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Abstract

In this paper, we discuss partial steerability and nonlocality of multipartite quantum states.
For a state p of an n-partite system A1 A3 - - - A,,, we introduce the concepts of the steerabil-
ity of p from i to j and the (i, j)-Bell nonlocality of p. By establishing necessary conditions
for a state p to be unsteerable from i to j (resp. (i, j)-Bell local), we derive sufficient con-
ditions for a state p to be steerable from i to j (resp. (i, j)-Bell nonlocal). We prove that if
there are some 1 < i < j < n such that p is steerable from i to j (resp. (i, j)-Bell nonlocal),
then it is steerable from A to B (resp. (A, B)-Bell nonlocal) provided that A = A1 A, - - - Ag
and B = Ap41Ak42--- A, with 1 <i < kand k < j < n, leading to new methods for
detecting steerability and (A, B)-Bell nonlocal of multipartite states.

Keywords Quantum steering - Bell locality - Multipartite quantum state

1 Introduction

In 1935 the famous EPR paradox was introduced by Einstein, Podolsky and Rosen [1] and
developed to quantum steering by Schrodinger [2]. Quantum steering as a special quan-
tum entanglement is another type of quantum correlations. An experimental about quantum
steering was first performed by Ou et al. [3] and then by [4-6]. Various steering criteria give
yes/no answers to the question of steerability. To study steering, we must understand the
standard provided by Reid [7], which developed by Cavalcanti [8], Foster, Reid and Drum-
mond [9], and Walborn et al [10]. Cao and Guo [11] discussed EPR steering of bipartite
states, including mathematical definition and characterizations, the convexity as well as the
closedness of the set of all EPR unsteerable states. Li et al. in [12] obtained some charac-
terizations of EPR steerability of bipartite states by proving some necessary and sufficient
conditions for a state to be unsteerable with a measurement assemblage of Alice. Based
on one of the obtained characterizations, they derived an EPR steering inequality, which
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serves to check EPR steerability of the maximally entangled states. See [13] for more steer-
ing inequalities, [14, 15] for the steering of tripartite systems and some applications of the
steerable states [16—18].

Bell nonlocality [19-23] is usually detected by a violation of some Bell inequalities, such
as the CHSH inequality [24]. Dong and Cao obtained a Hardy Paradox-based method for
detecting Bell nonlocality [25]. Chen et al [26] showed that Bell nonlocality can be detected
through a violation of EPR steering inequality. Cao and Guo [11] discussed mathematical
definition and characterizations of Bell locality and proved the convexity as well as the
closedness of the sets of all Bell local states.

In this work, we discuss partial steerability and nonlocality of multipartite quantum
states. For a state p of an n-partite system AjA;--- A,, we introduce the concepts of the
steerability of p from i to j and the (i, j)-Bell nonlocality of p in Sections 2 and 3, respec-
tively. By establishing necessary conditions for a state p to be unsteerable from i to j and
(i, j)-Bell local, respectively, we derive sufficient conditions for a state p to be steerable
from i to j and (7, j)-Bell nonlocal, respectively. We also prove that if there are some
1 <i < j < n such that p is steerable from i to j (resp. (i, j)-Bell nonlocal), then it
is steerable from A to B (resp. (A, B)-Bell nonlocal) provided that A = AjA; --- Ay and
B = Apy1Ak42---Ap with 1 < i < kand k < j < n. This suggests new methods for
detecting steerability and (A, B)-Bell nonlocal of multipartite states.

2 Steering fromitoj

Consider an n-partite system A A» - - - A, described by Hilbert space H1 @ Hy ® - - - @ H.,.
We use I to denote the identity operator on Hy and tr; to denote the partial-trace operation
tra;, and use |7 and ||7'||; to denote the operator-norm and the trace-norm of an operator
T. For a nonempty proper subset E of [n] = {1, 2, ..., n}, we use trg to denote the partial-
trace operation on subsystem I1;cg A;. Thus, E = [\ E, trp denotes the partial-trace
operation on subsystem I, _pAi = ITien\E A;. Specially, when E = {i}, we write trg and
trz as tr; and tr;, respectively.
Let
M _{M"k— M® =12
L= =[BT =12 @.1)
ap=1

be a POVM measurement assemblages (a set of POVMs) of system Aj described by a
Hilbert space Hj of dimension di for all k = 1,2,...,n. For a state p = pAlAZ“'A"
of an n-partite system AjA;---A, and two subsystems A; and A;(i < j), we denote

