International Applied Mechanics, Vol. 42, No. 8, 2006

To the Beginning of the Third Millennium

STRESS SOLUTIONS TO THE THREE-DIMENSIONAL PROBLEM OF ELASTICITY

N. M. Borodachev UDC 539.3

New representations of the stress tensor in the linear theory of elasticity and thermoelasticity are
proposed. These representations satisfy the equilibrium equations and the strain compatibility equation.
The stress tensor is expressed in terms of a harmonic tensor or a harmonic vector. The second
boundary-value problem for an elastic half-space and an elastic layer is solved as an example

Keywords: three-dimensional theory of elasticity, thermoelasticity, stress problem formulation, harmonic
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It is preferred to solve the three-dimensional problem of elasticity in terms of stresses rather than displacements,
especially if stresses are prescribed on the surface (second boundary-value problem). For a review of general solutions to the
three-dimensional problem of elasticity, see [1, 17, 21, 23, 30, 32].

In this paper, we briefly summarize stress solutions to the three-dimensional problem of elasticity obtained in [5—12, 36, 37].

1. Classical Formulation of the Stress Problem in Elasticity. Consider an isotropic, homogeneous elastic material
occupying a volume ¥ in three-dimensional Euclidean space R3. Points of the space R are denoted by x = (x1, x5, x3). Body
forces are absent.

Stress boundary-value solutions in the linear theory of elasticity require that the stress tensor T satisfy, in V, the equation

of statics
divi=0 (1.1)
and the Beltrami compatibility equation
AP+ VVo=( (1.2)
I+v

where v is Poisson’s ratio; V is the inverted delta in R3; A =V -V is the Laplacian in R3;ando=1 1 (f )is the first invariant of the

stress tensor.
The well-known representations of the stress tensor in terms of the Maxwell and Morera functions satisfying Eq. (1.1)
are not invariant. An invariant representation for T was independently obtained by Finci, Krutkov, and Blokh [3]:

7'=rot * (rot ® y* = Ink ®, (1.3)

where @ is a symmetric tensor of the second rank.
Representation (1.3) satisfies Eq. (1.1). Substituting (1.3) into (1.2), Krutkov has derived a rather complicated
differential equation for the tensor @ [18].
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Two methods may be used to find general stress solutions. One method, followed by Krutkov, is to find a representation
for the stress tensor that would satisfy Eq. (1.1) and to substitute it into (1.2). One may proceed in reverse: find a representation

for ' that would satisfy Eq. (1.2) and then substitute it into (1.1). The other method seeks to represent the stress tensor in terms of

simpler functions (harmonic, for one), with a representation for T being not postulated beforehand but rather found in the process

of solution. We will follow the latter method to derive a new general stress solution.
Obviously,

2Ve=A(Re)-RAQ,

where @ is a scalar and R = i x, is the position vector.
Applying (1.4) to ¢ yields

2Ve=A(Ro),

where G is assumed to be a harmonic function (Ac = 0) in the absence of body forces.

Substituting (1.5) into (1.2), we obtain

A{T+20+WVKRGJ:O

Expression (1.6) is a new form of the Beltrami compatibility equation.
It can be shown that

V(Ro)=(Vo)R+6E,

where £ is a unit tensor of the second rank.
With (1.7), Eq. (1.6) becomes

Al7 (VG)R+GE
ey |
If
G (VG)R+<5E
YT
then Eq. (1.8) yields
AG=0,
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i.e., Gis a harmonic tensor. The properties of harmonic tensors are detailed in [3]. Formula (1.9) expresses the harmonic tensor G
in terms of the stress tensor 7 and its first invariant G.
Formula (1.9) yields

Iy (Vo)R+GE .
T 2(14y) (11D

Representation (1.11) satisfies the strain compatibility equation (1.2). Let the components of the stress tensor also
satisfy the equilibrium equation

V.-T=0 (1.12)

Taking the divergence of (1.11), we obtain

V-T=V.-G A (RoG).

T 2(14v)

Substituting Egs. (1.5) and (1.12) into this relation, we get

PO |
V«GZEVG, (1.13)

where G is assumed known.
Thus, if the components of the tensor G satisfy Eq. (1.13), then the components of the stress tensor T satisfy the

equilibrium equation (1.12).
Expressed in terms of Cartesian coordinates, Eq. (1.13) takes the form

abll 8b21 8b31 Jdo abl2 8b22 8b32 Jdo
+ + =2 =, =20L
axl aX2 a)C3 ax1 Bxl axz aX3 a)C2

b

dbj3 dby; db3; ) 90
axl +8x2 8X3 h aa)C3

(1.14)

>

where b;; are the components of the harmonic tensor G, o= 12(1 +v).
Thus, the components b;; are related by (1.14).
By the reciprocity of tangential stresses (6;; = 6;;, i #), Eq. (1.11) leads to

0G0 Jdo eIy Jdo
b21 =b12 +0| X ax2 —Xy a , b31 =b13 +0l| X; E—x:; a ,
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Jo 80]
(1.15)

brn =boy + — =Xy T —
32 =023 a[xzax3 x38x2

The nine components b;; of the asymmetric harmonic tensor can be determined by satisfying three boundary conditions
and the six relations (1.14), (1.15).
Relation (1.11) yields

Jdc do o
O;; zbii - G+xi£ . Gij :bji —(xxl-g (l ?’:]) (116)
! J

Let us determine G appearing in (1.14)—(1.16).
If there are no body forces, then

1—2y M8

where L is the shear modulus, and 0 is dilatation.

Betti and Cerruti [22, 30] proposed a method to find 6 when either surface displacements or surface loads are known.
However, finding 0 is as difficult as solving the original problem. We will demonstrate below that there is no need for the
preliminary determination of 6—it can be found while solving the boundary-value problem to determine G;;.

The idea of the method of determining G is as follows. If, for example, we are solving the second (static) boundary-value
problem with the plane x3 = 0 as a boundary, then the following stresses are prescribed on it: 631, G3,, and 633. Formulas (1.16)
yield

J0

E (1.17)

o J6
031 = b3 —0x3 o O® =by3 —0us o, O3 =(b33 —00) —oxs
The theory of harmonic functions and formulas (1.17) allow us to determine the components b3, b,3, and b33 from the
known boundary stresses. Substituting then these components into the third relation in (1.14), we find . Let us exemplify the
rest of the procedure.
1.1. Given an elastic isotropic half-space x5 = 0, solve the second (static) boundary-value problem. The following
stresses act on the boundary x5 = 0 of the half-space:

—fi(xp,x0) if (x1,x)€Q,
C3; = . (1.18)
0 if (x,xp)€Q,,
where i =1, 2, 3, and Q; are the loaded regions in the plane x5 = 0.
Introduce the functions
1 .
N; (x1, xp, x3) :EH Ji1,y2)In(xs +r)dydy,  (i=1,2,3), (1.19)
=(x=y1) + (X =y ) +x3, T In(x3+r)=-. (1.20)
ox3 r
The functions &V; are harmonic in the half-space x5 > 0, and
02N; 1 { Si(x1,x0), (xy,xp ) € Q1
lim , Loy dy, = 1.21
x3_)+0 axg Z'Cx3—)+oa .[j ﬁ(yl y2) V1 0Yy = 0 (x19x2)EQi ( )

on the plane x3 = 0.
With (1.17)—(1.21), the harmonic functions b3, by3, and b33 can be expressed as
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. 02N, . 02N, 02N, (1.22)
=75, =, = +00. .
13 axg 23 axg 33 axg

Thus expressed, the components b;3 (i = 1, 2, 3) satisfy the boundary conditions (1.18).
Substituting (1.22) into the last relation in (1.14), we get

ai(p 8N1 8N2 8N3
c=201+v) axs 0= ox, +ax2 +8x3 . (1.23)

Formula (1.23) yields &, which is the first invariant of the stress tensor.

