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Abstract

It is widely accepted that the logic of quantum mechanics is based on orthomodular posets.
However, such a logic is not dynamic in the sense that it does not incorporate time dimen-
sion. To fill this gap, we introduce certain tense operators on such a logic in an inexact
way, but still satisfying requirements asked on tense operators in the classical logic based
on Boolean algebras or in various non-classical logics. Our construction of tense opera-
tors works perfectly when the orthomodular poset in question is finite. We investigate the
behaviour of these tense operators, e.g. we show that some of them form a dynamic pair.
Moreover, we prove that if the tense operators preserve one of the inexact connectives con-
junction or implication as defined by the authors recently in another paper, then they also
preserve the other one. Finally, we show how to construct the binary relation of time prefer-
ence on a given time set provided the tense operators are given, up to equivalence induced
by natural quasi-orders.

Keywords Orthomodular poset - Tense operators - Logic of quantum mechanics -
Tense logic - Inexact conjunction - Inexact implication - Adjoint pair - Time frame -
Dynamic pair

1 Introduction

At the beginning of the twentieth century it was recognized that the logic of quantum
mechanics differs essentially from classical propositional calculus based algebraically on
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Boolean algebras. Husimi [12] and Birkhoff together with von Neumann [3] introduced
orthomodular lattices in order to serve as an algebraic base for the logic of quantum mechan-
ics, see [1]. These lattices incorporate many aspects of this logic with one exception.
Namely, within the logic of quantum mechanics the disjunction of two propositions need not
exist in the case when these propositions are neither orthogonal nor comparable. This fact
motivated a number of researchers to consider orthomodular posets instead of orthomodular
lattices within their corresponding investigations, see e.g. [14] and references therein.

A propositional logic, either classical or non-classical, usually does not incorporate the
dimension of time. In order to organize this logic as a so-called tense logic (or time logic in
another terminology, see [10, 11, 15, 16]) we usually construct the so-called tense operators
P, F, H and G. Their meaning is as follows:

. “It has at some time been the case that”,
. “It will at some time be the case that”,

. “It has always been the case that”,

QT W v

. “It will always be the case that”.

As the reader may guess, we need a certain time scale. For this reason a time frame (T, R)
was introduced. By T # J is meant a set of time, either finite or infinite, and R C T2,
R # 0, is the relation of time preference, i.e. for s, € T we say that s R t means s is
“before” ¢, or ¢ is “after” s.

For our purposes in this paper we will consider only so-called serial relations (see [7]),
i.e. relations R such that for each s € T there exist some r,t € T withr R sands R t.

Of course, if R is reflexive then it is serial. Usually, R is considered to be a partial order
relation or a quasi-order, see e.g. [4, 9, 10].

Another important task in tense logics is to construct for given tense operators a relation
R on a given time set T such that the new tense operators constructed by means of this
relation R coincide with the given tense operators.

The problem arises when our logic is based on a poset (A, <) where joins and meets
need not exist. In [6] such a situation has been solved by embedding of A7 into a complete
lattice. Then we can use the aforementioned definitions of tense operators P, F, H and G,
but the disadvantage is that the results of these operators need not belong to A7 again. This
motivated us to try another approach, see Section 3.

Moreover, if © denotes conjunction and — implication within the given propositional
logic, we usually ask our tense operators to satisfy the following inequalities and equalities:

1 PX)OH(y) =P(x0OYy),
(2) Hx)OP(y) = P(x0QYy),
(3) Hx)OH(y)=H(xOy),
@ Fx)OGH) =Fx0Oy),
) GX)OF(y) =F(x0OYy),
©6) GX)OG(H) =G6Gx0Yy),
(7 Px—y) =H(x)— P(y),
®) H(x —y) = Px)— P(y),
9 H(x—y) =Hkx) — H(y),
(10) Fx —y) =Gx) = F(y),
1D G —y) = Fx) — F(y),
12) Gx = y) =Gx) = G(y).
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For our considerations we need the connectives ® and — introduced in an orthomodular
poset. In general this task is ambiguous, see [6, 8, 10, 13], but for finite orthomodular posets
(in fact for orthomodular posets of finite height) it was solved by the authors in [5] where
these connectives are introduced in such a way that one gets an adjoint pair. This is the
reason why we will restrict ourselves to finite orthomodular posets only.

The connectives introduced in [5] are everywhere defined, but their results need not
be elements of the given orthomodular poset, but may be subsets of this poset containing
(incomparable) elements of the same (maximal) truth value. This may cause a problem for
the composition of tense operators. Namely, we want to show that our couple (P, G) of
tense operators forms a dynamic pair on the given orthomodular poset A = (A, <,’,0, 1),
i.e. the following axioms (P1) — (P3) hold (see [7]):

(P1) G(1)=1and P(0) =0,
(P2) p < g implies G(p) < G(g) and P(p) < P(q),
(P3) g <(GoP)(g)and (PoG)(g) <gq.

IfG, P: AT - (73+A)T for some time frame (7, R) then we must solve the problem how
to define the compositions G o P and P o G in (P3). Here and in the following P4 A denotes
the set 24 \ {#}.

