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NONLINEAR VIBRATIONS OF A CYLINDRICAL SHELL CONTAINING
A FLOWING FLUID

P. S. Koval’chuk UDC 539.3

The Bogolyubov—Mitropolsky method is used to find approximate periodic solutions to the system of
nonlinear equations that describes the large-amplitude vibrations of cylindrical shells interacting with a
fluid flow. Three quantitatively different cases are studied: (i) the shell is subject to hydrodynamic
pressure and external periodical loading, (ii) the shell executes parametric vibrations due to the
pulsation of the fluid velocity, and (iii) the shell experiences both forced and parametric vibrations. For
each of these cases, the first-order amplitude—frequency characteristic is derived and stability criteria
for stationary vibrations are established
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Introduction. The problem of dynamic interaction between elastic cylindrical shells and the fluid they contain attracted
the attention of many noted scientists in the field of mechanics. The most significant results in this area have been obtained by
V. V. Bolotin [2], A. S. Vol’'mir [4], J. Gorachek and I. A. Zolotarev [6], M. A. II’gamov [7], N. A. Kil’chevskii and his disciples
[10], and other authors. Most studies were devoted to the buckling of shells under the nonconservative hydrodynamic forces
exerted by the fluid flow. As a rule, two qualitatively different types of buckling were examined: static (divergent type) and
dynamic (flutter type). The moment of buckling of one type or another was determined from an analysis of the corresponding
linearized equations of shell deformation.

Much less attention was given to the dynamic deformation of these shells after buckling, i.e., postbuckling deformation.
The complexity of the associated problems is in the necessity of accounting for nonlinear factors such as geometrical
nonlinearity and nonlinear damping and of using multidimensional design models of shells [2, 4]. The nonlinearities limit the
increase of vibration amplitudes after buckling, and the multidimensionality is necessary for the adequate description of
nonconservative (or, to put it differently, pseudo-gyroscopic [2]) forces, which are the major cause of buckling. M. Amabili,
F. Pellicano, and M. P. Paidoussis [11, 12, etc.] set forth several modern approaches to the analysis of multimode (seven modes)
free and forced nonlinear vibrations of cylindrical shells containing a flowing fluid. They also briefly reviewed scientific papers
devoted to the stability and large-amplitude vibrations of shells with fluid. In most cases, the nonlinear problems mentioned
above were solved by the following scheme:

(1) geometrically nonlinear equations of the classical theory (such as the Donnell-Mushtari—Vlasov equations) are used
as the original equations describing the motion of shells;

(i1) hydrodynamic pressure of the fluid is determined by the linearized theory of potential flow along the shell;

(iii) the Bubnov—Galerkin method is used to reduce the dynamic (partial differential) equations of shell with fluid to a
finite-dimensional system of ordinary differential equations;

(iv) this system is solved by numerical methods (collocation, Runge-Kutta, etc.) because of the difficulty of applying
analytical methods of nonlinear mechanics.
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In the present paper, we outline a method for finding single-frequency periodic solutions of the system of differential
equations describing the multimode nonlinear vibrations of cylindrical shells conveying a fluid. The method is based on the
asymptotic Bogolyubov—Mitropolsky method intended for analysis of the single-frequency vibrations of quasilinear
multidegree-of-freedom systems [1]. Applying this method, we can derive analytical expressions for the amplitudes and
frequencies of vibrations depending on the velocities of fluid flow, the physical and geometrical parameters of the shell,
waveformation parameters, and external load. We will obtain expressions for the following three practically important cases: (i)
the shell is subject to an external periodic force (the velocity of the fluid is constant), (ii) the shell interacts with the fluid moving
with a variable (pulsing) velocity, and (iii) both factors (external load and varying velocity) act simultaneously.

