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Abstract

Importance of quantum entanglement has been demonstrated in various applications. Usu-
ally, separability of a bipartite state is defined by its algebraic structure, i.e. a convex
combination of product states. But it seems to be hard to check separability (equivalently,
entanglement) of a state from its algebraic structure. In this note, we give some characteri-
zations of separability of bipartite states based on POVM measurements. For bipartite pure
states, we prove the separability, Bell locality, unsteerability and classical correlation are
the same. As a consequence, every entangled pure bipartite state is always Bell nonlocal,
steerable and quantum correlated.

Keywords POVM measurement - Separability - Bell locality - Unsteerability -
Classical correlation

1 Introduction

Quantum entanglement, as the essence of quantum formalism, was recognized by Einstein,
Podolsky, Rosen [1], and Schrodinger [2] in 1935. This holistic property of compound quan-
tum systems involves nonclassical correlations between subsystems and then has potential
for many quantum processes, including canonical ones: quantum cryptography, quantum
teleportation, and dense coding.

As a special entanglement, Bell nonlocality of a compound quantum system was recog-
nized by Bell [3] in 1964, who accepted the EPR conclusion that the quantum description of
physical reality is not complete as a working hypothesis and formalized the EPR’s idea of
deterministic world in terms of the local hidden variable model [LHVM]. He then showed
that the probabilities for the outcomes obtained when some entangled state is suitably mea-
sured violate an inequality, which was named the Bell inequality. And this property of
quantum state found by Bell is the so-called Bell nonlocality. It is, indeed, demonstrated
by some local quantum measurements whose statistics of the measurement outcomes can-
not be explained by an LHVM [4]. Bell nonlocality is an important resources in quantum
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information and then has been widely discussed, please refer to Clauser and Shimony [5],
Home and Selleri [6], Khalfin and Tsirelson [7], Tsirelson [8], Zeilinger [9], Werner and
Wolf [10], Genovese [11], and Buhrman et al. [12], and [13-19].

As an intermediary property between Bell nonlocality and entanglement, EPR steering
was first observed by Schrodinger [2] in the context of the well-known EPR paradox [1, 20—
22]. It is also is an important resources in quantum information and then has been recently
discussed, please refer to [17, 23-31]. Especially, mathematical definitions of Bell nonlo-
cality and EPR steerability of bipartite states were proposed and their characterizations were
given in [17] by Cao and Guo.

Although entanglement was first recognized as the characteristic trait of quantum
mechanics [1], its role has been debated since it does not capture all the quantum features of
a quantum system [32-34]. In the case of bipartite systems, the quantum discord (generally,
quantum correlation) has been widely accepted as a fundamental tool due to its relevance
in quantum computing tasks not relying on entanglement [32-35]. Luo in [36] established
the mathematical definition of classical correlation and quantum correlation of a bipartite
state by using measurement-induced disturbance to the state. Guo and Cao [37] established
a new characterization of a classical correlated (CC) state and proved that the set of all CC
states becomes a perfect, nowhere dense and compact subset of the metric space of all states.
Please refer to [38—46] for more researches on quantum correlations.

As usual, separability of a bipartite state is defined by its algebraic structure, i.e. a convex
combination of product states. States that are not separable are said to entangled states. But
it seems to be hard to check the entanglement (equivalently, the separability) of a state from
its algebraic structure. In this note, we give some measurement-based characterizations of
separability of bipartite states. In Section 2, measurement-based separability will be dis-
cussed; In Sections 3-5, it will be proved that the separability, Bell locality, unsteerability
and classical correlation are the same for bipartite pure states.

2 Measurement-Based Separability

According to quantum mechanics, a quantum system S is described by a ds-dimensional
complex Hilbert space H g (called the state space of S) with a right-linear inner product (-|-)
and the states of the system are denoted by positive operators of trace 1 on Hg. The set of
all states of S is denoted by D(Hy). Thus,

D(Hs) ={p € B(Hs): p = 0,trp =1},

where B(Hs) is the C*-algebra of all bounded linear operators on Hg. The elements of
D(Hs) are called the mixed states of S. A unit vector |v) in Hg is said to be a pure state
of S and the set of all pure states of S is denoted by PS(Hs). We also use [d] to denote the
set{1,2,...,d}.