2 Preliminaries

The following concepts are taken from [1, 2].

Consider a poset (A, <).Ifa, b € A and sup(a, b) exists then we will denote it by a Vv b.
If inf(a, b) exists, it will be denoted by a A b.

A unary operation ' on A is called an antitone involution if a < b implies b’ < a’ and if
a”" = aforeacha,b € A.If the poset (A, <) has a bottom or top element, this element will
be denoted by 0 or 1, respectively, and we will write (A, <, 0, 1) in order to express the fact
that (A, <) is bounded.

A complementation on a bounded poset (A, <, 0, 1) is a unary operation’ on A satisfying
ava =1landana =0foreacha € A.Forabounded poset (A, <, 0, 1) with an antitone

involution ’ that is a complementation we will write (A, <,’, 0, 1).

Definition 2.1 An orthomodular poset is a bounded poset (A, <,’, 0, 1) with an antitone
involution ’ that is a complementation satisfying the following two conditions:

(1) Ifx,y e Aandx <y’ thenx V y is defined,
(ii)) ifx,yeAandx <ytheny =xV (y AX).

Condition (ii) is called the orthomodular law. Two elements a, b of A are called orthogonal
to each other if a < b’ (which is equivalent to b < a’).

Let us note that due to De Morgan’s laws, (ii) of Definition 2.1 is equivalent to the
condition
(i) Ifx,y€eAandx < ythenx =y A (x VY).

Throughout the paper we will consider only finite orthomodular posets. An example of a
finite orthomodular poset which is not a lattice is depicted in Fig. 1.
This orthomodular poset is not a lattice since a Vv b does not exist.
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Fig. 1 A non-lattice orthomodular poset

Consider a poset (A, <) and a time frame (7, R) and let B, C be subsets of A and
x,y € (PyA)T. We define
B<C:& b<cforallbe Bandallc € C,
B <1 C :& forevery b € B there exists some ¢ € C with b < c,
B <7 C :& forevery ¢ € C there exists some b € B with b < c,
B C C :& there exists some b € B and some ¢ € C with b < ¢,
x<y:& x@)<y@)foralreT,
x<1y:& x() <y y@)forallr €T,
x <oy :& x(t) <py@)forallt €T,
XEy: & x@) T y@) forallt eT.
For B, C € P4+ (AT) we define

B<C:& p<gforallpe Bandallg € C,
B</C:& p<jqforallpe Bandallg € C,
B<,C:& p<pqgforallpe Bandallg € C,
BCC :& pCgforall pe Bandallg € C.

Hereby, fora € A,a; € Aforallt € T and p € AT we identify {a} with a, the mapping
assigning to each te T the set {a;} with the mapping assigning to each te T the element a;,

{p} with p.
Let (A, <) be aposet, b,c € A and B, C C A. The sets
L(B) :={xeA|x <B},
UB) ={xeA|B<ux}
are called the lower cone and upper cone of B, respectively. Instead of L(BUC), L(BU{c}),
L{{b, c}) and L(U(B)) we write L(B, C), L(B, ¢), L(b, c) and LU (B), respectively. Anal-
ogously, we proceed in similar cases. Moreover, we denote the set of all maximal (minimal)
elements of B by Max B (Min B). If A is finite and B # () then Max B,Min B # @.If bv ¢

exists for all ¢ € C then we will denote {b Vv ¢ | ¢ € C} by b Vv C. Analogously, we proceed
in similar cases.
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The following result was proved in [5]. For the convenience of the reader we repeat the
proof.

Proposition 2.2 Let (A, <,’,0, 1) be an orthomodular poset, a,b € A and B,C C A.
Then the following hold:

(1) Ifa<BthenB=aVv (BAd),
(i) ifC <athenC=an(CvVd),
(iii)) MinU(a, b’) A b and a’ v Max L(a, b) are defined.

Here and in the following Min U (a, ') A b means (MinU (a, b')) A b. Analogous
notations are used in the sequel.

Proof of Proposition 2.2

() Ifa<BthenB=1{b|beBl={avbnrd)|beB=aVv (BAd).
(ii)) fC<athenC={c|ceCl={an(cva)|lceCl=an(Cva).
(iii) Because of Max L(a’,b) < b”, Max L(a’, b) Vv b’ and hence MinU (a, b’) A b is
defined. Because of Max L(a, b) < a”,a’ v Max L(a, b) is defined.

O

Let us note that both <; and <, are extensions of < and that they are reflexive and
transitive, i.e. they are quasi-orders.

In [5] we investigated the so-called inexact connectives in the logic based on a finite
orthomodular poset. These are denoted by © (conjunction) and — (implication) and defined
by
(13) x@y:=MinU(x,y)Ay and x — y:=x'VvMaxL(x,y).

