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The problem of forced vibration of a hinged beam with piezoelectric layers is solved. Issues of

mechanical and electric excitation of vibration and the possibility of damping mechanically induced

vibration by applying a voltage to the electrodes of the piezolayers are studied. The effect of the

physically nonlinear behavior of the passive layers on the response of the sensor layer and entire

structure and the effect of geometric nonlinearity on the behavior of the structure and sensor layer are

analyzed. The interaction of physical and geometrical nonlinearities for transient and stationary

processes is studied

Keywords: piezoelectric materials, physical nonlinearity, geometrical nonlinearity, forced vibration, layered

beam, damping of vibration

Introduction. The stringent requirements to modern complex devices have recently compelled many researchers to pay

attention to the modeling and control of the vibration of flexible structures [2–4, 12–17]. The rapid development of the modern

technology necessitates changing over from the traditional methods of vibration control to new ones that allow implementing

more complex and highly effective operating modes and observing numerous life and reliability criteria. As a result, the

modeling of the vibration of flexible structures and their elements and study of the possibilities for controlling them have gained

a new impetus and are aimed at the development of systems with improved or qualitatively new characteristics. The ultimate goal

of such studies is to create a new generation of active adaptive materials capable of responding to an external load according to

predefined criteria or a program and having the functions of self-checking, self-diagnostics, and self-restoration [19].

Currently, structronics is the most intensively developing division of mechanics. It is concerned with electroelastic

systems, active materials, and control of the vibration of structures made of various materials [22]. For example, there is a variety

of materials having specific properties (piezoelectric materials, materials with shape memory, materials with electrostrictive,

electromagnetoelastic, and other electrorheological properties) that are widely used for the active control of vibration [19]. Of

them, the most popular are piezoelectric materials used as sensors or actuators due to the direct and inverse piezoelectric effects

[5, 6, 17].

Piezoelectric elements are most often used as distributed sensors or actuators (or their combinations) [1–4, 13–16, 21].

Modeling the vibration and control of elements with such distributed sensors and actuators is, as a rule, reduced to problems for

layered beams, plates, or shells containing or partially or completely covered with piezoactive layers [1–4, 13–16, 21–23]. A

piezoelectric layer can be used as a distributed sensor due to the direct piezoelectric effect, and by applying a high external

voltage to this layer, we can excite or control (what an actuator does) vibration due to the inverse piezoelectric effect. These

vibrations may be shifted in phase with respect to the external, say, mechanical load to compensate for undesirable

displacements.
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In studying the control of the vibration of such systems, one has to consider a wide variety of issues: modeling of the

mechanical response and analysis of the strength of electrically passive layered elements and composite materials [11] and

description of the coupled electromechanical behavior of piezomaterials [5, 6, 10, 12]; development of theories of multilayer

beams, plates, and shells with piezoelectric layers, taking anisotropy into account [1, 21–24]; development of theories of sensors

and actuators [3, 4]; problems of sensitivity of sensors [19, 21]; problems of modal control and optimal arrangement of sensors

(actuators) [21, 22, 24]; development and optimization of feedback systems [23]; development of nonlinear theories and study of

the interaction of various nonlinear factors [25]; allowance for thermal effects [1, 2, 21, 22]. Some of the issues are well

understood, while others (for example, nonlinear effects and temperature) require additional study. Quite extensive reviews of

the current state of the art in the active control of vibration of mechanical systems can be found in [17, 19, 21].

Publications on active control are restricted to elastic models of electrically active and passive materials. To describe

dissipation, the equation of motion, as a rule, includes additional terms proportional to the velocity and responsible for viscous

friction. Such an approach appears justified to apply to systems with combined (active and passive) control of vibration [17, 19].

To describe the real behavior of piezoelectric, and, especially, electrically passive materials, it is necessary to use more complex

models of materials exhibiting physically nonlinear reaction to an external load. Indeed, elastoplastic and (if velocity is high)

viscoelastic dampers are used to suppress vibration with high amplitudes, including intensive shock or other impulsive loads.

Intensive loading may also cause large deflections. The membrane force may appear large because of the boundary

conditions (hinging, clamping). In such cases, it is important to describe the interaction between and the effect of geometrical and

physical nonlinearities on the behavior of a layered structure with piezoelectric components, to analyze changes in the sensor

readings, and to study the steady-state residual vibrations after applying a voltage to balance the external mechanical load.

For these purposes, the present paper models the forced vibration of a hinged sandwich beam with the core layer made

of aluminum alloy and the face layers of piezoceramics. The behavior of the electrically passive (no piezoelectric effect)

aluminum alloy is characterized by the Bodner–Partom model [8, 9], which describes the physically nonlinear response of a

material based on the concept of internal variables. To this end, use is made of a set of internal variables that describe all inelastic

effects: isotropic and kinematic hardening, stress relaxation, Bauschinger effect, etc. The piezoceramic layers are elastic and

transversely isotropic. We will address the issues of mechanical and electric excitation, the possibility of damping mechanically

excited vibrations by applying the appropriate potential difference to the electrodes of the piezolayers, the influence of the

physically nonlinear behavior of the passive layers on the response of the piezoelectric layer and the entire structure, the

influence of geometrical nonlinearity on the behavior of the structure and piezoelectric layer, and the interaction of the physical

and geometrical nonlinearities during both transient and steady-state vibrations.