By the postulates of quantum mechanics, the state space of the composite system AB of
A and B is given by the tensor product space H4 ® Hp of the state spaces H 4 and Hp of
A and B, respectively.

Recall that a state p € D(H 4 ® Hp) is said to be separable if it can be written as

k

p:Zcipl.A(gpiB (2.1)
i=1
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for some states plA € D(Hy), piB € D(Hp) and ¢; > 0(G € [k]) with Zle ¢ = 1.
Otherwise, it is said to be entangled. Moreover, a pure state [yv) € PS(H 4 ® Hp) is said to
be separable if it can be written as the form |) = |[1/4) ® |¥p) for some |4) € PS(Ha)
and |Yp) € PS(Hp). Otherwise, it is called to be entangled.

Next propositions are remarks on the definition of separability and may be well-known.

Proposition 2.1 For a state p € D(H 4 ® Hp), the following statements are equivalent.

(1) p is separable, i.e. it has the form of (2.1).
(2) p can be written as

k
p= Y dijpfen} 22)
ij=1

for some states ,oiA € D(Ha), r}f € D(Hp) and d;j = 0(i,j € [k]) with

Yhioidij=1.

(3) p can be written as
dy dy

p =2 valvH Wl e )Wl 23)

s=1 t=1

for some pure states |1p;“) and W,B ) of the systems A and B, respectively, and ys; > 0
with
)

>3t

s=1t=1

(4) p can be written as
n

p =Y cly) i ®pf (24)
i=1
A : B :
for some pure states | ) and mixed states p;” of the systems A and B, respectively,
and c; > Owith Y ¢ ¢; = L.
(5) p can be written as

p=> qip} W) WE 2.5)
i=1

for some mixed states pi“‘ and pure states |1//l.B) of the systems A and B, respectively,
and g; > Owith ) /L gi = 1.

Proposition 2.2 A pure state |\r) of the system AB is separable if and only if |V) (Y] is
separable.

Theorem 2.1 A state pB is separable if and only if there exists a probability distribu-
tion(PD) {nk}gzl, states {,(),?}Z:1 C D(Ha) and {p,f}gzl C D(Hp) s.t. for every local
POVM {M; ® Nj}; j, it holds that

d

ir{(M; ® Np*P1 =Y mutr(Mip)r(Njpf), Vi, j. (2.6)
k=1

In that case, pA8 = Z;{:l T p% @ pBr.
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Proof Necessity. Clearly.
Sufficiency. Suppose that “the sufficient condition” is satisfied, that is, the desired
d Ard Bd : _ AB_\d Ao B
(i {pl Y5, and {pg }i_, exist. Puto = p Y i1 TkPE®pf Forall0 < X < Iy
and0 <Y < Ip,put M|y =X, M, =14 — X and Ny =Y, N, = Ip — Y, then we obtain
POVMs {M|, M>} and {N1, N>} of A and B, respectively. We see from (2.6) that

d d
ul(M; @ Np*Bl =" mar(Mi o )ir(Nj pf) = tr [(M,- ®N;) anpﬁ‘@p,f} :
k=1 k=1
Thus, tr[(M; ® Nj)o] = 0fori, j = 1,2. Wheni = j = 1, we have trf[(X ® Y)o] = 0.
Hence, trf[(X ® Y)o] = 0forall0 < X < I4and 0 <Y < Ig. Thus, tr[(X ® Y)o] =0
for all hermitian operators X on H4 and Y on Hp. Hence, tr[(X ® Y)o] = 0 for all
X € B(Ha) and Y € B(Hp). Now, every operator T € B(H 4 ® H ) has a decomposition
T=3%,Xa®Y,andsotr(To) =), tr[(X, ® ¥,)o] = 0. By using this fact for T = o,
we conclude that o = 0, i.e., pA8 = ZZ:] ﬂk,o,f ®p,§. Therefore, pA8 is separable. (I

Corollary 2.1 A state pAB is separable if and only if there exists a PD {nk}‘,f:], states
{101?}1(?:1 C D(Hp) and {p,f}z:l C D(HBp) s.t. for all local observables X @ Y of AB, it
holds that
d
(X®Y)un = Y mlX) ap - (¥) 5y 2.7
k=1

In that case, pA8 = Z;{:l T p% @ pBr.