Nugjv = ®_, Tix where T;; = M) and Ty = Iy (k # i).

a;|x;

Definition 2.1 For a state p = pA14274% of an n-partite system A{As--- A, and two
subsystems A; and A;(i < j), we say that p is unsteerable from i to j (or i can not steer

J) with M; if there exists a PD {m}izl and a set of states {ak(j)}f\’:1 of A; such that

d
5[ Nas 0] = 3 ma Pilailxi, Moy, Vi € [my), ai € [oi], 2.2)
A=1
where {P; (a;|x;, A)}Zle is a PD for each (A, x;). Equation (2.2) is said to be an LHS model
of p with respect to M.
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A state p is said to unsteerable from i to j if it is unsteerable from i to i with any M;;
A state p is said to be steerable from i to j with M; if it is not unsteerable from i to j
with M;. Tt is said to be steerable from i to j if it is steerable from i to j with some M;.
Moreover, a pure state |y) of AjA,--- A, is said to be unsteerable (resp. steerable) from
i to j with M; if |¢)(y| is. Furthermore, we also call the unsteerability and steerability
defined here the partial unsteerability and steerability.

Clearly,

N ol = 0 [(MO), @ 1) o] =w (MO, © 1) o] @3

where p;; = tr;50, the reduced state of p on the subsystem A; A ;. Thus, p is unsteerable
(resp. steerable) from i to j with M, if and only if p;; is unsteerable (resp. steerable) from
A; to A;j with M; in the sense of [11, Definition 3.1].

We use US(i — j, M;) to denote the set of all states p = p”1424» of an n-partite sys-
tem AjAj - - - A, that are unsteerable from i to j with M;. Then we see from [11, Corollary
3.1]thatiS(i — j, M;) is a compact convex subset of the set D(A| A5 - - - A,) of all states
of AjAy -+ - A,. Therefore, the set S(i — j, M;) of all states of AjA; - - - A, that are steer-
able from i to j with M; becomes an open set. Also, we use US(i — j) and S(i — j) to
denote the set of all unsteerable and steerable states from i to j of AjAj--- A,. Thus, we
see from Definition 2.1 that

USi — j) = USG - j. M), S — j)=JSG - j. M. (24
M; M;
This implies that US(i — j) is a compact subset of the set D(A|A;--- A,) and that
S(@i — j) is an open subset of D(A[A; -+ Ap).

Let us discuss a relationship between the unsteerability (steerability) defined by Defini-
tion 2.1 and the unsteerability (steerability) introduced in [11] of an n-partite quantum sys-
tem AjAs - -- A, as a bipartite system AB where A = A{A - A, B = Ap1Ak+2 -+ Ay
and 1 <i < kand k < j < n. Suppose that a state p of AjA>--- A, is unsteerable from
A to B in the sense of [11, Definition 3.1]. Then for any indices | <i <kandk < j <n,
and any POVM measurement assemblage

N; = {M(“ = MO} we [m']}
i = = a;i|xi P i i

of A;, we denote M), = ®ﬁ:1T,-,, with T;; = M;\l and T;, = I,(n # i) for each a € [o;]
and x € [m;]. Then we get a measurement assemblage M4 = {{My, }Zi:l 1 x € [m;]} of
system A. From [11, Definition 3.1], there exists a PD {m}f=l and a set {cr,\}f=1 of states

of B such that for all x € [m;], a € [o;], it holds that

d
tral(Maye ® Ip)p] = ) _ 75 Palalx, Mo,
r=1

where {P4(a|x, k)}zizlis a PD for each (A, x). Hence, for all x; € [m;], a; € [o;], it holds
that

d
tr [(Mjﬁfx,. ® Ij) Pij] =tr; (ral(Myx ® Ip)p]) = ZT[APA(aipfh ?»)U)\("),
=1

where | = (k+1,k+2,...,n}\{j}and o’ = tr3(0;). It follows from (2.3) and Definition
2.1 that p is unsteerable from i to j.
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Consequently, if there are some 1 < i < j < n such that p is steerable from i to j, then
it is steerable from from A to B provided that A = AjAy--- Ap and B = Aj41Ak+2 -+ Ay
with 1 <i < kand k < j < n. This leads a method for detecting steerability of multipartite
states.

Next, we derive a necessary condition for a state p = p “An 1o be unsteerable from
i to j. To this, we let p € US(i — j). Then the reduced state p;; = tr;5p is unsteerable
from i to j in the sense of [11, Definition 3.1].

