 0 2 )are the elastic modulus, Poisson’s ratio, and the thickness of the
shell.

At each point of the coordinate line a! = const, we choose an orthogonal right-hand coordinate system formed by the
unit vectors of the tangential normal v, the tangent 7, and the normal 7 to the midsurface.

The boundary conditions for the system of equations (8.1)—(8.3) on each a! = const are given by four quantities, one
from each of the following pairs:

Q. u,) Qo u ) (©Q,,w), M.3)) (8.4)
where
uvzviul, u, :Tiul, v, =Siul,

— _ _ l aMVT
vi _Tvv+kvtMv‘r’ QV‘C _Tvt +k‘chr’ Qvn _Tvn 2’ (8.5)

a5y OO

. . . a

Tvv:vivaU, T, :viroU, T, =v.0', M v =iV, MY, M, =vs1 M’f, v = vy =0 1, = —, T, =4/dy,
plo 2 2 92 g2 1 andware the displ long -, -, and 7; v , is the angle of rotation of
= R , T = U U, placements along v-, T-, and 72; v is the angle of rotation o

a F 4y

the normal to the midsurface about the T-axis; O, 0, ., 0, ,and M are the generalized forces associated with the generalized
dlsplacements u,,u.,w,andd ,respectively; k_andk _ are the normal curvature and geodesic torsion of the midsurface along
TV, T,V , 1l are the covarlant and contravariant components of the unit vectors v and T. After tedious transformations, the

original system of equations (8.1)—(8.3) reduces to a governing system of partial differential equations for the functions in (8.4):
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_ .
92 _Glala2, 07 | (k=04 (8.6)
oo 8(0L2 )k

where Z" = ©,, er s Qvn M, w, 9, Z{Zl. } (i =1, 8)is the vector of unknown functions; G {gl. }is the vector of the

right-hand side, which is a nonlinear vector function of Z.
We use linearization to reduce the nonlinear boundary-value problem for system (8.6) with the boundary conditions
(8.4) to a sequence of linear two-dimensional problems for the system of equations

~ (s+1) ) k7 (s) k=7 (s+1) o
oz :F(al,azaz 0z ] (k=0,4,5=0,1..),

0! 00 )k a(a? )k
L k7= (s) k= (s) - o
F=G|a',a?, 07 |, 02 (ZG+D) —Z )y, (8.7)
a(a2)k a(az )k

_ — k7
where F' ={f;}(i=1,8), J[azzkj is the Jacobian matrix of the right-hand side of system (8.7).
o(a
The boundary conditions are linearized similarly. The solution of the linear problem or another approximate solution
can be chosen as the initial approximation. To solve the linear boundary-value problem at each iteration, we expand the functions
appearing in (8.7) into discrete Fourier series. The solution of the boundary-value problem for the system of equations (8.7) with
appropriate boundary conditions is sought in the form

N N
X(ocl ,a’ )= ZXn (oc] )cos no?, Y(oc1 Lo’ )= ZYn (oc] )sin no., (8.8)
n=0 n=0
whereX:{Zl.,fl.}andY:{Z/.,fj}, i=1,3,4,57,8 j=26
Substituting (8.8) into (8.7) and the boundary conditions and performing some transformations, we arrive at the
following coupled system of 6 + 8NV ordinary differential equations:

dZ(sO+1)
2 1 +1 1
0 a0 2 2205 250
476D
kn 1 7)) H(s+l) 5(s) H(s+1)
do! =S (O 2020 2y Ly, )
(i,j=1,3,4,57,8, k,1=1,8, n,m=1,N, s=0,1..). (8.9)

The boundary-value problem for system (8.7) is solved at each iteration by discrete orthogonalization.

Let us discuss solutions for some shell elements obtained with the approach proposed here.