Thus, we have found ¢ during the problem solving process and, hence, there is no need to use the Betti—-Cerruti method

to determine it preliminarily.
Substituting (1.22) into (1.17) yields
0 2 N 1 Jo

e
E)xg ox;

82N2 Jo

031 = G3p = —0x3 )
8x§ ox;

02N; Jo (124)
O33="">5 —0x3 35—, .
3 ax§ } 0x3

where N; (i=1, 2, 3) and ¢ are defined by (1.19) and (1.23), respectively. Expressions (1.24) allow us to determine the stresses on
the area elements perpendicular to the x3-axis.

To determine the other stress components G, Gy;, and Gy, it is first necessary to find the harmonic functions by, b5,
b12, by, b3y, and bs3,. To this end, we use Egs. (1.14) and (1.15).

Doing this gives

0°N, 09%*N, 92N, 02

b, = v i ai(P 87([)
12 _8x28x3 +8x18x3 _axlaX2 * Bx18x2 +8x1 2 BX3 3 8x2 ’

po o OINi 9N, 9Ny dp 020 9 do e

1 _8x18x3 _Bx28x3 * ax§ +8x3 B ax% +8x1 M ax3 3 E)xl ’
02N,
by =

92N, 9°N3 9 ’d 9 0 J

- + 2,253, % NP0 X, ® ® (1.25)
ax18x3 8x28x3 axlz 8x3 axlz

Thus, (1.15), (1.22), and (1.25) define all the nine components b;; of the harmonic asymmetric tensor. Formulas (1.25)

include a function ®(x1, x,, x3) related to Q(x;, x5, x3) by @ =0® / dx3.

After determining all the harmonic functions, we substitute them into (1.16) to obtain formulas for the stress
components:

82N1 82N2 82N3 a(l) 82(p 82(13
Ol = oxax;  dxyx T2 oy g ’
10X3 20X3 axz X3 axl a)C2
02N, 0*N, 9°N; 0 02 PR
Oy =— Ly 2 23 +7cp_x3 7?—2\/7,
ax18x3 8x28x3 axl ax?, axZ Bxl
33 8x§ 3 ax% ’ 12 8x28x3 8x18x3 axlaxz 3 8x18x2 ax18x2 ’
82N2 82([) 82N1 82(p
Go3 = ax% —X3 ax28x3 ) 031 = axg —X3 ax18x3 . (126)
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Thus, the method being discussed helped us to find a general solution to the second boundary-value problem for an
elastic half-space. Special solutions to this problem may be found in monographs on elasticity theory (see, e.g., [21, 27, 34]).

To test the formulas, let us examine special cases of distributed load and concentrated normal force. The results
obtained in [27, 34] for these cases follow from (1.26).

1.2. Consider an isotropic elastic layer (0 < x5 < /). Three-dimensional problems for an elastic layer were addressed in
[14, 21, 33, 35, 39, 43, 44]. We will use a rectangular coordinate frame x;, x,, x3, with the x3-axis being perpendicular to the
boundary surfaces of the layer. Impose the following boundary conditions for stresses:

0
D (xp,x on x3=0,
3]_:{/‘] (x1,x2) 3 i—12.3, (127)

h
fj (x1,x3) on x3=h,

where 033 is the normal stress, and 63, and 63, are the tangential stresses. Let the functions f’ ]Q and f }1 be such that all the six

equations of statics hold.
The stress tensor 7' must satisfy the equilibrium equation (1.1) and the Beltrami compatibility equation (1.2).
For simplicity, we assume that body forces are absent.
It was shown in [8] that Eq. (1.2) holds if

Plg (Vo)R+GE |28
T 2(1+v) (1.28)
where G is a harmonic tensor, i.e., AG = 0; £ is a unit tensor of the second rank; and R = ijx; is the position vector.
The harmonic tensor G is asymmetric; therefore, it has nine components g,,,,,.
The stress tensor 7' defined by (1.28) will satisfy the equilibrium equation (1.1) if
VG=v 1.29
v o (1.29)
By the reciprocity of tangential stresses (G,,,, = G,,,,» m # n), formula (1.28) leads to
1 fole] 06 . 130
= +—— ——Xx, T — . .
gnm gmn 2(1+V) xm axn Xn axm (m I’l) ( )

Relations (1.29) and (1.30) are equivalent to the six equations for the components g,,,,,. The other three components of
the harmonic tensor can be found by satisfying the boundary conditions (1.27).
Each component g,,,,, of the harmonic tensor G satisfies the Laplace equation

Agn=0, mn=1,2,3. (1.31)

Let us use the Fourier transformation. The two-dimensional Fourier transform of some function f(x, x,, x3) is given by
the following formula [29, 38]:

, 175 .
€18 x3)=5 | [ fnx vy )e G5y dy.

Taking the two-dimensional Fourier transform of Eq. (1.31) and solving the resulting ordinary differential equation, we get

gmn (él »§2 X3 ): Amn (&1 aé;Z )Sinh (kx3 )+an (‘21 5&2 )COSh(kX3 )a (1-32)

where k2 :§12 +§% andm,n=1,2,3.

The same is true of the function 6(xy, x5, X3):

6(§1,82,x3)=40(&;,&, )sinh(kx3 )+Bg (§;,&, )cosh(kxs ). (1.33)
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The stresses 031, 03y, and 033 are prescribed on the layer boundaries x3 = 0 and x5 = . Equations (1.28) and (1.30) yield

tele] 00 Jdc 1
O31=813 7003 5 s On =g . O3 =(g33 ~00)—0ox3 oy 201+

(1.34)

Taking the two-dimensional Fourier transform of formulas (1.34) and considering that the stresses decay at infinity, we

obtain
_ _ _ ) _ _ _ G
031 =813 i€ 10030, O3y =823 +i60036,  O33 =(g33 —010)—0ux3 s (1.35)
Taking the Fourier transform of the boundary conditions (1.27), we obtain
70
S on x3 =0,
f3m :{frz(él &2) 3 m=1,2,3. (1.36)
fn€1.82) on x3=h,

Satisfying conditions (1.36) and using formulas (1.32), (1.33), and (1.35), we obtain the system of equations
Biy=£'. By=f). By-aBy=f;,
Aq3sinh(kh )+ Byscosh(kh)+i& ot [ A gsinh(kh)+Bgcosh(kh) )= 7,
Assinh(kh )+ Boscosh(kh)+i& ot [ Agsinh(kh )+ Bycosh(kh)]= 73,
As3sinh(kh )+ B3zcosh(kh)—od o [sinh(kh )+ khcosh(kh) ] —aB [cosh(kh)+khsinh(kh)]= f7,
i€ A3 +iEy Ayy kB3 +20kBy =0, & By +i&yBy3 —kA33 +20kA =0, (1.37)

where f,g and fn}; (m =1, 2, 3) are assumed known. The last two equations in (1.37) have been derived using the
Fourier-transform of relation (1.29). Solving Eqs. (1.37) yields 43, B3, 423, Ba3, A33, B33, Ay, and B. Then, we can use
formulas (1.32) and (1.33) to find g3 ,873,833, and G.

The system of equations (1.37) can be solved symbolically using Cramer’s rule. For example, the determinant D of
(1.37) is given by

D= k2 sinh(kh) [sinh 2 (kh)— (kh)? ]. (1.38)

The general-form expressions for 43, B3, 423, Ba3, A33, B33, 4, and By are omitted as awkward. Let us consider an
example to detail the procedure of determining these coefficients.

Solving the system of equations (1.37), we find g13,853,g33, and 6. Now we can find the other Fourier-transformed
harmonic functions g1,822,812-821-831-and g35:

G G o 9%
g1 =81t |5, 3%, +E.~1 8& g31 =813 0 _lm‘“&l)%c , (1.39)

0’6 g3 g3

g3 =g23+a[ ) +i§2x35]» k2gy =i, o3 —i& o3 . 8182833 —2vag &, 0,

og og _
kg =—i§, 831 i€ 323 ~&3g5; +20 (k2 +vE3) o,
9813 ag32 2 ) 2\ =
Kigm =161 5 —=i 5 -tiEs +20 (K &} ) o (1.40)
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Thus, g15,823,833, and 6 follow from the system of equations (1.37), and the other harmonic functions from (1.39)
and (1.40).
After finding g ,,,, we recover the harmonic functions g,,,,, using the inverse Fourier transform:

1577 y
&mn (¥1,X2,X3)=7 .[ jgmn 1.8 ,x3) e TIN5 gE | g

—00 —o0

The components of the stress tensor are determined from formula (1.28).

