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Abstract

Entanglement-assisted quantum maximum distance separable (MDS) codes form a signifi-
cant class of quantum codes. By using constacyclic codes, we construct some new classes of
g-ary entanglement-assisted quantum error-correcting MDS codes. Most of these codes are
new in the sense that their parameters are not covered by the codes available in the literature.

Keywords Entanglement-assisted quantum error-correcting MDS codes -
Constacyclic codes - Cyclotomic cosets

1 Introduction

Quantum error-correcting codes (QECCs) play an important role in quantum communica-
tion and quantum computer. Calderbank et al. established the connections between quantum
codes and classical codes in [1]. As we know, QECCs can be constructed from dual-
containing classical codes [2]. After that, many scholars constructed lots of QECCs with
good parameters (see [3-9]). However, the dual-containing condition forms a barrier in the
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development of quantum coding theory. Entanglement-assisted quantum error-correcting
codes (EAQECCs) theory is a breakthrough in the area of quantum error correction. By
using preshared entanglement between the sender and the receiver, Brun et al. proved that
arbitrary classical linear error-correcting codes can be used to construct EAQECCs [10].
Since then, many scholars have been interested in EAQECCSs and have made good progress.

Let g be a prime power. A g-ary EAQECC can be denoted as [[n, k, d; c]];, which
encodes k logical qubits into n physical qubits with help of ¢ pairs of maximally entangled
states, where d is the minimum distance of the code. A quantum code with minimum dis-
tance d can detect up to d — 1 quantum errors and correct up to L%J quantum errors.
Actually, if ¢ = 0, the code is a QECC. The Singleton bound for an EAQECC is given in
the following proposition:

Proposition 1 [11] For any [[n, k, d; c]]; EAQECC, ifd < ”—JZFZ, then it satisfiesn+c—k >
2(d — 1), where0 <c <n—1.

An EAQECC attaining the Singleton bound is called an entanglement-assisted quan-
tum MDS (EAQMDS for short) code. Although the dual-containing condition is no longer
required, it is still not easy to determine the number of pre-shared maximally entangled
states for constructing an EAQECC. There are two main ways to construct EAQMDS codes,
namely using constacyclic codes and generalized Reed—Solomon codes.

Fan et al. constructed several classes of EAQMDS codes from Reed-Solomon codes and
constacyclic codes with one or more shared entangled states [12]. In [13], Guenda et al. have
shown that the number of shared pairs is associated with the hull of classical linear codes.
Luo et al. constructed several new infinite families of EAQMDS codes by GRS codes with
hulls of arbitrary dimensions [14]. Then, many scholars constructed many EAQMDS codes
by using GRS codes [15-18].

Chen et al. proposed a decomposition of the defining set of negacyclic codes, and
obtained four families of EAQMDS codes with the help of 4 or 5 shared entanglement states
[19]. Then, Chen et al. constructed four classes of EAQMDS codes from constacyclic codes

with length n = ‘IZS—H [20]. Recently, Lu et al. proposed the concept of decomposition of the
defining set of negacyclic codes, and constructed six classes of EAQMDS codes [21]. Sub-
sequently, many researchers constructed many classes of EAQMDS codes with constacyclic
codes (including cyclic codes and negacyclic codes) [22-26].

In this paper, based on cyclic codes and constacyclic codes we have obtained some new
classes of EAQMDS codes with parameters [[n, n — 2d + 2 + ¢, d; c]], as follows:

(1) q=26m+5,m21,n=”21—§1,c=5, 12m +4 <d <20m + 4 and d is even.

@) q=26m+5m>1n="2%E¢=920m+6<d <24m+4andd is even.

3) g=26m+2L,m>1,n="2Lt c=512m+12<d <20m+ 16 and d is even.

@) g=26m+21,m>1n="LE ¢=920m+ 18 <d < 24m +20 and d is even.

b5 g=26m+5m=> l,n:qzl—;],c:4, 10m +4 <d < 18m + 4 and d is even.

©) q=26m+5m>1n="%t c=818m+6<d <22m+4andd is even.
(7) q=26m+21,m>1n="25F c=410m+10 <d < 18m + 14 and d is even,

®) g=26m+2L,m>1n="2LE c=8 18m+16 <d < 22m + 18 and d is even.
The paper is organized as follows. In Section 2, we recall the basic knowledge of linear
codes, constacyclic codes and EAQECCs. In Section 3 and Section 4, we construct some
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classes of EAQMDS codes from cyclic codes and constacyclic codes. Section 5 contains
some comparative results and concludes this paper.

2 Preliminaries

In this section, we will review some relevant concepts on constacyclic codes and EAQECCs
for the purpose of this paper.