1. General Equations of Electroelasticity for Thin-Walled Elements with Physically Nonlinear Piezoactive

Layers. The theory of piezoelectric effect has long been developed and is well understood now. In the isothermal case, the

constitutive equations for linear piezoelectric materials can be written in the following form [5, 6, 22]:

� � � �
ij ijkl kl mij m n nm m nkl kl

c h D E D h i j k l m n� � � �
D S

, ( , , , , , �1 2 3, , ), (1.1)

where �
ij

and �
ij

are the stress and strain tensors; E
i

and D
i

are the electric-field intensity and electric-flux density (charge per

unit area), respectively; c
ijkl

D
are the elastic moduli at constant electric-flux density; h

ijk
are the piezoelectric constants; and�

ij

S
is

the permittivity matrix at constant strain. These equations have been derived in quasistatic approximation, i.e., the equations of

electrostatics [5, 6] are considered to hold.

Equations (1.1) are much simpler for thin-walled structures [1, 2]. We will use the equations of electroelasticity derived

in [1, 2] for layered shells made of piezoelectric materials that are transversely isotropic in the polarization direction (thickness

coordinate) and physically nonlinear. Similar equations for layered shells made of orthotropic piezoelectric viscoelastic

materials were derived in [3, 4].

Let us consider multilayer shells with layers of constant thickness. The layers are in perfect contact with each other. The

piezoelectric layers are covered with infinitely thin electrodes to which an electric potential difference can be applied. The shell

is described in an orthogonal coordinate system ( , , )� � � . The surface equidistant to the surfaces of the layers is chosen to be the

reference one. The �-axis is normal to the reference surface. The position of a point on this surface is defined by orthogonal

coordinates � and�measured along the lines of principal curvature. The layers are numbered in the �-direction. The coordinate of

the upper surface of the sth layer is denoted by �
s
.
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Assume that the total strain can be represented by the sums of elastic (�
��

el
) and inelastic (�

��

pl
) components:

� � �
�� �� ��

� �
el pl

.

The general equations of state (1.1) for a transversely isotropic body prepolarized in the �-direction can be written in the

following form [1, 2]:

� � � � � � �
�� �� �� �� �� �� ��

� � � � � �c c c
11 12 13

D pl D pl D pl
( ) ( ) ( )�h D

31 �
,

� � �
�� �� ��

� � �1 2
11 12

/ ( )( )c c
D D pl

,

� � � � � � �
�� �� �� �� �� �� ��

� � � � � �c c c
12 11 13

D pl D pl D pl
( ) ( ) ( )�h D

31 �
,

� � �
�� �� �� �

� � �c h D
44 15

D pl
( ) ,

� � � � � � �
�� �� �� �� �� �� ��

� � � � � �c c c
13 13 33

D pl D pl D pl
( ) ( ) ( )�h D

33 �
,

� � �
�� �� �� �

� � �c h D
44 15

D pl
( ) ,

E h D
� �� �� �

� � �� � � �
51 11

( )
pl S

, E h D
� �� �� �

� � �� � � �
51 11

( )
pl S

,

E h D
� �� �� �� �� �

� � � � �� � � � � �
31 33

( )
pl pl S

. (1.2)

Let us use the standard Kirchhoff–Love hypotheses generalized to the case of electroelasticity and plane stress state

[1–4, 20]:

� � �
�� �� ��

� � � 0, �
��

� 0, D D
� �

� � 0, D D
� �

� �� ( , ). (1.3)

The hypothesis �
��

� 0and the plastic incompressibility condition � �
kk

k
pl

� �0 ( , �, � ) yield an expression for �
��

:

	 
� � � � �
�� �� �� �� �� �

� � � � � � �c c c h D c
13 13 33 33 3

D pl pl
( ) ( )( ) (

3

1D
)
�

. (1.4)

Substituting (1.4) into Eqs. (1.2) and taking (1.3) into account, we obtain

� � � � �
�� �� �� �� �� �

� � � � �c c h D
11 12 31

( ) ( )
pl pl

,

� � � � �
�� �� �� �� �� �

� � � � �c c h D
12 11 31

( ) ( )
pl pl

,

� � �
�� �� ��

� �c c
66 66

pl
, (1.5)

E h h D
� �� �� �� �� �

� � � � �� � � � � �
31 31 33

( ) ( )
pl pl S

, (1.6)

where

c c c c c c c c c
11 11 13

2

33 12 12 13

2

33 66
1� � � � �

D D D D D D
( ) / , ( ) / , / 2

11 12
( )c c

D D
� ,

h p h h c c h c
31 31 33 13 33 33 33 33

2

33
� � � �( ) / , /

D D S S D
� � (1.7)

in the plane case.
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The coefficient p is equal to 1 if the prepolarization vector coincides with the positive direction of the �-axis and is equal

to –1 otherwise.

Using the Kirchhoff–Love hypothesis, we can express the displacement components { , , }u v w
� � �

of an arbitrary point

of the shell in terms of the displacement components { , , }u v w of the reference surface as follows [1, 2]: u u
�

�� � �
1
,

v v
�

�� � �
2

, w w
�

�� � � ��( ) /
1

2

2

2
2, where u, v, w, �

1
, and �

2
are functions of � and �, and � � � � � �

1 1
1/ / /A w u R� ,

� � � � � �
2 2

1/ / /B w v R� , R
1 2,

are the principal radii of curvature; and A and B are the Lamé constants.

