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Abstract

Entanglement-assisted quantum error-correcting (EAQEC) codes are a significant extension
of quantum error-correcting codes. It has been found that an EAQEC code can be constructed
by an arbitrary classical linear code if the encoder and the decoder share the entangled state ¢
in advance. In this paper, we construct two families of g-ary entanglement-assisted quantum
maximum-distance-separable (EAQMDS) codes. This construction produces new EAQMDS
codes with variable parameters with respect to the minimum distance d and the number ¢ of
maximally entangled states. Moreover, the resulting EAQMDS codes have minimum distance
not less than g.

Keywords EAQMDS codes - Cyclic codes - Maximally entangled states -
Skew symmetric cosets

1 Introduction

The class of quantum error-correcting codes provides an effective coding framework for
guarding quantum information just as classical error-correcting codes guard classical infor-
mation. After the discovery by Shor and Steane [29, 30], quantum error-correcting codes have
undergone tremendous development. Many well-parameterized quantum error-correcting
codes have been constructed by the aid of classical error-correcting codes. Among the
known construction methods, the most common construction method is through using clas-
sical linear codes and satisfying certain dual-containing requirement. However, it is difficult
to find the class of dual-containing codes. The dual-containing constraint has become a
serious obstacle to the evolution of quantum coding theory. In 2006, Brun et al. made a
great breakthrough in quantum error-correction by proposing entanglement-assisted quantum
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error-correcting (EAQEC) codes [2]. They found that classical linear binary codes, which are
not self-orthogonal, can be applied to construct quantum codes if the sender and receiver share
the entanglement bits beforehand. This discovery has inspired researchers to concentrate on
the construction of EAQEC codes.

Let ¢ be a prime power. An [[n, k, d; c]]; code C is a g-ary EAQEC code of length 7,
which encodes k logical qudits into n physical qudits and corrects quantum errors up to
L%J by utilizing ¢ pairs of maximally entangled states. Here, d is the minimum distance
of the code. If ¢ = 0, then an EAQEC code is a standard [[n, k, d]]; quantum code. The
parameters of an [[n, k, d; c]]; EAQEC code are mutually restricted and meet the following
entanglement-assisted quantum Singleton bound.

Lemma 1 [2, 11, 14] For an [[n, k, d; c]l; EAQEC code, if d < % then
n+c+2—k>2d,
wherel <c¢ <n—1.

An[[n, k, d; c]]; EAQEC code that attains the entanglement-assisted quantum Singleton
bound is called an entanglement-assisted quantum maximum-distance-separable (EAQMDS)
code. Since entanglement can improve the error-correcting performance of quantum codes
[15], it is more desirable that we can construct EAQMDS codes for large distance. Recently,
many researchers found an amount of EAQMDS codes from constacyclic codes, generalized
Reed-Solomon (GRS) codes and linear complement dual (LCD) codes, see Refs. [4, 6—
10, 25]. Since cyclic codes have a good algebraic structure, they are the preferred objects
for constructing EAQMDS codes. However, it is a hard problem to fix on the number of
maximally entangled states. In [21], the concept of the decomposition of defining set of
a cyclic BCH code was introduced to solve the problem of computing the number ¢ and
construct some good EAQEC codes. After that, more and more scholars have extended this
approach to general constacyclic codes, so as to result in the construction of many new
EAQMDS codes. In particular, EAQMDS codes with length dividing g2 + 1 or g% — 1 were
massively obtained [3, 5, 6, 17-19, 25, 28, 31, 33].

Generally, as entanglement bits are more used, it would be more difficult to find the
parameters of EAQEC codes. Recently, in [7, 27, 28, 33], several families of EAQMDS codes
with variable parameters were derived from constacyclic codes, GRS codes, and extended
GRS codes. In these works, the formula of the relation between the minimum distance d and
the number ¢ of maximally entangled states was explicitly described and the change rules of
the parameters of EAQMDS codes were revealed. Motivated by the above ideas, we construct
two new families of g-ary EAQMDS codes from cyclic codes with minimum distance not
less than g. Speciﬁc parameters are as follows.

o Lengthn = 4— w1th3|(q+1)and1<t<|’qT'|,

@ [[n.n —2d+3t2 +2,d; 3621y, where tg <d < t(g — 1) + <.
(i) [[n,n —2d + 36> + 2t + 2,d; 31> + 21]],, 1 + <d<,(q_1)+2q 1
(iii) [[n,n—2d+3t2+4t+4,d, 312 + 4t + 211y, where 1g + 24D < d < (1 4+ D)(g - D).

e Lengthn = w1th5|(q—i—1)and1<t<(qlO 1.

() [[n,n—2d+5t>+2,d; 5*]];, where tqg <d < t(g — 1) + q%fl.
(i) [[n,n —2d + 5t> + 2t + 2, d; 5t + 2t]],, where tq + ‘fsil <d<itlg-1+ 2‘1+2
(i) [[n,n — 2d + 50> + 4t +2,d; 51% + 4111y, where 1q + 222 <d <1(g — 1) + 3q i
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(V) [[n,n—2d + 502 +61 +4,d; 5% + 61 + 2], where 1 + 252 < d < 1(q— 1)+ 2L
(V) [[n, n —2d + 5t 4 8t + 6, d; 5> + 81 + 411, where 1g + &% < d < (1 + 1)(g — D).