Proof The necessity is clear. To prove the sufficiency, we suppose that “the sufficient condi-
tion” is satisfied, that is, the desired {7'(1<}z=1 s {p,‘;‘}le and { p,f }‘,le exist. For every POVM
{M; ® Nj}; j,using (2.7) for X = M; and Y = N, we get

d
wr((M; ® Nj)p*B) = mtr(M; pf ytr(N o).
k=1
which is just (2.6). So, Theorem 2.1 yields that p45 is separable. O

As an application of Corollary 2.1, we have p48 = p4 ® p® if and only if for all local
observables X ® Y of AB, it holds that (X ® Y>pAB = (X),a - (Y)

B.

o P

Corollary 2.2 pA8 is separable if and only if there exists a PD {nk}zzl, {,0,?}‘,(1:1 C D(Ha)
and {,olf}fz1 C D(Hp) s.t. for every pure state |Vr) € Ha and |p) € Hp, it holds that

d
(V) (W] ® le)eDp™®) =" m (Wil lv) - (vlof ). 2.8)

k=1
That is,
d
QW) (W pam = 3wl W) e - (o) (@)

k=1

where |V) = |Y)|p) and (o) = (x|o|x) denotes the expectation of o at a pure state |x).
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Proof The necessity is clear. To prove the sufficiency, we suppose that “the sufficient con-
dition” is satisfied, that is, the desired {ﬂk},'le, {/7124 }Z=1 and {p,f }z:l exist. For every
0< X <Ijqand0 <Y < Ip, we consider the spectrum decompositions of X and Y:

X = chn Wil de Mejl,

where {|v;)}; "1 and {|p ,)} B_ 2 | are orthonormal bases for H4 and H p, respectively, and
¢ 20,dj > 0 For each i, j, we see from (2.8) that

M=~ :

(9 ) (Wil ® o) 0 De2B1 =Y me(Wilp 1v:) - (0108 19;)

x-
Il
-

I
M=

mpte([i) (Wil o () @il p®).

»
Il
-

Multiplying two sides of above equation by c;d; and then finding the sums over i, j, we
obtain that

d dy dp
ul(X ® ¥)p*f] = Zancitr[(m-)(x/fn)p,?]Zd,-tr[(|<p,-><¢j|)p31

j=1

ktr(Xp?)mYp,f’ ).

i M& i

Thus, (2.7) is valid. It follows from Corollary 2.1 that p4Z is separable. O

The following conclusion is a direct application of Corollary 2.2, which was pointed out
in [15](pp. 140402-2, Eq. (4)) without proof.

Corollary 2.3 A state pB is separable if and only if there exists a PD {nk}gzl, states

{p,?}zzl C D(Hy) and {p,f }le C D(Hp) s.t. for every local von Neumann measurement
(projective measurement) {P; ® Q;}; j, it holds that

d
(P, ® Q)p™P1 =" mutr(Pipi)ir(Q,of), Vi, j. (2.9)
k=1

Next, we prove a simple characterization of separability of a pure state.

Theorem 2.2 A pure state |V) of AB is separable if and only if for all projective
measurements M = {M,}"_, of A and N = {Np};_, of B, it holds that

tr{(Mq @ Np)(|[¥) ()] = Pa(a)Pg(b), Va € [m],b € [n], (2.10)
where {Pa(a)}_, and {Pp(b)},_, are PDs.