The strain components are expressed as

� � �
��

� �
1 1

, � � �
��

� �
2 2

, � � �
��

� �
12 12

2 , (1.8)

where

� � �
1 1 1
� �

L N
, � � �

2 2 2
� �

L N
, � � �

12 12 12
� �

L N
,

     
1 1 1 2 2 2
� � � �

L N L N
, ,   

12 12 12
2 2� �

L N
,

�

� �
1

1

1

L
A

u v

AB

A w

R
�

�

�

�

�

�

� , �

� �
2

2

1

L
B

v u

AB

B w

R
�

�

�

�

�

�

� , �

� �
12L

A

B

u

A

B

A

v

B
�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

� ,

�
1 1

21

2
N

� � , �
2 2

21

2
N

� � , �
12 1 2N

�� � ,



� �
1

1 21

L
A AB

A
�

��

�

�

� �

�

, 

� �
2

2 11

L
B AB

B
�

��

�

�

� �

�

, 2
12 1 2

 � �
L

� � ,

�

� �

�

1

2 1 1

1

1
�

��

�

�

� �

�

�

A AB

A

R
, �

� �

�

2

1 2 2

2

1
�

��

�

�

� �

�

�

B AB

B

R
,

�

� �
1

1
�

�

�

�

�

�A

v u

AB

A
, �

� �
2

1
�

�

�

�

�

�B

u v

AB

B
,


1

2

2

1
2

N
R

� �

�

, 
2

1

2

2
2

N
R

� �

�

, 2 0
12


N

� .

In what follows, we will neglect the curvatures and twists in the first approximation:  
1 2

0
N N

� � .

Statically equivalent forces and moments per unit arc lengths of the coordinate lines of the original surface are defined

in an ordinary manner [1–4].

Integrating expressions (1.5) over the thickness of the shell and taking (1.8) into account, we obtain constitutive

equations [1, 2]:

N C C K K N N N
L L E G1 11 1 12 2 11 1 12 2 1 1

� � � � � � �� �  
pl

,

N C C K K N N N
L L E G2 12 1 11 2 12 1 11 2 2 2

� � � � � � �� �  
pl

,

M K K D D M M M
L L E G1 11 1 12 2 11 1 12 2 1 1

� � � � � � �� �  
pl

,

M K K D D M M M
L L E G2 12 1 11 2 12 1 11 2 2 1

� � � � � � �� �  
pl

,

S N M R N M R C K N N
L G

� � � � � � � �
12 21 2 21 12 1 66 12 66 12 12 12

2/ / � 
pl

,

H M M K D M M
L G

� � � � � �( ) /
12 21 66 12 66 12 12 12

2 2� 
pl

, (1.9)

where
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C C l n n C C l
s s s s

s

s s

11 11 33

1

12 12 33
� � � �

�

� ( ), (
( ) ( ) ( ) ( ) ( ) ( )�

�
1
n n

s s

s

( ) ( )
),

K K l n m K K l
s s s s

s

s s

11 11 33

1

12 12 33
� � � �

�

� ( ), (
( ) ( ) ( ) ( ) ( ) ( )�

�
1
n m

s s

s

( ) ( )
),

D D l m m D D l
s s s s

s

s s

11 11 33

1

12 12 33
� � � �

�

� ( ), (
( ) ( ) ( ) ( ) ( ) ( )�

�
1
m m

s s

s

( ) ( )
),

C C
s

s

66 66
��

( )
, K K

s

s

66 66
��

( )
, D D

s

s

66 66
��

( )
,

N c c d

n N

l
s

s
s s

spl

pl pl pl

1 11 11 12 22

331

� � � �

�

�
( )

( ) ( )

(
� � �

�

�

)

�

�

�

�
�

�

�

�

�
�

�

s

, N c c d

n N

l
s

s
s s

spl

pl pl pl

2 12 11 11 22

331

� � � �

�

�
( )

( ) ( )

(
� � �

�

�

)

�

�

�

�
�

�

�

�

�
�

�

s

,

M c c d

m N

l
s

s
s s

pl

pl pl pl

1 11 11 12 22

331

� � � �

�

�
( )

( ) ( )

(
� � � �

�

�

s
s

)

�

�

�

�
�

�

�

�

�
�

� , M c c d

m N

l
s

s
s s

pl

pl pl pl

2 12 11 11 22

331

� � � �

�

�
( )

( ) ( )

(
� � � �

�

�

s
s

)

�

�

�

�
�

�

�

�

�
�

� ,

N c d

s

s

s

pl

pl

12 66 12

1

�

�

�� � �

�

�

, M c d

s

s

s

pl

pl

12 66 12

1

�

�

�� � � �

�

�

,

N c c d

n N

l
G N N

s

G

s

s

s

s

1 11 1 12 2

331

� � �

�

�

�

�
�

�

�

�
( )

( ) ( )

( )
� � �

�

�

�

�

�
�

�

s

, N c c d

n N

l
G N N

s

G

s

s

s

s

2 12 1 22 2

331

� � �

�

�

�

�
�

�

�

�
( )

( ) ( )

( )
� � �

�

�

�

�

�
�

�

s

,

M c c d

m N

l
G N N

s

G

s

s

s

s

1 11 1 12 2

331

� � �

�

�

�

�
�

�

�
( )

( ) ( )

( )
� � � �

�

� �

�

�

�
�

�

s

, M c c d

m N

l
G N N

s

G

s

s

s

s

2 12 1 22 2

331

� � �

�

�

�

�
�

�

�
( )

( ) ( )

( )
� � � �

�

� �

�

�

�
�

�

s

,

N c d M c d
G N

s

G N

s
s

s

s

s

12 66 12 12 66 12

1 1

� �

� �

�� ��� � � �

�

�

�

�

, ,

N
n U

l

M
m U

l
E

s s

s
s

E

s s

s
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

( ) ( )

( )

( ) ( )

( )
,

33 33 �

�

�
�

s

. (1.10)