Compared with the known constructions in Refs. [16, 18, 22, 27], our constructions pro-
duce EAQMDS codes processing minimum distance not less than the size g of the finite
field, which indicates our codes can correct more quantum errors. Meanwhile, we describe
the exact relation between the minimum distance d and the maximally entangled state ¢ by
introducing the variable ¢. In addition, our constructions place the size g on a general case,
not only take an odd prime power.

The material is organized as below. In Section 2, we review some basic concepts on cyclic
codes, cyclotomic cosets, and EAQMDS codes. In Section 3, two classes of EAQMDS codes
are gained from cyclic codes. In Section4, detailed comparison and discussion are made.

2 Preliminaries

We recall some basic results on cyclic code, defining set of cyclic code and EAQECCs. For
more details, please refer to Refs. [1, 12, 13, 23]. Let ¢ be any prime power and F o be the
finite field with g2 elements. For any element 8 € qu, B = BY is the conjugation of f.
Given two vectors u = (ug, uy,...,u,—1) and v = (vo, v1,...,V,_1) € IF‘ZZ, define their
Hermitian inner product by

(W, v)p = upvo +uivy + -+ Uup_1V,-1.

An[n, k, d]linear code C over qu isasubspace of F ;2 with dimension k. Define the Hermitian

dual code of C as
Clth={ue Fly | (w,v)p =0, ¥vec)

If C is contained in C#, then C is said to be Hermitian self-orthogonal. Particularly, if
C = C1" then C is said to be Hermitian self-dual. A subspace C C IFZZ is a cyclic code if
(co, 1y ...scn—1) € C,then (¢,—1, o, - . ., ch—2) € C. Any codeword (co, ¢, ..., cy—1) €C
can be written as a polynomial c¢(x) = co + cjx + --- 4+ ¢,_1x" ! in the quotient ring
Fpalx1/ (x" — 1). This means that C is a cyclic code is equivalent to the set of polynomial
representations of the codewords of C forms an ideal of IFq2[x] /{x" — 1). Because every
ideal of F2[x]/(x" — 1) is a principal ideal, C can be generated by a monic polynomial
g(x) | (x™ — 1) with the least degree. That is, C = (g(x)) € }qu[x]/(x" — 1), where g(x) is
referred to as the generator polynomial of C and A(x) = (x" — 1)/g(x) is referred to as the
check polynomial of C. Assume that gcd(n, g) = 1. Let o be a primitive n-th root of unity
in some extension field of qu. Denote Z, = {0, 1,...,n — 1}. Define the defining set of
C = (g(x)) by ,
T={i€Z,|g)=0}

It is well known that there is a close connection between cyclic codes and cyclotomic cosets.
Define the ¢2-cyclotomic coset modulo n containing the integer i by

Ci = {i,iq% iq*, ..., ig>™ V}(mod n),

where m is the smallest positive integer such that ig>" = i(mod n). Notice that the defining
set T forms the union of some g>-cyclotomic cosets. It follows that C has dimension k =
n— | T |. The following lemma is a known fact on the minimum distance of cyclic codes.
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Lemma 2 (The BCH bound for cyclic codes) [2, 11, 32] Suppose that C is a cyclic code of
length n with defining set T, which contains § consecutive elements, where 1 < § <n — 1.
Thend(C) = 6+ 1.

To explore the characters of cyclotomic cosets, we follow some notations from the litera-
ture [21]. A qz—cyclotomic coset C; modulo 7 is said to be skew asymmetric if C; # C_g;;
otherwise it is said to be skew symmetric. If C; is a skew asymmetric coset, then (C;, C—4;)
forms a skew asymmetric pair. By using any linear code C over F 2, we can construct an
EAQEC code. However, there exists a barrier to calculate the parameter c. In [21], the idea
of the decomposition of defining set of a cyclic code was proposed. For any cyclic code over
IE‘qz of length n with defining set T, T (| —¢T contains all the skew symmetric cosets and
skew asymmetric pairs [22]. Moreover, the cyclotomic cosets T \ (T (| —¢T) are all skew
asymmetric.

Definition 1 [21] Suppose that C is a cyclic code over F 2 of length n with defining set 7'.
Write T1 =T (| —¢T and T» = T \ T1, where —gT = {—gx(mod n) | x € T}. The
intersection T = Ty | T is called the decomposition of T.

The following lemma provides an effective method for determining the number ¢ of
maximally entangled states.

Lemma3 [22]LetCbealn,k, d]qz cyclic code over qu with defining set T. If T = T\ | Ty,
then there exists an EAQEC code with parameters [[n,n —2 | T |+ | Ty |, d; | T} 114-
Let g be arbitrary prime power. Letn = # withr | (¢ 4+ 1). Inthe next two sections, we

will construct some EAQMDS codes from cyclic codes with length n = qzr—_l, forr =3,5.
In order to calculate | 7 |, we need to find skew symmetric cosets C; and skew asymmetric
pairs (C;, C;). From C; = —qC;, we can obtain C; = —gC; since g% = 1(mod n). Thus,
we only consider the case when j < i.

2
Lemma4 Assume thatn = qr—_l, where r is odd with r | (¢ + 1) and r' = qri. Then C; is

skew symmetric if and only if i = @, where € is evenand?2 < £ <2(r' — 1).