Proof The necessity is clear. To prove the sufficiency, we assume that the sufficient condi-
tion is satisfied. Let [{) = Z;:] Ck|1//1?>|1/f]f) be the Schmidt decomposition of |y) where
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ce > 0k e[r]), {|1//,{A)}2=1 and {lef)}zzl are orthonormal sets in H4 and Hp, respectively.
Then

r r
W)=Y ac OB WGP = D acilv) Wt e v Wl @11
k,j=1 k,j=1
. Ayyr By\r Ayyda B\

Extending {|¢;")},_; and {|¥)},_, as orthonormal bases {|¥()},Z, and {|¢”)}, 2, for
Ha and Hp, respectively, we obtain projective measurements M = {Ma};]’; | of A and
N = {Nb}‘jil of B where M, = |¥/)(y2] and Ny, = |y ) (2| By (2.10) and (2.11), we
get

Pa(a) Pp(b) = tr[(Mq ® Np) (1Y (¥ )] = cachdapla, b € [r])
while Py (a)Pg(b) = 0whena > r or b > r. Thus,

¢t 00 P4(1)
0c3---0 PA(2)
. | = : (Pp(1), Pp(2),---, Pp(r)).
00 - ¢? Pa(r)

r

Since the matrix on the right-hand side is of rank 1, we conclude that r = 1 and so |y) =

1w P). O

Corollary 2.4 A pure state |) of AB is entangled if and only if there exist two projective
measurements M = {M,}'_, of A and N = {N}}_, of B such that the joint PD {tr[(M, ®
Np)( )Y (¥ ) ]1}a,p of the output results (a, b) can not be factorized a s a product of the PDs
of the output results a and b.

For example, when |) = %GOO) + |11)), we take
M, =la)(al(a =0, 1), Ny = |b){b|(b =0, 1)
and put Pop, = tr[(Mq ® Np)(|¥){(¥D)]. Then

(120 PA(0)

for any PDs {P4(0), P4(1)} and {Pp(0), Pp(1)} since the left-hand side has rank 2 while
the right-hand side has rank 1. It follows from Corollary 2.4 that |i) is entangled.

3 Separability and Bell Locality

Usually, Bell nonlocality was revealed by the violations of various Bell’s inequalities and
Bell nonlocal states must be entangled. However, entangled states are not necessarily Bell
nonlocal [10]. Gisin [48, 49] proved that all entangled pure states are Bell nonlocal, which
was referred to as Gisin’s theorem and have been generalized to multipartite systems
[50-55].

To recall the definition of Bell locality, we use x and y to denote the labels of POVMs of
Alice and Bob and use a and b to denote their measurement outcomes, respectively. Thus,
their POVM choices are denoted by M* = {M,}o%, and N¥ = {Np|,};2,, respectively,
where x € [ma],y € [mp]. These POVMs form measurement assemblages of A and B:
My = {M*Y7A and N = {Ny};'f:B], respectively.
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Definition 3.1 [17, Definition 2.1]

(1) A state ,oAB is said to be Bell local for a given measurement scenario M4 ® Np if
there exists a PD {n,\}fz 1 such that

d

t[(Max ® Nojy)p*P1= Y 73 Patalx, ) Pp(bly. 1), Ya.b,x,y,  (3.1)
r=1

where {P4(alx,M)}o4, and {Pp(bly, 1)};2, are PDs for each (i,x) and (2, y),
respectively.
Equation (3.1) is said to be a local hidden variable (LHV) model of pAB W. T t

M4 ® Ny and A is said to be an LHV with PD {m}f:l.

(2) A state pAB is said to be Bell nonlocal for M 4 ® Np if it is not Bell local for M4 ®
Np.

(3) A state p”® is said to be Bell local if it is Bell local for every M4 ® Ng.

(4) A state pAP is said to be Bell nonlocal if it is not Bell local, i.e., if there exists an
M4 ® Np such that p48 is not Bell local for M4 @ N3.