Next, we aim to deduce necessary conditions for unsteerability from i to j. To do so, we
let X;, Y; be observables of A;(t = i, j) and F,i = X; +1Y;(t = i, j). Since X; and Y;
have the spectral decompositions:

AiAy-

dy dy
X, =Y 5P v, =) 300 1 =i j. 2.5)
= k=1

we get a decomposition of F}* where s, = &+ = %1:

dy
Ftsr — Z (x]?)Pk(t) +1s ykt) Q(I)) ([ =i, ]) (2.6)

k=1

Consider the projective POVM measurement assemblages induced by (2.5): M; = {P;, Q;}
1 d;
where P; = { Pk(') }k | and Q; = {Q(’) . Since p is unsteerable from i to j, we see by

Definition 2.1 that there exists a PD {”/\}/\:1 and a set of states {O')E]) }k ' - DAj such that

d

tr; [(P,f”@g) p,-,-] S m Pk PL e VE=1,2,... . d;, @7
A=1

[(Qa) >pij] Zmp(mg,,x)a(”, Vk=1,2,....d:, (2.8)

r=1

where {P; (k| P;, W)}i_, and {P;(k|Q;, 1)}¢_, are PDs. Hence,

i) g pU) D) _ _
w[(P" e P) o] = ;mP,(mP,,A)u(P ). Vkeldlteld) 29

tr[(Q,ﬁ“ ®P}”)) p,»j] Zn,\P,(k|Q,,A)tr<P(j) (”), Vk € [d;]. € € [d;]. (2.10)

A=1
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and so on. With these identities, we compute that

(Xi ® X ;0,] Zx(l) (]) (l) ® P(j)>,0,]

k.t
. . d . .
= Y Y mpkip, o (P6)?)
k.t r=1

d
=S w3 5O PwpnY P (leok(,/))
=1 ¢

k

d
=Y mXix (X))
=l

where
dj
(Xi)x —ZXIE)PL(MP,,A) (X ) Zx(j)tr<P(’) (;))
k=1 =1
Similarly,
(Xi®Y)p, = Zm (Yi®X)p, = Zm (Y,®Y;),,; = Z’U
Consequently,

(F'® F;j>»0i/' = (Xi ® Xj)py +151(Xi @Yj)py; +151(Yi @ Xj)py; —5:5j(Yi @ Yj)

X 418 (Xida - (Y +1si (Yida - (X0 — sisj (Vi) - (Y]

)x,

i

where
(F*) = (X + 1Yk = i, j).
Convexity of f(z) = ¢ implies that

d
WET @ F)pyl* < D ml(F P ) @.11)
r=1

By using convexity of f(f) = > again, we have

WE R = X a + 150 (V) l? = XD ? 4+ 1Fal? < (XP + (V) = (X7 + Y25,

(2.12)
where
d;
(X2 =Y I PPik| P v (V) Z|y,§’>| Pi(k|P;. 2).
k=1
By introducing
AT = (T?); — ((T))* = w(T%03) — ((To)*(T = X, Y;) (2.13)
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and letting that

C: = mi (AZX» A2Y<), 2.14
j = min (A4 + 457 2.14)
we have
F 02 = WP = X4 (VD= (42X + A2;) < X+ (YD—=C;.
(2.15)
Combining (2.11), (2.12) and (2.15), we obtain that
d
(F @ F)p, 1P < ) md X7+ Y25 + Y] = C)ha (2.16)
r=1
By (2.9) and (2.10), we get
d
(XF+ YD X5+ Y] = Cpy =Y X+ Yu(X5+ Y] = Cih,
A=1
and so
HET ® F')py 1> < (X7 + YD) ® (X5 + Y] = C))py- 2.17)

With the discussion above, we arrive at the following.

Theorem 2.1 Let p € US(G — j) and let X,,Y; be observables of A;(t = i, j) and
Fti = X; £ 1Y,(t =i, j). Then the inequality (2.17) holds for all s;, s j = %. Equivalently,
forall s;,s; = %1, it holds that

HXi®Xj)py +18j (Xi®Y ) py; 15 {(Yi®X j) p;; —5isj (Yi®Yj) g, | < \/((X,-2 +YH)® (X? + sz =Cipj>
(2.18)

where C; is defined by (2.14). In addition, if X? = Y? = I,(t = i, j), then for all

si, sj = £1, it holds that
|(Xl ®Xj>,0[j +1Sj (Xl ®Yj>p[j +1S,‘<Yi ®Xj>p,'j —S,‘Sj(Yl‘ ®Yj>pul =+ 2(2 - C]) (219)
Recall [27, (5)] that
Ajo* + AjoY + Ajot 22,0 < Ajo" < 1t =x,y,x).
Thus,
Aiax + A%ay > 1, Aiax + A%az > 1, Aiay + A%az > 1.