Proof Suppose that C; = —qC;, fori, j € Z,. Then,
ig + j = 0(mod n). (D

Notice that (¢ — 1) | n. By operating both sides of (1) modulo g — 1, we geti + j =
O(mod g —1). Hence, i + j = €(qg — 1), for some positive integer £. We consider two cases.

(i) q is even. C; is skew symmetric if and only if i = j = %D where 2 < ¢ < 2(' — 1)

is even.
(ii) ¢ is odd. We first prove that C; is a skew asymmetric coset if i = 25 + 1 € Z,.
Assume that Co;41 = —qCasy+1. Then (25 + 1)(g + 1) = O0(mod n), equivalently,

(2s+1)r = 0(mod g —1). It follows that (g — 1) | (2s 4 1)r. Observe that g — 1 is even
and (2s + 1)r is odd. This produces a contradiction. So, Co,41 is skew asymmetric. It
remains to find all skew symmetric cosets in Cys. Clearly, Ca is skew symmetric if and
only if Cp; = —qCys. That is, 25(¢ + 1) = 0(mod n). Hence, 2sr = O(mod g — 1),
equivalently, (g — 1) | 2sr. Since gcd(g — 1, r) = 1, it must be (g — 1) | 2s. Therefore,
i =25 =h(g — 1), where 1 < h <r’ — 1. This means that i = “4-1 where ¢ = 2A is
evenand2 < £ < 2(r' — 1).

This completes the proof. O

@ Springer



International Journal of Theoretical Physics (2023) 62:100 Page50f16 100

3 Construction of EAQMDS Codes of Length qu_1

2_
In this section, we assume that ¢ > 11 is a power of any prime. Let n = qu, where

3| (g +1). We are going to seek EAQMDS codes with length n based on the structure
of cyclic codes. We present the explicit expressions of the relation between the number ¢
of entangled states and minimum distance d. Some properties about cyclotomic cosets are
described as below.

2
Lemma 5 Assume that n = %, where ¢ > 11 and 3 | (q + 1). Let t be an integer with
1<t <14

i Iftg—1 <68 <tlg—-1) + &= 2 and 1 < Jj < i =<4, then (C;,Cj) is a skew

W w,wherelfﬁfh

asymmetric pair if and only if i =
and 3£ < m < min{3r, 3¢ — 1},

(11)Iftq+q 2 <s5<t@g-1D+
asymmetric pair if and only if i =
and 3t <m<min{3t+1 30— 1)

(111)Iftq+ — <8 <tlgq—1)+qg—2andl1 < j <i <, then (C;, Cj) is a skew
asymmemc pair if and only if i = W M, where 1l < £ <2t+1
and 3 < m < min{3r +2,3¢ — 1}.

and j =
2[1 —4 and 1 < Jj <i £, then (C;, Cj) is a skew

Wandj:w,wherelfigh—i—l

and j =

Proof We only show the result (i). The proofs of (ii) and (iii) are similar. We first consider
the case when § = t(qg — 1) + ‘73;2.

Leti and j be integers with 1 < j <i <t(g — 1) + qT—z If C; = —qC;, then
ig + j = 0(mod n). 2)

Notice that (¢ — 1) is a divisor of n. Operating both sides of (2) modulog — 1 getsi + j =
0(mod g —1).Since2 < i+j <28 < 21(q— 1)+ 292 wehavei+j = z(q—l) where
1 <€ <2¢t.Then j = £(q — 1) —i.Putting it into (2) we obtain i +¢ = 0( mod q ) Hence,

= W nd j = M, for some positive integer nm. We now determlne the range
of m.Since 1 < j < iandi+ j = £(g — 1), it follows that ‘&1 < i < ¢(g —1) — 1.
Fromi > @ W and 1 < ¢ < 2t, we obtain
m(g+1)—6t <m(q+1)—3¢ <3t(g+1)+q—6t—2andm < 3t. Hence, 3f <m < 3t.
Fromi < 4(qg — 1) — 1, it m > 3¢, then i > £q, which is a contradiction. So, it must be
m < 3¢ — 1, implying that i < ¢q — X Notice that ¢ < 2r < [93%] and ¢ > 11. This

means that the condition i < £(¢ — 1) — 1 is met. Hence, % < m < min{3t, 3¢ — l}.
mqg+m—3¢

, we obtain m > 32—Z.Fr0m2 <i<

30g—mqg—m

Conversely, suppose i = =—5—— and j = = —="——,where | < £ <?2s and > <m<
min{3z,3¢ — 1}. It easy to compute that | < j < i andig + j = fl) = O(mod n).
Hence, C; = —¢qC;, ie., (C;, Cj) is a skew asymmetric pair.

Hence, we already show that the result (i) holds true for § = (¢ — 1) + ‘%2 For a given
integer t with 1 <t < [q—ggl, notice that when £ = ¢ + 1 and m = 3¢, the integer i € Z,
such that (C;, C;) is a skew asymmetric pair has the largest value g — 1. Thus, the result (i)
holds true for tq — 1 §8§t(q—1)+q3;2. O

Lemma 6 Assume thatn = # where q > 11and3 | (q +1). Then C; is skew symmetric

ifand only ifi = W and m = 3, where £ is even and 2 < £ < 2(q3_2).
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Proof The result can be easily obtained from Lemma 4. O
LetT = U?:1 C;, where § is in one of the three ranges:
e R)1g—1<8<t(g—1+ %52
-2 2g—4
e R)1g+ 4= <5 =<t(g— D+
e RI)tg+M <s5<i(g—D+qg—2.
Next, we compute the cardinality of 7} in the above three ranges, respectively. We first

consider the range (R1). To facilitate our calculation, we introduce the following notations.
For a given integer £ with 1 < £ < 2¢, let

3¢
£O ="1{m | 7<m§min{3r,3e—1}},
—3¢ . 3¢
SO =i i:%, for7<m§min{3t,3£—l}},
30g — mq — 3¢
7O =) | J=W, for?<m§min{3t,35—l}}.