1. The original dynamic equations of a shell conveying a fluid have a mixed form [3, 4]:
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where w = w (x, y, £) is the radial deflection of the shell (positive toward the center of curvature); @ is the function of stresses in
the median surface; / and R are the thickness and radius of the shell; D= Eh3 /12(1-u? )is cylindrical stiffness (£ is the elastic

modulus and p is Poisson’s ratio); p is the density of the shell material; €, are the damping factors (generally different for

different vibration modes); ¢ = g (x, y, ¢) is the external load of the form q(x, y, f) = g (x, ) cos Qt, where g is some function of
spatial coordinates x and y; and Py, is the hydrodynamic pressure on the shell walls. The fluid is perfect and incompressible; its
motion is potential.

The pressure P}, and the velocity potential @ =@ (x, 7, 0, ) are related by the following approximate formula [2, 4, 11]:

) d
(3]

a Vo] (1.2)

=R

where p, is the density of the fluid; U is the velocity of the fluid; and x, 7, and 0 are the cylindrical coordinates. The potential ¢
should be determined by solving the following boundary-value problem [3, 11]:

% % 1dp 1% . 3
xn? o ror 2 902 (1.3)

__[ow, 0w %
P TR N L

(0<r<R,0<x</0< 0 <2m, /is the length of the shell).
Assuming the shell is simply supported, we represent the dynamic deflection w by truncated two-parameter series:
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where f|")' are some functions of time having the sense of generalized coordinates; s, =n/R and A,, =mmn /[ are the

waveformation parameters; and Ny and NV, are the number of axial and circumferential modes retained in the expansion of the
deflection function.
Substituting (1.5) into (1.4) and using (1.3), we obtain
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U (F cos s, y+ £ sin s, y) cosh,x] (1.6)
where /,, are the modified Bessel functions of the nth kind.

Substituting (1.5) into the second equation in (1.1), we determine the stress function ®. Applying then the

Bubnov—Galerkin method to the first equation in (1.1), taking (1.2)~(1.6) into account, we derive a system of equations for £}’ 4

appearing in (1.5):
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(n,p=12,....,N;, mq=12,....N,), (1.7)

where ®,,,, are the natural frequencies of the shell-fluid system, and [11, 15]
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(A(a, b) = (a* + b?)? is an operator); o, and B} are constant coefficients,
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50F1 5 are nonlinear functions up to the third power in f1 ( p= LN; q=1N, ) [8, 9], € is a small positive parameter.

The system of equations (1.7) is used to analyze the stability and nonlinear dynamic deformation of shells conveying a
fluid. Here we will outline a method for finding the periodic solutions of this system corresponding to single-frequency forced,
parametric, and combined vibrations of shells. It is convenient to represent system (1.7) in the form

N
Fe+(0f —0,U?) fi+e4 fi +Z; B xUf; =€0Fy ({fp}) +0) cos Q1
=

(k,p=1,2,...,N, N=2N|-N,), (1.11)

where the index £ is used instead of m and 7 in (1.7).
Before constructing periodic solutions, it is necessary to analyze the shell for stability, using the linear system (1.11)
with € = 0. Assuming that O, = 0 (k=1,N), we set up a characteristic equation for this system. Let
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fi =Pye™ (P, =const, k=1,N, i=~-1). (1.12)
Then we obtain the equation
2 . .
[(@F =0 ;U% =A% +€ ;ik) 8 j +B jUik||=0 (1.13)

Gg=12,...,N; 6jk is the Kronecker delta).

The nondisturbed mode shape of the shell is stable if all the characteristic exponents s, = /A in (1.12) fall onto the left
half-plane of the complex variable [2]. If at least one of the exponents is in the right half-plane, then either static or dynamic
(oscillatory type) instability may occur. The exponent s passes to the right half-plane through the origin of coordinates
(Im [s] = 0) in the former case and through the point at which Im [sy] # 0 in the latter case. We will consider the second type of
instability (flutter), which is of practical importance for the dynamic design of piping systems [4, 11]. This type of instability
occurs at the minimum velocity U,,;, = Ux at which one of the exponents s passes to the right half-plane, remaining complex.
Thus, Ux is a critical velocity of the fluid at which flexural vibrations with increasing amplitudes are excited in the shell. The
frequency of these vibrations, A = A«, is determined from Eq. (1.13) where U= Ux. Note that the flexural modes corresponding to
the frequency A« are characterized by certain values of m and n [2, 6, 11].