Due to Proposition 2.2 these expressions are everywhere defined and © and — are binary
operators on A, more precisely, mappings from A2 to P, A. We extend them to (P, A)? by
defining

BOC =U{pbOc|beB,ceC},

B—>C:=U{b—>clbeB,ceC}

for all B, C € P A. The extended operators © and — are now mappings from (P, A)? to
P4 A. In [5] we showed that (®, —) form an adjoint pair, i.e.

x®yCzifandonlyifx C y — z.
Moreover, we define

(x @ y)(1) =x(@) O y(),
(x = (@) =x@1) = y()

forallx,y € (PLA)T andallr € T.
We recall from [5] the following definition and theorem:

Definition 2.3 An operator residuated structure is a six-tuple A = (A, <,0,—,0,1)
satisfying the following conditions:

(i) (A, <,0,1)is abounded poset,
(i) © and — are mappings from A2 to P, A,
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(i) x©@yCEzifandonlyifx Ey — z,
(iv) xOlx10x=~ux,

V) y—>0<ximpliesx Oy =xAYy,

(vi) y <ximpliesx - y=(x — 0) Vv y.
A is called

® idempotentif x ©x ~ x,
®  divisible if (x - y) © x =& Max L(x, y).

The expressionx ©® 1 ~# 1 ® x ~ x means thatx ©® 1 =1 © x = x holds for all x € A.
Similarly, the symbol & is used in other places of the paper.

Theorem 2.4 Let A = (A, <,’,0, 1) be a finite orthomodular poset and define mappings
O, —>: A? > P Aby

xOy = MinU(,y)Ay,

x —y = x'vMax L(x, y)

forall x,y € A. Then (A, <,®,—,0, 1) is an idempotent divisible operator residuated
structure.

In the following we will investigate tense operators on finite orthomodular posets
equipped with the operators ® and — forming a certain propositional logic of quantum
mechanics.

Lemma 2.5 Let (A, <,’,0, 1) be a finite orthomodular poset and p, q € AT. Then

) p=q—>(pOg,

(i) (p—>9)Op=gq.

Proof (i) Since r € MinU(p, ¢’) A g implies r < g and hence Max L(g,r) = r and

since ¢’ < MinU (p, q’) we have
q—> (poOq) =q— (MinU(p.q)rq)=|Jlg > r|reMinU(p.q) nq)

= | Jlg' vMaxL(g.r) | r e MinU(p.q") A q)
= U{q/\/r |r eMinU(p,q)Ag}=¢q' Vv (MinU(p,q/) /\q)
= MinU(p.q) 2 p

according to Proposition 2.2 (i).
(ii) Since r € p’ v Max L(p, q) implies p’ < r and hence Min U (r, p’) = r and since
Max L(p, g) < p we have

(p—>qOp= (p’vMaxL(p,q))®p=U{r®plr € p' vVMax L(p, q)}
= [ JMinUG. p)y A p|rep vMaxL(p, )

= Jraplrep vMaxL(p.q)} = (p vMaxL(p,q)) A p
= Max L(p,q) <gq

according to Proposition 2.2 (ii).
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Lemma 2.6 Let (A, <,’,0, 1) be a finite orthomodular poset, x € (77+A)T and p € AT.
Then

) x=1p>@xOp)andx < p—~> (x O p),
i@ (p—>x)Op=<1xand(p—>x)Op =2 x.

Proof (i) We have

p—>G@op =p—>|Jlgoplgext=p—|JMinUq, p)rplqgex)
=Utp—rireUMinU@, phAaplqexh
= Jtr' vMaxL(p,r) | r e | JMinU(q. p) A p | g € x}}
=t vrire|JMinU@, phAplgexh

PV JMinUg, p) A plgex)

Utp'v (MinU(q, p)) A p) | g € x}=|JMinU(q, p') | g € x}.

(The third and the fourth line are equal since
Max L(p.r) =rforallr € | J{MinU(q. p) A p | q € x}.)

Letg € x. Then MinU (¢, p') € p — (x © p). Let b € MinU(q, p’). Theng < b.
Nowb € p — (x©®p) showing x <1 p = (x© p). Conversely,letb € p - (xO p).
Then there exists some g € x with b € MinU(q, p’). Now ¢ € x and g < b showing
x<2p—>(x0Op).
(ii)) We have
p—-nop=Jtpr—>qlgextop=Jtr' vMaxLip.q)lgex}Op
=Jtroplre|Jtp' vMaxL(p,q) 1 q € x})
= UMinU @, p)y A plrel Jtp' vMaxLip.q) | g € x})
=JorapireJW vMaxL(p,q) | g € x}}
= Jt' vMaxL(p.q) g ex}rp

= [ J((p' vMaxL(p,@)) Ap | g ex}=|JMaxL(p,q) | g € x}.
The third and the fourth line are equal since
MinU(r, p') = r forall r € |_J{p' v Max L(p.q) | € x}.