Write N© =| 8 U Tj“) I

Lemma 7 Assume that n = ‘/2%1 where ¢ > 11 and 3 | (g + 1). Let t be an integer with
1<t <950/ T =2, Ci, wheretg — 1 < 8 < t(q — 1) + %52, then | Ty |= 32

Proof For a given integer t with 1 <t < [‘76;81, setA =t(g—1)+ % and T) = |, Ci.
By Lemma 5 (i), we only need to compute | 7, N —g7j |.

Let i and j be integers with 1 < j < i < A. From Lemmas 5 (i) and 6, i = W,
where 1 < £ < 2¢ and
3¢
S =m < min(3r,3¢ - 1). 3)

When 1 < ¢ <t,min{3¢,3¢ — 1} =3¢ — 1; whent + 1 < £ < 2t, min{3¢,3¢ — 1} = 3¢.
Note that 1 < ¢ < 2¢. Denote T\” = {1,3,...,2t — I} and T, = {2,4, ..., 2¢}. Let

-3¢
Tf”): i ,':M! forEeTZ(”)},
3
-3¢
Ti(€)= i i=wy fOI"KET[(e)},
3
34g — —
Tj(“): j |j:W’ forzeT[(O)}’
34g — —
T =1{j |jzw, forZeTe(e)}.

Hence,
| Ty =1 TN —q T |=| T T |+ | 100t ).

We now deal with the two cases where ¢ is odd and even.

e Case 1: 1 is odd.
30+1

When £ takes an odd integer with 1 < ¢ < 2¢t, then =5~ < m < min{3¢, 3¢ — 1}. From

Lemma6,wehavej<i.If1§€§t,then|£,(,f) |=3£—1—%+1=%and
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NO =212 |=3¢—1.1fr+1 <€ <20 then| £fy |=3r— 341 41=3 -3+
and N® =2 | LZ(Z) |= 6t — 3¢+ 1. We have

(ND+NO) S 32 4 4p 41
2 N 4

NO L NG L N0 =

and

(t+2) =Dy . =1 2
N L NG o Ny @D (N +N )5 _ 3 At 1'
2 4

Hence,
3% + 41 + 1 +3t2—4t+l 3+

4 4 o2
3£+1

| Tl(o) U Tj(o) |:

When ¢ takes an even integer with 1 < £ < 2¢, then < m < min{3t, 3¢ — 1}. From
Lemma 6, C; is skew symmetric if and only if i = j; 1fand only ifm = %.Whenj <,
3L <y < minf3,3¢—1).1f 1 < € <t then | LY |[=30—1-382 41 =32 anq
NO =2 1L | +1=36—11fr+1 <€ <2, then| L |=3r—32 41 =3 -3¢
and NO =21 £ | +1 =6t — 3¢ + 1. We have

(N® $ NE=D) b 32 9

NO L N@ L. NOD _
+ND 4ot 5 2

and

(NCHD 4 N@D) . L 324201

N(H’l) +N(1+3) + .. +N(21) — —
2 4

Hence, | T(e)UT(e) |= 312 721 1+3,2+42;4 _ 3’22*1.Thus,| Ty |= 3tZT+l+3tszl — 32
e Case 2: 1 is even.
When ¢ takes an odd integer with 1 < ¢ < 2¢, in the same way, we get
(ND 4 NO=D) 2 32 oy

NO+N® 4. NOD = =
2 4

and

r+1 Qi—1)\ ¢ )
NEED Loyt o @D o (N( )+ N )) 7 3t + 2t
2 4

Hence,

-2t N 37+ 32

4 4 27
When ¢ takes an even integer with 1 < ¢ < 2¢, in the same way, we have

312
| Tl((’) U Tj(”) |=

(N + NO). L 32 44

N® L N®D L. .4 NO = =
+N@ 4 5 ;

and
(t+2) @ny. Lt 2 _
N(’+2)+N(’+4)+"'+N(21):(N +2N ) ; _ 3 441.

Hence, | T(e) U T(e) |= 32 +4’ + # = % Thus, | T} |= % 4 % = 312,
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This completes the proof. O

For the ranges (R2) and (R3), we can compute the exact values of | 77 | by using an
analogues technique as in the range (R1). The proofs are omitted here.

Lemma 8 Assume that n = qZT_l, where g > 11 and 3 | (q + 1). Let t be an integer with
l<t< f%l

() Iftg+ 952 <8 <t(qg— 1)+ 252 then | Ty |= 31> +21.

(i) Iftq + 2‘1 L <5 <t(g—1)+q—2 then| Ty |= 31> + 41 +2.

Let C be a cyclic code in qu[x]/(x" — 1) and have defining set T = Ule C;. Now, we
can find EAQMDS codes with length n = % stemmed from the cyclic code C.