With these inequalities, we have the following.
Corollary 2.1 Let H; = Hj = C% pelUSGE — J) and let X;,Y; be hermitian unitary

operators on H;, Xj +1Y; € {o* £10Y,0" £10%, 0¥ £10%}. Then

HXi @ Xj)p,; T15i(Xi ®Y))p; +15i(Yi @ Xj)p; —5isj(Yi®Yj)p;| < V2, Vsi, s = %1
(2.20)
Especially,

{Xi @ Xj)p; — sisj(Yi ® Yj)p, |+ 1si(Yi ® Xj)p,; +5j(Xi ®Yj)p,;1 <2, (221)
{Xi @ Xj)p; +5i(Xi ® Yj)p,; +5i{Yi ® Xj)p; —5isj{Yi ® Yj)p;| <2 (2.22)
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Clearly, the last inequality is just the famous Bell inequality.

Corollary 2.2 Let H; = H; = C2. If there exist hermitian unitary operators X;, Y; on H;
and X j +1Y; € {o* 107, 0% £10%, 0¥ L1067}, and s;, s; = & such that

HXi ® Xj)p; +15j(Xi ®Yj)p; +15i(Yi @ Xj)p; — 8i8j(Yi ® Yj)p,| > V2, (23)
then p € S(i — j).

Corollary 2.3 For a state p of an n-qubit system, let the reduced state p;;j(i < j) of p be

a 0 00
0 xx* xy* 0

pij =17 (p) = | Xy yy* 0 | = al00)(00] + (1 — a)lp){(¢l, (2.24)
00 00O

wherea =1 — |x|2 — |y|> > 0 and
lp) ! © 0F S — (x]01) + y[10))
= ———=(0,y,x,0) = x :
N N '

If |xy*| > ?, then p is steerable from i to j.

Proof Leto = (0¥, 07, 0%) and let ry = (ax, by, cx) be unit vectors in R3. Then
Xy =ry-0 =aj0" +bjo? +c16%, Y :=ry-0 =ayo” + byo¥ + cr0°

are Hermitian unitary operators on CZ.Put F f‘ = X1 +1s51Y] and F;Z = 0" + 1500 where
S1, 82 = £1 = &£, and define

8(pij) = max {[(F}' ® Fy*)p,| : Irill2 = lIrall = 1,51, 50 = £1 = +}.

We see from Corollary 2.2 that when 8(p;;) > V2, p is steerable from i to j. When s1 = 1
and so = —1, we have

Ro=xiam=|, ote avesmin] e [00]
and so
0 0 0 0
F1+ ® F; = 2cq —SZlcz 8 2(ay +1a20— 1b1 + by) 8
2(ay +1ar +1b1 — b)) O —2c¢1 — 212 0
Thus,

(Ff® Fy )y =1 [(F{" ® Fy) pi2] = 2xy*(a1 +1a2 — 1by + b).
Since a? + b} < 1(k = 1,2), we have
2|xy* (a1 +1a2—1b1 +b2)| < 2|xy*|(la1 —1b1|+[az+b2))| < 4lxy™| = 2|xy*|f(1,0,0, 1),

where f (a1, b1, az, by) = lay +1a3 —1b1 +ba| < 2. Hence, §(p;;) = 2|xy*| f(1,0,0, 1) =
4|xy*|. We conclude from Corollary 2.2 that p is steerable from i to j if |xy*| > ﬁ/4.
The proof is completed. O

Example 2.1 Consider the four-qubit state p(I) = [y DY (D] where
1) = Co00110001) + Coo10/0010) + Co10010100) + Ci90/1000), (2.25)
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with the condition that

|Coo011? + 1Coo010/* + 1Co1001* + |Cro00l* = 1.
Case 1 Qubit 1 steers qubit 2, that is, the steerability of p(’ ) from 1 to 2.