We will solve a linear stress—strain problem for an elbow pipe. The pipe is radiused, has elliptic cross-section in the
middle, and is symmetric about the plane o, =m/ 4 (Fig. 8). Its midsurface is described by

x=[R+a(0L1)c0soL2]cosa1, y=[R+a(oc1)cosoL2]sina1, z:b(al)sin a?. (8.10)

For segment / with constant circular cross-section, we have
Iy_ 1y _ 1 1 2
a(a’ )=b(a’ )=r (0<a <a,,0<a” <2r) (8.11)

For segment 2 with varying cross-section, we have
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a(aH)—"—J1-saH], b)) ——[1+8a!)
f((Xl) [ ] f(&l) [ ]
(o <al <n/4,0<a? <2m),
2 4 6
T [ ]
4 64 256
11
8o )= Asin? "% ~%0) (8.12)
2An/4-af)

where A=(B—A4)/(B+ A)is the eccentricity of the elliptic cross-section; 4 and B are the semiaxes of the ellipse at a.' =7/ 4
(Fig. 8). The current values a(oc1 )and b(oc1 )of the semiaxes in each cross-section of segment 2 are determined by equating the
ellipse perimeter to the perimeter of a circle of radius ». The parametrization based on the function 8(a.! ) in the form (8.10)

ensures continuity of the coefficients a i b.,andI" ;‘ at the interface between segments / and 2 of the midsurface.

ij ’
The elbow pipe is designed to be rigidly fixed at the ends and to withstand an internal pressure g. The boundary
conditions are

al =0-u, =u, =w=9,=0 ol=n/4-u =5,=0,=9, =0

The initial data: » = 100 mm, R = 500 mm, 2 = 5 mm, A= (.25, OL}) =n/6,E =200 GPa,n=0.3, N=10.

+

: +
Figure 9 shows the stresses 67, and 6,

at o, =7/ 4 and the deformed cross-section (not to scale).

These results are indicative of the efficiency of the approach to the stress—strain analysis of thin-walled shells with
complex geometry parametrized by nonorthogonal curvilinear coordinates.

Consider a cylindrical tank undergoing geometrically nonlinear deformation. The tank has an off-pole branch pipe in an
ellipsoidal head and consists of four shell elements:

axisymmetric cylindrical shell 7:

x=Asino”, y=Acos0c2, z=al'-L (8.13)

ellipsoidal shell of revolution 2:

1 2 1 2

x=Acoso sino“, y=Acoso cosa-, z:Bsinocl, (8.14)

0<a! <arcos(a/ A), 0<a? <2m

500



ot ot z
vy it T o WE T
’ G, 1] =
q q On . ()4q 12.25 . | 4
150 N 3 |m
F B
‘ B —_—- | -~ 2
100 7 -
. d L X
) \/;K\, —=
" %
50 / % a
oy q S
~100 q A
-150
0 /3 21/3 a2 \
Fig. 9 Fig. 10

ellipsoidal shell 3 with off-pole opening; its projection onto a plane perpendicular to the structure axis is a domain bounded by
two nonconcentric circles:

2

x=[a+o! (b—a)l]sina”, y:[a+oc1 (b—a)]cos a?

+ald, (8.15)

zzg A? -x2—y?, 0<al<l 0<a?<2n

cylindrical shell 4 with one edge resulting from the intersection of the ellipsoid and the cylinder:

x=bsinoc2, y=d+bcosa2,

z=(1-a! )%JAZ -x2—y? +alH, (8.16)

0<al <] 0<a? <2

where 4 and B are the semiaxes of the ellipsoid of revolution, L is the length of the cylinder, a is the radius of the interface
between elements 2 and 3, b is the radius of the branch pipe, d is the eccentricity, and H is the distance to the edge of the branch
pipe.

The tank is subjected to internal pressure g; the edge of the cylinder is rigidly fixed: u, =u_ =w=3  =0. A uniformly
distributed axial force O, =gb/2-Q , is applied to the branch pipe; u, =w=38  =0.

The input data: 4 =500, B = 300, L = 400, a = 450, 5 =100, d =200, H= 500, # = 2.5 mm, £ =100 GPa,u=0.3, g =
2.5MPa, N =4.