C c d
i

s

i

s

s

1 1

1

( )
�

�

�

�

�

�, K c d
i

s

i

s

s

1 1

1

( )
�

�

�
� �

�

�

, D c d
i

s

i

s

s

1 1

2

1

( )
�

�

�
� �

�

�

, C c d
s

s

s

66 66

1

( )
�

�

�

�

�

�,

K c d
s

s

s

66 66

1

( )
�

�

�
� �

�

�

, D c d
s

s

s

66 66

2

1

( )
�

�

�
� �

�

�

, n h d
s

s

s

( )
�

�

� 31

1
�

�

�, m h d
s

s

s

( )
�

�

� 31

1

� �

�

�

,

N h d N h
s

G

s

N N

s

s

pl

pl pl( ) ( )
( ) , (� � � �

�

� 31 11 22 31 1 2

1

� � � � �

�

�

) ( , )

�

�

�

s

s

d i

�

�
�

1

1 2 . (1.11)

In deriving formulas (1.9)–(1.11), the electric-flux density D
s

�

( )
is expressed in terms of the potential differenceU

s( )

across the surface electrodes of the piezoelectric layers. For example, integrating Eq. (1.6) over the layer thickness, we obtain
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D l V n m N
s s s s

L L

s

�
� �  

( ) ( ) ( ) ( ) ( ) (
( ) ( )� � � � � � �

�

33 1 2 1 2

1

pl� �
s

G

s s
N l

) ( ) ( )
/�

33
, (1.12)

where

l d
s s

s

s

33 33

1

( )
�

�

�
� �

�

�

, V E d
s

s

s

( )
� �

�

� �

�

�

�

1

. (1.13)

Note that Eqs. (1.9) have the most general form. For the passive layers, which can undergo plastic deformation, it is

necessary to equate all electric terms to zero: h
31

0� .

For the piezoelectric layers, which deform elastically, Eqs. (1.9) are used with the conditions

N N N M M M
pl pl pl pl pl pl1 2 12 1 2 12

0� � � � � � .

To analyze the behavior of the sth piezolayer as a sensor and to assess the electric current in its electrodes, it is necessary

to use formula (1.12) and the following relation [5, 6]:

d

dt
n D dS I t

S

( ) ( )
�

�

� � �

�

��

1

, (1.14)

which follows from the fact that the total charge Q on the electrode is expressed in terms of the normal component of the

electric-flux density

�

D as

Q n D dS

S

� � �

�

��
( )
�

�

1

,

where I t( )is the electric current; S
1

�
is the area of one of the layer surfaces; and

�

n is the outward normal vector to this surface.

The equations of motion of thin-walled shells are presented in [1–4]. Together with appropriate boundary and initial

conditions, they constitute the statement of the nonstationary problem of electroelasticity for layered shells with piezoelectric

layers.

2. Model of Physically Nonlinear Material. The piezoactive and passive layers are selected so that their elastic moduli

are in a definite ratio. The moduli may be chosen approximately equal for an actuator to maintain a reliable effect on the passive

element. For a sensor, more important is the received signal and the minimum effect on the stiffness characteristics of the

structure or desirable increase in stiffness. The passive layers may deform inelastically under a load of certain levels. To model

both elastic and physically nonlinear behavior of the material, use is made of the Bodner–Partom model [8, 9] based on the

concept of internal state variables. Let us briefly present the formulas of the model.

The total strain can be represented as the sum of elastic and inelastic terms:

� � �
ij ij ij

� �
el pl

. (2.1)

The model also includes the following equations:

Hooke’s law

s G e
ij ij ij

� �2 ( )�
pl

, � � �
�

kk V kk kk
K� �3 ( ), (2.2)

where s
ij

and e
ij

are the stress and strain deviators, respectively; K
V

and G are the bulk and shear moduli, respectively; summation

is assumed over repeated indices;

the flow rule with the plastic incompressibility condition

�� �
ij ij

s
pl

� , ��
kk

pl
� 0, (2.3)

the kinetic equation
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where Z K D� � , D
ij ij2

1

2

pl pl pl
� � �� � , D

ij ij2

1

2

pl pl pl
� � �� � , �

2

2 2
� D J

pl
/ ; the evolutionary equations for the internal variables

responsible for isotropic (K) and kinematic (�
ij
) hardening:

� ( ) � , ( ) , � ( ) � ,K m K K W K K m D u W
ij ij ij ij

� � � � �
1 1 0 2 1

0
pl pl

� � � ( )0 0� , (2.5)

where D u
ij ij

�� , u
ij ij ij ij

� � � �/ ( )
/1 2

, �

�W
ij ijpl

pl
� � � ; and D

0
, D

1
, K

0
, K

1
, m

1
, m

2
, and n are the model parameters [8, 9].

3. Equations of Electroelasticity for a Beam with Piezoelectric Physically Nonlinear Layers. Consider a layered

beam with piezoelectric layers. For the issues being examined, a beam is the simplest object that allows us to analyze the

behavior of layered thin-walled structures, the interaction of physical and geometrical nonlinearities, and the capabilities for

active damping of forced vibrations [17].

Let us introduce a Cartesian coordinate system (Oxyz) so that the beam axis is aligned with the abscissa axis, the

thickness coordinate is measured along the z-axis, and the width coordinate along the ordinate axis. Beam geometry: length L

(end coordinates: x = 0, x = L), thickness h (the upper and lower edges: z = h/2, z = –h/2), width b
y
.