First, we have

Qo001 + Qo010 0 0 0

B (D~ _ 0 Qo100 Co100CT g0 O
. _ , 2.26
P12 34(0™7) 0 C3100C1000  Qro00 0 (220

0 0 0 0

where Q;jx = Cl?"jkl Ciju . Since p12 has the form (2.24), Corollary 2.3 implies that VAR

is steerable from 1 to 2 provided that |Co100Coy,| > ﬁ/4. For example, when Cooo; =
Cooto = 0 and [Coio0] = [Cro00l = +/2/2, we have p12 = |Bo1)(Boil where |Bo1) =

%fz(elol |01) + €'%[10)) with 61, 6> € R. Since |Co100Cipol = 1/2 > ~/2/4, p from 1 to
2.
Case 2 Qubit 2 steers qubit 3, that is, the steerability of o) from 2 to 3.

First, we have

Qo001 + Q1000 0 0 0

_ Iy _ 0 Qoo Co010Cg100 O
. _ , 2.7
P23 14(p) 0 Cio1oCoto0 Qoroo 0 220

0 0 0 0

where Q;jx = Cl.*jkl Ciju. Since py3 has the form (2.24), Corollary 2.3 implies that [y )y
is steerable from 2 to 3 provided that |Co100Cp;0| > ﬁ/4.

Case 3 Qubit 3 steers qubit 4, that is, the steerability of ,0(’ ) from 3 to 4.

First, we have

Qo100 + Q1000 0 0 0

B D 0 Qooo1 Co001Cop0 0
. _ , 2.28
034 12(0%7) 0 CS‘OOlCoom Qooro O ( )

where Q;jx = C;*jkl Cijki. Since p34 has the form (2.24), Corollary 2.3 implies that [y )y
is steerable from 3 to 4 provided that |Cooo1 C(’)‘Olol > 2 /4.

Case 4 Qubit 1 steers qubit 4, that is, the steerability of p/) from 1 to 4.

First, we have

Qo010 + Qo100 0 0 0

B O _ 0 Qo001 C0001Cipo O
. _ , 2.29
p14 = tra3(p™"’) 0 Cio01Cro00 Qo000 22)

0 0 0 0
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where Q;ji1 = C},Cijia- Since pis has the form (2.24), Corollary 2.3 implies that [y )y

is steerable from 1 to 4 provided that |C};,,Cooot | > V2 /4.

Next, let us discuss a relationship between the steerability defined by Definition 2.1 and
the steerability of a bipartite system. To this, let us divide an n quantum system A1 A, - - - A,
as a bipartite system AB where A = A1Ay--- Ay and B = Ajy1Ak4+2 -+ A,. Suppose
that a state p of AjA,--- A, is unsteerable from A to B as a state of AB in the sense of
[11, Definition 3.1]. Then for any indices 1 <i < kand k < j < n, p is unsteerable from
i to j. Indeed, for any POVM measurement assemblage

. 0
M,‘={Mxi={M‘(4[.TX.} in=1,2,...,mi}
iXi ) g =1
of A;, we denote My, |y, = ®f:1T,-t where T;; = Mtgffxi and T;; = I (¢t #i). Then we get a

POVM measurement assemblage

Mo = (M ¥y i =12, omi}

of system A with My, ® Ip = Ng;|y;. Thus, there exists a PD {m}i’:1 and s set {U,\}f of
system B such that

d
rAl(Map; ® I5)p] = Y 7 Palailxi, Moy, Vi =1,2,....mi,a; =1,2,..., 0,
r=1

where {P; (a;|x;, A)}Zi is a PD for each (A, x;). Hence, for all x; = 1,2,...,m;,a; =

i=1

1,2,...,0;, it holds that

d
5[ Nay ) = tr3tral (Mo, @ Ip)pl = Y 73 Palaylxi, 2oy,
A=1

where a;j ) = tr:o;. It follows from Definition 2.1 that p is unsteerable from i to j.

Consequently, if there are some 1 < i < j < n such that p is steerable from i to j, then
it is steerable from A to B provided that 1 <i <kandk < j <n,where A = A1A--- Ak
and B = Ajp4+1Ak+42 - - - Ap. This leads a method for detecting steerability a bipartite system
AB.

3 (i,j)-Nonlocality

Let 1 <i < j < n. For measurement assemblages M; and M given by (1), we denote
Ny, = ®f= Tiks Najix; = ®f—1 Sk
where
Ti=M{) Ty = M) Sic = Ik # ), Sjg = Il # ),
Then
MY = Ny, 1, Najix; : (airaj) € o] x [0;]}
forms a POVM of Aj A5 - - - A, for each label (x;, x;) in [m;] x [m;].