Let F» be the finite field with g? elements. Let F 22 be the n-dimensional vector space
over F 2, where n is a positive integer. The Hamming weight of x € FZZ is the number of
nonzero coordinates of x, and is denoted by wt(x). The Hamming distance of two vectors
x and y is the Hamming weight of the x — y, denoted by dist(x, y).

A g?-ary code € of length n is a subset of IFZZ. The minimum distance of &, denoted

by d(%), is defined by d(¥¢) = min{dist(x, y)|x # y € €}. The code ¥ is called a g2-ary
linear code of length n, if % is a subspace of IFZZ‘ Clearly, the minimum Hamming distance
of linear code % is equal to the minimum nonzero Hamming weight of all codewords in €.
A g2-ary linear code [n, k, d] is a k-dimensional subspace of F", and minimum distance d.

The Singleton bound for a linear code is given in the following proposition:
Proposition 2 (The Singleton bound) If € is an [n, k, d] code, thenn —k > d — 1.

Codes withn — k = d — 1 are called maximum distance separable (abbreviated MDS).
Letx = (x1,x2,...,xy) and y = (y1, y2,..., yu) be two vectors in IFZZ, then the

Hermitian inner product is defined as (x, y)g = Y '_; x; yf . For a g?-ary linear code € of
length n, the Hermitian dual of €, denoted by €4, is defined by

Ein = (x € IFZZI(x,y)H =0, forall y € ©}.

If C € €+t € is referred to as a Hermitian self-orthogonal code.

Let o be a nonzero element in F 2. A linear code & of length n is said to be a-
constacyclic, if for any codeword (cy, ¢3, ..., ¢y) € € that satisfies (acy, c1,...,ch—1) €
€. If @ = 1, an a-constacyclic code is called a cyclic code. It is well known that a ¢>-
ary a-constacyclic code % of length n is an ideal of Falx1/ (x™ — ). Moreover, € can be
generated by a monic factor of x" — «, i.e., € = (f(x)) and f(x)|(x" — ).

Form [4, 27], we can see that the Hermitian dual €+ of an a-constacyclic code over I e
is an o™ 7-constacyclic code. Let w be a primitive element of F». We assume ged(n, ¢) =1
and take @ = '@~V forsomei €0, 1,..., q. In this case, we have a9t = 1. Then, the
order r of « in F} is (¢ +1)/ ged(i, ¢ + 1) and the Hermitian dual €"+" of an a-constacyclic
code over F 2 is a-constacyclic. Let § be a primitive rn-th root of unity in some extension
field of IF> such that " = « and n = §". Then 7 is a primitive r-th root of unity, which
implies that the roots of x" — « are 81/ = 8'*/" for0 < j <n — 1.

Let O,, = {1 +rj|0 < j < n — 1}. Then, the defining set of a constacyclic code
€ = (g(x)) of length n isthe set Z = {i € O,,|8" is a root of g(x)}. The qz—cyclotmic
coset of i modulo rn is defined by C; = {ig?/(mod rn)|j € Z}. Then, the defining set of
an a-constacyclic code over 42 can be seen as union of sets C; for some i € O,,.

As in cyclic codes, there exists the following BCH bound for a-constacyclic codes.
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Proposition 3 ([28] The BCH bound for constacyclic codes) Let € = {(g(x)) be a qz-ary
a-constacyclic code of length n, where o is a primitive r-th root of unity. If the polynomial
g(x) has the elements {81+ir < Jj <1+ d — 2} as the roots, where § is a rn-th primitive
root of unity with 8" = a. Then, the minimum distance of € is at least d.

Similar to cyclic codes, constacyclic codes over F,» also have the following
decomposition.

Definition 1 Let o be an element in F*, with multiplicative order r and € = (g(x)) be
an a-constacyclic code of length n with defining set D. Suppose D1 = D N —gD and
Dy = D\D1,where —gD = {rn—qgx|x € D}. Then D = D{UD; is called a decomposition
of the defining set of & .

Then we have the following result from [22, 23].

Proposition 4 Let € be an a-constacyclic code of length n with defining set D, and D =
D1 U Ds is a decomposition of D. Then there exists an EAQECC with parameters [[n, n —
2|D| + |D1l, d; | D111y, where d is the minimum distance of €.

3 Entanglement-Assisted Quantum MDS Codes Derived from Cyclic
Codes

2
In this section, we will construct two classes of EAQMDS codes with length n = ql—;rl by
cyclic codes, where ¢ is an odd prime power. Before our construction, we need the following
lemma.
2
Lemma 1 [29] Let n = % and s = % Then the qz-cyclotomic cosets modulo n con-
taining integers from 0 to n are: Co = {0}, Cy; = {s} and Csy; = {s +i,s — i}, where
1<i<s-—1
2

Let g be an odd prime power, and % be an integer. Then we can easily get g = 26m+5
or g = 26m + 21. In the following part of this section, we will construct two classes of
EAQMDS codes by using cyclic codes.