The constitutive equations (1.5), (1.6) for the sth layer made of a physically nonlinear piezoelectric material are written

in the form

� � �
xx

s s

xx

s

xx

s

z
C C pH D

( ) ( ) ( ) ( )
� � �

11 11 31

pl
, E pH pH B D

z

s s

xx

s

xx

s

z

( ) ( ) ( ) ( )
� � �

31 31 33
� �

pl
, (3.1)

where

C
c c c c c c

c c

s

11

11 12 33 11 12 13

2

11 3

2
( )

( )[ ( ) ( ) ]
�

� � �
D D D D D D

D

3 13

2D D
� ( )c

, H
c c h c h c

c c c

s

31

11 12 31 33 33 13

11 33 13

( )
( )( )

( )

�

� �

�

D D D D

D D D 2
,

B
h h c h c h c c c

s

33

33 31 13 33

2

11 31

2

33 33 11 33
2

( )
(

�

� � �
D D D S D D

� �

�

( ) )

( )

c

c c c

13

2

11 33 13

2

D

D D D
, (3.2)

and the elastic moduli, piezoelectric constants, and permittivity coefficients correspond to the material of this layer.

Following formulas (1.8), we assume that the strains at an arbitrary point of the beam can be defined by the formula

below [1, 2]:

� � 
xx

z� � ��
2

2/ , (3.3)

where � , , and � are the strain of the beam axis, curvature, and angle of rotation of the cross-section, respectively.

Note that formula (3.3) includes geometrical nonlinearity (squared angles of rotation).

The second formula in (1.13) with (3.3) allows us to express the potential difference across the electrodes of a layer as

follows:

V n m n l D R
s s s s s

z

s( ) ( ) ( ) ( ) ( ) ( )
/� � � � ��  �

2
2

pl
, (3.4)

where n p H dz
s s

z

z

s

s

( ) ( )
( )� �

�

� 31

1

, m p H zdz
s s

z

z

s

s

( ) ( )
( )� �

�

� 31

1

, l B dz
s s

z

z

s

s

( ) ( )
( )� �

�

� 33

1

, R pH dz
s s

xx

z

z

s

s

pl

pl( ) ( )
�

�

� 31

1

� .

The first equation in (3.1) and Eq. (3.4) yield expressions for the axial force N
s( )

and moment M
s( )

in a layer:

N C K C n D N
s s s s s

z

s( ) ( ) ( ) ( ) ( ) ( )
/� � � � � �

1 1 1

2
2� 

pl
,
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M K D K m D M
s s s s s

z

s( ) ( ) ( ) ( ) ( ) ( )
/� � � � � �

1 1 1

2
2� 

pl
, (3.5)
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z
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�
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Summing (3.5) over all layers leads to constitutive equations similar to (1.9):

N C K N N N
G P E

� � � � �
1 1
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N
G

, N
P

, N
E

and M
G

, M
P

, M
E

are the forces and moments due to geometrical nonlinearity, physical nonlinearity, and

piezoelectric properties of the material, respectively.

As Eqs. (1.9), Eqs. (3.6) and (3.7) have the most general form for materials with piezoelectric and physically nonlinear

properties. For elastic piezoelectric materials and physically nonlinear passive materials, these equations are simpler, as in Sec. 1.

The inelastic strain appearing in (3.1), (3.4) and the expressions (3.5)–(3.7) for the inelastic forces and moments N
P

s( )
,

M
P

s( )
, N

P
, and M

P
is determined from the uniaxial equations of the Bodner–Partom model (2.1)–(2.5) presented in [1, 2, 25].

Formulas (1.8), which, along with the bending strain, include the strain of the mid-line according to the Karman

nonlinear relation, are written for the displacements u and w of the beam along the axes Ox

#

and Oz

#

, respectively,

� �
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.

Then formula (3.3) is rearranged into
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� , (3.8)

where � � �� �w x/ and  � �� � � �� �/ /x w x
2 2

.

The constitutive equations (3.6) and the model of a physically nonlinear material should be supplemented with the

equations of motion and the following differential relations describing bending in the case of nonsmall deflections and

longitudinal forces caused by these deflections:

�

�

� �
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�

N

x
q

u

t
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$

2

2
,
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x
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q t
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z

2

2

2

2
( ) $ ,

�

�

� �

M

x
Q 0, (3.9)

where
�

q t q t q t
x z

( ) ( ( ), ( ))� is the load uniformly distributed along the beam length and being, in the general case, a function of

time; $ $�� k k
h is the reduced density per unit length of the beam; h

k
is the thickness of the kth layer.
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Note that if the longitudinal inertial effects can be neglected and the longitudinal component of the uniformly

distributed load is zero, then, according to the first equation in (3.9), the longitudinal force is constant along the beam and the

second equation in (3.9) becomes simpler. This fact follows from the standard large-deflection hypotheses for beams, plates, and

shells and is used here to check the accuracy of the numerical scheme.

The second derivative of the displacement components with respect to time in the equations of motion for a time t
i�1

are expressed by Newmark’s formulas [25] using the displacements, velocities, and accelerations found at the previous time step.

Using Eqs. (3.6), (3.8), and (3.9), we write the governing equations describing the vibration of the beam at each time

point:

du

dx

N

C

N N N

C

G P E
� �

� �

1 1

,
dw

dx
� ��,

dM

dx
Q� ,

dN

dx
u� $��,

dQ

dx
w N

M M M M

D

d

dx

M M M

D

G P E P E
� �

� � ��

�

�

�

�

�

�

�

�

�

� �

$ �� ,

1 1

. (3.10)

System (3.10) yields
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, and the superscripts refer to the previous time step.

Equations (3.11) constitute the linearized system of equations (3.10) that accounts for the fact that K
1

and, hence, M
G

in (3.7) are identically equal to zero for a thin-walled structural member with layers of constant thickness arranged symmetrically

about the midsurface.