Let BL(M 4, Np) denote the set of all states that are Bell local for M4 ® N3,
BN L(M 4, Np) denote the set of all states that are Bell nonlocal for M 4 @ N, BL(AB)
the set of all Bell local states of AB; BN L(AB) denote the set of all states that are Bell
nonlocal. Thus, we see from the definition that

BL(AB)= () BL(Ma,Np). BNLAB)= | ] BNL(Ma, Np).
My Np My Np

A pure state |¢y) of AB is said to be Bell local (resp. Bell nonlocal) if |¢) (| is Bell
local (resp. Bell nonlocal).
A following characterization of Bell locality was proved in [17], in which Q4 =

{J1,J2, ..., In,} With Ny = O’X" denotes the set of all possible maps from [m 4] into [04],
and Qp = {K1, K2, ..., Ky,} with Ng = o'gB is the set of all possible maps from [m p]
into [op].

Lemma 3.1 [17, Theorem 2.1]. A state p8 is Bell local for M s ® Ng if and only if there
exists a PD {qy,j : 1 <k < Na,1 < j < Np} satisfying

N4 Ng

tr{(Maje ® Nopy)p™ 1= "> " i j8a. 1018,k (1) 32)
k=1 j=1

where {qi. j}k, j)e[NA1xNp] IS @ PD.

The sufficiency is clearly valid by Definition 3.1 and the necessity was proved in [17] by
using the Total Probability Formula. Indeed, when (3.1) holds, the matrix [ P4 (a|x, A)] with
(x, a)-entry is row-stochastic and it is follows from [47] that [ P4 (a|x, A)] can be written as
a convex combination of {0, 1} row-stochastic matrices [J4, j, (x)]:

Na

Palalx, ) = patk, Mda sy Vx. a, (33)
k=1
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where {pa(k, A)};2, is a PD. Similarly,

Np
Pp(bly.2) =Y pg(j. M.k;()» ¥¥. b, (3.4)
j=1
where {pp(j, )»)}jyf] is a PD. Using (3.1)—(3.4) shows that (3.2) holds for

d

i =Y mpalk, Hpp(j, 2.
r=1

With the characterization (3.2), it was proved in [17] that BL(AB) is a compact convex
set and then BA/L(AB) is an open set. The following Bell local inequality was proved
essentially in [18] by using (3.1). Indeed, it can be obtained easily in light of (3.2).

Lemma 3.2 [18, Theorem 3.2]If p € BL(AB), C, D and P, Q are +1-valued observables
of A and B, resp., then

KC®P) +{CR®Q)y+(D®P)) —(D®Q)pl =2, (3.5)
(CRP)+(C®Q)H+DB®P)) —(D® Q)pl =2. (3.6)
Next theorem shows that the separability and the Bell locality are the same for a pure

state. We first discuss the case where d4 = dg = N (Theorem 3.1) and then deduce the
general case (Corollary 3.1). The proof of Theorem 3.1 is motivated by [48-50].

Theorem 3.1 When dy = dg = N, a pure state |Y) of AB is separable if and only if it is
Bell local.

Proof Since every separable state is Bell local [17, Remark 2.2], the necessity holds.

To proof the sufficiency, we let |) be entangled. Let |) = Z,ivz 1 ckW,f‘) Iw,f) be the
Schmidt decomposition of |y) where ¢; > ¢z > ¢ > 0(k = 3,4...,N), {|1//,?)},1€V=] and
{|1ﬁ,§ )}II{V=1 are orthonormal bases (ONBs) for H4 and Hp.

Case 1. N = 2n. Define generalized Pauli X and Z operators by

X = 1Y Wl + W3 W) ZE = Wi W | — 1) (U
XE =W VRl + W) Wl ZE = 1V )i | = 1Y) (W,
then X ,f, Z ,f, X ,f and Z ,f are Hermitian unitary operators and satisfy
(XP)* = (ZF) = Wh_ )W | + W3 (WhI(L = A, B),
X{Zh = ZpXE = XpXF =70 28 =0k # j)(L = A, B),
XFzZE = 1wk D Whi+ Wi wh 1L = A, B),
ZEXE = W ) (Wh| — k) Wk |(L = A, B).