2. To find the single-frequency periodic solutions of the general system (1.11) (in the case of different damping factors
€, this system satisfies all the existence conditions for single-frequency vibrations [1]), we assume that the fluid velocity U
(U=const) is close to the critical value U« and, moreover, the frequency of external excitation €2 is close to the natural frequency
As of the shell-fluid system. Thus, we are considering the worst (from the dynamic-strength viewpoint) situation where the shell
is about to buckle and is at principal harmonic resonance (€ = Ax). The corresponding periodic solution can be represented,
according to [1], as follows (hereafter the subscript & takes integer values from the interval 1<k < N):

fi=a(preV+g,e V), 2.1)

where y = Q¢+ 0; ¢, are eigenfunctions, which are the nontrivial solutions of the system of homogeneous algebraic equations
N
2 2 2 . .
J:

¢, are the complex conjugate eigenfunctions; and a and 0 are slowly varying functions of time, which define the amplitude and
phase of single-frequency vibrations and are determined as a first approximation from the equations

da_

do
dt 7:80A0+803((1,e), (23)

eod@0).

whereg oA ) =Ax —€ €94 and €,B are functions constructed by a special procedure [1]. Let us determine these functions. To this

end, we find the following derivatives:
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The right-hand sides of (1.11) are represented as

eoFy (- )=eoFL ) (@eV+e ) (a)e ¥ +...,

Oy cothzQTk(e‘ieei‘v+eiee‘i"’), (2.5)
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where the omitted terms correspond to higher harmonics (32, £3iy, etc.) of the Fourier series.

Substituting (2.1), (2.3), and (2.4) into (1.11) and collecting the terms with ¢V, we obtain the system of equations
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whereg yA | =U-Ux andU? U= WsegAy.

Similar equations will result if we equate the coefficients of e V.

(2.6)

Since Eq. (2.2) where @ ; #0(j=1,N)is valid, for the existence of the periodic solutions f; and the unique definition of

the functions 4 and B in (2.3), it is necessary and sufficient that the orthogonality condition [1]

N
D My (a0 =0
k=1

be satisfied, where y ;, are nontrivial solutions of an algebraic system conjugate to (2.2), i.e.,
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then from Eq. (2.7) with (2.6) we obtain the following expressions for 4A(a, 0) and B(a, 0):

A(G,G)ZG()A lU* a+G1 (a)+R1 COSG+SI sin 6,
1
B(a.0)=GyA\Us +G3 (a)+ (S cos®—R, sin®),

where

d1d3 +d2d4 lel(a)+d2H2(a) d1d4—d2d3
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(2.7)

(2.8)

(2.9)

(2.10)
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Returning to system (2.3) and assuming that da / dt = 0and d6 / dt = 0, we derive the amplitude—frequency characteristic
of steady-state vibrations of the shell with flowing fluid:

K} Gy (a) 02, +08
Ay ==GrUxA | =G (a)i\/aé—[GoA]U* +1:)J . K2=RZ+S? :%. (2.12)
0

Whether the stationary solutions a = a(€2) found from (2.12) are stable can be established from an analysis of the
corresponding variational equations for (2.3). The stability criteria will be the following [5, 8]:

d dGy(a) Gy (a)
%[Gl(a)a]<—2GoA1U*a, G()AIU* +7 GOAlU*+ a

dGj(a)
da

+[GyA U« +A (+Gy (a)][a +G,AUs +A § +G; (a)} 0. (2.13)

Analyzing Eqs (2.12) and (2.13), we can study the nonlinear prebuckling deformation of the shell, i.e., at U= Ux. It is
significant that the deformation mode of the shell may be either “standing” waves with a complex spatial pattern or bending

waves “traveling” in the circumferential direction. Which of these modes occurs depends on the relationship between the phases
nm

of the functions f{"" and /3" in (1.5) [8, 9, 12-16]. In particular, the waves in the shell are traveling if ¢, (¢)# 0 in the
deflection function w (1.5) represented in a wave form [9]:

N, N,
w= D Xy, (1)cos (s, y—0t,, (1)) sinA,,x. (2.14)

n=1m=1

Otherwise (a,,,, = const), each term in (1.5) will characterize a standing wave.
3. Let us consider the case where the velocity U; of fluid is not constant but “pulsing” in time by the formula

U] ZU(1+£0H0 COSVt), (31)

where v and € (L (Lo =const )are the frequency and small amplitude of pulsations. As in the previous section, we assume that
U = Ux and, moreover, A« =Vv/ 2, which is a precondition for excitation of parametric vibrations.