3.1 TheCaseq =26m + 5
Using Lemma 1, we can obtain the cyclic codes with the following parameters.

Lemma 2 Let g, n,s be defined as above, and g = 26m + 5, (m > 1). Assume € is a
cyclic code with defining set D and D has the decomposition D = D1 U D,. Then there
exist some cyclic codes with following parameters:

(1) If1 <t <6m+ 1, then the code € has parameters [n,n — 2t + 1, 2t] and |D;| = 1.
(2) If6m +2 <t < 10m + 2, then the code € has parameters [n,n — 2t + 1, 2t] and

D] =5.
(3) If10m +3 <t < 12m + 2, then the code € has parameters [n,n — 2t + 1, 2t] and
D] =09.
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Proof Since q = 26m+5, thenn = £ = 52m2+20m+2 and s = % = 26m>+10m +1.

From Lemma 1 we know that Cy = {s} and Csy; = {s +i,s —i},where 1l <i <s—1.Let
-1

D =] Csyi,then D ={s+i|l —t <i <t —1}. Clearly, if i = 0, we have —¢C; = C;.
i=0

Ifi # 0, then

241 241 241
g+ =—om+5) - T i =T e —si (mod 10
26 26
Let A; be an integer, which satisfies | < A; < n and —q(s +i) = A; (mod n). And

then we have the following cases to discuss the value of A;:

Case 1.If 1 <i <m,then A; = 26(m —i)m + 10m — 5i + 1. Therefore, it is easy to
get that |[A; — s| > 26m + 5, and the equality holds if and only if i = 1.

Case2.If m +1 <i <3m,then A; =26(3m — i)m + 30m — 5i + 3. Therefore, it is
easy to get that |[A; — s| > 10m + 2, and the equality holds if and only if i = 2m.
Case3.If3m+1 <i < 5m, then A; = 26(5m —i)m + 50m — 5i 4+ 5. Therefore, it is
easy to get that | A; — s| > 6m + 1, and the equality holds if and only if i = 4m + 1.
Cased. If Sm+1 <i <Tm+1,then A; = 26(7Tm —i)m +70m — 5i + 7. Therefore, it
is easy to get that |A; — s| > 4m + 1, and the equality holds if and only if i = 6m + 1.
CaseS5.If Tm+2 <i <9m—+1, then A; = 26(9m —i)m +90m — 5i + 9. Therefore, it
is easy to get that |A; —s| > 12m + 2, and the equality holds if and only if i = 8m + 2.
Case 6. I1f9Im+2 <i < 11m—+2,then A; = 26(11m—i)m+110m—5i+11. Therefore,
it is easy to get that |A; — 5| > 2m, and the equality holds if and only if i = 10m + 2.
Case 7. If 1lm 4+ 3 <i < 13m + 2, then A; = 26(13m — i)m + 130m — 5i + 13.
Therefore, it is easy to get that |A; — s| > 8m + 2, and the equality holds if and only if
i =12m+2.

In conclusion, if 1 < ¢ < 6m + 1, we can easily get Dy = DN —gD = C, and |D;| = 1.
Ifom 42 <t <10m + 2, we can easily get D1 = DN —gD = C3 U Cytam+1 U Cstom+1

and |Dy] = 5. If 10m +3 <t < 12m + 2, we can easily get D = DN —¢gD =
CsUCs+am+1YCst6m+1UCst2m UCst10m+2 and | D1| = 9. In addition, from Propositions
2 and 3, we can get the code € have parameters [n, n — 2t + 1, 2r]. O

Using the cyclic codes constructed by Lemma 2 and Proposition 4, we can obtain the
following EAQMDS codes.

Theorem 1 Let m > 1,¢,d be integers and g = 26m + 5 be an odd prime power. Then,
there exist [[n,n — 2d + 2 + ¢, d; c]l; EAQMDS codes if one of the following holds:

(1) n:%,c:l,Zfdf12m+2anddiseven.
(2) n=qi—§l,c=5, 12m +4 <d <20m + 4 and d is even.
(3) n=9t c=920m+6<d<24m+4andd is even.

Example 1 Letm = 1,3, 4. Then, there exist [[n, n — 2d + ¢ + 2, d; c]]; EAQMDS codes,
where the values of ¢, n, d, ¢ can be found in Table 1.