Example. Consider an elastic layer (of thickness /) compressed by normal forces uniformly distributed over squares
with side length 24 located in the planes x3 = 0 and x5 = 4 (Fig. 1).

Put

) |x1|Sa, |XZ|SCZ,

f10=f20=f1h =f2h =0, f30=f3h ={0

o nlza|xp[za

in the boundary conditions (1.27).

Hence,
N=R=/=5=0
a a . .
o= :_;_ja _jaei@lxﬁ&zxz)dxldxz :_;smaz‘l;‘% (1.41)
in (1.37).

We have solved the system of equations (1.37) with (1.41) symbolically using Cramer’s rule and obtained the
following:

Y. ] o i
13=/f3 =5 sinhB(B-sinh B), B3 =0 Ay3=f;3 — 5 —sinh B(B-sinh B), By3 =0,

2 2
Ay =f3 —— 2k sinh B(cosh B—1)(B—sinh ), B33 = f3 d sinh B(2sinh 2B —Bsinh B—P2),

2 2
oA —f3 u sinh B(cosh B—1)(B—sinh B), @By =f3 %sinth(Sinh B-B) (1.42)

where B=kh, f3 = £ = f1, and D is defined by (1.38).

Next, we have
g13 =Ajzsinh(kx3 ), gp3 =Apzsinh(kx3 ),  g33 = A33sinh(kx3 )+B3zcosh(kxsz )
G = Asinh(kx3 )+ Bgcosh(kx; ). (1.43)

The other Fourier-transformed harmonic functions can be found from (1.39) and (1.40).
Now we will determine stresses on the area elements perpendicular to the x5-axis. Substituting (1.42) and (1.43) into
(1.35), we obtain

031 G1.82.1 >=—m [(h=x3 ) sinh(ke; y+a3sinh(B—kx3 )],
63281,82,x3 )=_[31+§52i1{i[3 [(h—x3 ) sinh(krs y+x3sinh(B—kx3 )],
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633 (§1.62,%3 ):B‘Fﬁnhﬁ [sinh(koes )+ (B—kx3 ) cosh(krs )+sinh(B—kors )+hxscosh(B—kxs )], (1.44)

where f; is defined by (1.41). Taking the inverse Fourier transform of (1.44) yields the stresses 63;(x}, X3, X3), G35(X1, X2, X3),

and 033()61, X, X3).
Let us demonstrate the rest of the procedure by determining the normal stress 653. We have

_ P iGiE i) sin(a&; )sin(a&, )
033 (123 nz_LLe T e [k sinh(kh)]
x [sinh(koy +sinh(kh—kos Y+ k(h—x3 )cosh(krs )+hvscosh(kh—kxs )| dé  dE ., (1.45)

which can be rearranged as

SR ):_@T]oSinhSinYzCOS(yﬂl)COS(J’zYz)
R S A Y1Y2 (€Y +sinhey)

F(y3,y)dydy,, (1.46)
where e=h/a, ¥y =a), Y, =aky, Y=(y1 +73)"2,

F(y3,y)=sinh(y3Y)+sinh(ey - y3Y)+y (€~ y3 ) cosh(y3y)+ y37 cosh(ey - y37).
We evaluated the double integral in (1.46) numerically using quadrature formulas and replacing the upper limit eo with

yjzxj/a,j: 1, 2, 3, =0 < yy, ¥ < o, 0 < y3 < g, and

50. Increasing the upper limit to 100 does not affect the result up to the fifth decimal place.

Next we used formula (1.46) to determine the stress 633 at the point C with coordinates 0, 0, #/2 (Fig. 1) for different
values of €. Doing this gives 633(C) =— p@(¢€). The function ¢(¢) is plotted in Fig. 2.

1.3. Let us discuss another general solution to Egs. (1.1) and (1.2).

Consider an isotropic homogeneous elastic material occupying a volume ¥ in three-dimensional space R>. Body forces
are absent.

The solution of Eq. (1.2) is sought in the form

o(y)

f=Gir— ij—|dV( ) (1.47)

where G is a harmonic symmetric tensor of the second rank; and @(x) is a scalar.
Representation (1.47) gives

A (P(Y)
o=1,(G)+4, f(x)-—J (1.48)
where 17 (G)=g,1 +g2 +g33 is the first invariant of the harmonic tensor G.
Taking the Laplacian of Eq. (1.47) yields
AT =VV(A)), (1.49)
where AG = 0.
Next, we use a well-known formula from Newtonian potential theory (potential for distributed masses)
jMdV( )=—0(x), xe V. (1.50)

Formula (1.50) is valid if @(x) is piecewise-continuously differentiable. The functions @(x) to be used below are
precisely such.
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Formulas (1.48) and (1.50) yield

Af(x)=-0(x). (1.51)
With (1.51), Egs. (1.48) and (1.49) become
o=1,(G)-¢, ATl'=-VVg. (1.52)
Substituting (1.52) into Eq. (1.2), we get
1 (G)
P=" (1.53)
With (1.53), formula (1.47) becomes
Ao 1 1,(G)
=6+ o) ij LAY (1.54)

Since the tensors 7 and VVf are symmetric, the tensor G must be such. Hence, the harmonic tensor G has six independent
components g;; (i,/ = 1, 2, 3).

Thus, formula (1.54) represents the stress tensor 7" in terms of the symmetric harmonic tensor G and its first invariant
I (é) In the Cartesian frame Oxyx,x3, the components g;; of the tensor G satisfy the Laplace equation

It is easy to verify that representation (1.54) satisfies the Beltrami compatibility equation (1.2). Using (1.52) and (1.53),

we obtain

. l+v
Sy VLG o= —1,(6). (1.55)

These expressions satisfy Eq. (1.2), which can be checked by direct substitution.
The displacement solution to the problem of elasticity is frequently based on the so-called Naghdi—Hsu transformation [45]

B(y)
8 (1-v) Vi [x—y]|

u(x)=B(x)+ av(y),

J u(y)
4m (1-2v) 5 1x=yl

B(x)=u(x)—- av(y), (1.56)

where u(x) is the displacement vector, and B(x) is a harmonic vector. The first formula in (1.56) defines u in terms of B, and the
second formula in (1.56), vice versa, expresses the harmonic vector in terms of the displacement vector.

Let us show that the stress solution to the three-dimensional problem of elasticity is also based on a transformation
similar to (1.56). The second relation (1.55) yields

6= 1.57
1(6)=1, o (1.57)
Substituting (1.57) into (1.54), we obtain
- o(y)
1.
= 4n(l+v) J @ (1.58)

where the harmonic symmetric tensor Gis expressed in terms of the stress tensor 7T and its first invariant ¢ = / 1 (f)
Expressions (1.54) and (1.58) constitute a transformation for the three-dimensional stress problem of elasticity.
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Representation (1.54) of the stress tensor T in terms of the symmetric harmonic tensor G, i.e., six harmonic functions 8ij»
satisfies the Beltrami equation (1.2).
Let (1.54) also satisfy the equilibrium equation (1.1). Taking the divergence of (1.54) yields

V.7=V.G Vj Il dV( )

Tan(2+v) (2+v)
Considering the fact that V-V = A and formula (1.50), we get

A
V.7=V.G- (2+V)V11(G) (1.59)

In order that V-7'=0, it is necessary to substitute the following equality into (1.59):

S
V-G= e )Vll(G) (1.60)

Thus, for representation (1.54) to satisfy the equilibrium equation (1.1) and the compatibility equation (1.2), it is
necessary that the harmonic tensor G appearing in (1.54) be symmetric and satisfy Eq. (1.60).