Put
Afe) = (sine) Y X+ (cosa) Y " Z (- < <), (3.7)
k=1 k=1
B(B) = (sinB) Y X + (cosP) Y Zf(-m <P <), (3.8)
k=1 k=1
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then A(w) and B(B) are Hermitian unitary operators on H4 and Hp, respectively.
Therefore, the eigenvalues of A(«) and B(B) are +1. Clearly, (3.7) and (3.8) imply that

n n
A(@) ® BB) = (sinarsinB) > X @ XP + (sinacosp) Y X{®z?
k,j=1 k,j=1

n n
+(cos « sin B) Z Z/? ®X§3 + (cosa cos B) Z Z,? ® Zf.
k,j=1 k,j=1

By writing
&) = coi1 W DIWa_ ) + el gy [¥) = D 1&),
i=1

we compute that

(Xi ® X8)|&)

i XP W) ® X2l )+ cu Xty @ XP 1y
o1 18k,i W3 ® 854 [Wh) + caidril g 1) @ 81.ilwg; ).

Hence,
Enl(XP @ XD)E) =2ci 1020, ifm=k=j=i; (3.9
it is 0 otherwise. Similarly,
XP®ZDN&) = col¥3) @ 1V )) —cail¥g ) ® W) itk =j =i
it is O otherwise. Therefore,
(Enl (XL ® ZD)E) =0, Vi, j k,m. (3.10)
Likewise,
Enl(Z{ © XD)E) =0, Vi, jk,m. (3.11)
Since
(ZR @ ZD)&) = cu 1 ZEWg ) ® ZBlwg ) + cu ZP g ® 281y F)
= 218kl 1) ® 81V 1) + cubilyy) ® 8,ilvs),

we get
(Z{ @ ZD)&) = caimil¥i_y) ® W3 ) + cailys) ® 1¥3), ifk = j =i

it is O otherwise. Thus,

($m|(Z,?®Zf)|§i):c%l-_1+c%i, ifm=k=j=1i; (3.12)
it is 0 otherwise. Using (3.9)—(3.12) shows that
(ab) := (A(a) ® B(B))y = cosacos P + K sina sin B, (3.13)

where K = 2(cico +c3¢c4+ ... +cy—1cy) > 0. So,
(ab') := (A(ax) ® B(B'))y = cosacosP’ + K sinasinf/,
(a'b) .= (A(e) @ B(B))y = cosa’ cos P+ K sina’ sin P,
@'ty := (A" ® B(B))y = cosa’cos B’ + K sina’ sinp'.
Especially, letting @ = 0, &’ = /2, B = —f/ = arctan K implies that
(ab) = cos P, {ab’) = cosP, (a’b) = K sinP, (a’b’) = —K sinf,
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and so
(ab) + (ab') + (a’b) — (a'b’y = 2cos P + 2K sinP = 2(1 + K*)1/? > 2.

It follows from Lemma 3.2 that |1} is Bell nonlocal.
Case2. N =2n + 1. Let X}F, ZE(L = A, B) be as in Case 1 and define

n n
A@) = (sin@) Y X[+ (cos@) D Zi + 1V Vo) (Wins 1 Wi |
k=1 k=1

n n
B(B) = (sinB) Y X¢ + (cosP) Y Z + [g 1 ¥an )V V-
k=1 k=1
which are Hermitian unitary operators and then have eigenvalues +1. By writing

&) = a1V D) + cail¥a) [va))
and [y) = Y1 1&) + cant1 V5, ) |[¥a, 1), we obtain that
(ab) == (A(@) ® B(B))y = (1 — c%)cosacosP + K sinasin B + c%.
Chose o« = 0,0’ = /2,8 = —p' = arctan(K /(1 — c3,)), then
(ab) = (1 — ¢3) cos B+ c&y, (ab’) = (1 — c) cos B+ %,

(@'b) = K sinB + ¢, (a'b') = —K sinB + c3,

2(1 — ¢%) cos B + 2¢%, + 2K sin B
= 2[(1 — cy)* + K12 + 2cy,

(ab) + (ab') + (a'b) — (a'D’)

> 2(1 — c,zv) + 2012\,
=2
since K > 0. It follows from Lemma 3.2 that |v) is Bell nonlocal. O

Now, we turn to discuss the Bell locality of a pure state |) of H4 ® Hp with dy # dp.
Without loss of generality, we assume that d4 < dp.