3.2 TheCase g = 26m + 21

Similar to Lemma 2, we can obtain the cyclic codes with the following parameters.
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Table 1 The values of n, d, ¢ in Example 1

q n d(even) c d(even) c d(even) c
31 74 2<d<l14 1 16 <d <24 5 26 <d <28 9
83 530 2<d<38 1 40 <d <64 5 66 <d <76 9
109 914 2<d<50 1 52 <d <84 5 86 <d < 100 9

Lemma 3 Let g, n, s be defined as above, and g = 26m + 21, (m > 1). Assume € is a
cyclic code with defining set D and D has the decomposition D = D1 U D». Then there
exist some cyclic codes with following parameters:

(1) If1 <t <6m-+5, then the code € has parameters [n,n — 2t + 1, 2t] and |Dy| = 1.
(2) Ifém +6 <t < 10m + 8, then the code € has parameters [n,n — 2t + 1, 2t] and

ID1] = 5.
(3) If10m +9 <t < 12m + 10, then the code € has parameters [n,n — 2t + 1, 2t] and
|D1| =09.

Proof Since g = 26m + 21, then n = £+ = 52m? 4 84m + 34 and s = % = 26m> +
42m + 17. From Lemma 1 we know that C; = {s} and Cy4; = {s + i, s — i}, where
1—1
l<i<s—1.LetD= | Csqi,then D ={s+i|l —t <i <t —1}. Clearly, if i = 0, we
i=0
have —gCy = C;. If i # 0, then
2 2 2
1 1 1
g +i)=—Q6m+21)- 4 22 _ig=1 22 — 26mi — 21i (mod q 1; )

Let A; be an integer, which satisfies | < A; < n and —¢q(s +i) = A; (mod n). And
then we have the following cases to discuss the value of A;:

Case 1.If 1 <i <m,then A; = 26(m — i)m + 42m — 21i + 17. Therefore, it is easy
to get that |A; — s| > 26m + 21, and the equality holds if and only if i = 1.
Case2.If m+1 <i <3m+2,then A; =26(3m —i)m+126m —21i +51. Therefore,
itis easy to get that |[A; —s| > 10m +8, and the equality holds if and only if i = 2m+-2.
Case3.1f3m+3 <i <5m+4,then A; = 26(5m —i)m+210m —21i +85. Therefore,
it is easy to get that |A; —s| > 6m + 5, and the equality holds if and only if i = 4m + 3.
Cased. If Sm +5 < i < Tm+ 5, then A; = 26(Tm — i)ym + 294m — 21i + 119.
Therefore, it is easy to get that |A; — s| > 4m + 3, and the equality holds if and only if
i =6m+5.

Case 5. If Tm +6 < i < 9m + 7, then A; = 26(9m — i)m + 378m — 21i + 153.
Therefore, it is easy to get that |A; — 5| > 12m + 10, and the equality holds if and only
ifi =8m +6.

Case 6. 1f 9m + 8 <i < 1lm + 8, then A; = 26(11m — i)m + 462m — 21i + 187.
Therefore, it is easy to get that |A; — s| > 2m + 2, and the equality holds if and only if
i =10m 4 8.

Case7.1f 11m +9 <i < 13m + 10, then A; = 26(13m — i)m + 546m — 21i + 221.
Therefore, it is easy to get that |A; — s| > 8m + 6, and the equality holds if and only if
i =12m 4 10.
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Table2 The values of n, d, ¢ in Example 2

q n d(even) c d(even) c d(even) c
47 170 2<d<22 1 24 <d <36 5 38<d <44 9
73 410 2<d<34 1 36 <d <56 5 58 <d <68 9
151 1754 2<d<70 1 72 <d <116 5 118 <d < 140 9

In conclusion, if 1 <t < 6m + 5, we can easily get D = DN —gD = Cys and |D¢| = 1.
Ifém+6 <t <10m + 8, we can easily get D1 = DN —gD = C3 U Cyqam+3 U Csr6m+s
and |Dy| =5.1f 10m +9 <t < 12m + 10, we can easily get D = DN —gD = C; U
Cstam+3 Y Csi6m+5 U Csyom+2 U Csy1om+s and | D] = 9. In addition, from Propositions
2 and 3, we can get the code € have parameters [n, n — 2t + 1, 2r]. O

Using the cyclic codes constructed by Lemma 2 and Proposition 4, we can obtain the
following EAQMDS codes.

Theorem 2 Let m > 1,t,d be integers and g = 26m + 21 be an odd prime power. Then,
there exist [[n,n — 2d + 2 + ¢, d; c]l; EAQMDS codes if one of the following holds:

(1) n=9%c=1,2<d<12m+10andd is even.

(2) n:qzl—;“,c:i 12m + 12 <d <20m + 16 and d is even.