In Cartesian coordinates, (1.60) consists of three equations. Hence, the six components of the tensor G are related by
three additional constraints that follow from (1.60), i.e., the tensor G has only three independent components g;;.

2. Second Formulation of the Stress Problem in Elasticity. The stress tensor 7’ must satisfy the equation of statics

divi=0 2.1)

and the strain compatibility equation

L1 ~ V4
Inke= o Ink (T— v GEJ— 0, (2.2)

where Ink Q= rot(rot Q)* : E is a unit tensor; v is Poisson’s ratio; u is the shear modulus; 6=1, (f" )is the first invariant of the

stress tensor; and € is the linear strain tensor. Assume that body forces are absent.
Let us now address the compatibility equation (2.2). If the Ink operation on a symmetric tensor gives zero, then this
tensor is deformation of some vector. Hence,

A V.
T—fVGEzdef c, (2.3)
where ¢ is a vector,
def c=[(Ve)" +Ve]/2

Equating the tensor traces on the left- and right-hand sides of (2.3), we find

1-2v

H6=dlv c, 2.4)
where I, (def ¢)=div cand I, (£)=3.
With (2.4), expression (2.3) becomes
f—L Ediv c+def 2.5
=1 iv c+def c. (2.5)

This stress tensor 7 identically satisfies the compatibility condition (2.2). Denote ¢ =2puc(. Then (2.5) becomes
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~ A% A
T=2u (1_2\’ Ediv ¢ +def ¢ ] . (2.6)

Let us now express the vector ¢ in terms of a harmonic vector B (V2B =0)and some scalar ¢:
Co ZB—X3 V(P, (27)

where x1, x5, and x5 are rectangular coordinates. The scalar function ¢ will be related below to the harmonic vector B.
Substituting (2.7) into (2.6) yields

A Voo
=2 {l_szdlv (B—x3 V@) +def (B—x; V(p)}. (2.8)

Representation (2.8) satisfies the compatibility condition (2.2). For (2.8) to satisfy also the differential equilibrium
equation (2.1), it is necessary that

VB (2.9)

Thus, (2.8) represents the stress tensor T in terms of the harmonic vector B and the harmonic scalar o related by (2.9). If
V2B=0in addition to (2.9), then (2.8) satisfies Egs. (2.1) and (2.2).
Expression (2.8) can be simplified. Since

d
div (x5 V@)Zi"‘x} Vi,

we have
d
div(B—x; Vo) =2(1-2v)
8x3
where (2.9) has been taken into account.
Hence, representation (2.8) takes the final form
. . 00
T=2u 2vE§+def(B—x3 Vo). (2.10)
3

Expression (2.10) can be written component-wise:

dp (9By 9B ) 9 ( dp) 9 J¢ _
ost_p{msm o, +(8x,+8xs “an [P ax [an Do, || s, t=1,2,3, (2.11)

where 8 ; is the Kronecker delta.

Representation (2.10) satisfies the equation of statics (2.1) and the compatibility equations (2.2). Expression (2.11)
allows us to determine the components By, B,, and B; of the harmonic vector B from known boundary stresses, and the harmonic
scalar @ from (2.9).

This is how we can derive the final expression for the stress tensor Tina specific boundary-value problem.

2.1. Let us test expression (2.10) against the second boundary-value problem for an elastic half-space in the static case.
The following stresses are prescribed on the boundary x5 = 0 of the half-space:

—fi(xp,xp) i (xp,xp)€Q,
G3; =

1o it () e Q, @12)

where Q, are the loaded regions in the plane x; =0 (=1, 2, 3).
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Formula (2.11) yields expressions for the stresses 63}, 035, and 633 on x3 =0.

Then
833 aBl a(p 833 832 E)(p 833 E)(p
931 _u(axl +8x3 _aX] ’ O3 =H ax2 +8x3 _8x2 ’ 033 —ZH 8x3 _(I_ZV) 8x3 ' (213)
Introduce functions N, harmonic in the half-space x5 > 0:
1
N, (xq, xp, x3) = EJ‘J‘ St (1, y2) In(xs +1)dydy,,  t=1,2,3. (2.14)
Qt
Then
92N —f; (x1,x it (x,x,)€Q,,
i ;:{ S (x1,x2) . (x1,x2) €L, 2.15)
x3—>+c 0x3 0 it (x,xp) € Q.
Using (2.12)—(2.15), we arrive at a system of equations whose solution is
= 2],[ 8x3 a 8x1 8x1 ’ 2" 2},[ 8x3 B 8x2 8x2 ’
B —*18N73+(1 2v) _oF 2.16
3_2HaX3 o, (P—ax3~ ( )
It follows from (2.16) that
VBt (VN (-t 2L N= (VNN 217
Bl v —Vax3, =(N1,Ny,N3). (2.17)
Relations (2.9) and (2.17) yield
_ v 2.18
0=, (V'N) 2.18)

Thus, the harmonic vector B = (B}, B,, B3) and the harmonic scalar ¢ appearing in (2.10) are defined by (2.16) and
(2.18) in the second boundary-value problem for an elastic half-space. Substituting these expressions into (2.11), we obtain the
final formulas for the stresses 6.

2.2. Let us show how formula (2.10) can be used to determine stresses in an elastic layer. Consider an isotropic elastic

layer (0< x5 < h) with the following boundary conditions for the stresses 631, 635, and G33:

- l‘:1,2,3. 2.19
G3; Fhx%y) on xs =h, ( ) (2.19)

_{f,o(xl,xz) on x3=0,

Formula (2.11) yields

oy, 9B 9 , 9%
31_“ axl 8x3 axl 38)(718)(?3 ’

o —y[9B3,9B2 d9 9%
32 H 8x2 ax3 8x2 38X28X3

>
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B
033 =2lJ. g—(l—Z\/)i—X?’ — 5 | (220)

Each component B,, of the harmonic vector B satisfies the Laplace equation
V2B,=0, m=1,2,3. (2.21)

The two-dimensional Fourier transform of some function f'(xy, x,, x3) is given by the following formula [38]:

oo oo

_ 1 .
€18 x3)=5 [ [/t x) Gy dy. (222)

Taking the Fourier transform (2.22) of Eq. (2.21) and solving the resulting ordinary differential equation, we obtain

B, (€1.65.x3)=4,, &.&; )sinh(krs3 }+C,, ;.&, )cosh(irs ), (2.23)

where Kzﬁlz +<§% andm=1,2,3.

The same is true for the function ¢ appearing in the equation V2@ =0:

0E1,6,,x3)=4( (.8, )sinh(iex; )+C (§;,E, )cosh(kxs ). (2.24)

Taking the Fourier transform (2.22) of formulas (2.20) and considering that the stresses decay at infinity, we obtain

_ .= OB . 3¢
03 =W |- B3 +£+li1¢+21§1x3 e

8x3
_ .- 0By, 09
G3p =W [—15233 +ﬁ+l§2@+2l§2x3 8x3)
_ 0B5 ) R
033 —ZIJ. (axg —(1—2\/) ax3 —X3 ax% . (225)

Subjected to the Fourier transform, the boundary conditions (2.19) become

_ {fto(il,‘iz) on x3=0,

=17 =1,2,3). 2.26
7EEy) on xm=h ) (2.26)

O3 =
Satisfying conditions (2.26) and using formulas (2.23)—(2.25), we obtain the system of equations
—i& Cy+xkA +E1Cy = [2 /0, —i€aCy KAy +E,Co =15 /1, kA3 —(1-2)kdg = /5 / 2U,
—i& ;[ 45sinh(kh)+C5cosh (ich) [+ [ A4 cosh (ich )+ Cysinh (i) ]
+i& [4gsinh (6h )+ C gcosh (k) ]+ 2i& k[ 4 gcosh (xh )+ Cosinh (k)] = £ /.,
—i& , [ A3sinh (kh)+C5cosh (ich) | +x [ 4 ,cosh (ih )+C,sinh (i) ]
+i& [ Agsinh (h )+ C gcosh (kh) ]+ 2i& yxch [ A gcosh (kh)+Csinh (kh) = 73 / 1,
i [ 45cosh(kh)+C3sinh (ich) |- (1-2v) [ 4 gcosh (ich )+C gsinh (ich) ]

—2 [ Aysinh (kh)+Coycosh (xh)]= f2 / 2,
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(3—4V)KAO +iE_,1C1 +§2C2 —KA3 =0 (3—4V)KCO +i§1A1+§2A2 —KC3 =0. (227)

The last two equations in (2.27) have been derived using the Fourier transform of expression (2.9).