Table 12 summarizes the dimensionless stresses GW and GW normal to the lines o! =const and a? = const,

respectively, and the dimensionless deflection wat points P and Q in the plane of symmetry of the structure on its head (Fig. 10)
on the outside surface (nominator) and inside surface (denominator). Here

6, =0,,/04, 6,.=0,/0, W=w/w, (8.17)
A A
oo =4 W, :qz(l_uj.
h Eh 2
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TABLE 12

o}
o}
>

vy rr

Point
s=1 s=2 s=3 s=1 s=2 s=3 s=1 s=2 s=3

4.141 | 3.680 | 3.658 | 3.540 | 3.101 | 3.094

P 3491 | —3.055 | —3.036 | —1248 | —1.069 | -1076 | +207 | 3269 | 3.196

1.633 1.221 1185 | 2.250 | 1.878 1.856

S 11366 | —0977 | —0945 | 1533 | 1383 | 1382 A48 2674 1 2614
linear solution Gy =4.141 nonlinear solution Sy =3-658
e
v~ 107 &, =|1.185
3 \
) 5o 7133 / . \
\ ) by
v/
&, =-3.491 &, =-3.036

Fig. 11

Figure 11 shows the variation of the dimensionless stresses va along the generatrix of the tank head obtained by

solving the linear and geometrically nonlinear problems. The index “—” refers to the inside surface of the head (dashed line), and
the index “+” to the outside surface (solid line).

These results are indicative of the efficiency of the approach to linear and nonlinear analyses of shells of complex
geometry.

9. Noncircular Hollow Inhomogeneous Cylinders. Consider elliptical, longitudinally corrugated circular, and
longitudinally corrugated elliptical layered hollow cylinders made of isotropic and orthotropic materials. We will determine
their stress state using discrete Fourier series.

Let us first address the general stress—strain problem for longitudinally corrugated elastic hollow layered orthotropic
cylinders of constant thickness. We use the equations of the three-dimensional theory of orthotropic elasticity [1, 22, 24,27]. The
first quadratic form is

dS? =ds* + A3 (y,y)dy? +dy?, 9.1)

where s, v, and y are orthogonal curvilinear coordinates, s is the longitudinal coordinate, \ is the polar angle, and y is the normal
coordinate to the reference surface y =vy,.
The directrix of the reference surface (Fig. 12) is described by polar coordinates as

a
p(\|1)=(1 3 )1/2+acosm\u (0<y <£2m),
—e” cos” y

e=+1-(a/b)? =24A/(1+A), A=(b-a)/(b+a) (9.2)

where o is the amplitude; mis the number of corrugations; a, b, and e are the semiaxes and eccentricity of the ellipse (b > a); the
point O (p =0)is on the intersection of the ellipse axes. Formula (9.2) describes an ellipse if oo =0 and a wavy circle if a = b.
Figure 13 shows an element of the cross-section.

We have

502



Fig. 12
A, (W, y)=H, (y,y)o(y), 9.3)

where

2 \213/2
H,y (y,y)=1+7/R(y), R(W):w’
pT+2p) —pp

2 .
2 .
o(y)=[p? +(p")*1"2,  p'=- de Sy + oumsin my |,
2(1—e2 cos? \|/)3/2

” ae? 2cos 2y 3e? sin?2 2y P
p"=- - + oum” cos my ¢,
2 | (1—e?cos? y)¥? 2(1-e? cos? y)*?

R(w)is the radius of the curvature of the reference surface.