(3) n:qzl—;l,c:9, 20m + 18 <d < 24m + 20 and d is even.

Example 2 Letm = 1,2, 5. Then, there exist [[n, n — 2d + ¢ + 2, d; c]];, EAQMDS codes,
where the values of ¢, n, d, ¢ can be found in Table 2.

4 Entanglement-Assisted Quantum MDS Codes Derived
from Constacyclic Codes

In this section, we will construct two classes of EAQMDS codes with length n = % by

a-constacyclic codes, where ¢ is an odd prime power and » = ord(«) = ¢ + 1. Before our
construction, we need the following lemma.

2 2
Lemma 4 Let n = % and s = %. Then the all g2-cyclotomic cosets modulo rn
containing s + ir are: Cy = {s}, CH_% = {s + %}, Csyi = {s +ir,s — ir}, where

1Si5qT_landCH,':{s—l—ir,rn—l—s—ir},where%gi5%—1.

In the following part of this section, we will construct two classes of EAQMDS codes by
using constacyclic codes.

4.1 TheCaseq =26m + 5

Using Lemma 4, we can obtain the constacyclic codes with the following parameters.

@ Springer



1850 International Journal of Theoretical Physics (2021) 60:1843-1857

Lemma 5 Let g, n,s be defined as above, and q = 26m + 5, (m > 1). Assume € is a
constacyclic code with defining set D and D has the decomposition D = D1 U Dj. Then
there exist some constacyclic codes with following parameters:

(1) If1 <t <35m++ 1, then the code € has parameters [n,n — 2t + 1, 2t] and |D;| = 0.
(2) If5m+2 <t < 9m + 2, then the code € has parameters [n,n — 2t + 1, 2t] and

D] =4
(3) If9m+3 <t < 1lm + 2, then the code € has parameters [n,n — 2t + 1, 2t] and
D] = 8.

Proof Since g = 26m + 5, then n = T4 = 52m2 4+ 20m + 2 and s = L5 = 338m? +

130m 4+ 13 =14+ (13m + 2)r. Let sy = 13m + 2, then s = 1 + rs1. From Lemma 1 we
-1

know that C; = {s}and Cs4; = {s +i,s —i}, where 1 <i < %. Let D = |J Cs4ir, then

i=0
D={s+ir|l —t<i <t—1}.Ifi =0, itis easy to prove —qCs = CH%. Ifi # 0, then

2 2 2
+1 +1 +1 +1
g +in = -TCHD gy WEDEHD )4 2
2 2 2
?+1
=(@+1 7% —iglg+ D+ @+DHA3m+2)+1

1+ (26m2 +23m + 3 — 26mi — 5i)r (mod rn).

Let A; be an integer, which satisfies | < 1+4+rA; <rnand —q(s+ir) = 1+rA; (mod n).
And then we have the following cases to discuss the value of A;:

Case 1.If 0 <i < m, then A; = 26(m — i)m + 23m — 5i + 3. Therefore, it is easy to
get that |A; — 51| > 5m + 1, and the equality holds if and only if i = m.
Case2.Ifm+1 <i <3m+1,then A; =26(3m —i)m +43m — 5i + 5. Therefore, it
is easy to get that |A; —s1| > 11m 42, and the equality holds if and only if i = 3m + 1.
Case3.If3m +2 <i <5m+1,then A; =26(5m — i)m + 63m — 5i + 7. Therefore,
it is easy to get that |A; — s1| > m, and the equality holds if and only if i = 5m + 1.
Cased. If Sm+2 <i <Tm—+1,then A; = 26(Tm —i)m +83m — 5i +9. Therefore, it
is easy to get that |A; — 51| > 9m + 2, and the equality holds if and only if i = 7m 4 1.
Case5.If Tm+2 <i <9m+2,then A; = 26(9m —i)m + 103m — 5i + 11. Therefore,
itis easy to get that |A; —s1| > 7m+ 1, and the equality holds if and only if i = 9m+-2.
Case 6. If 9m +3 < i < 1lm + 2, then A; = 26(9m — i)ym + 103m — 5i + 11.
Therefore, it is easy to get that |A; — s1| > 3m + 1, and the equality holds if and only
ifi =11m+ 2.

In conclusion, if 1 <t < 5m + 1, we can easily get Dy = D N —¢gD = @ and |D;| = 0.
If5m +2 <t <9m+ 2, wecaneasily get D = DN —gD = Csqnr U Cs4(5m+1)r and
|IDi| =4.1ft9m +3 <t < 1lm+ 2, we can easily get D1 = DN —gD = Csqppr U
Csr5mt1yr YU Csy(m+1)r U Cs49m42)- and | Dy | = 8. In addition, from Propositions 2 and
3, we can get the code % have parameters [n, n — 2t + 1, 2¢]. O

Using the constacyclic codes constructed by Lemma 2 and Proposition 4, we can obtain
the following EAQMDS codes.