Let |1/IAB) be an entangled state of 4 ® Hp. Then it has the Schmidt decomposi-
tion [yA8) = YU_, crly®IvE)er > 0.r > 1), where {[y#)};_, and {|y&)};_, are
orthonormal sets in H4 and Hp, respectively. Extending {W,?)},r(:1 and {|1/f,f)},’(:1 as
orthonormal bases {|¢,?)}ZA: | and {W,f)}ZB | for H 4 and H g, respectively. Defining

dA dA
J(Zkam) =Y xlyd), (3.14)
k=1 k=1
we obtain an isometric operator J : H4 — Hp. Since
p
[WEE) = (T @ Ip)ly Py =" el v f)
k=1

is an entangled state of BB, we see from Theorem 3.1 that |¥58) is Bell nonlocal. Now,
let us prove that |48} is Bell nonlocal. Otherwise, it is Bell local. For every measurement

assemblages Mp = {{Mg}oL }7l, and N = {{Nb|y}22:l};zl N3 of B, put M</1|x

J "M J, then M, = {{Mz/z\x}Z=1}:11 becomes the a measurement assemblage of A since
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JTJ = I4. Thus, we get measurement assemblages M;‘ and Ny of A and B. Since |1//AB)
was Bell local, there exists a probability distribution {m}f\lzl such that

d

(M, ® Npp) [y By (W P11 =) 7y Patalx, M Pg(bly, 1), Va,b,x,y, (3.15)
r=1

where {P4(alx, M)},L, and {Pg(b|y, M)}, , are probability distributions. Since

a=1
tr[(Max @ Npp) W BBY (BB = (w28 |(JT @ 1) Myx @ Nppy)(J ® 1) 15)
(WABI(TT Mype J ® Nipy) |9 8)
(M, ® Nopy) WA 8) (w221,

it follows from (3.15) that

d

trl(Mapx ® Npp)[922) (P81 = Y "y Patalx, M) Pg(bly, 1), Va,b,x,y.
r=1

This shows that | B5) is Bell local, a contradiction. Consequently, |4 #) is Bell nonlocal.
As a conclusion, we have the following corollary.

Corollary 3.1 A pure state of any bipartite system AB is separable if and only if it is Bell
local. Equivalently, a pure state of AB is Bell nonlocal if and only if it is entangled.

Combining Theorem 2.2 and Corollary 3.1 implies the following conclusion, which gives
a brief characterization of Bell locality for a pure state.

Corollary 3.2 A pure state |y*B) of AB is Bell local if and only if for all projective
measurements M = {M,}""_, of A and N = {Np};_, of B, it holds that

irl(Mq ® Np) [ *P) (W41 = Pa@) P5(b), Va,b, (3.16)
where {Pa (@)}, and {Pg(b)},_, are PDs.

As the end of this section, motivated by the deduction of Corollary 3.1, we discuss a
relationship between the separability (resp. Bell locality) of a mixed state p*% of Hy ®
Hp(da < dp) and that of the corresponding state

PP = ®1Ip)p"P(J @ 1p)

of Hp ® Hp where J is given by (3.14).
Let p8 be separable. Then it can be written as pA8 = Y¢_ ckpf®pf where ¢ >
0, ek =1, ,o,:‘ and ,o,f are states of H 4 and H g, respectively. Then

d

PP =l Them.
k=1

Since J ,0,?] f(k € [d]) are states of H g, we see that ,53 B is separable and then Bell local.
Let p48 be Bell local. Using the identity

tr[(Ma)x ® Npjy) 281 = tr{((J T Mupc J) @ Npjy)p? 81,

we see that 585 is Bell local.
This leads to the following conclusion.
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Proposition 3.1 When ds < dp, it holds that

(1) If pA8 is separable, then 58 is separable.

2) prAB is Bell local, then 588 is Bell local.