Definition 3.1 Let p be a state of an n-partite system A1 A3 --- A, andlet A; and A; (i < j)
be given two subsystems.
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(1) pissaidtobe (i, j)-Bell local with respect to (M;, M) if there exists a PD {m}f=1
such that
d
tr[Nayx; Najx; 01 = Y 702 Py (ailxi, ) Pj(ajlx;, 1) (3.30)
A=1

for all x; € [m;]l,a; € loj],x; € [mjl,a; € [oj], where {P;(a;|x;, A)}a _; and
{Pj(ajlx;, )\)}Z; _ are probability distributions (PDs). Equation (3.30) is said to be a
LHV model of p with respect to (M;, M ).

(2) pis said to be (i, j)-Bell local if it is (i, j)- Bell local w.r.t any (M;, M ).

(3) p is said to be (i, j)-Bell nonlocal w.r.t. (M;, M) if it is not (i, j)-Bell local w.r.t.
(M, M,)

(4) p is said to be (i, j)-Bell nonlocal if it is not (i, j)-Bell local w.r.t. some (M;, M ).

(5) A pure state |{y) of AjAs -+ A, is said to be (i, j)-Bell local (resp. (i, j)-Bell local)
if | ) (| is (i, j)-Bell local (resp. (i, j)-Bell nonlocal).

Furthermore, we also call the Bell locality and Bell nonlocality defined here the partial
Bell locality and Bell nonlocality.
Clearly,

TNy s Nyjo; 1 = tr [trl? (Nasis Ny |xjp)] _ [(M;'i‘xi oM, ) o j] . (33D

where p;; = = 50, the reduced state of p on the subsystem A;A;. Thus, p is (i, j)-Bell
local if and only 1f pij is Bell local in the sense of [11, Definition 2 1].

We use BL(3, j, M;) (resp. BNL(, j, M;)) to denote the set of all states p =
,oAlAZ“'A" of an n-partite system AjA,---A, that are (i, j)-Bell local (resp. (i, j)-Bell
nonlocal) w.r.t M;. Then we see from [11, Corollary 3.1] that BL(i, j, M;) is a com-
pact convex subset of the set D(Aj A - - A,) of all states of AjAj - - A,. Therefore, the
set BN'L(i, j, M;) becomes an open subset of D(AA;--- A,). Also, we use BL(, j)
and BN L(i, j) to denote the set of all (i, j)-Bell local and (i, j)-Bell nonlocal states of
AjA; - - Ay, respectively. Thus, we see from Definition 3.1 that

BL(, j) = (\BLG. j. Mi), BNLG, j) = JBNLG. j. Mi).  (332)
M; M;

This implies that BL(i, j) is a Compact subset of the set D(AjAy---Ay,) and that
BN L(i, j) is an open subset of D(A1A; - -- Ay).

When p € BL(, j), the reduced state p;; j = is Bell local in the sense of [11,
Definition 2.1]. It follows from [11] that p;; is unsteerable from i to j and so p is unsteerable
from i to j. Thus,

USGi — j) c BLG, j), BNL(, j) C SG — j). (3.33)

Example 3.1 Consider the tripartite pure state

1
) =Y cijlij)ij)o)
i,j=0
of € C*® C*® C? with ¢;; > 0(i, j = 0, 1) and K = 2(coocor + c1oc11) > 0 and obtain
p12 = tr3(|Y) (¥ ]) = |o)(p| where @) = Y/ _ocijlij)ij).
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A(@) = (sina) ("OX aox ) + (cosa) ("()y GO}, ) :

. a* 0 ¥ 0
B(ﬁ) = (SIH,B) ( 0 o ) + (COSIB) ( 0 ay),
where «, B € [—m, m]. Then A(«) and B(B) are +1-valued observables of C*. we take
s1 =sp = 1and

Put

X| = A(w), Y1 = A(@), X2 = B(B). Y2 = B(B),
then
(X1 ® X2)p = (A(x) ® B(B))y =cosacos B + K sina sin B,
(X1 ®Y2)y = (A(@) ® B(B'))y = cosacos B’ + K sina sin B,
(Y1 ® X2)p = (A(e)) ® B(B))y = cosa’ cos B + K sina’ sin B,
(Y1 @ Y2)p = (A(e)) ® B(B))p, = cosa’ cos B’ + K sina’ sin .
Especially, letting @ = 0, ¢’ = /2, 8 = —pB’ = arctan(K) yields that

(X1 ® X2)y + (X1 @ Y2)y + (Y1 ® X2)p — (Y1 ® Y2)y = 2(cos B+ K sin ) = 2(1 + KH /2 > 2.