Theorem 3 Let m > 1,t,d be integers and q = 26m + 5 be an odd prime power. Then,
there exist [[n,n — 2d + 2 + ¢, d; c]l; EAQMDS codes if one of the following holds:
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(1) n= qi—;l,c:o, 2<d <10m + 2 and d is even.

(2) n= q%l, c=410m+4 <d <18m + 4 and d is even.

(3) n= q%l) c=8 18m+6 <d <22m+ 4 and d is even.

Example 3 Letm = 1, 3, 4. Then, there exist [[n, n —2d + ¢ + 2, d; c]]; EAQMDS codes,
where the values of ¢, n, d, ¢ can be found in Table 3.

4.2 TheCase q = 26m + 21

Similar to Lemma 5, we can obtain the constacyclic codes with the following parameters.

Lemma 6 Let g, n, s be defined as above, and g = 26m + 21, (m > 1). Assume € is a
constacyclic code with defining set D and D has the decomposition D = Dy U D;. Then
there exist some constacyclic codes with following parameters:

(1) If1 <t <5m+4, then the code € has parameters [n,n — 2t + 1, 2t] and |D| = 0.
(2) IfSm+5 <t < 9m+ 7, then the code € has parameters [n,n — 2t + 1, 2t] and

Di| = 4.
(3) If9m+8 <t < 1lm+9, then the code € has parameters [n,n — 2t + 1, 2t] and
D] =8.

2 2
Proof Since g = 26m + 21, then n = % = 52m2 +84m +34ands = 4 ;—1 _

338m2+546m+221 = 14+(13m+10)r.Lets; = 13m+10, thens = 1+rs;. From Lemma
—1
2 we know that Cy = {s} and Cy4; = {s+1i,s —i}, where ]l <i < %. Let D = | Cstirs

i=0
then D = {s +ir|l —t <i <t —1}.1Ifi =0, itis easy to prove —qCs = CH%. Ifi #0,
then

2 2 2
+1 +1 +1 +1
s tin = ~LCED gy = IEDEED 4
g’ +1
=(g+1) 26 —iglg+ 1)+ (@+1)(A3m+10)+ 1

= 1+ (26m” + 55m + 27 — 26mi — 21i)r (mod rn).

Let A; be an integer, which satisfies | < 1 4+rA; < rnand —g(s +ir) = 1 +rA;
(mod n). And then we have the following cases to discuss the value of A;:

Case1.If0 <i <m + 1, then A; = 26(m — i)m + 55m — 21i + 27. Therefore, it is
easy to get that |A; — s1| > 5m + 4, and the equality holds if and only if i = m + 1.

Table 3 The values of n, d, ¢ in Example 3

q n d(even) c d(even) d(even) c
31 74 2<d<12 14<d<22 24 <d <26
83 530 2<d<32 34 <d <58 60 <d <70
109 914 2<d=<42 44 76 78 <d <92
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Case2.If m+2 <i <3m+2,then A; = 26(B3m —i)m+139m —21i+61. Therefore, it
is easy to get that |A; —s1| > 11m +9, and the equality holds if and only if i = 3m +2.
Case3.If 3m+3 <i < 5m+4,then A; = 26(5m —i)m~+223m —21i +95. Therefore,
it is easy to get that |A; — 51| > m + 1, and the equality holds if and only if i = 5m + 4.
Case 4. If Sm +5 < i < 7Tm + 6, then A; = 26(7Tm — i)m + 307m — 21i + 129.
Therefore, it is easy to get that |A; — s1| > 9m + 7, and the equality holds if and only
ifi =7m+6.

Case 5. If Tm +7 < i < 9m + 7, then A; = 26(9m — i)m + 391m — 21i + 163.
Therefore, it is easy to get that |A; — s1| > 7m + 6, and the equality holds if and only
iti =9m +7.

Case 6. If 9m + 8 < i < 9m + 7, then A; = 26(9m — i)ym + 475m — 21i + 197.
Therefore, it is easy to get that |A; — s1| > 3m + 2, and the equality holds if and only
ifi =11m+09.

In conclusion, if 1 <t < 5m + 4, we can easily get D1 = DN —¢gD = & and |D;| = 0.
If5m+5 <t <9m+7, we can easily get D; = DN —gD = Cyyuiiyr U CspSmtdyr
and |[D1| =4.1f5m 4+ 5 <t <9m + 7, we can easily get D1 = D N —qD = Csy(m+1)r U
Cs+5m+ayr YU Csy(m+6yr U Cs4©9m+7)r and | Dy| = 8. In addition, from Propositions 2 and
3, we can get the code % have parameters [n, n — 2t + 1, 2¢]. O

Using the constacyclic codes constructed by Lemma 2 and Proposition 4, we can obtain
the following EAQMDS codes.