With (9.1)—(9.3), the original equations describing the equilibrium of the ith layer of the cylinder include

the kinematic equations

i i
el = au_lv el = 1 8M\V L (31‘12 i ei — auY
5 O V Hywoy H, oy " T o
. oul  oul ou! oyl _ u! ou!
T e B Ap g FAe e (9.4)
Hyo 0y  0s os oy oY\ Hy | Hyo Oy
the equilibrium equations
ol 10t o
H, - +—(H21:SY) 0,
os o oy oy
105, o5 . o OH, |
Z)@—Jra(Hzr\W )+H, 5 + Ty =0,
. ot! ol
(Hyo! )+ Hy —" 1% M i 9.5)
v os o oy oy VY

the generalized Hooke’s low for an orthotropic body
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i _ 0 i i i i i . N R )
e, =ay 1O +a1,0\, +a;30,, Iy, =T,

i _ 0 0 i i i i T A )
ey =103 +ap 0\, +ay30,, Iy =dssTg,

Y
[ B R S i _ i i
e, =a]30,+ay30,, +a336,, Iy =deeTo,, (9.6)
where
i i i i
i1 i Ysy o Ves Vsy _ Vs
ay T i a1 = i i a3 = i i
4 K Y K
i i
i 1 i Vv Vy i 1
a2 T i dy; = Zi i d33 Tgi’
v v i ¥
; 1 ; 1 1
I _ T _ -
Qg G dss T 466 T
vy sy ys
(0<s<LO0<y<2my, <y<y,) (i=1T). 9.7)
If the body is isotropic, relations (9.6) become
el=— (¢ -vi(c +cl)), e —Lr’
ST vy vl
el =L(Gi —vi(ci+ol)), & ——ltl
voopiov RS SRS ST &
el =L (6l —vi(si+oi ), e =_qi 9.8)
[T sy WGP SV :

i i P : : : : RN AN AN AN B i i i
where u, u, , and u, are the longitudinal, circumferential, and thickness displacements; e, €yr €y oy €y s Ogr Oyys On Ty
i i i
o1 Y
yy o sy sy gy

moduli, shear moduli, and Poisson’s ratios.

are the strains and stresses in the ith layer; and E! s E\jj, E; s GL,G! .Gl vi v

s 572 Osy> Oyy > Vy o are the corresponding elastic
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Supplementing Egs. (9.4)—(9.6) with boundary conditions at the ends s = 0, s = /and on the lateral surfacesy =y 1=y

of the cylinder, we obtain a three-dimensional boundary-value problem.
Consider cylinders with simply supported ends [55]:

i_ i _ i_ _
o, =0, uW—O, U,y =0 at s=0,/

which means that the ends are closed with diaphragms perfectly rigid in plane and flexible out of plane.
The following boundary conditions are prescribed on the lateral surface of the cylinder:

y Ty Ty Thse Ty T4y A VYY)
. . e _
Oy =dy» Ty Tdss Ty T4y A Y=V,

Moreover, contacting layers do not separate and slip, i.c.,

i_ i+l i i+l i _ i+l
Oy 9% » Ty Thy o Tyy Ty
i _ i+l i _ i+l i i+

u, =u,’, g SUg s Uy =Uy

Considering these conditions, we choose the stresses and displacements O Tyys Ty Uy

(9.9)

(9.10)

(9.11)

Uy Ug, Uy, AS unknown functions.

After some transformations, Egs. (9.4)—(9.6) reduce to a governing system of six partial differential equations with variable

coefficients:
i i i
do, —(c _DL oH, o Oty 1 Oy
o * 'H, & ' & Hyo dy
2 i i
pi | L O\ g L OO0, 1 Oy 10y
2 2 Hj o oy
i i i 2 i
" i doy 1 OH, i _pi L O Ouy —; Ouy
2.0
_bi 1 i 1 0 ; _(bl "rbi ) 1 0 uW
66 Hyw oy | Hyo Oy 127766 Hyo dsoy
i i
AT W LY S SN R CCE R
oy Hyo oy H, oy V7 Hyooy|H, oy "
. . otul . ou! T
—(biy +bgg) 1 >—bj, L o) | =bg =
H,w dsdy Hyoody| Hyo oy Os2
ou, i i i 1 aHZ i taui i 1 aufl’
——=c40, —¢) ——= 1 —Cy ————,
¥ H, oy 7 Os H,o oy
i i i
ou i _6u Ou i 1 auy 716]—[2
As5Tgy o Qa4 Ty H-00 . o ‘v
S oy ,® oY 2 oy
where