Leta € (p — x) © p. Then there exists some ¢ € x with a € Max L(p, g). Now
q € x and a < g showing (p — x) ® p <1 x. Conversely, let ¢ € x. Then
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Max L(p,q) € (p— x)Op.Leta € Max L(p, g). Thena<qg.Nowa € (p — x)Op
showing (p — x) © p <2 x.
O

3 Dynamic pairs

As mentioned in the introduction, by a dynamic pair is meant a couple (P, G) of tense
operators satisfying axioms (P1) — (P3). We firstly define tense operators on a finite
orthomodular poset (A, <,’,0, 1) as follows: Let a time frame (7, R) be given. Define
P,F, H G: AT - (P AT by

P(g)(s) == MinU({q(t) | 1 R s5}),

F(g)(s) := MinU({g(1) | s R 1}),

H(q)(s) := MaxL({g(®) | t R s}),

G(q)(s) := Max L({g(®) | s R1})
forallg € AT and alls € T.

It is elementary to show that if the orthomodular poset (A, <,’, 0, 1) is a complete lattice
then these tense operators coincide with those mentioned in the introduction. However, in
general P(q)(s) forg € AT and s € T need not be a single element of A (i.e. a singleton),
but may be a non-empty subset of A. Analogously for the remaining tense operators. Hence,
these operators are again “inexact” in the sense that they reach maximal (for H, G) or
minimal (for P, F') incomparable values and we cannot distinguished among them. On the
other hand, the results of these operators belong to A contrary to the case when the poset
(A, <,7,0,1) is embedded into a complete lattice, the method used in [6].

Since we want to compose our tense operators we need to solve two essential tasks:

(i) Extend P, F, H, G from AT to 73+(AT) (i.e. lifting of the operators).
(ii)) Define how to compose them.

Concerning the first task we define for B € P, (A7) and alls € T
P(B)(s) :=MinU({g(t) | ¢ € Bandt R s}),
F(B)(s) :=MinU({q(t) | ¢ € Band s R t}),
H(B)(s) :=MaxL({q(t) | ¢ € Bandt R s}),
G(B)(s) :=MaxL({q(t) | g € Bands R t}).
In order to solve the second task, we should mention that our extended tense operators are

not mappings from P (A7) to P (AT), but from P (AT) to (P4 A)T. Hence we introduce
the so-called transformation function ¢ : (Py A)T — P, (AT) as follows:

o(x):={q € AT | q(t) € x(t) forall r € T} forall x € (P, A)T.

By means of the transformation function we can define the composition G * P of the tense
operators G and P by
GxP:=GogpoP.

Lemma 3.1 Let (A, <) beaposet, T # 0, p € AT and x,y € (PyA)T. Then

(i) @ isinjective,
(i) ifz(t) :={p(®)} forallt € T then ¢(z) = {p},
(iii) we have x < y if and only if p(x) < @(y).
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Proof (i) Assume x # y. Then there exists some t € T with x(¢) # y(¢). Without loss

(i)
(iii)

of generality, assume x(¢) \ (y(t)) # @. Leta € x(t) \ (y(t)) and p € AT with
p(t) = a and p(s) € x(s) forall s € T \ {r}. Then p € ¢(x) \ (¢(y)) and hence
p(x) # o(y).
If z(t) := {p(@)} forallt € T then ¢(z) = {q € AT | q(t) € z(t) forallt € T} =
{pr}.
Assume x < y.Let p € p(x) and g € ¢(y). Then p(s) € x(s) and g(s) € y(s) for
all s € T. Hence p(s) < ¢q(s) forall s € T,i.e. p < ¢. This shows ¢(x) < ¢(y).
Conversely, assume ¢(x) < ¢(y).Lett € T,a € x(¢t) and b € y(¢). Take p,q € AT
with p(t) = a, p(s) € x(s) forall s € T \ {t}, g(t) = b and g(s) € y(s) for all
s € T\ {t}. Then p(s) € x(s) and g(s) € y(s) forall s € T. Hence p € ¢(x)
and ¢ € ¢(y) which implies p < g whence a = p(¢t) < ¢g(¢t) < b. This shows
x(t) < y(t). Since ¢ was an arbitrary element of 7" we conclude x < y.

O

Now we are ready to prove our result. But first we make the following more or less
evident observation.

Observation 3.2 Let (A, <) be a finite poset and B, C subsets of A with C # (). Then
B C C implies B <1 Max C and MinC <, B.

Theorem 3.3 Let A = (A, <,’,0, 1) be a finite orthomodular poset, (T, R) a time frame
and P and G tense operators as defined above. Then the couple (P, G) forms a dynamic
pair, i.e.

(P1) G(1) =1and P(0) =0,
(P2) ifp.q A" and p < q then G(p) <1 G(q) and P(p) <2 P(q),

(P3)

ifqg € AT then g <\ (G * P)(q) and (P * G)(q) <2 q.

Proof Let p,q € AT ands e T.