Theorem 4 Let m > 1,t,d be integers and g = 26m + 21 be an odd prime power. Then,
there exist [[n,n — 2d + 2 + ¢, d; cll; EAQMDS codes if one of the following holds:

(1) n=%* c=02<d<10m+8andd is even.
(2) n:qz]—;l,c:é 10m + 10 <d < 18m + 14 and d is even.

(3) n=‘121—;1,c=8, 18m + 16 <d <22m + 18 and d is even.

Example 4 Letm = 1,2, 5. Then, there exist [[n, n — 2d + ¢ + 2, d; c]];, EAQMDS codes,
where the values of ¢, n, d, ¢ can be found in Table 4.

Remark 1 By comparison, we can see that the codes constructed in Section 3 have larger
minimum distance, and the codes constructed in Section 4 have smaller numbers of
preshared maximally entangled states.

To be more specific, in the case ¢ = 26m + 5, compared with Throrem 1, the codes
constructed in Theorem 3 have smaller numbers of preshared maximally entangled states
if the minimum distance d satisfy 2 < d < 10m +2, 12m +4 < d < 18m 4+ 4 or

Table4 The values of n, d, ¢ in Example 4

q n d(even) c d(even) c d(even) c
47 170 2<d<18 0 20<d <32 4 34<d <40 8
73 410 2<d<28 0 30 <d <50 4 52<d<62 8
151 1754 2<d<58 0 60 <d <104 4 106 <d < 128 8
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Table5 Quantum MDS codes with length qza—*'l

Class Length (n) Distance (d) Preshared Ref.

maximally
entangled states

1 nlg® +1 2=d <2 +2diseven) 1 [12]

2 n= 2 g+5<d=<2q 5 [19]
q > 7is odd

3 n=2H 4m +3 <d < 6m+ 1(d is odd) 4 [21]
q=10m+3 6m +4 <d < 10m + 4(d is even) 4
m is odd

4 n= L 2 <d < 8m+ 1(dis even) 1 21]
g=10m+3 4m 43 < d < 6m + 1(d is odd) 4
m is even 8m+4 <d < 12m + 4(d is even) 5

5 n= L4 8m+7<d < 14m + 11(d is odd) 4 [21]
q=10m+7 6m +6 <d < 10m + 8(d is even) 4
m is odd

6 n=LH 2 <d < 8m + 6(d is even) 1 21]
g=10m+7 8m +7 < d < 14m + 11(d is odd) 4
m is even 8m + 8 <d < 12m + 8(d is even) 5

7 n=LH 2 <d < 6m+2(d is even) ! [22]
q=10m +3

8 n= 2 < d < 6m +4(d is even) 1 [22]
qg=10m+7

9 n=LH d=3(q-N+2+401<r< L) 5 [24]
q=10m+7 d=202¢+D+22+2(1<r< 2 9

10 n= 4t d=3g-3+2+2(0 <1<t 5 [24]
g =10m+3 d=%g-H+22+20<r< P 9

1 n= L3 d=3g-D+2+1(1<xr< 1) 4 [24]
q=10m+2

12 n= L d=31100 13 (1< <12 4 [24]
q=10m +8

13 n=1F d=3q-+n+101=2=4) 4 [24]
q=13m+5
q is even

14 n=LH d=3g-H+2a+4(1<r=< D 4 [24]
qg=1Tm+13
q is even

15 n= g+2<d<2g—1(dis odd) 4 [30]
q=10m+3

16 n=LH 2 <d < %22 (d is even) 1 [30]
q=10m+3 48 < g < ¥¥2(d is even) 5

17 n= @ 2 <d < %2 (diseven) 1 [30]
q=10m+7 M2 < g < ¥2(d is even) 5
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Table5 (continued)

Class Length (n) Distance (d) Preshared Ref.
maximally

entangled states

18 n=LH 249 < g < 453 (g is odd) 4 [30]
q=10m +3

19 n=1LH 2 < g < ¥3(d is odd) 4 (30]
qg=10m+7

20m + 6 < d < 22m + 4, otherwise, the codes constructed in Theorem 3 have smaller
numbers of preshared maximally entangled states.