The system of governing equations (3.11) does not depend explicitly on time. The time is implicitly introduced by the

displacements, velocities, accelerations of forces and moments of the previous time step. Moreover, N
P

and M
P

are integrals of

the inelastic deformation history dependent, in turn, on the parameters K and � (isotropic and kinematic hardening). Therefore,

the system of governing equations (3.11) and Eqs. (2.1)–(2.5) describing the behavior of the material should be solved

simultaneously, adding the initial conditions

u w N Q M� �� � � � � 0, � �
xx

pl
� � 0, K K�

0
at t � 0 (3.12)

and the boundary conditions

u w M M t� � �0, ( ) at x L� 0, . (3.13)

This problem statement is essentially nonlinear because of the nonlinearity of Eqs. (2.1)–(2.5). To solve the problem,

use is made of the numerical method applied in [25] to dynamic problems of thin-walled structural members.

4. Material Properties and Problem-Solving Method. The passive material (without the piezoelectric effect) is

AMg-6 aluminum alloy. Its physical and mechanical properties and Bodner–Partom parameters are the following [1, 2, 24]:$ �

2692.65 kg/m
3
, E � 0.816�10

5
ÌÏà, ( � 0.34, D

0

4
10� sec

–1
, n � 2.06, m

1
� 0.182 ÌPà

–1
, m

2
� 3.7 ÌPà

–1
, K

0
� 323.6 ÌPà,

K
1
� 647.4 ÌPà, D

1
� 80 ÌPà.

102



The physical and mechanical properties of the piezoelectric material correspond to TsTS-19 piezoceramics [8] and can

be expressed using the notation of Sec. 1: c
11

4
112 10

D
� �. ÌPà, c

12

4
64 10

D
� �. ÌPà, c

13

4
50 10

D
� �. ÌPà, c

33

4
125 10

D
� �. ÌPà,

h
31

8
50 10� � �. V/m, h

33

8
180 10� �. V/m, �

33

8
133 10

S
� �. m/F, $ � 7300 kg/m

3
.

To solve the problem numerically, we use a double iterative process. The inner process is the implicit integration of the

system of nonlinear evolutionary equations for inelastic strains and hardening parameters. The outer process solves the equation

of motion at each time step.

The hard nonlinearity of the system of equations (2.1)–(2.5) is responsible for the ranges of fast change in the solution.

Such a behavior necessitates using design models with a variable step of integration over time. The evolutionary equations are

integrated using the implicit Euler method and the midpount rule. The Steffensen–Aitken procedure is used for convergence

acceleration.

The linearized system of equations (3.11) is solved in the outer iterative process using the discrete-orthogonalization

method and the boundary conditions (3.13) at each time step [1, 2, 25]. A practical convergence criterion is used.

The accuracy is checked by comparing the solutions of test problems to solutions obtained analytically or by other

methods. For example, the solution for a homogeneous beam elastically bent by a uniformly distributed transverse load was

compared with the solution obtained by the Bubnov–Galerkin method. For a hinged beam elastoplastically bent by a transverse

load or moments applied to its ends, the stress and inelastic strain were plotted against the total strain. The curves were compared

to experimental data and curves obtained by the FEM. The behavior of a beam with geometrical nonlinearity was compared to

the results of [25]. In all these cases, the results were in good agreement.

The solution for a hinged sandwich beam having AMg-6 core layer and piezoceramic face layers of equal thickness and

undergoing elastic vibration under harmonically varying moments applied to the ends and zero electric potentials applied to the

electrodes was compared to the solution obtained for a nonzero electric potential. Note that the voltage causing a deflection equal

to the mechanically induced one can easily be determined analytically. Indeed, if the mechanical moment M M t�
0

sin � , then

the potential difference should vary asV V t V t
( ) ( ) ( )

sin( ) sin
1

0

1

0

1
� � � �� ) � , with the following equations for amplitudes being

valid:

M M

H h h V

B
E0 0

31

1

1 0

1

33

1
� � �

�
( ) ( )

( )

( )

, (4.1)

where the superscript refers to one of the piezoactive layers, and H
31

1( )
and B

33

1( )
are defined by (3.2).

These solutions are in agreement with high accuracy.

Whether the dynamic problem was solved correctly was checked against the values of the resonant frequencies for the

first bending mode. The calculated results and tabulated data were in good agreement.

5. Model Problem. Consider a hinged sandwich beam with AMg-6 aluminum alloy core layer and TsTS-19

piezoceramic face layers undergoing forced vibrations. The piezoelectric layers are of equal thickness h h
1 3
� , the total

thickness of the beam being h h h h� � �
1 2 3

, where h
2

is the thickness of the aluminum layer. The beam has length L = 0.826 m.

Two configurations are considered: (A) h �3 cm, h h
1 3
� �5 mm, h

2
�2 cm; (B) h = 6 cm, h h

1 3
� �2 mm, h

2
�5.6 cm. The

beam has width b
y
� 3 cm. The resonant frequency of the first bending mode is 441 Hz for configuration A and 1167 Hz for

configuration B. The excitation frequency is f = 10 Hz.

The piezoelectric layers are prepolarized across the thickness, and the polarization directions of the layers are opposite

(for example, the upper layer is polarized in the direction of the Oz-axis, while the lower layer in the opposite direction).

Harmonic loading of two types is considered: moments applied to the ends of the beam and an electric potential

difference applied to the electrodes of the piezolayers. In all the cases, the harmonic variation in the load was modulated by a

linear function so that the set amplitude was reached in 50 vibration cycles. The deflections of the beam were symmetric about

the axis since the harmonic load generated in the first quarter of a cycle induces a constant deflection component due to inelastic

deformation and then vibration occurs about this bent configuration.