P1) G)(s) =MaxL(1) =MaxA =1and P(0)(s) =MinU(0) =MinA =0
(P2) Assume p < g. Then

Max L({p(t) | s R1}) € L({p(t) | s R 1)) € L({q(®) | s R 1))
and hence
G(p)(s) = Max L({p(®) | s R 1}) < MaxL({g(1) | s R 1}) = G(q)(s)
according to Observation 3.2. Similarly,
MinU({g(t) |t R s) S U(q(t) |1 Rs) S U{p() | 1 R s))
and hence
P(p)(s) =MinU({p(t) | 1 R s}) <o MinU({q(t) | 1 R s}) = P(q)(s)

according to Observation 3.2.
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(P3) We have

P(g)(s) = MinU({q(®) | t R s}),

9(P(q)) = {r e AT | r(u) € P(q)(u) forallu € T}

{re AT | r(u) e MinU({g(¢) | t R u}) forallu € T},
G(p(P@))@®) =Max L({r() | 7 € ¢(P(q)) and s R v))
Max L(|_JMinU({q(t) | t Rv}) | s R v}).
L(Jwdg@ 11 R} s R v})

L(|UMinU{q() |t Rv)) |'s R v})

(G = P)(q)(s)

m

q(s)

N

and hence ¢ (s) <1 (G * P)(g)(s) according to Observation 3.2. The last but one line
can be seen as follows: If a € [ J{IU({g() | t R v}) | s R v} then there exists some
veTwiths Rvanda € U({g(¢) | t R v}). But then ¢(s) < a. Analogously, we
have

G(q)(s) = Max L({q(®) | s R 1)),
9(G(@) = {re AT | r(u) € G(g)(w) forallu € T}

= {re AT | r(u) e Max L({q(t) | u R t}) forallu € T},
P(¢(G@)) ) =MinU({rw) | r € (G(9)) and v R s1)
Min U (_JiMax L({g(t) | v R 1}) | v R 5}),
U(UJILdg@ v Rt} [ v R s))
U([JMaxL({g@) [v R 1)) | v R 5))

(P *G)(g)(s)

m

q(s)

N

and hence (P x G)(g)(s) <2 ¢g(s) according to Observation 3.2. The last but one line
can be seen as follows: If @ € |J{L({g(#) | v R t}) | v R s} then there exists some
veTwithv Rsanda € L({g(t) | v R t}). Butthena < g(s).

O

Similarly one can show that also the couple (¥, H) forms a dynamic pair.

4 Properties of tense operators

As mentioned in our previous section, our logic based on a finite orthomodular poset is
equipped with logical connectives ® and — forming an adjoint pair. The aim of this section
is to show that our tense operators satisfy properties considered in classical or non-classical
tense logics as collected in [7] although they are defined in an inexact way.

Before formulating of our results, let us illuminate our concepts by the following
example.

@ Springer



Int J Theor Phys (2023) 62:82 Page 110f19 82

Example 4.1 We consider the orthomodular poset (A, <,’, 0, 1) from Fig. 1 and the time
frame ({1, 2, 3}, <). Define p,q € AT as follows:

We obtain

t 1 2 3
H(p(p ©q)) d 0 0
(Hp OH@)®) | d 0.y 0O
H(e(p — @))(0) v {f.iy {f i}
(H(p) > H(@)®)| b i i
G(e(p © ) (1) 0 0 h
(GPOG@)®) | 0 {0,e,h}) h
Gle(p — )®) | {fi} a a
(G(p) = G(@)() |{a', b} {a', b} d
This shows
H(p(p©q) < H(p) © H(g),
H(p(p — q)) < 2H(p) > H(q),
G(p(p ©9q) < G(p) ©G(g),
Ge(p = @) = 1G(p) = G(@)

and these inequalities are proper.

We introduce the following notations:
For p € AT, x € (P+A)T and B € P, (AT) we define p’ € AT, x’ € (P+A)T and
B’ € P (A7) as follows:
P = (p(t))/ forallt € T,
x'(t) :={d |aex@®)foralteT,
B':={q'|q € B}.
We have ((p(x))/ = ¢(x’) since

(p@) = d' laco)=1lge A" |4 €p)} =
=1{geAT | (g(0) ex)forallt e T} = {q € AT | q(r) e x' (1) forall ¢ € T}
= o(x)).
When combining operators, both tense ones and logical connectives, we must use the

transformation function ¢ because of the reasons explained in the previous section. We can
state and prove the following propositions.

Proposition 4.2 Let (A, <,0,1) be a finite bounded poset, (T, R) a time frame with
reflexive R and q € AT. Then
q = (po P)(q),
q = (9o F)q),
(po H)(q) = q,
(poG)q) = q.
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Proof Lets € T. We have
P(g)(s) = MinU({q(?) | t R s}),

(9o P)q) = {peAl | p(t) e MinU({q(u) | u R t}) forall t € T},
g < pforall p € (po P)(q),
q < (po P)q).

(In the last but one line reflexivity of R is used. Namely, if p € (p o P)(q¢) and ¢t € T then
because of ¢t R t we have g(t) < p(t).) The result for F is analogous. Now

H(q)(s) = MaxL({q(t) | t R s5}),
(poH)(q) = {pe AT | p(r) e Max L({q(u) | u R t}) forallt € T},
p < gforall p e (poH)q),
(9o H)(g) < q.