The system of equations (2.27) can be solved symbolically using Cramer’s rule to find the coefficients 4, Cy, 41, Cy,
Ay, Cy, A3, and C3. Next, B}, B, , B3, and @ can be found from (2.23) and (2.24) and then 63, 63, , and G35 from formulas (2.25).
Finally, applying the inverse two-dimensional Fourier transform, we recover the stresses 631, 035, and 033 as functions of the
coordinates x|, x,, and x3.

The other three stresses 6}, G55, and G, can be determined from (2.11). Next, we find 6, G55, and 6y, (i.e., formulas

similar to (2.25)). These formulas again include B}, B,, B3, and @. The original functions can easily be recovered numerically
using the inverse Fourier transform.

3. Third Formulation of the Stress Problem in Elasticity. We have proved, using the Fourier transformation, that the
six strain compatibility equations split into two groups, three equations in each. The equations of the first group can be derived
from the equations of the second group and vice versa. Only three compatibility equations are independent. A similar result has
been obtained for the stress compatibility equations. Therefore, it is advisable to use three equilibrium equations and three stress
compatibility equations to solve the three-dimensional stress problem of elasticity.

The classical three-dimensional stress problem of linear elasticity reduces to a system of nine differential equations
(three equilibrium equations and six Beltrami—Michell equations) with appropriate boundary conditions. Washizu [46] showed
that the components of the strain incompatibility tensor are related by three Bianchi identities. For this reason, Kozak [42]
proposed to determine the six independent stress components from three equilibrium equations and three Beltrami—Michell
equations chosen appropriately. The other three Beltrami—Michell equations must only hold on the boundary. Belov et al. [2]
derived three strain compatibility equations, one is algebraic and the other two are of the third order. This made it possible to
reduce the stress problem to three equilibrium equations for three tangential stresses.

3.1. Consider the following compatibility equations [27]:

€ i km T€km.ij ~€ik,jm € jm,ik = O (3.1

where g are the components of the strain tensor; 7, j, k, m =1, 2, 3.

There are total 81 equations (3.1), of which six are strain compatibility equations, some are satisfied identically, and the
remaining repeat [34]. Contracting the tensors in (3.1) with respect to the indices k£ and m, we obtain somewhat different
compatibility equations:

2 — —

The compatibility equations (3.1) are six partial differential equations of the second order for six components of the
strain tensor €;;. Some monographs on elasticity theory [27] consider these six equations independent.

Equations (3.1) can be written in a compact form: Ink € =rot rot € = 0, where £ is the strain tensor.

Back in 1892, Beltrami concluded that only three compatibility equations are independent. He wrote them as rather
awkward partial differential equations of the third order.

Thus, the six compatibility equations (3.1) are not independent. However, there is no need to use the Beltrami equations.
We will show below that Egs. (3.1) decompose into two dependent groups, three equations in each.

In Cartesian coordinates, these two groups are represented as

828x azey aZ,ny azgy 8282 azsz 8282 828x az'Yxx

e’ T Ty a2 P Y R T2 ozox (3-3)

and

a[asz+87xy_ayyZ] d%e, J [any aYyZ_asz) 2828y
-7 Qzox

x| o oz ox | o0z oyl oz T ox oy
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0z

Tl (3.4)

J aYyZ asz a’ny 8282
- C T oxdy

The three-dimensional Fourier transform of some function f'(x, y, z) is represented by the following formula [38]:

oo oo oo

_ 1 .
F@Bn= o5 [ ] 1y, 2)ei@Bme axgyaz,

—00 —00 —00

Taking the three-dimensional Fourier transform of Egs. (3.3) and (3.4) and considering that the strains decay at infinity,
we obtain the following two groups of equations:

and
OL(B’sz +ny _a?yz)=2[3’ygxs B(ny"'a’sz_B’?zx):z\{(xgys v (OUsz_{—B’?zx _ny)=2a[3€z' (36)

For simplicity, we will consider an unbounded elastic medium. This is possible because we deal only with differential
equations that describe the behavior of the medium, disregarding the boundary conditions.

Equations (3.5) and (3.6) are algebraic. Resolving the system of linear equations (3.5) fore,, € y»and €., we arrive at
Egs. (3.6); and, conversely, resolving the system of equations (3.6) fory . v ,., andy ., we arrive at Egs. (3.5).

Thus, only three of the six strain compatibility equations are independent. Hence, either Egs. (3.3) or Egs. (3.4) should
be used in practical applications and there is no need to set up new three compatibility equations by combing Eqs. (3.3) and (3.4).

3.2. Let us now address the three-dimensional stress problem of elasticity. In the classical formulation, this problem
reduces to the differential equilibrium equations

and the Beltrami—Michell equations
1 1
Sijkk 1y S = 1y i Sek ~ Uit ) (3.8)

where 0;; are the components of the stress tensor; s = 6;;; v is Poisson’s ratio; 8 is the Kronecker delta; and f; are body force
components.

Thus, we have a system of nine differential equations for the six stress components G;;.

There were many attempts to find a general solution to the system of equations (3.7), (3.8). Using an invariant
representation of the stress tensor, Krutkov reduced this system of equations to one rather awkward differential equation for the
stress function tensor.

Numerical methods are widely used to solve problems in elasticity. However, such methods face serious difficulties in
solving the three-dimensional stress problem of elasticity based on Egs. (3.7) and (3.8) because there are nine equations for six
stress components.

To solve this problem, it is sufficient to discard three equations in system (3.7), (3.8). However, the question remains:
Exactly which equations should be rejected? There seems to be little sense in discarding the equilibrium equations (3.7); hence,
such three equations are among Egs. (3.8). To find them, we should split the six equations (3.8) into two dependent groups.
However, such a splitting appears impossible.

To resolve this problem, we have to abandon the Beltrami—Michell equations (3.8) and use the stress compatibility
equations instead. As shown below, the stress compatibility equations can be split into two dependent groups. The system of
equations (3.8) has been derived by combining the stress compatibility equations and the equilibrium equations (3.7). This is
probably the reason why Egs. (3.8) cannot be divided into two dependent groups.

Substituting Hooke’s law
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1 v
Eij':zu Gy_1+v5US .
where [ is the shear modulus, into (3.1), we obtain the system of six stress compatibility equations:

v
Sj km *Ckm.ij ~Cim jk O jk.im =1 (6ijs,km +840n S,ij =OimS_jk =0 jkS.im ) (3.9)

Let us show that (3.9) can be split into two dependent groups. In Cartesian coordinates, the system of equations (3.9) can

be written as

2 2
026, 976, v [9%s 9%s| 97Ty

P T v | 902 +ay2 % xdy

9?6, 9%, v 925 9% _2a%yz
2 W2 1V 8y2+822 - oyoz

2 2 2 2 2
0°6, 070, Vv |d%s 0d°s 0°7T .,

(3.10)

a2 022 1+v|a:2 g | dzax

d (ot ox Jat xy Jt vz 02 A%
— = = o~ 5|,
ox| dy oz ox 0yoz I+v

d aTxy aTyz asz _82 L
dy| oz Tox dy | 0zox Oy Tt )

9 (9T Ot Iy 92 v 311
2| o dy 0z | oxdy RERRTERN G-11)

Let us prove that the first group (3.10) depends on the second group (3.11). To this end, we take the three-dimensional
Fourier transform of Egs. (3.10) and (3.11) and take into account the conditions at infinity. Doing so gives:

_ _ \% _ _
B2Gx+a26y—m(oc2+[32)s=20c[31xy,

2= .p2a Y (R24n2)< -
Y Gy+[3 GZ_1+V(B +Y )S=2[3’Yryzs

_ _ \% _ _
2o, +y20, — - (v? +a? ) 5=200p7., (3.12)

_ _ _ _ A
a(Bsz+YTxy_aTyz)=By o-x_ms >

_ _ _ v
B(ererO“yz_BTZX):YOL(Gy_I-i-vS]’

_ _ _ v
y(ocryz+[312x—y’cxy)=(x[3 (GZ —Hvsj. (3.13)
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Equations (3.12) and (3.13) are linear algebraic equations. Resolving the system of equations (3.13) for7,,,7 ,., and
we arrive at Egs. (3.12); and, conversely, resolving the system of equations (3.12) for

_ vV _ vV _ A\
Gx_l+vs ’ Gy_1+vs ’ csZ_1+vs ’
we arrive at Egs. (3.13).