If no lateral force acts on the shell (i.e., g = 0), then the periodic solution of system (1.11) can also be represented in the
form (2.1) [5, 8], where y=v¢/ 2+0. In view of (2.11), Egs. (2.3) take the form

da
EZSO [GOA WUsa+Gy(a)+ (R2 cos 20+, sin 26) a],
do
5 =50 [Ao+GyAUs +G5 (a)+(S, cos 20—R, sin 20)], (3.2)
where
d1d5+d2d6 d1d6+d2d5 \Y%
=, Sy=—"5", €oAy=hs—7, (3.3)
S 2= 0ho=he =3
and ds and d are determined from
u N N
0 * . * .
72 QIXk(PkUZHZEBjk(PjU Xk =ds+idg. (3.4)
k=1 j=1
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The amplitude—frequency characteristic of the steady-state vibrations of the shell is

Gy (a) ) d?+d?
Ao =—G,UsA | Gy (a)i\/Kg —(GOAlU* +12()j , K2=R}+53-= 5d2 °, (3.5)
0
and the stationary solutions a = a(v) found from (3.5) are stable if
d
—[G(@)al+2GyA Usa<0,
da
d [Gi(a)a dGs (a)
(G, (a)+G0A1U*a]% +[A g +GyA U+ +G5 (a)] a— >0 (3.6)

4. When the shell is simultaneously subjected to both factors mentioned above (external periodic load and pulsation of
fluid velocity), of practical importance is the case where both frequencies Q and v are close to the natural frequency Ax of the
shell-fluid system [5, 8, 9], i.¢., Q = A« and v = 2A«. In this case, the periodic solution of system (2.1) can be represented, as a first
approximation, in the form (2.1), where y = Q¢ + 0 (without loss of generality, we hereafter assume Q =v/2). To determine the
amplitude a and the phase 6 of single-frequency resonant vibrations of the shell, we derive from (2.7) the following equations:

da . .
E=80 [GO (a)+Rycos0+S sin 9+(R2 cos 20+S, sin 26) a],
do 1 . .
E=£O Ay +H(a)+; (Sl cos0—R; sin 9)+S2 cos 20—R, sin 20 |, 4.1)
where
G(a)=GyAUxa+Gy(a), H(a)=Ay+G,A\Ux+G5(a) (4.2)

and the notation (2.11), (3.3) is used.
To derive the amplitude—frequency characteristics, we will eliminate (assuming that da / dt = 0and d6/ dt = 0) the phase
0 from Egs. (4.1). As a result, we obtain the amplitude—frequency equation

(1(a)-K3a?) {402k K3 - [T(a)- (K} +K3a?) |} =402k K3 (R H(a)a-5,G(a)] 2, 4.3)

where T(a)=G? (a)+H? (a)a?.

The solutions a = a(L2) found from this equation will be stable if

A
g 0(@)a]<,

{d (G(a)]—alz (Rl cosB+S sin 9)} [2G(a)+(R1 cos 0+ sin 9)]

da\ a
dH (a 1
+[2aH (a)+(S| cos0—-R, sin0)] [ dfl )——2 (S cosb—R, sin e)]> 0, (4.4)
a
where
T(a)-(K{+K3a*) RH(a)a—$,G(a)
cos0= , sin@= ) . 4.5
2a(R{Ry+S,S) T(a)-K3a?
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Conclusions. We have outlined a method for analysis of the single-frequency nonlinear vibrations of cylindrical shells

interacting with the fluid flowing inside them. The method can be used to analyze the dynamic stability and nonlinear vibrations
of elastic shells conveying a fluid in specific cases.
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