In the case ¢ = 26m + 21, compared with Throrem 2, the codes constructed in Theorem
4 have smaller numbers of preshared maximally entangled states if the minimum distance d
satisfy 2 <d < 10m+8, 12m + 12 <d < 18m + 14 or 20m + 18 < d < 22m + 18, oth-
erwise, the codes constructed in Theorem 4 have smaller numbers of preshared maximally
entangled states.

5 Code Comparisons and Conclusions

In this paper, we constructed four classes of EAQMDS codes from cyclic codes and consta-

cyclic codes with length 21 3 Accordmg to the entanglement-assisted quantum Singleton
bound, the resulting EAQMDS codes are optimal. In Tables 5 and 6, we list the EAQMDS

codes constructed in the literatures with length n = ‘IZQ—H a>1).
In Theorem 2 of [12], Fan et al. constructed a class of EAQMDS codes with parameters
[[n,n —2d + 3,d; 111y, where nlg?+1land2 <d < ZI_%J + 2 is even integer. Let

:qzl-g’wehavez<d<4m+20r2<d<4m+4whereq 26m + 5 or
g = 26m + 21. It means that the EAQMDS codes constructed by Theorems 1 and 2 have

larger minimum distance.

Chen et al. constraucted some classes of EAQMDS codes with length n = —H , where

a=t2+1landg =am +1orq = am + o — t. Since 13 cannot be expressed as tz + 1,
it’s different from the codes we constructed.
In Theorem 3.2 of [34], Jin et al. constructed a class of EAQMDS codes with parameters

[[n,n —4mg + 4q + 4m> — 8m + 3,2(m — 1)q + 2; 4(m — 1)> + 1]],, where n = qzt“
and2 <m < |_q4—tlj. If m = 2, then d = 2¢q + 2. It’s different from the codes we construct.

In Theorem 3 4 of [35], Lu et al. constructed a class of quantum MDS codes with param-

eters [[%, “3~ —2d +d,d]],;, where 2 < d < 10m + 2 is even for g with the form of
26m + 5; and 2 < d < 10m + 8 is even for g with the form of 26m + 21. Theorems 3 and
4 contain these quantum codes, besides the EAQMDS codes we constructed are new.

In Corollary 8 of [36], Grassl et al. presented a link between a QMDS code and an
EAQMDS code: Any QMDS code with parameters [[n,n — 2d + 2, d]], gives rise to an
EAQMDS code with the parameters [[n—1,n—2d+2,d;1]], forall ] < d.In fact, no

QMDS code with length n = 42~ + + [ and maximum distance d > ” has been constructed,
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Table 6 Quantum MDS codes with length ":—H

Class Length (n) Distance (d) Preshared Ref.

maximally
entangled states

20 n:quJrl d:m(q—l)+2(2§m§q—;l) 2m(m — 1)+ 1 [31]
g is odd

21 n:qj—gl d=2m-1g+2@2<m=< %) 200m — 1) + 1 [32]
qg =10k +3
k>?2

by n= L d=2m—-g+2Q<m=< L) 200m—1)2+1  [32]
g=10k+7
k>2

23 n:qzlgl,q_zf d=2m-1g+2@2<m=< %2 20(m — 1)? + 1 [32]
e=1 (mod 4)

24 n=‘121—j;‘,q=2e d=2m—1g+2@2<m=< 4P 20(m — 12 +1 [32]
e=3 (mod 4)

25 n= 2+ 2 <d < 2242 g even 1 [33]
g =am +tisodd W§d§wmeven 5
a=t*+1,1>2

2% = q%l 2(t+l)q—§(f—l)+2a <d< 2(2t—ILq+2t+4 9 [33]
q = am +t is odd d is even
a=1>4+1,t>3

27 n=2H 8458 < g < 345 g5 even 9 [33]
q = 5m + 2is odd

28 n:q%l,qisodd 2<d< 2"fl—_ziseven 1 [33]
g=am-+o—t Wfdf%iseven 5
a=1>+1,t>2

29 = qzojrl 2(t+1)q+5(171)+20z <d< z<2t71§,72t74 9 [33]
q =am +tis odd d is even
a=1t*+ 1,t >3

30 n=CH 8412 - g < 344 g is even 9 (33]
g = 5m +2is odd

31 n=LH 842 g < 109410 i even 9 [33]
q= l(z)m +3

32 n=4* d=2m—-1g+2@2<m= L)) 4m—1)2+1 [34]

where [ = 4,5, 8, 9. Therefore, when maximum distance d > % the EAQMDS codes we

constructed are new.

In conclusion, most of these g-ary EAQMDS codes we constructed are new in the sense
that their parameters are not covered by the codes available in the literature.
Constacyclic code is a powerful tool for constructing EAQMDS codes. In the future
work, we look forward to getting more EAQMDS codes with large minimum distance from

constacyclic codes.
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