Hence, only three of the six stress compatibility equations (3.9) are independent. Therefore, either Egs. (3.10) or
Egs. (3.11) should be used when a Cartesian coordinate frame is used.

Thus, in solving the three-dimensional stress problem of elasticity, it is expedient to use three equilibrium equations and
three stress compatibility equations.

3.3. Let us show that the third problem formulation based on the three compatibility equations (3.10) or (3.11) and three
equilibrium equations allows solving stress boundary-value problems in elasticity. Let us consider, as an example, an elastic
half-space with three stress components prescribed on the boundary.

We will use the coordinates x;, x,, x5 instead of x, y, z.

In the new notation, the compatibility equations (3.10) and the equilibrium equations become

TZX’

0%6,; 9%0, v [9%c 9% 026,

+ —_ | 4+ |=
8x% 8x12 1+v 8x12 axg 0x10x)
092 02 926 92 02
6222 + 6233 v —g+—f _p 20 (3.14)
a.)C3 axZ I+v axZ aX3 ax2 ax3
02633 9%6;; v [0%c 9%c| _0d%cy
+ [
axf ax§ I+v ax_% ax12 dx3 0xy
8011 8612 8613 8(521 8(522 8(523 8031 8032 8033
axl +3x2 * 8x3 _0’ 8x1 * a)CZ * 8x3 _0’ axl * 8x2 * 8x3 =0 (315)

Let body forces be absent.
The two-dimensional Fourier transform of some function f'(x;, x5, x3) is given by the formula

17 .
f(o,00,x3 ):E j _[f(xl,xzam )e! C12170222) iyl

—00 —00

Taking the two-dimensional Fourier transform of Egs. (3.14) and (3.15), we obtain a system of ordinary differential

equations:

2 2 P _
036}, 016y, +y (06 +036) =200, 55,

d*c _ _ d’c dc
222 —0(%033 +y 0(%(5—72 =-2i0l, A , (3.16)
dx3 dx3 dx

2= 2= r~
20— d (OF o— d“oc — i d(531
—0l7 033 + P +Y |00~ I 100y ,

2
X3 dx3 dxs
. doj . doy
—10(1 011 — 10 O1o +—=0(, —10l10p] —107 Opy +—=0,
dX3 dX3
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_ _ doy;
—i01G31 =iy O3p +—— =0 (y=v/(1+V)). (3.17)
dX3

Resolving Egs. (3.16) for 61, , d6,3 / dx3, and dGy3 / dx3 and substituting them into Egs. (3.17), we get

d?6y;  ,_ d*c N 27—
, K 511—772+[Y(K2+0‘1)‘0€1]5=03
dX3 dX3
d’cy d’c
e - 2 2 21 =
—K“Gyy — + K405 )—05]|o=0,
dx§ 22 deg [Y( 2) 2]
d’c _ d*c _
2 26y +(1-2y) —5 +x26=0 (k2 =af +ad). (3.18)
dX3 dX3

Summing Egs. (3.18) yields a differential equation for the function G(oty,05 ,x3 )

d’s

2
dX3

k26 =0. (3.19)

Solving the system of differential equations (3.18), (3.19), we find the two-dimensional Fourier transforms of the
normal stresses O 1, o7, 033 and the function . Then, we use Egs. (3.16) to find the Fourier-transformed tangential stresses. The
arbitrary constants are determined from the boundary conditions.

To find the solution of Egs. (3.18), (3.19), we need to define the domain occupied by the elastic body. Let it be the
half-space x5 = 0.

3.4. To find the solution for the elastic half-space x3 = 0, we will first solve Eq. (3.19). Considering that stresses decay at
infinity, we obtain

6=Coe ™3 (Cy=Coplay, 0p)). (3.20)

Substituting (3.20) into (3.18) yields

d2611 o 2 _ d2622 2— 2 —
5 —K'op =(1-y) a{Cpe ™3, 5 —K' 02 =(1-y) a3Coe™3,
dX3 dX3
d’c
k2633 =(1-y) k2 Cpe ™. (3.21)
dx3

In finding partial solutions of the inhomogeneous equations (3.21), it should be remembered that x is a simple root of
characteristic equations [24]. Therefore, the general solutions of Egs. (3.21) have the form

of o)
o= € —-(1-y) ¢y 3 e, Gy = Cr-(1-7) N3 e s,

G33 Z[C3 +(1-y) ¢y ;xs}e“%, (3.22)

where C,, = C,, (0], 0), m =1, 2, 3. Summing formulas (3.22), we get

C0:C1+C2+C3. (323)
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Next, substituting formulas (3.22) into Egs. (3.16), we find the two-dimensional Fourier transforms of the tangential
stresses:

2.2
61, = | o2c, +o2C —yc2C —(l—y)mC x3 |79
12 20(1(12 2%+1 1%2 0 K 043 >

63 Z—Z(X;ﬂ( [0‘5(71 +(03 +x2) €y —1x2Co —(1-7) 3 Co (1453 )] e,

63 Z—iﬂc [( +x2) €y +afCy —yx2Co —(1-y) a? Co (14kx3 )] €75, (3.24)

The coefficients Cy, C;, and C5 appearing in (3.22) and (3.24) can be determined from the boundary conditions, and C,
from (3.23).
On the boundary x5 = 0 of the elastic half-space, we have

63 =/fi(x1,x)  (G=1,2,3), (3.25)
where f; are known functions. Taking the two-dimensional Fourier transform of (3.25), we obtain (on x3 = 0)
o3 = filog, ) (G=1,2,3). (3.26)
Formulas (3.22) and (3.24) yield (on x3 = 0)

i

2(11](

G31 =— [(af +x2) € +aic, —(af +y03 ) Co ],

_ i _
%32 =0k [o5Cy+ (a3 +x2) €y = (05 +y0f ) Cp ), 633 =C5. (3.27)
Using (3.23), (3.26), and (3.27), we obtain a system of algebraic equations for C,, (m =0, 1, 2, 3):
(af +62) € +a €y =(of +y03 ) Co = 2iapfy,
03C; +(ad +x2) Cy —(ad +y0? ) € = 2i0y K>,

C3=]3, C1+C2+C3*C0:0.

Solving it yields

1 _ _ _
€= Dere( o) s 0y (vl vt 7

1 - - _
Cr= e 120w+ 2o (6 —v03) fo +[(-) e+ () afad w20 ] 73

, 2 B} o
Cy=f  Co=7—~ (o fi+on fr+if). (3.28)
(1-v)x

Substituting (3.28) into (3.22) and (3.24), we arrive at the final formulas for the Fourier-transformed components of the
stress tensor. The original stress components 6 ;. (/, K = 1, 2, 3) can be recovered using the inverse Fourier transform.