We conclude from [24, Theorem 3.2] that |¢) is Bell nonlocal and then it is (1, 2)-Bell
nonlocal.

Let us discuss a relationship between the (i, j)-Bell locality defined by Definition 3.1
and the (A, B)-Bell locality [24] of an n-partite quantum system AjA» - - - A, as a bipartite
system AB where A = AjAy -+ Ag, B = Ag41Ak42---Apand 1 <i <kandk < j <n.
Suppose that a state p of AjAy--- A, is (A, B)-Bell local in the sense of [24], i.e., it is Bell
local as a bipartite state of AB in the sense of [11, Definition 2.1]. Then for any indices
1 <i <kandk < j < n, and any POVM measurement assemblages

Ot
N, = [M") - !Méffx,]a ixe [m,]] t=1i,j)
-

T;n with T;; = Mé"; and T;, = I,,(n # i) for each

a € [0l and x € [m;]; Npjy = ®”,_, 1 Sjm With Sj; = M) and Sy = L(m # j) for
each b € [oj] and y € [m;]. Then we get measurement assemblages
Mo = {{Mac}o_;  x € Imil}, N = ({Noy by 2y € [mjl}

of systems A and B, respectively. From [11, Definition 2.1], there exists a PD {m}f\’: | such
that for all x € [m;], y € [m;], a € [o;], b € [0]], it holds that

of A (t =1, j), we denote M), = ®*

n=1

d

tr[(Maje ® Nojy)pl = Y 5 Paalx, 1) Pg(bly, %)
r=1

where {PA(a|x,A)}Zi:1 and {PB(IJIy,)»)}(;":1 are PDs for each (A, x) and each (1, y),
respectively. Hence, for all x; € [m;], a; € [0;],xj € [mj] and a; € [0;], it holds that

d
w[M, @ MY), o] = WMoy, © Nojie )l = D 70 Patailxi, 2) Paal., 1)

r=1
It follows from (3.31) and Definition 3.1 that p is (i, j)-Bell local.
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Consequently, if there are some 1 < i < j < n such that p is (i, j)-Bell nonlocal, then it
is Bell nonlocal as a state of AB provided that A = A1A--- Ay and B = Ap41Ak+2 -+ Ay
with 1 < i < kand k < j < n. This leads a method for detecting Bell nonlocality of
multipartite states.

It is well-known that Bell inequality is a very useful tool for detecting Bell nonlocality.
Next, we deduce a complex Bell inequality for detecting (i, j)-Bell nonlocality. To do this,
we let p be any state of AjA,--- A, and X;, ¥; be hermitian operators on H;(t = i, j).
Since |(T) ;1> < (IT1%);; < IIT1?[l1, we have for all 5;, 5; = %1, it holds that

(FY' ® Fy)py| = UXi ® Xj)p; +154Xi ®Yj)p; +15iYi @ Xj)py; — 508 (Yi @ V),
= [{(X; +15:Y;) ® (X +15;Y))) ;|

1
(X +15Y) ® (X +15; YD),

IA

1
(X + 15 Y)IP @ (X +15,Y)1D) -
This shows that
1
HF @ Fy?) | < (X +15i YD P @ 1(X; +15, Y15 2, (3.34)

Similarly,

1
\/((X? +72)® (X3 +77)) = (G 5P & (X +15, 7)),

Pij

If in addition, Xl2 = Yt2 =1L =1i,j),then

10 +15:7) P @ (X 15,72,

= Q6 —15[X0, YD ® Q1 —15j1X5, VD),
= (45 ® Ij — 25 [X;. Vi1 ® Ij — 215;1; @ [X;. Yj] + 58 [ Xi. Vil ® [ X, le)i,--
Since

Isi[ X, ;D @ Lill <2, 1Is;1; @ [X;, Y511l < 2, 11X, Y] ® [X;, Y11l <4,
we have

4 — 215 [X;, Yi1®I; — 215, [; @ [ X, Y1+ sis;[Xi, il ®[X, Y1l <16
and therefore,

(F)' ® Fy2)p,| < 4. (3.35)
Indeed, the last inequality can be obtained from the fact that
IF @ Byl = IR - 1y < 4

when X7 = Y? = I,(t = i, j). This shows that a quantum upper bound for [(F}' ® F3?),, |
is 4.