Theorem 1 Let g > 11 be a power of any prime. Let n = qL] with 3 | (g + 1). For any
integert with 1 <t < [q ] q-ary EAQMDS codes with the follawmg parameters can be
constructed from C

() [[n,n —2d + 31 +2,d; 3t*]]y, where tq <d < t(g — 1) + 31,

(i) [[n,n —2d + 312 + 2t +2,d; 3t> + 2t]ly, where tq + q+] < d <tlg—1+ 2q
(iii) [, n —2d + 31> + 41 +4, d; 36> + 41 + 211, where tq + 2“13*“ <d<(t+Dg-1.

1

Proof Fix an integer ¢ with 1 < ¢ < (q—ggl. Let C be the cyclic code over F 2 of length

n=%4— havmg defining set T = U _1Ci,wheretqg—1 <8 <t(g—1)+%5 1= 2 . Notice that
every cyclotomlc coset C; has only one element. So, | 7 |= ¢ and dim(C) = n —§. Since the
defining set of C contains § consecutive integers, by Lemma 2, d(C) > § 4+ 1. Hence, C is an
[n,n—§, 8+ 1] MDS cyclic code over qu. From Lemma7,| T |= 312, By Lemma 3, there
exists an [[n, n — 2d + 3t* + 2, d; 3], EAQEC code, where g < d < 1(q — 1) + 431 It
is easy to check that its parameters attain the bound 2d = n — k + ¢ + 2, moreover, d < ”—J{z
Thus, the resulting code is an EAQMDS code. This proves the result (i). Apply Lemma 8 to
the cyclic codes C with the ranges (R2) and (R3), respectively. Then we can get the latter two
classes of EAQMDS codes in a similar way. O

4 Construction of EAQMDS Codes of Length qu_1

2
We are now ready to construct EAQMDS codes with n = "5—71. Assume that g > 191is a
power of any prime power with 5 | (g + 1).

2
Lemma9 Assume that n = %, where g > 19and 5 | (q + 1). Let t be a positive integer
with 1 <t < [155%].

W) Iftg—1<$§ ft(q—l)—{—qsiandl < J <i =4 then (C;, Cj) is a skew asymmetric
pair with 1 < j < i < 8§ ifand only ifi = %m—ﬂ W, where
1 <¢<2tand 3t <m < min{5¢,5¢ — 1.

) Ifrg+952 <8 <tq-D+22and1 < j <i <3 then (Ci, C}) is a skew

.oe _ mg+m—5¢ S50q—mq—m
fi=""5— s o

and j =

asymmetric pair with 1 < j < i < § if and only and j =

where | < € <2t and 3 < m < min{5t + 1,5¢ — 1}.
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(111)1ftq+ — <8 <t(q—1)+—and1 < j < i Z6, then (C;, Cj) is a skew
asymmemcpalrwzthl <j<i<®&ifandonlyifi = %’"5@ and j = W,

wherel<Z<21‘—i—lands—2Z <m < min{5¢ +2,5¢ — 1}.

(1V)Ift6[+3q 2 <34 St(q—l)—i-zlq%andl < Jj <i £ 0, then (C;, Cj) is a skew
asymmetric pair with 1 < j < i < §ifand only if i = %m—% w,
wherel<£<2t+lands—2z < m < min{5t + 3,5¢ — 1}.

) If tg + 4q L s <t(g—1)4+qg—2and1 <j <i <§6, then (Ci. Cj) is a skew
l'fl' __ mg+m—5¢ 50g—mq—m
- 5 5 ’

and j =

asymmetrlc pair with 1 < j < i < § if and only
where | < € <2t + 1and 3 < m < min{5t +4,5¢ — 1}.

and j =

Proof We only prove the part (iv). The others are similar. We first handle the case when
§=1t(qg—1)+ 45

Let i and j be integers with 1 < j < i < 1(q — 1) + 2% 1If C; = —¢C;, then
ig+j = 0(mod n).By carrying on two sides modulo ¢ — 1, we have i+j=0(mod g—1).
Since2 < i+j < 2t+1)(g— 1)+ 1tfollowsthatz+] ={(g—1),wherel < £ < 2t+1.
Then j = ¢(g — 1) —i. Plugging it mto ig+ j =0(mod n), we have i + £ = 0(mod ‘7541).
So, i and j can be written in the form i = %m—ﬁ@ W
now work out the range of m and ¢.

Since 1 < j <iandi+ j = £(g — 1), it follows that ‘=2 < i < ¢(q — 1) — 1. From
i > @,Wehavem > %.FromZ <i< Wandl <t <2t+1, we get
m(g+1)—5¢ < (5t+3)(g+ 1)+ g — 10t — 9, which implies that m < 5¢ + 3. Suppose
m > 5¢, then i > £q, which contradicts the condition i < €(¢ — 1) — 1. So, it must be
m < 5¢ — 1, whichmeans i < g — qsil. Since £ <2t < (11—57141 and g > 19, the condition
i <4l(g —1)—1ismet. Thus, % < m < min{5t + 3, 5¢ — 1}.

Conversely, suppose that i = W W, where 1 < ¢ <2t + 1 and
ﬂ < m < min{5¢ + 3,5¢ — 1}. It can be checked that 1 < j <i andig + j = m(qz_l) =
O(mod n). Hence, C; = —qC;, i.e., (C;, C;) is a skew asymmetric pair.