To analyze the mutual influence of physical and geometrical nonlinearities, it is convenient to use a stiffness

characteristic for the steady-state stage of the process: dependence of the deflection amplitude on the amplitude of the bending

moment. This characteristic is shown in Fig. 1 for a beam of configuration B. The dotted line corresponds to the linear case, the
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dash-and-dot and dashed lines to the geometrically and physically nonlinear cases, respectively, and the solid line represents the

joint effect of both nonlinearities. The physical nonlinearity is of soft type, while the geometrical nonlinearity of hard type. The

effect of nonlinearities depends on the level of loading, the geometry of the beam, and the boundary conditions. It is obvious that

the geometrical nonlinearity is predominant in thinner beams. The thicker the beam, the stronger the effect of the physical

nonlinearity. In thick structural members, inelastic deformation may become predominant.

Figure 1 shows that there are ranges of load in which the system shows linear behavior during steady-state vibration

(M
0

< 0.12 MN�m), the geometrical nonlinearity is predominant (0.12 < M
0

< 0.24 MN�m), and the effect of both nonlinearities is

strong (M
0

> 0.24 MN�m). For a beam of configuration A, the geometrical nonlinearity is predominant in all the ranges of load.

The nonstationary response of a beam to harmonic mechanical excitation is demonstrated in Fig. 2, which shows the

history of variation in the deflection of configuration B for M
0

= 0.27 MN�m in the presence of both physical and geometrical

nonlinearities. It is seen that after first 50 cycles of vibration, when the load amplitude reaches the steady state, the deflection

amplitude shows a small decrease caused by the hardening of the aluminum layers adjacent to the piezoceramics. After the

completion of the transient, the cycles of vibration become symmetric about a horizontal line.

The history of variation in the stress and inelastic strain at the point x = L/2, z = –h
2
/2 (the extreme lower point of the

aluminum layer in the central cross-section of the beam) is presented in Figs. 3a and 3b, respectively. The evolution of the

electric current in the lower piezoceramic layer as a sensor is shown in Fig. 3c.

The cycle of stress response is symmetric during steady-state vibration. The elastic limit of the material is reached with

increasing load. This time point corresponds to the change in the envelope angle in Fig. 3a.

Figure 3b shows that in the presence of geometrical nonlinearity alone, the history of inelastic strain is not symmetric

about zero because of the deformation of the beam axis. If, however, only physical nonlinearity is present, the history of inelastic

deformation is symmetric. The beginning of inelastic deformation can easily be identified in Fig. 3b.
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In the sensor mode, the electric current in one of the piezoelectric layers is also characterized by a cycle weakly

asymmetric about zero. The reason is that the charge induced by the inverse piezoelectric effect is determined by the deformation

of the piezoelectric layer, which is not symmetric about zero because of the geometrical nonlinearity.

The behavior of the electromechanical parameters within a cycle of steady-state vibration is detailed in Fig. 4.

In Fig. 4a, the solid and dashed lines represent the time variation in the total strains at the points (L/2, –h
2
/2) and (L/2,

h
2
/2), respectively, and the dash-and-dot line shows the time dependence of the deformation of the beam axis, and the dotted line

shows the time dependence of the current in the lower piezoelectric layer. It is seen that the asymmetry of the deformation cycles

is due to the geometrical nonlinearity, particularly associated with the deformation of the beam axis. Since the axis undergoes

tensile deformation, the strain of the stretched layers increases and the strain of the compressed opposite layers decreases within

each half-cycle. The situation is similar for the current. It can be seen that the curves deviate from the harmonic law of variation.

If the geometrical nonlinearity is disregarded, all the curves will be symmetric and the strain of the beam axis will be zero.

Figure 4b shows the variation in the beam deflection (thin solid line) and in the phase of the mechanical load (thin

dashed line) during vibration. The heavy solid and dashed lines correspond to the inelastic strains at the points (L/2, –h
2
/2) and

(L/2, h
2
/2) and the dotted and dash-and-dot lines to the stresses at the same points. Noteworthy is the phase shift between the

mechanical load and the deflection due to the inelastic deformation of the core layer. This shift is small because so is the relative

volume of the material involved in inelastic deformation.

As in Fig. 4a, the curves of inelastic strain and stress versus time are asymmetric about zero because of geometrical

nonlinearity. With physical nonlinearity along, the curves are symmetric.

The mechanical quantities display similar behavior when vibration is electrically excited by applying a harmonically

varying potential difference to the electrodes of the piezoelectric layers. Relevant curves corresponding to Figs. 2–4 have been

plotted. Figure 1 is similar with the only difference that the abscissa axis indicates the amplitude of voltage V
0
. Formula (4.1) can

be used to establish a one-to-one correspondence between M
0

and V
0

for a special case of beam configuration. Calculations show

that this formula remains valid not only in the linear range of stiffness characteristic (solid line in Fig. 1), but also in the entire

range of loads considered, i.e., even in the highly nonlinear case. This fact allows easy determination of the voltage that induces a

deflection equal to that caused by the mechanical moment.

This can be used, for example, for suppressing the forced mechanical vibration of an electromechanical system by

applying an equivalent (in deflection) potential difference to the electrodes of the piezoelectric layers with a phase shifted by half

the period of vibration.