Now, by determining the stress 633, we will demonstrate the rest of the procedure. Substituting the expressions for Cy
and C, from (3.28) into the third formula in (3.22), we obtain
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633 (01,0, »X3 )= [ 7 +(io fi +ioiy fo +Kf3 )x3] e s, (3.29)

Applying the inversion formula and the convolution theorem [29] to (3.29), we find

903 |y 0 | % 00 90s
033 (Xl ,X2 ,X3 )=— ax3 +X3 ax3 (a)q 8x2 8x3 5 (3.30)
1 dy,d
where O (x1,x5,x3 )=£ Hfj (y1-32) 5 2192 — (/=1,2,3), €; are the domains in the plane x3 = 0 in
Q; \/(xl—J/1) +(xp = y2)° 43

which f; (x1, x;) # 0.

Formula (3.30) is in agreement with the results of [10].

The formulas for the other stress components can be derived in a similar way.

4. Stress Problem in Thermoelasticity. Two new solutions of the stress problem in thermoelasticity were proposed in
[12, 37]. Aspects of problem solving and specific problems in thermoelasticity are addressed in [16, 17, 21, 23, 25, 26].

Consider a homogeneous isotropic material occupying a half-space or a layer of finite thickness. Assume that there are
neither body forces nor thermal sources and that temperature is constant.

The three-dimensional stress problem in thermoelasticity includes the equilibrium equation

A

V-T=0 4.1)
the strain compatibility equations
L1 14+v .
VI+——VVo=-2u0 | VVO+—EV?20 |, 4.2)
I+v I-v
and the heat-conduction equations
V2p=0 (4.3)

We will examine the static case. Given a distribution of surface forces F, the boundary condition on the surface O is
defined by

A

n-T
o

=F. (4.4)

The thermal boundary condition is given by
0l, =0, 4.5)

where 7 is the stress tensor; 6=/ I (f" )is the first variant of the stress tensor; V? is the Laplacian; V is the inverted delta; v is

Poisson’s ratio; L is the shear modulus; o is the coefficient of linear expansion; n is the unit outward normal vector to the surface;
0 is the temperature measured starting from the temperature of the natural state; and E is a unit tensor of the second rank. The
heat-conduction problem is treated independently of the thermoelastic problem. In this case,

1+
Vzc:—4u1f:ocV29.

Taking Eq. (4.3) into account, we obtain
V26=0. (4.6)
Then

2Ve=V2(Rp)-RV2¢, (4.7)
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where @ is a scalar, and R = i, x, is the position vector.
Applying (4.7) to  and taking (4.6) into account, we find 2Vo= V2 (Ro). It can be shown that V(Ro)= (Vo)R+GE.

Hence
1 1 .
VVG:VEVZ (RG):EVZ [(Vo)R+oE]. (4.8)

Considering (4.3), we similarly arrive at

1 A
VVe=- V2[(Ve)R+6E]. (4.9)
With (4.8) and (4.9), Eq. (4.2) becomes
V2T M [Ve R GE] 2 1-’1-7\/9[% =0
+ 21+v) +uo [(VO)R+OE |+ uocl_v =0

Considering (4.3) and (4.6), we finally obtain

V2 {h 20e) (VG)R+;.L0L(V9)R}: 0. (4.10)
Denote
Gofs ! (Vo)R+po. (VOR. (4.11)
2(1+v)
Then Eq. (4.10) takes the form
V2G=0 (4.12)

Hence, G is a harmonic asymmetric tensor of the second rank.
From (4.11), it follows that

o]
T=6=50mm

(Vo)R—po (VO)IR. (4.13)

Representation (4.13) satisfies the strain compatibility equation (4.2). Let the tensor T also satisfy the equilibrium
equation (4.1). We have

V.[(V6)RI=RV-Vo+Vs-VR=RV26+Vo-E=Vo

because V25=0and VR = . Then, we arrive at

V.T=V.-G-

S Love
21+v) MOV

Considering (4.1), we obtain

c
+u1oVe. (4.14)

V.G
T (14)

When written component-wise, relation (4.14) is equivalent to three equations. Thus, if the components of the tensor G
satisfy relation (4.14), then the stress tensor 7 will also satisfy the equilibrium equation (4.1).
Representation (4.13) has the following component-wise form:
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1 Jo 00

L mg X ,— 4.15
Oy =& 2(14v) Y ox; o) ox; ’ (4.15)
where o, and g;; are the components of the tensors Tand G, respectively.
By the reciprocity of the tangential stresses (G;; = 0;;), it follows from (4.15) that
! do_ 90|, 9 90 416
gl] _gji 2(1+V) xj ax[ i axj Ho xj ax[ i axj ' ( ' )
Substituting (4.16) into (4.15), we obtain
: do 99 7,j=1,2,3) (4.17)
G“:g“_i'x.i_uax‘i l’j: b b . .
oSS 2(14v) ! ox; " ox;
Formula (4.17) is more convenient for further analysis than (4.15). In particular, if i = 3, then
1 le) a0
G=1,2,3). (4.18)

03;=8;3 —2(1+V)x3 E—MW% a

Formula (4.18) describes the stresses on the area elements parallel to the plane x;Ox,.

The rest of the procedure is similar to that for the problem without thermal terms.

4.1. Another formulation of the stress problem in thermoelasticity. Consider an elastic isotropic body occupying a
half-space or a layer of finite thickness.

The strain compatibility condition reads

Ink €

Il
K]

(4.19)
where
Ink € =rot (roté)*,

£ is the (symmetric) linear strain tensor.
Because of the thermal terms, the relationship between the strain tensor € and the stress tensor 7 takes the form

L. v ~
€= o (T— v (5Ej+0c6E. (4.20)

Substituting (4.20) into (4.19), we obtain the stress compatibility equations with thermal terms:

1 (. v . N
Inl{Zu [T—HVGEJ+OL9E:|= 0. (4.21)

In the absence of body forces, the differential equilibrium equation is as follows:
div7'=0. (4.22)

Assume that the temperature is constant and there are no thermal sources. Then, we arrive at the heat-conduction
equation

V26=0. (4.23)

Thus, the stress problem in thermoelasticity reduces to the equations of statics (4.22), the strain compatibility equations
(4.21), and the Laplace equations (4.23).

Let the distributed forces (4.4) be prescribed on the surface O of the elastic body, and the thermal boundary condition
have the form (4.5).
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Let us first solve the compatibility equation (4.21). According to [21], a symmetric tensor with zero incompatibility
(Ink) is a deformation of some vector. Applying this rule to (4.21), we get

1 Y 1 "
o (T chEjmeE def b, deszi[(Vb) +Vb], (4.24)

where b is some vector.
From (4.24) it follows that

A v A
T =2udef b+[l+v 6—2u(x6jE. (4.25)

Since /;(def b) =div b, /; (E)=3, and 1 (T")=0, formula (4.25) becomes

A%

HG oy (leb—30L9)

Substituting this expression into (4.25), we obtain

N VE 1+v N
T'=2u|def b+ v div b— abE |. (4.26)

1-2v
This representation of the stress tensor T identically satisfies the compatibility equation (4.21).
Let us express the vector b in terms of a harmonic vector B (V2B = 0) and a scalar ¢:
b=B-x3Vo. (4.27)

Substituting (4.27) into (4.26) yields

7= m{def(B x3V(p)+ dw(B x3V(p) oceE} (4.28)

Representation (4.28) satisfies the compatibility equation (4.21). The stress tensor 7 must also satisfy the equation of
statics (4.22). Therefore, substituting (4.28) into (4.22), we get

dlv{def(B x3V(p)+ d1v (B- x3V(p)— oceE} 0. (4.29)

Since div(£div b) = grad div b and div def b= (V2 b+Vdiv b)/ 2, Eq. (4.29) becomes

22 )lev(B x3V(p)—*V (x3V(p)— ave 0, (4.30)

where V2B = 0 has been taken into account.
Considering the equalities

9 9
div (x53V0) =x3 Vgt | V2(x3V)=x3V (V20) 12V — |
8x3 8x3

we rearrange Eq. (4.30) to the form

V{de (3- 4v)a——2(1+v)ae ~V(x3V2¢)-(1-2v) x3 V(V2¢) =0. (4.31)
X3
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Let

0p 1
20 = 9 __ ' T14vB-
V2 =0, or;, ~3dv [div B=2(1+v) 00 ], (4.32)

then Eq. (4.31) becomes an identity.