(In the last but one line reflexivity of R is used. Namely, if p € (¢ o H)(q) and ¢ € T then
t R t and hence p(t) < ¢(t).) The result for G is analogous. O

Proposition 4.3 Let (A, <,’,0,1) be a finite orthomodular poset, (T, R) a time frame,
x € (PyA)T, B,C e Po(AT) with B < C and s € T and denote by ¢ the transformation
function. Then the following holds:

(@
P(p(x0))(s) =MinU(UJ{x(@) | 1 R s}),
F(p()(s) =MinU(U{x(®) |'s R 1}).
H(p())(s) =Max L(U{x(®) | 1 R s}),
G(p()(s) =Max L(U{x(®) | s R 1}),

(i) H(B)= P(B') and G(B) = F(B'),
(i) P(B) <2 P(C), F(B) <2 F(C), H(B) <1 H(C) and G(B) <1 G(C),
(iv) H(B) < P(B) and G(B) < F(B).

Proof (1) We have

P(p(x))(s) =MinU({p(1) | p € p(x) and t R s}) = Min U(U{x(t) | R s}).

The proof for ', H and G is analogous.
(ii)) We have

P(B)(s) = MinU({g(t) | g € Bandt R s}) =MinU({qg'(t) | g € B and t R s})
= MinU({(q(t)) | ¢ € B'andt R s})
= (MaxL({q(1) | g € B'and t R 5})' = H(B")(s).

The second assertion can be proved in an analogous way.
(iii) We have

P(C)(s) = MinU({g(t) |g e Candt Rs}) CU({q()|q € Candt R s})
CU({p@®) | peBandt Rs})
and hence

P(B)(s) =MinU({p(t) | p € Band 1 R s}) <> P(C)(s).
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Analogously, we obtain F(B) <, F(C). Now
H(B)(s) = MaxL({p(t) | p€ Bandt Rs}) C L({p(t)| p € Band? R s})
C L({q() | q € Candt R s})
and hence
H(B)(s) <1 MaxL({g(t) | g € Candt R s}) = H(C)(s).

Analogously, we obtain G(B) <1 G(C).
(iv) Since R is serial there exists some u € T with u R s. We have

H(B)(s) = MaxL({q(t) | ¢ € Bandt R s}) < {q(u) | ¢ € B}
< MinU({q(t) | ¢ € Bandt R s}) = P(B)(s).

The second assertion follows analogously.
O

By (ii) of Proposition 4.3 we see that the tense operators P and F are fully determined
by means of H and G, respectively. Condition (iii) of Proposition 4.3 shows monotonicity
of all tense operators in a finite orthomodular poset.

In the next theorem we verify that the tense operators P, F, H and G as defined in
Section 2 satisfy the composition laws in accordance with known sources, see e.g. [4, 7] or
[11].

Theorem 4.4 Let (A, <,0,1) be a finite bounded poset and (T, R) a time frame with
reflexive R. Then

P<,PxF, F<,FxP, H<{HxP, G<{Gx%*P,
PxH<,P, FxH<;F, H<{HxF, G<{GxF,
PxG <, P, FxG<,F, HxG<{ H, GxH <1 G.

Proof Letq € AT. According to Proposition 4.2 we have ¢ < (¢ o F)(g). Hence by (iii) of
Proposition 4.3 we obtain

P(q) <2 P((9 o F)(q)) = (Pogo F)(q) = (P*F)(q).

This shows P <, P x F. The remaining inequalities can be proved analogously. O

However, in some cases we can prove results which are stronger than those of Theo-
rem 4.4.

Theorem 4.5 Let (A, <,0, 1) be a finite bounded poset, (T, R) a time frame with reflexive
Rand X € {P, F, H, G}. Then

Hx X, GxX<X<PxX,F=xX,
especially
P<PxP,F<FxF, H+H<HGxG<G.
Proof If g € AT and s € T then
(poX)(q) ={r eATlr(u) € X(q)(u) forallu e T}
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and hence
(P % X)(g)(s) = Min U(U{X(q)(f) It R s} = X(q)(s),
(F % X)(g)(s) = Min U(U{X(q)(f) l's R1}) = X(g)(s),
(H* X)(q)(s) = MaxL(U{X(q)(t) It Rs}H = X(q)(s),
(G *X)(q)(s) = MaxL(U{X(q)(t) I's R} < X(q)(s).

That P « P = P does not hold in general can be seen from the following example.

/

Example 4.6 Consider the orthomodular poset (A, <,’, 0, 1) from Fig. 1 and the time frame
({1, 2, 3}, <) as in Example 4.1. Define r € AT as follows:

t 123
r(t)|la b b

Then
P(r)(1) = MinU (a) = a,
P(r)(2) = MinU(a, b) = {f,i'},
P(r)(3) = MinU(a,b) = {f,i'},
(P P)(r)(1) = MinU (a) = a,
(P % P)(r)(2) = MinU(a, f',i’) =1,
(P % P)(r)(3) = MinU(a, ,i’) = 1.
and hence
r 12 3
P(ry |a {f Y {f, i}
(PxP)r)|la 1 1

In the following we show that also preserving of the connective — with respect to H or
G can be derived by the corresponding property for ©.

Lemma 4.7 Let (A, <,’,0, 1) be a finite orthomodular poset, © and — defined by (13)
and B,C,D € P, A. Then B® C C D is equivalent to BE C — D.