(9.12)
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i i i P i i i i i
by =ayage QY biy =—ajage QY by =ajjag 1QF,
i _ i i _ i i i2 i
boo =1/ age, Q" =(ayjay, —aj; g,
i i i i P i i i i i i i i
ey ==(byjajy +bjya53 ), ¢y =—(bjyajy +byayy) ¢y =azy +ejagy +cyay;. (9.13)

The boundary conditions at the ends allow separation of variables in (9.12) with respect to s, thus making the problem
two-dimensional. Let us expand the unknown functions and load components into Fourier series in powers of the longitudinal

coordinate:

N
Xy, )=, X, (y,y)sin ks,

n=1

N
Y(s,y.7)= D Y, (y,7)cos ks,
n=0
X = {cs

i [ —
WY’ Yau\v’qq{aqw}a Y= {Tsyausaqs} 7\‘,1_71:”/[

(0<s<li=1T). (9.14)

Substituting (9.14) into (9.12) and the boundary conditions (9.10), we obtain a two-dimensional boundary-value
problem for the nth term in (9.14) (the index 7 is omitted for simplicity):

0c oH , ot
- =(02 1)71 Sy +)\‘nTSYn - 1 L
H, oy ’ 7 Hyo oy
2
1 OH, 1 0H, 1| 0H, 16
+b —= u
22 H2 8"{ Y.n 12 nH2 S,n 22 H22 aY ® 5\l/
ot 1 OH 1
sy ,n 2 2
Cl)\‘ncy,n Hi dy Tsyn_b127\’n H2 Uy n +b117\‘nusn

1 o 1 ou 1 Ouy,
—b! by +bes I, AL
66 { J ( 12 66 ) HZ(’D

8us7n N 8”\y,n 1 Gu) s 1 a[—[

Y =0T —A U = ant -
oy 55 sy,n ~ “n%yne oy 44 Ty on Hyo oy H, 0y

u,, (1=0,N) (9.15)

with the boundary conditions
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Sym Ty Tsym T9snr Tyyn Tdyn 3 VTV

— 41 _ .t + _
Oyn =Dy Tsym =950 Tyyn =Dy A V=V (9.16)

>

To reduce the dimension of problem (9.15), (9.16) by one, the expressions in (9.15) that hinder the separation of
variables with respect to the circumferential coordinate are replaced by subsidiary functions. These functions are expressed in
terms of the unknown functions and include geometrical parameters of the cylinder:

.1 oH 1 oH
S~ " 2)5 1 w, . ——2u (j=15),
9 { L e T

_Hz o
: 1 0H
VA 2 P
¢2 _Hz a’Y {TWY7n ruw’n} (.] _17 2)’
; 1 0 . T
W = g vt} G713
. ot ou OH . Ou
o = J v Zwa L0 Tk (13 n=0,N)
Hyo | oy oy H, oy 6\VJ
o _ 1o _ 1o %:;%_ (9.17)
3 Hzcoa\p’ 6 Hzmaw’ H,o oy

Substituting functions (9.17) into (9.15), we obtain the following system of equations (» is omitted everywhere):
do, 1 I 5 4 3
oy =(cy =D& + A, T =y D3 @ =Dy R, & + Dy 0y,

i =—c, M, 0., — O —bps A, & +b; 02 u ~becd —(byy +beg M1, b7
a,y 1%n>y 12%n 11%n"s 66 16 12 66 /""n 14 >

arﬂ:—c V20 b b+ (byy + b W 3 =By + b AU
n noy
ay 24)3 (Ib 2275 12 66 ¢3 22(1)7 66 >
Oou
J:c4cy —c2¢f+clknus—cz¢l3,
ou ou
v 2 2
—S:aSSTW —hthy s WZQMTW —¢5 + ¢ (9.18)

with the boundary conditions (9.16).
Let us expand all the functions in (9.18) and (9.16) into Fourier series in powers of the coordinate :