(3) A pure state |y B) is separable (resp. entangled, Bell local, Bell nonlocal) if and only
if so is BB,

This implies that to detect entanglement or Bell nonlocality of a state pZ, it suffices to
detect that of 585,
An interesting question is whether the separability (Bell locality) of 525 implies that of

pAB.

4 Separability and Unsteerability

According to [17], a state p of system AB is said to be unsteerable from A to B if for any
measurement assemblage My = {{My)x }Zi] : x € [ma]} of A, there exists a PD {m}f=1

and a set of states {(m}ﬁ=1 C D(Hp) such that

d

tral(Maye ® Ip)p] = Y _ w1 Palalx, Moy, Vx,a, (4.1)
r=1

where { P4 (a|x, A)}Zil is aPD for each (a, x). A state p of system A B is said to be steerable
from A to B if it is not unsteerable from A to B.
With this definition, the following characterization was established in [17, Theorem 3.1].

Theorem 4.1 A state pAB of the system AB is unsteerable from A to B if and only if for any
measurement assemblage M = {{M,I\X}Zi1 1 x € [mal} of A, there exists a PD {m}fz1
and a group of states {U)L}fz1 C Dg such that, for every POVM {Nb}Zli1 of B, it holds that

d

ir{(Mapx ® Np)p™P1 =) 73 Paalx, Mir(Nyoy), 42)
r=1

where {Pa(alx, M} (1 <x <ma,1 <A <d)are PDs.

We see from this theorem that every unsteerable state must be Bell local. It was also
proved in [17, Theorem 4.3] that every entangled pure state of C" ® C” is steerable from A
to B. The theorem below shows that the separability and the unsteerability are the same for
a pure state of any bipartite system. Thus, any entangled pure state of any bipartite state is
always steerable from A to B and from B to A.

Theorem 4.2 A pure state |\) of a system AB is separable if and only if it is unsteerable
from A to B and from B to A.

We see from Theorem 4.2 that an entangled state must be two-way steerable, i.e. it is
steerable from both A to B and B to A. This leads to the following.

Corollary 4.1 A pure state V) of a system AB is entangled if and only if it is two-way
steerable.
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5 Separability and Classical Correlation

Recall that [36, 37] a state p € D(Ha ® Hp) is said to be classically correlated (CC) if
there exists a rank-1 projective measurement I1 = {Hf@HIB :s € [m], t € [n]} such that

m n
> oY mienhpmient) = p.

s=11=1

otherwise, p is said to be quantum correlated (QC). A pure state |y/) is said to be CC (resp.
QO) if |¢r) (] is CC (resp. QC).

It was proved [37, Theorem 1.1] that every CC state is separable, but not every separable
state is CC. The following theorem shows that separability and classical correlation are the
same for pure states.

Theorem 5.1 A pure state |{) of a system AB is separable if and only if it is classically
correlated.

Proof Since every CC state is separable [37, Theorem 1.1], the sufficiency is valid. To
prove the necessity, we let |{/) be a separable state of a system AB. Then it can be written
as |¢) = [y4) |y B) for some pure states [4) and |/ 8) of A and B, respectively. Thus,
p = Y)Y = Y)Y @ |wB)(wEB|. Extending |¥4) and | B) as orthonormal bases
{lei))™, and {| £}) j?B: | for Hy and Hgp, respectively, such that le;) = [¢*) and |f;) =
|8), we obtain a rank-1 projective measurement I1 = {ITA®I15 : s € [m], ¢ € [n]} with
I = les)(es], I = | £)(fi]. Clearly,

D> NP p(MERNF) = lei) el ® LAY fil = p.

s=1t=1

Thus, p is CC. O

Corollary 5.1 A pure state | ) of a system AB is entangled if and only if it is quantum
correlated.

6 Conclusions

We have obtained some measurement-based characterizations of separability of bipartite
states. Our results imply that the separability of a bipartite state can be detected by local
POVM measurements. Especially, for bipartite pure states, we have proved that the sepa-
rability, Bell locality, unsteerability and classical correlation are the same. Consequently,
every entangled pure bipartite state is always Bell nonlocal, two-way steerable and quantum
correlated.
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