Consider a hinged sandwich beam subjected to mechanical moments harmonically varying with time and applied to its

ends. As before, the moments are linearly modulated so that the maximum is reached in 50 cycles of vibration. After the vibration

becomes steady-state, a potential difference V varying as

V V t V t� � � � � �
0 0

sin( ) sin( )� ) * � * , (5.1)

where * is some additional phase shift, is applied at some time t
s

to the electrodes of the piezoelectric layers.
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Figure 5 presents calculated results for a beam of configuration A with physical nonlinearity. In Fig. 5a, the dashed line

represents steady-state vibration generated by moment M
0

= 100 kN�m with a frequency of 10 Hz and not suppressed by a

voltage. The dashed line illustrates the phase of mechanical excitation. The solid curves represent vibration suppressed by

applying voltage V
0

= 570 kV and * = 0. Curve 1 corresponds to a quasistatic solution, and curves 2, 3, 4, 5, and 6 to dynamic

solutions for t
s

= 8, 8.001, 8.004, 8.005, 8.00578 sec. Figure 5b details the quasistatic and dynamic solutions, the heavy curve

corresponding to line 1 (quasistatic solution) and the thin curve to line 6 (dynamic solution) in Fig. 5a. It appears that vibration

cannot be completely suppressed by a voltage with a frequency of the exciting force. The residual vibration is characterized by

two features.

First, it occurs about the bent position of the beam axis. This position is determined by the inelastic strains of the

material and remains constant if the voltage is applied during elastic deformation (unloading or reloading in the elastic range;

solid and dashed curves in Fig. 4b). If the inertial effects are neglected, the amplitude of residual vibration will be negligible

(heavy curve in Fig. 5b), and vibration can completely be suppressed by a voltage with an appropriately chosen phase *.

However, the mean component remains and can be eliminated by additionally introducing a constant voltage component.

Second, dynamic effects qualitatively change the behavior of residual vibration. The vibration also occurs about the

bent position of the beam axis; however, its amplitude is much higher and its frequency is equal to the natural frequency of the

beam (fast components in Fig. 5) and modulated by the external load frequency equal to that of the slowly changing residual

vibration. In this case, we have the equivalent problem for a bent beam having initial deflection and velocity and undergoing

elastic vibration. These quantities are determined by the deviation of points of the beam from the bent position and their velocity

at the time t
s

the electric signal is applied. Figure 5a shows that the greater this deviation, the higher the amplitude of natural

vibration. On the other hand, the amplitude is also dependent on the velocity of points of the beam at the time t
s
.

Figure 6 demonstrates the effect of physical, and geometrical nonlinearities on the behavior of the residual vibration of a

beam of configurations B for M
0

= 270 kN�m, V
0

= 670 kV. Curve 1 in Fig. 6a corresponds to the dynamic solution for t
s
= 10.002

señ and * = 0. Curve 2 represents the dynamic behavior of the beam for t
s

= 10.002 señ and * = *
Mw

, where *
Mw

is the phase shift

between the mechanical load and the deflection caused by inelastic deformation. Curves 3 and 4 illustrate the quasistatic

solution, corresponding to line 1, in the absence and presence of geometrical nonlinearity, respectively. Curves 5a and 6a

represent inelastic deformation at the point (L/2, –h
2
/2) in the absence and presence of geometrical nonlinearity, and curves 5b

and 6b show similar dependences at the point (L/2, h
2
/2).

Figures 6b and 6c show the steady-state cycles of vibration after the voltage is applied. Lines 1 and 2 correspond to

curves 1 and 2 in Fig. 6a. Line 3 represents the history of deflection for a voltage different from (5.1):

V A t V t� � �( ) sin( )
0

� ) * � � �A t V t( ) sin( )
0

� * ,

A t

t t

t t f N t t t N f

t t N f

( )

, ,

( ) / , ,

, ,

�

+

� , , �

- �

.

/

0

1

0

1

s

s C s s C
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0
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where f is the frequency; N
C

is the number of cycles it takes the amplitude of harmonic voltage to increases to a preset level V
0
.

Curve 3 has been plotted for t
s

= 10 sec and N
C

= 20. The electric load with slowly increasing amplitude gradually

damps the mechanical vibration, causing the amplitude of the deflection to decrease slowly. This prevents the bending of the

beam axis due to inelastic deformation and the residual vibration occurs about the line z = 0.

Figure 6 shows that geometrical nonlinearity is manifested as two effects. First, the residual deflection of the bent beam

axis decreases (lines 3 and 4 in Fig. 6a). This effect is due to a change in the behavior of inelastic deformation in the

cross-section, which is, in turn, caused by the tension of the beam axis. Comparing curves 5 and 6 in Fig. 6a indicates that the

beam becomes more rigid.

Second, geometrical nonlinearity is cubic in deflection. This is why the frequency spectrum of residual vibration

includes odd harmonics. Since the residual vibration is elastic, there is beating in Fig. 6 resulting from the summation of

vibrations at the frequency of the external load, multiple frequencies, and the frequency of the first bending resonance of the

beam.

We have studied mechanical and electric vibrations of a hinged sandwich beam with piezoelectric face layers. For

symmetric piezolayers with equal thickness and opposite polarization, mechanical and electric vibrations appear equivalent in

both deflection and stress–strain state. This fact may be used for damping mechanical vibrations by applying an appropriate

potential difference to the electrodes of the piezolayers. The physical nonlinearity of the passive layer and the geometrical

nonlinearity have a strong effect on the response of the piezolayer and the entire structure. Nonlinear behavior and interaction of

nonlinearities in both transient and steady-state modes hinder the complete suppression of forced vibration. Physical and

geometrical nonlinearities are manifested as a phase shift between the load and the response, bending of the beam axis, and

residual vibration at the natural frequency of the first bending mode and vibration with frequencies multiple to the excitation

frequency. The amplitudes of residual vibration can further be decreased by using active and passive damping (additional

dissipative coatings with high viscosity or electric circuits with feedback).
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