Thus, representation (4.28) satisfies the compatibility condition (4.21) and the equation of statics (4.22) if the function ¢
satisfies conditions (4.32) and the function B is a harmonic vector.

Expression (4.28) can be simplified somewhat. Considering (4.32), we get

9 9
div(x3V<p)=£, divB:(3—4v)£+2(l+v)oc9.

Hence,
‘ 99
div (B—x; V<p)=2(1—2v)87+2(1+v) 0. (4.33)
3

Substituting (4.33) into (4.28), we finally obtain
. o0 .
T=2uy v~ (1+v)0® E+def (B-x3Vo){, (4.34)
3
or in component-wise form:

£ 9, 8,)[a( 90 3 2o _
cs,_u{[4vax3 —2(1+v)oce}as,+(axI+axS 3 (B o, [Far |7 o, (s,6=1,2,3), (4.35)

where G, are the components of the stress tensor, and 9, is the Kronecker delta.
The stress tensor (4.34) satisfies the strain compatibility equation (4.21) and the equilibrium equation (4.22). Specific

expressions for the harmonic vector B and the harmonic scalar ¢ can be derived from the boundary conditions (4.4), (4.5) and
heat-conduction equation (4.23).

Representation (4.34) can be used to solve the three-dimensional stress problem of thermoelasticity. For example,
expression (4.34) or (4.35) can be applied to the second boundary-value problem for an elastic half-space or an elastic layer of
finite thickness.

Elastic Half-Space. Consider an elastic half-space with the following stresses and temperature prescribed on its
boundary (x3 = 0):

—f. , , , Q,’
03}__{ S (exp), (xp,xp)€Q; (=12.3) 436)

o, (x1.3) € Q,

9:{90(“ X2 ), (x,xp)€Q, (4.37)

0, (Xl,X2 )E Q,

where €); are the loaded regions on the plane x3 = 0, and L is the domain within which a nonzero temperature is maintained.
Each component B,, of the harmonic vector B satisfies the Laplace equation

V2B, =0, m=1,2,3. (4.38)
Moreover,

V2p=0, VZ20=0 (4.39)
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Taking the two-dimensional Fourier transform of Egs. (4.38) and (4.39), we obtain
By (€1.82.33)= 4, €5, 9 €180 .03)= 4967,
0.E1.82.03)=Coe ™, K2 =7 483, (4.40)

and taking the two-dimensional Fourier transform of Egs. (4.35), we get

_ .= OB ) _ L. = 0By _ _
G3 =W |—i& B3 +E+l§1q’ , O3 =W|-i&yB; +E‘“§2<P ,

9B 29 =
O3 =20 {axj—[(l—zv) £+(l+v)ae}}. (4.41)

On the boundary (for x5 = 0) of the half-space, we have
63, =03;(§1.52). (4.42)
Using (4.32) and (4.40)—(4.42), we arrive at the system of algebraic equations
~iG A3 —kAy +i Ag =w103),  —ily A3 —kAy +i§y 49 =n'Gsy,
—kA5 +(1=2V)kA ) = 0.5071635 +(1+v)aC),
—(3—4v) kA +i& A +i&y Ay +kAz ==2(1+V) 0.Cy. (4.43)

The system of equations (4.43) can be solved symbolically, using Cramer’s formulas, to determine 4, 4, 45, and 4.
Then, we use formulas (4.40) to find B,, (m = 1, 2, 3) and @. The original functions B,,(x;, x,, x3) and @(x}, x,, x3) can be
recovered using the inverse Fourier transform. The components of the stress tensor are found from (4.35).

To demonstrate the rest of the procedure, let us consider the special case where 637 = 63, =633 =0 onx3=0.
If the temperature distribution (4.37) is prescribed on the boundary of the half-space, then solving Egs. (4.43) yields

) 3 2 !
AO—O, Al :(1+V)0LC0k72, Az :(1+V)(XCOkT, A3 :—(1+V)(XCO%.

Hence,

_ i _ i
By =(1+v) aCy ]ile_k”3, B, =(1+v) aC| fzze_kx3’

— 1 _
By ==(1+v)aCy ks =0 (4.44)
according to formulas (4.40).
In this case, 03; = 03, = 633 = 0 on the area elements parallel to the boundary of the half-space. Let us determine the
other stress components (611, G5y, and G|,). Formulas (4.35) and (4.44) yield

2 2
o1 =—2u(1+v) aC, k—;e‘k’%, G,y =20 (1+v) aC k—lze—k&,

Gy =2u(1+v) aC F’]lfz ek

> (4.45)

Let us now determine C. According to (4.37), we have 8(&,£,,0)=0 (€;.&,).
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From (4.40) it follows that 6(&,,£,,0)=C,. Hence, Cy =0, (§;.&, ). i.e.,

1 .
Co :EHQO (x1 .%o )el(§1x1+§2x2)dx1 dxs . (4.46)
Q

Taking the inverse Fourier transform of (4.45), we obtain

(I+v)uo I E.»z —Joey i (€ x+E X
on=— 0 | Ja@ gy et g,
1 .
630 =M [ feo iz)é e oG HEan) g e,
1 .
Cp = (e +V)I.L0€ .[ J.CO € &2)ﬁ s i Grthon) ge e (4.47)

where C, is defined by (4.46).

To achieve specific results, it is necessary to specify the function 6(x{, x,) and the domain Q.

Let the domain Q be a square with side length 2a in the plane x5 = 0, and let the function 6(x, x,) be described by the
formula

Go(xl,x2)=90(1 B' 1}[ Bj’ (1. xy) € Q, (4.48)

B changing from 0 to 1.
Substituting (4.48) into (4.46), we obtain

a a
2 X X
:*J JG [ ‘ llj[l—ﬁ2|]cos§1x1005§2x2dx1dx2.
LY 00 a

Evaluating the integrals yields

Co (1,89 )=2io{lglﬁsin ak, +a£)2 (1-cos a&, )}{Zzﬁsin ak, +§2 (1-cos ak, )] . (4.49)

1 acy

We will restrict ourselves to calculating the stress 6;; in (4.47) because the stresses 65, and 61, can be determined in
much the same way.
Substituting (4.49) into the first formula in (4.47) results in

8(1 a®®
11 == %J j Iiéﬁsma§1+§(l COSagl):l
as)
X ZBSlna§2+ (1 cosa&z):| k% cos xiE& 1 cos xyE o dE dE 5. (4.50)
2 a&z

Ity =ak), v, =abs, =@ +y3)"2, y; =x; /a(i=1,2,3), then formula (4.50) becomes
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V3

vl
0.5 / /
1
1.0
1.5
2.0
0 0.4 0.8 12 G(»)
Fig. 3

00 oo 2

8(1+v)uad® Y2 _
11 (V,¥2,¥3)=— 22 ,[ ,[F(Ysz)YTe T3 cos yyY 1 €08 yoY 2 dY1dY 2,
00

1-p . p 1-p . B
F(yi,v2)= smyl+2(1—cosyl)ﬂ siny +7(1—cosyz) . (4.51)
11 Yi Y2 Y5

Since y; =y, = 0 on the ys-axis, then

oo o0 2
8(1+V)uab’ Yy
011(0.0.3)=——— 53— | JFm,my—ze V3 iy dy 5.
00

If
= 3
G(r3)=] [Fer vy —=ePsdydy,, (4.52)
00 Y
then
8(1+v)uad?
61100, y3)==—— 75— G(y3)

The double integral in (4.52) can be evaluated numerically using quadrature formulas. The results are presented in
Fig. 3, where curves / and 2 correspond to B =0, 1.
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