Similar to the derivation of Theorem 2.1, we can obtain the following conclusion, which
is a necessary condition for a state p to be (i, j)-Bell local.
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Theorem 3.1 Let p € BL(, j) and let X;, Y; be hermitian operators on H,(t = i, j).
Then for all s;, s; = %1, it holds that

(Xi®X j) gy +18 (Xi ®Y ) py; 15 (Yi®X )y —5i8j (Yi®Y j) pi; | < \/<(Xf2 +r) e <X3 + sz)>p
1
(3.36)
If in addition, X? = Y} = I,(t = i, j), then for all 5;, s; = %1, it holds that
|<Xl ® Xj)p,'j + 155 <Xl ® Yj)p,'j + lsi<Yi ® Xj)p[(/' — SiSj (YI ® Yj)p,'J" <2, (337)
and

X ® Xj)p; +5i(Xi ®Yj)p; +5i{Yi ® Xj)p; —5i5j{Yi ®Yj)p;| <2 (3.38)

Proof The proof of (3.36) is similar to the derivation of (2.18), and (3.37) is the special
case of (3.36). Inequality (3.38) is essentially given in ref. [24, Theorem 3.1]. The proof is
completed.

It is remarkable to note that the famous Tsirelson’s inequality [28, Problem 2.3, pp.118]
shows that in the case that H; = H; = C2, the inequality

HXi ® Xj)p; +5i(Xi @ Yj)py; +5i(Yi @ Xj)p,; —5isj{Yi ®Yj)p;| < 22 (3.39)

holds for all two-qubit states p;;. Moreover, the validity of (3.37) is just a necessary con-
dition for a state p to be (i, j)-Bell local, but not a sufficient one. For example, when
pij = W) (Y| where |¢) = L (100) + |11)), we take s; = sj =1and

2
Xi=0%Y=-0%X;, = i(ax —09,Y; = L((,x +0%)
 — £  — ’ - ) _—
J \/z J «/E
and compute that
V2

(Xi®Xj)=(Xi®Yj)p; =(Yi ® Xj)p; = —Yi ®Yj)p, = >

Thus,
HXi @ Xj)p; +15j(Xi ® Yj)p; +15i(Yi ® Xj)p; — sisj{Yi @ Yj)p, | =2,

and

X @ Xj)p; +5i{Xi ®Yj)p; +5i{Yi ® Xj)p; —5isj{Yi ®Yj)p;| = 2V2.

Thus, (3.37) holds while p;; is well-known to be Bell nonlocal.
As consequences of Theorem 3.1, we have the following two corollaries, which are
sufficient conditions for a state to be (i, j)-Bell nonlocal. O

Corollary 3.1 If there exist hermitian operators on H;(t =i, j) and s;,s; = £1 such that

(Xi®X ) H151 (Xi®Y ), +15i (Yi® X j) ;=58 (Yi®Y ) | > \/ (X7 +YH QX +YD)py,
then p € BNL(, j).
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Corollary 3.2 If there exist hermitian unitary operators Xy, Yy on Hy(k = i, ) and
si, §j = £1 such that

HXi @ Xj)p; +15j(Xi ® Yj)p,; +15i(Yi ® Xj)p; — sisj{Yi @ Yj)p,l > 2,
then p € BN LG, j).

4 Conclusions

In this paper, we have discussed partial steerability and nonlocality of multipartite quan-
tum states, named steerability from i to j and (i, j)-Bell nonlocality, n-partite states. By
establishing necessary conditions for a state p to be unsteerable from i to j (resp. (i, j)-
Bell local), we derive sufficient conditions for a state p to be steerable from i to j (resp.
(i, j)-Bell nonlocal). We have proved that if there are some 1 < i < j < n such that p is
steerable from i to j, then it is steerable from from A to B provided that A = A1 A --- Ag
and B = Ag41Ak42 -+ Ay with 1 <i <k and k < j < n. This leads a method for detect-
ing steerability of multipartite states. Moreover, we have checked that if there are some
1 <i < j < nsuchthat p is (i, j)-Bell nonlocal, then it is Bell nonlocal as a state of AB
providedthat A = AjAy--- Ap and B = Ag41Ak42--- Ay withl <i <kandk < j <n.
This leads a method for detecting Bell nonlocality of multipartite states.
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