K K
X(p,7)=Y X, (y)cosky, Y(y,y)=D. Y, (y)sinky, (9.19)
k=0 k=1

X:{GY’TSY’M'Y’MS’ ¢IJ7 ¢4]9 ¢67 qyﬂqs}ﬂ Y:{T\V’Y’M\V’ ¢‘2]7 ¢3/’ 4)5’ ¢73 qw}'

The number K of terms in the series should be no smaller than the number of terms in the series for 995 and 9y
Substituting (9.19) into (9.18) and (9.16) and separating variables, we arrive at a system of ordinary differential
equations for the amplitudes of the functions appearing in (9.18):
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TABLE 13
o=2 a=3
y H

A=0 A=0.1 A=02 A=0 A=0.1 A=02
—4 40.2 -34.7 -94.9 32.7 -35.9 -88.7
-2 34.9 —40.2 -100.8 26.4 —42.2 -95.2
0 0 28.5 454 -104.9 19.3 —47.9 -99.8
2 25.8 —44.5 -102.3 17.8 —47.2 -96.6
4 26.0 —44.1 -99.4 19.1 —44.9 -93.2
—4 239.4 275.0 380.3 325.1 360.3 461.2
-2 239.7 275.7 382.5 3273 362.9 465.1
/4 0 2383 274.7 382.4 328.7 365.0 468.9
2 229.9 265.9 372.4 319.9 356.0 459.5
4 224.5 260.1 365.4 3133 348.9 451.5
—4 40.2 139.2 276.7 32.7 127.3 261.4
-2 34.9 133.8 271.2 26.4 120.7 254.4
/2 0 28.5 126.0 261.9 19.3 112.1 243.9
2 25.8 120.7 2535 17.8 108.1 237.1
4 26.0 119.8 251.4 19.1 108.5 236.4




oy /4 A=02|3) o, /4 =07
\ A=0.1|(2) \ A=0.1/(2)
16 K% A=0.0|(1) 16 R A=0.0/(1)
\\\ —d=l1 \{\ Aok
N ===d={0.1 \\ ol
12 h—% >
\‘ /3\
8 ! 8 ‘\ 17 j\\\
B AN
\ 71N \ HE NN \\
! “ 4 é‘\\ 4 \ \w AN
\ N \I\\\\ \\ \I.\ X
0 N~ % 0 \__’-_ \/ 7
\\
4 -2 0 2 Y 4 5 0 5 ,
Fig. 15 Fig. 16

de,k _ D! A 1 b 65 —b 6 b
_(52_ )¢l,k+ "Tsy,k _¢4,k+ 22¢l,k_ 12 n¢l,k+ 22¢4,k9

dy

Ptk __ 2 b, 0, +by 02 u, b by +bgg M b7
dy == 0,0y ko = g =D Ok T Dy Nyt g —bee s g —(Byy +bge I, 0 ks
drwy,k _ 1 2! b b bWk &3, —b b W2
TY__CZ(I)},k_ O g ~bap s g + (b +bge Wy 85 —boy by g +bgh Uy s

du du

vk _ 2 3 sk
=40,k —Colig t Ryt —Co b dy  sSTerk “athy ko

dy

du
vk _ .
Ty_a““\w,k =03 5 T34

with the boundary conditions

vk =y Tsy Tk Tyyk “9yik at T=Yps

_ g . B )
Oy =dyie Tspk =dsk> Typk =dyx A Y=y, (k=0K)

With (9.17), for each & in Egs. (9.20), we obtain

¢lj,k = ¢|j,k (Y’GY,I ’Tsy,l ’uy’[ ’us,l ) (] =1, 5),

¢zj,k :¢2j,k Ty pottyy)  (G=12)

¢3j=k :¢3j,k(y’cv,l’“y,1’”s,/) (j=13),

¢‘{,k :¢4{,k (Y’T\w,l’”w,/y) (j=L3),

Os g =05k oty ) B =0 s oty B g =0y (o ) (1=0,K).