So far, we already show that the result (iv) holds true for § = (g — 1) +

and j = , respectively. We

and j =

4”’ 6 For a

given integer r with 1 < ¢ < ra-14 o 41, notice that when £ = 7 + 1 and m = 5¢ + 3, the integer
i € Zy such that (C;, C;) is a skew asymmetric pair has the largest value tq + 3q —2 Thus,
the result (iv) works for 1q + 242 < § < 1(g — 1) + %20 o

The following result is necessary to compute the number ¢ of maximally entangled states,
which can be directly derived from Lemma 4.

2
Lemma 10 Assume thatn = qs—_l, where q > 19and5 | (g+1). Then C; is skew symmetric
ifand only ifi = m‘”sﬂ and m = 2 , Where £ is even and 2 < £ < 2(q;4).

LetT = Ule C;, where § is in one of the five ranges:

o(Rl)tq—l<8<t(q—l)+q_4
o (R2)1g + 12 <8<t(q—1)+2q
o(R3)tq+2q <6<t(q—1)+3q7
.(R4)zq+*q52<a<t(q 1)+“‘16
e RS)tg+2t <s5<t(g—1)+q—2.

3
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Next, we calculate the number of the elements in 77 in the above five ranges, respectively.
We first consider the range (R1). Similar to the case in Section3, we define the following
notations. For a fixed integer £ with 1 < £ < 2¢, let

5¢
£O = m | ?<m§min{5t,56—l}},

—5¢ s

SO =i | i:%, f0r7<m§min{5t,5£—l}},
Stq —mq — 5¢

7O = j|j:w, f0r7<m§min{5t,5£—l}}.

Write N© =| {7 u T |.

Lemma 11 Letn = qu_l, where g > 19 and 5 | (g + 1). Assume that 1 <t < [%]. If
T =\J_, Ci, wheretqg —1 <8 <1(q— 1)+ 92, then | Ty |= 5¢2.

Proof For a given integert with | < < fq 0 ] setA=1t(g—1)+ % and T = U?‘:l C;.
By Lemma 9 (i), we only need to compute | ), N —gTj |.

Let i and j be integers with 1 < j < i < A. From Lemmas 9 (i) and 10, i = '"qzﬂ,
where 1 < ¢ < 2t and
5¢
> <m < min{5¢, 5¢ — 1}. “4)

When 1 < € < ¢, min{5¢,5¢ — 1} = 5¢ — 1; when ¢ + | < ¢ < 2¢, min{5t,5¢ — 1} = 5¢.
Note that 1 < £ < 2¢. Denote 7,” = {1,3,...,2t — 1} and T, = {2,4, ..., 2¢}. Let

—5¢
T\ =i | ,':M’ forZeT[(")},
5
— 50
79 ={i | i:%, forZeTe(e)},
5
5¢g — —
T/@: j |j=%! forEeT@(”)},
S5¢g — —
TJ(‘))_ jlj= q ran m,forﬁeT()}

Hence,
I Tl |:| T)\. N _qT)L |:| Tl(l)) U Tj(O) | + | Tl(e) U Tj(e) I .
‘We now deal with the two cases where ¢ is odd and even.

e Case 1: 7 is odd.
When ¢ takes an odd integer with 1 < ¢ < 2¢, then SZH < m < min{5¢, 5¢ — 1}. From

Lemma 10, we have j <i.If 1 < £ <1, then | £\ |: 5—1— 3 =L and
NO =212 |=5¢—1.1f1+1 < € <21, then | £ |= 51— 351 41 =5t——
and N©© =2 | £ |= 10¢ — 5¢ + 1. Moreover,

(NO 4 N®O) . L 52 1843
2 B 4

2

NO 4+ NO 4. 4 NO =

and

(t+2) @t=1)) . =1 2
N L N+ oy @D o (N +N ) 2 _ 5t~ —8t+3
2 4 '
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Hence,
5148143 512 —81+3  5:2+3

4 + 4 )
5£+1

| T[(”) U Tj(”) |=

When ¢ takes an even integer with 1 < £ < 2¢, then <m< min{St 5¢ — 1}. From
Lemma 10, C; is skew symmetric, which is equlvalent toi = j orm = 2 When j < i,
S < iy < min{5e, 5¢—1).1f 1 < € < t,then | LY |[=3¢—1-342 41 = 324
(‘v’> =219 | +1=50—1.1ft+1 < € < 2¢,then | £ |: 5t— 5€+2+1 =53¢
and NO =2 | E,(,f) | +1 = 10t — 5¢ 4 1. Moreover,
(N® 4+ NED). L 5293

N L N® L Ne-D _
+ND 4ot 5 1

and

(NOFD 4 N@D) L 52 4 0p 3

NEED | N oy y@n _
2 4

Hence, | Ti(e)UTj(e) |= 512—421—3_|_5t2+427—3 5¢2 —3 _Thus, | Tj |= 5t +3+5z22 3 _ 5.2

e Case 2: ¢ is even.
When ¢ takes an odd integer with 1 < £ < 2¢, in the same way, we have
(ND 4+ NCD) L 52—y

NO L N® L Ne-D -
+ND 44 5 1

and
(N(H-l) + N(2t—l)) . % 5t2 4+ 2

NEED | NG oy N @D _
2 4

Hence,
52— 5P+ 517

;T4 T

When ¢ takes an even integer with 1 < ¢ < 2¢, in the same way, we have

(NO+ND). L 5218
2 T4

| T[(”) U T]‘(O) |=

and
(t+2) @ny. L 2_
N(l+2) " N(l+4) +o gt N(2t) — (N +2N ) 2 — 5t ; 81‘.