Proof First assume B © C © D. Then there exist b € B,c € C,d € Danda € bOc
with a < d. Hence b © ¢ C d. By operator left adjointness this implies b C ¢ — d, i.e.
there exists some ¢ € ¢ — d withb < e. Since b € Band e € C — D we conclude
B T C — D. Conversely, assume B = C — D. Then there existb € B,c € C,d € D
and e € ¢ — d with b < e. Hence b C ¢ — d. By operator left adjointness this implies
b ®c Cd,i.e.there exists some f € b ® ¢ with f <d.Since f € BOCandd € D we
conclude BO C C D. O

Theorem 4.8 Let (A, <,’,0, 1) be a finite orthomodular poset, (T, R) a time frame and
X,Y,Z € {P, F, H, G}. Then the following hold:
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(i) Puti:=1ifZ e{H,G}andi := 2 otherwise and assume
X(p(x)) ©Y(q) <i Z(p(x © q)) forall x € (P+A)" andall g € A”.
Then
X(¢(p = ) T Y(p) — Z(g) forall p,q € AT
(i) Puti:=1ifX € {H, G} and i := 2 otherwise and assume

X((p(p — x)) <i Y(p) — Z((p(x))forallp e AT and all x € (PLA)T.
Then
X(p)©Y(q) E Z(¢(p © q)) forall p,q € A”.

Proof Let p,q € A and x € P4 A.
(i) Because of divisibility of the operator residuated structure (A, <, ®, —, 0, 1) we have

X(etp ~ @) 0 Y(p) =i Z(((p — @) @ p)) = Z(p(Max L(p. ).

Now Max L(p, q) < q implies (p(Max L(p, q)) < g according to Lemma 3.1 whence

X(p(p = @) OY(p) <i Z(¢(Max L(p, 61))) <i Z(q)

according to (iii) of Proposition 4.3. Hence X ((p (p — q)) ® Y(p) E Z(gq). Operator
left adjointness (cf. [5]) and Lemma 4.7 yields

X(p(p — @) E Y(p) — Z(q).
(i) Because of (i) of Lemma 2.5 and (iii) of Proposition 4.3 we obtain
X(p) <i X(w(q - (po q))) <iY(@) — Z(p(p ©q))
and therefore

X(p)EY(q) = Z(p(p ©q)).
Operator left adjointness (cf. [5]) and Lemma 4.7 yields

X(p)OY(q) C Z(p(p ©q)).
O

Remark 4.9 Theorem 4.8 implies that the assertions (1) — (6) and (7) — (12), respectively,
are in some sense equivalent.

5 How to construct a preference relation
In this section we will present a construction of a binary relation R on T for a given time
set T and A equipped with the tense operators P, F', H and G.

Let A = (A, <,,0,1) be a finite orthomodular poset, 7 a time set, (7, R) the time
frame. We say that the tense operators P, F, H and G are constructed by (T, R) if for each
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ge AT andeachs e T

P(q)(s) := MinU({q(?) | t R 5}),

F(q)(s) := MinU({q(?) | s R t}),

H(g)(s) == Max L({g(t) | R s}),

G(g)(s) := Max L({q(t) | s R }).
Since (P, G) as well as (F, H) form a dynamic pair, the quintuple (A, P, F, H, G) is called
a dynamic orthomodular poset.

Conversely, let (A, P, F, H, G) be a dynamic orthomodular poset and 7 a given time
set. The question is how to construct a binary relation R* on T such that P, F, H and G are
constructed by (T, R*).

Let (A, <) be a poset. On P A we define two binary relations &~ and ~; as follows:

B~ C ifB<iCandC <1 B,
B~y C ifB<p;CandC <3 B
(B,C € 'PtA). Since <1 and <; are quasi-orders on P;A, ~; and ~, are the

corresponding equivalence relations on P A.
Define a binary relation R* on T as follows:

(14) s R* tif both G(g)(s) < q(t) < F(q)(s) and H(q)(t) < q(s) < P(q)(1)
hold for each ¢ € AT

Theorem 5.1 Ler (A, <,’,0, 1) be a finite orthomodular poset, (T, R) a time frame and
P, F, H and G the tense operators constructed by (T, R). Let R* be the relation defined
by (14). Then R € R*. Let X e {P,F,H,G}, q € AT and s € T, let X* denote the tense
operator constructed by (T, R*) corresponding to X and puti := 1if X € {H, G} and
i := 2 otherwise. Then

X(q)(s) =i X*(q)(s).
Proof Lett € T.If s R t then

P(g)(#) = MinU({g(u) | u Rt}) = q(s),

F(g)(s) = MinU({g(u) | s Ru}) > q(@),

H(g)(1) = MaxL({q(u) | u R t}) < q(s),

G(g)(s) = MaxL({g(u) | s R u}) < q().