(9.20)

(9.21)

(9.22)
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TABLE 14

o=2 oa=3
v H
A=0 A=0.1 A=02 A=0 A=0.1 A=02
—4 7.18 7.58 8.93 9.49 9.60 10.27
-2 11.00 10.75 11.34 13.19 12.71 13.03
0 0 591 4.96 4.05 5.74 4.93 4.05
2 0.61 -0.05 -0.90 -0.20 -0.67 -1.37
4 -1.01 -1.84 -3.03 —2.46 -2.98 -3.92
—4 -2.35 -2.70 -3.64 —4.58 —4.91 -5.75
-2 0.69 0.41 -0.32 —2.21 -2.50 -3.20
/4 0 5.68 5.82 6.17 4.99 5.06 5.26
2 4.43 4.70 5.41 5.25 5.48 6.07
4 6.78 7.28 8.66 9.01 9.50 10.75
—4 7.18 7.52 8.31 9.49 10.22 11.44
-2 11.00 12.04 13.53 13.19 14.43 15.97
/2 0 5.91 6.99 8.13 5.75 6.57 7.26
2 0.61 1.14 1.58 —-0.20 0.08 0.19
4 -1.01 -0.49 -0.18 —2.46 -2.32 241

Consider a sandwich cylinder. Its face layers are isotropic and have £, = E; = Ej, and v = 0.3. The core layer is
orthotropic and has £, =3.68E ), E\v =2.68E), EY = l.lEo,vW :0.105,\/SY :0.405,\/\w =0.431, GS‘V =0.5E,, GSY =045E ),
G\w =041E.

The results are presented in Tables 13—15 and Figs. 14—16, which show how the displacements i, and stresses o and
G, vary throughout the thickness of the cylinder for different values of A, o, and y. It should be noted (Table 13, Fig. 14) that the
maximum displacements u,, at o =2, A =0.2 in a cylinder with an orthotropic core, a homogeneous cylinder, and a cylinder with
asoft core are in the ratio 1:1.54:3.02; i.e., the cylinders become more compliant in this sequence. Note also that the stress pattern
(Tables 14 and 15) is strongly dependent on the orthotropy parameters.

To solve these problems, the values of the subsidiary functions were determined at 80 points to set up discrete Fourier
series, and the first 15 harmonics were retained. For stable results, 41 orthogonalization points were used.

Thus, by varying the characteristics of a cylinder, we can choose rational parameters of such structural elements.

This approach was also applied to isotropic and orthotropic elliptic cylinders in [38—40, 44, 49, 53], longitudinally
corrugated circular cylinders in [41, 42, 45, 46, 48], and longitudinally corrugated elliptic cylinders in [13, 43, 47].
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TABLE 15

o=2 oa=3
v H
A=0 A=0.1 A=02 A=0 A=0.1 A=02
—4 1.04 1.55 2.13 1.78 2.14 2.62
-2 -1.17 -1.05 -1.14 —-0.46 -0.54 —-0.63
0 0 -0.34 -1.62 -2.85 0.10 -1.23 -2.30
2 0.09 -0.81 -1.70 -0.10 -0.93 -1.71
4 -0.25 -1.60 -2.93 -0.70 -1.90 -3.04
—4 -3.60 —4.10 -5.59 -5.36 -5.89 —7.44
-2 —6.08 —6.88 —-9.33 -8.75 -9.69 -12.52
/4 0 —0.69 —-0.75 -1.06 -1.40 -1.61 -2.36
2 2.18 2.42 3.05 2.66 2.84 3.30
4 4.10 4.59 5.98 5.43 5.87 7.05
—4 1.04 0.51 -0.18 1.78 1.48 1.10
-2 -1.17 —1.47 -1.95 —0.46 -0.34 —0.08
/2 0 —0.34 1.18 3.23 0.10 1.92 4.60
2 0.09 1.12 2.45 -0.10 0.91 2.29
4 -0.25 1.29 3.30 -0.70 0.76 2.77
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