2 2 2 2 2
Hence, | Ti(e) U Tj(e) |= 248 4+8’ 4 8 ;8’ = % Thus, | T1 |= 5% + % = 5¢2,

This completes the proof. O

For the ranges (R2) to (RS), we can similarly compute the exact values of | 77 |. The
proofs are omitted here.

2
Lemma12 Letn = T where g > 19and 5| (¢ + 1). Assume that 1 <t < fqlo 1.

() Iftg + 5% <8 <t(q—1) + 22, then | Ty |= 51% + 21.
(11)Iftq+2q 3 <8<t(q—1)+3q 7 , then | Ty |= 512 + 41.
(111)Iftq+3q 2<5<t(qg—1+ 2 then | Ty |= 5 + 61 +2.
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(V) Iftqg + 2L <5 <t(g—1)+q — 2, then | Ty |= 5t + 8¢ + 4.

Let C be a cyclic code in F2[x]/{(x" — 1) and have defining set 7' = U?Zl C;. Now, we
construct EAQMDS codes with length n = Q from the cyclic code C.

2
Theorem2 Let g > 19 be apower of any prime. Let n = 4— _1 with 5 | (g + 1). For an

integert with1 <t < (" o ] g-ary EAQMDS codes with the followmg parameters can be
constructed from C.

() [[n, n —2d + 51% 42, d; 51211, where tg < d < 1(g — 1) + 2L,

i) [[n,n — 2d + 50% + 2t +2,d; 56> + 2111, where tg + F <d <1(q — 1) + 22,
(iii) [[n, n — 2d + 5t + 4t + 2, d; 51> + 4t]],, where tq + 2‘1“ <d<tg-1+ 3‘1 2.
(iv) [[n,n—2d + 51> + 6t +4,d; 5t2+6t—|—2]],1, where tq + 3q+3 <d<tlg—1+ 4q 1
(V) [[n,n —2d +5¢> + 8t + 6, d; 5t> + 8t + 411, where tq + 4‘1;4 <d<@t+1)(g— 1).

Proof For a fixed integer r with 1 < t < {’110 1, suppose that C is the cyclic code in
Falx1/( x" — 1) with defining set T = Ui:] Ci,wheretg —1 <6 <t(g—1)+ q54. Note
that C; contains only one element. This gives that | 7 |= § and dim(C) = n — §. From the
BCH bound, d(C) > § + 1. Therefore, C has parameters [n, n — &, § 4+ 1] and is a MDS code.
From Lemma 11, | 7} |= 572. By Lemma 3, an [[n,n — 2d + 512 4+2.d; 5!2]]q EAQEC
code can be obtained from C, where rg < d < t(q — 1) + %. It can be verified that its
parameters meet the equality 2d = n — k + ¢ + 2. Moreover, d < % Thus, the resulting
EAQEC code is EAQMDS. This proves the result (i). By using Lemma 12 to the cyclic codes
with the ranges (R2)-(R5) respectively, we can gained the latter four classes of EAQMDS
codes in a similar way. O

5 Comparison and Discussion

In this paper, by exploring cyclotomic cosets, we find new EAQMDS codes with length

2
qr—_l in the cases when r = 3 and r = 5, where r | (¢ 4+ 1). We introduce the parameter ¢
and describe the relation between the minimum distances d and the number ¢ of maximally
entangled states, where the range of ¢ is determined by the field size ¢g. This enables us
to construct many EAQMDS codes with minimum distance not less than ¢ and flexible

parameters for pre-shared entangled states. Most of the previously known work on EAQMDS

codes of lengthn = @ only considered the case that g is an odd prime power [3, 6, 16—19].
The constructions in this paper place on the general case that g is any prime power. We list
the resulting EAQMDS codes in Table 1. In the following, we compare our EAQMDS codes
with those in the known literature.

In [16], by using cyclic code, Lu et al. found EAQMDS codes with even length and
minimum distance greater than g + 1. We list and compare the parameters between the
EAQMDS codes in [16] and the EAQMDS codes here in Table 2. It is easy to find that the
parameters in [16] are a special case when t = 1. So, the EAQMDS codes here contain all
the EAQMDS codes in [16]. In addition, the finite size ¢ can take any even prime power.
Thus, the EAQMDS codes here not only generalize the results in [16], but also resolve the
case when ¢ is an even prime power.
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Table 1 Parameters of the EAQMDS codes constructed in this paper

n [[n. k. d; cllq d
2
e [in, n —2d + 312 +2,d; 3:21], tg<d=<tg—1+!
[[n,n — 2d + 362 + 2t + 2, d; 3% + 211, g+ <d<ig—1)+ 247t
[[n,n —2d + 312 + 41 + 4, d; 312 + 41 + 2], g+ 24 <d<ig-1)+q-1
2
- [[n,n —2d + 562 +2,d; 512]], tg<d<ilg—1+
([n.n — 2d + 562 + 2 + 2, d: 5% + 211, g+ <d<iqg -1+ 242
[[n,n —2d + 512 + 41 +2,d; 562 + 411, g+ 282 <d <1 1)+ 242
[[n,n —2d + 562 + 61 + 4, d; 562 + 61 + 2], g+ <d<ig -1+ 2!
[[n, n — 2d + 562 + 8¢ + 6, d; 512 + 8¢ + 4]], g+ <d<ig-1)+q-1

In [27], Pang et al. gained EAQMDS codes with parameters [[qzr—_l, qzr—_l —2d +
2m + 1,d;2m — 1]]g, where r | (¢ +1), 1 < m < %and% <d <
w. It is easy to see that the minimum distance of these codes is less than g.
We list some EAQMDS codes when ¢ is an even prime power in Table 3 and compare them
with our parameters. It can be seen that the EAQMDS codes here have higher error-correcting
capability.