This shows R € R*. Now

P*(g)(s) = MinU({g(t) |t R* s}) CU{q(t) |t R*s}) CU{q() | t R s5}),
F*(q)(s) = MinU({g(z) | s R*t}) CU{q() | s R*t}) CU{q) | s R1}),
H*(q)(s) = MaxL({g(t) | t R* s}) € L({g(t) | t R* s}) € L({q(t) | t R 5}),
G*(g)(s) = MaxL({g(t) | s R* t}) S L({q(®) | s R t}) S L{q(®) | s R t})

and hence

P(g)(s) = MinU({q(®) | t R s}) <2 P*(g)(s),

F(g)(s) = MinU({g(1) | s R t}) <2 F*(q)(s),
H*(q)(s) <1 MaxL({g(®) | t R s}) = H(q)(s),
G*(g)(s) <1 MaxL({g(®) | s R 1}) = G(q)(s)
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according to Observation 3.2. Moreover, we have

q(t) < P(g)(s) forall t witht R* s,

q(t) < F(g)(s) forall t with s R* ¢,
H(q)(s) < q(¢) forall r witht R* s,
G(q)(s) < q(¢) forall t with s R* ¢

and hence

P(g)(s) € U({q@) | t R* 5}),
F(g)(s) € U({q(®) | s R* 1}),
H(g)(s) € L({g(t) | t R* s}),
G(q)(s) € L({g(®) | s R* 1})

whence

P*(g)(s) = MinU({q(®) | t R* s}) <2 P(q)(s),
F*(@)(s) = MinU({q(®) | s R* 1}) <2 F(q)(s),
H(g)(s) <1 MaxL({q(t) | t R s}) = H"(q)(s),
G(g)(s) <1 MaxL({q(t) | s R* 1}) = G*(q)(s)
according to Observation 3.2. O

Now we present another construction of a time preference relation on the time set.
Define a binary relation R on T as follows:

(15) s Rtifboth (G * X)(q)(s) < X(q)(t) < (F % X)(¢)(s) and

(H * X)(g)(1) < X(q)(s) < (P*X)(g)(t)
hold for each X € {P, F, H, G} and each ¢ € AT.

Theorem 5.2 Let (A, <,’,0, 1) be a finite orthomodular poset, gT, R) a time frame and
P, F, H and G the tense operators constructed by (T, R). Let R be the relation defined
by (15). Then R R and for each X,Y € {P, F, H, G}, each q € AT and eachs € T
we have

(Y * X)(@)(s) & (¥ % X)(g)(s)

where i = 1ifY € {H, G} and i = 2 otherwise, and where Y denotes the corresponding
tense operator constructed by (T, R).

Proof Let X € {P,F,H,G},q € AT ands,t € T.If s R t then
(P X)(q)(1) = MinU(U{X(q)(u) lu Rt} = X(q)(s),
(F*X)(q)(s) = MinU(U{X(q)(u) l's Ru}) > X(q)(1),
(H % X)(¢q)(r) = Max L(U{X(q)(u) lu Rt}) < X(q)(s),
(G * X)(q)(s) = Max L(U{X(q)(u) |'s Ru}) < X(q)®).

This shows R € R. Now
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(P X)(g)(s) = MinU(_J(X(@)®) |t Rsh) cU(JIX (@) |1 Rsh
c U(JtX@@ |1 R s,

(F % X)(@)(s) = MinU(_JIX(@)@) | s Reh cU(JIX@@) |5 Rt}
c u(Jx@@ s R,

(H % X)(q)(s) = Max L({_J(X(@)(®) | £ Rs}) € LA J(X(@)@) | £ R s})
< LJx@@ 1t R s,

(G % X)(q)(s) = Max L(_J{X(@)®) | s Re}) < LA J(X (@) @) | s Rt}

LUX @@ s Rt}

N

and hence
(P* X)(q)s) = MinU(_JIX(g)(®) |t R s}) <2 (P % X)(g)(s),
(F % X)(q)(s) = MinU(_JIX(@)(®) |'s R t}) <2 (F % X)(q)(s),
(H % X)(q)(s) <1 Max L({_J{X(@)(®) | £ R s}) = (H * X)(g)(5),
(G % X)(q)(s) <1 Max L(_J{X(@)(®) | s R t}) = (G % X)(q)(s)

according to Observation 3.2. Moreover, we have

X(q)() < (P = X)(q)(s) for all r with ¢ Rs,
X(q)(#) < (F % X)(q)(s) forall r with s R,
(H % X)(q)(s) < X(q)(t) forall r with ¢ R s,
(G % X)(g)(s) < X(q)() forall t withs Rt

and hence
(P X)@)) € UUJX @@ 1 R s,
(F+X)(@)) € UJIX @) | s R},
(H+X)(@)s) € LAUJX @@ |1 R s,
G *X) (@) € LAJX @0 s R1))

whence
(PxX)(@)s) = MinU(JIX(@)(®) |1 R s}) <2 (P* X)(@)(s).
(FxX)(@)s) = MinU(JIX(@)@) | s R1}) < (F % X)(@)(s).
(H % X)(@)(s) <1 Max L(_J{X(@)(®) |1 R s}) = (H * X)(g)(s),
(G * X)(@)(s) <1 Max L(_J{X (@) | s R1}) = (G * X)(@)(s)

according to Observation 3.2. O
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