In [33], Wang et al. constructed EAQEC codes of length n = qr;l(q + 1) with flexible
the number of maximally entanglement bits, where ¢ is any prime power. However, the
construction was considered under the condition thatr | (¢ — 1). Asged(¢ — 1,¢+1) =1
or 2, the code lengths are different from those of the EAQMDS codes here.

Table 2 Comparison with the EAQMDS codes constructed in Ref. [16]

q r t [[n, k, d; cllq d Reference
17 3 1 [[96, 101 — 2d. d; 3117 17<d<22 [16]
17 3 1 [[96, 103 — 2d, d; 51117 23 <d <27 [16]
17 3 1 [[96, 107 — 2d, d; 91117 29 <d <32 [16]
17 3 2 [[96, 110 — 2d, d; 12]]17 34 <d <38 [16]
17 3 2 [[96, 114 — 2d, d; 16]]17 40 <d <43 [16]
17 3 2 [[96, 120 — 2d, d; 22]]17 46 <d <48 New
29 5 1 [[175, 826 — 2d, d; 51l29 29 <d <34 [16]
29 5 1 [[177, 828 — 2d, d; 719 35<d <40 [16]
29 5 1 [[179, 830 — 2d, d; 9]l29 41 <d <45 [16]
29 5 1 [[183,834 —2d, d; 13]]29 47 <d <51 [16]
29 5 1 [[187,838 —2d, d; 17]]9 53 <d <56 New
29 5 2 [[190, 841 — 2d, d; 20]]29 58 <d <62 New
29 5 2 [[194, 845 — 2d, d; 24]]29 64 <d <68 New
29 5 2 [[198, 849 — 2d, d; 28]]29 70<d <73 New
29 5 2 [[204, 855 — 2d, d; 341129 76 <d <79 New
29 5 2 [[210, 861 — 2d, d; 40]]29 82 <d <84 New
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Table 3 Some new EAQMDS codes and comparisons

q rot Our parameters d Parameters in [27]

32 3 - - - [[341,344 — 2d,d; 1]]3p 22 <d <33
32 3 1 [[341, 346 — 2d, d; 3113 32<d <42 New

32 3 1 [[341, 348 — 2d, d; 5]13» 43<d <52 New

32 3 1 [[341,352 —2d,d; 913> 54<d <62 New

32 3 2 [[341,355 —2d,d; 12]]3; 64<d<73 New

32 3 2 [[341, 359 —2d, d; 16]]3> 75 <d <83 New

32 3 2 [[341,365 —2d, d; 22]13; 86 <d <93 New

32 3 4 [[341,391 — 2d, d; 48]132 128 <d <135 New

32 3 4 [[341, 399 — 2d, d; 56]]13> 139 <d <145 New

32 3 4 [[341, 409 — 2d, d; 66]]32 150 <d <155 New

64 5 - - — [[819,822 —2d,d; 1]]ga 39 <d <51
64 5 - — - [[819, 824 — 2d, d; 3]le4 52 <d <65
64 5 1 [[819, 826 — 2d, d; 51164 64 <d <76 New

64 5 1 [[819, 828 — 2d, d; T1lea 77 <d <89 New

64 5 1 [[819, 830 — 2d, d; 9le4 90 <d < 101 New

64 5 1 [[819, 834 — 2d, d; 13]]4 103 <d <114 New

64 5 1 [[819, 838 —2d, d; 17]]64 116 <d <126  New

64 5 2 [[819, 841 —2d, d; 20]]e4 128 <d <139  New

64 5 2 [[819, 845 — 2d, d; 241164 141 <d <154 New

64 5 2 [[819, 849 — 2d, d; 28]lea 154 <d <166 New

64 5 2 [[819, 855 — 2d, d; 341164 167 <d <179 New

64 5 2 [[819, 861 — 2d, d; 40]]64 180 <d <191 New

64 5 5 [[819,896 —2d,d; 125]]¢a 320 <d <328 New

64 5 5 [[819,956 —2d,d; 135]]¢a 333 <d <341 New

64 5 5 [[819,966 —2d, d; 145]]¢4 346 <d <353  New

64 5 5 [[819,978 — 2d,d; 157]lea 359 <d <366 New

64 5 5 [[819,990 — 2d,d; 169]]lgs 372 <d <378 New

The construction here is through determining the number of cyclotomic cosets in 77

associated with the defining set of a cyclic code over F .. By introducing the variable 7, the
parameter ¢ and c are linked in an expression. In addition, the construction allows the finite
size g to take any prime power. Hence, our construction can produce many new EAQMDS
codes with large minimum distance and changeable parameters. However, we only establish
the connection among the minimum distance d, the number ¢ of maximally entangled states
and the variable 7. It would be interesting to find the relation among d, ¢ and r so as to
construct more new EAQMDS codes.
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