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Abstract
This paper considers the design of output tracking and feedback controllers for nonlinear
stochastic systems. The system status cannot be measured. The studied system contains
nonlinear state functions, noise disturbances and time delays. We use the free weight matrix
method to avoid the conservatism caused by the use of model transformation or cross-term
bounded techniques. Based on the Lyapunov-Krasovskii functional method, we propose an
output tracking and feedback controller design method based on linear matrix inequality
(LMI). Numerical examples show the validity of the obtained results.

Keywords Nonlinear stochastic time-delay systems · Lyapunov-Krasovskii functional
method · Linear matrix inequality

1 Introduction

Stochastic system theory is a type of theory that combines stochastic process theory with
control theory, and now it become an important branch of mathematics and control the-
ory [1–6]. Recently, many scholars have paid attention to the research of robust control
for uncertain stochastic time-delay systems, such as the research of robust stabilization
and robust H∞ control for uncertain stochastic time-delay systems, and the research on
stochastic time-delay systems with uncertain parameters which satisfy the convex polyhe-
dron structure [7–11]. Most of these studies use Lyapunov function which depends on the
parameters and the method combined with the introduction of free matrix variables to obtain
sufficient conditions for robust stabilization and robust H∞ performance of the studied
system. On the other hand, the state estimation problem of stochastic systems has always
been a relatively important subject in control theory. Since the Luenberger observer [12]
was introduced into the research of control systems, there have been many achievements
in this area. When the external disturbances do not have accurate statistical characteristics,
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we can consider utilizing H∞ filtering and L2 − L∞ filtering [13–15] to study the system.
For the robust control of the system, there are many research methods currently adopted,
such as decomposition of singular values, H∞ control method, Riccati equation method
and so on. The above mentioned methods are mainly based on Lyapunov stability theory
for robust analysis of uncertain systems. Among them, the advantage of using the Riccati
equation processing method is that the structure of the required controller can be obtained,
which is very beneficial to the theoretical analysis of the system. Its disadvantage is that
it needs to determine some undetermined parameters , which is more conservatism. Then
the inner point method for solving convex optimization problems and THE LMI toolbox
introduced by Matlab appeared. When these methods were applied to the robust control
problem of stochastic systems, they greatly promoted the progress in stability and robust
control of stochastic systems. On the basis of these existing results, in view of the universal-
ity and practicability of uncertain stochastic time-delay systems, it is of great significance to
study the design and control problem of state estimators for stochastic systems, especially
uncertain stochastic systems.

The output analog control has a widespread application in industrial production and life.
The main purpose of analog control is reappear the system output, and make the output of
the reference model and the original system nearly as much as possible. Output simulation is
also widely used in robot control and aircraft control, and output control design problems are
generally more complicated and more difficult to implement than stability analysis. In this
paper, we study the H∞ output control problem for nonlinear stochastic time-delay systems.
Using Lyapunov stability theory and free weight matrix method, sufficient conditions for
time-delay correlation are given to ensure that the output of the stochastic nonlinear system
approximates the output of the given reference model in the sense ofH∞. Finally, numerical
examples are used to verify the feasibility of the conclusions obtained.

2 Model Description

In this paper, we consider nonlinear stochastic time-delay systems

dx(t) = [Ax(t) + Aτx(t − τ) + f (x(t), x(t − τ), t) + Bu(t)

+Ev(t)]dt + Hx(t)dω(t) (1)

z(t) = C1x(t) + C2x(t − τ) (2)
In the system, assuming that the nonlinear perturbation satisfies the following boundedness
conditions

‖f (x(t), x(t − τ), t)‖ ≤ α1 ‖x(t)‖ + α2 ‖x(t − τ)‖ (3)
ω(t) ∈ L2[0, ∞) is a square integrable vector function, its norm is defined as

‖ω(t)‖2 =
√∫ ∞

0
|ω(t)|2dt

τ > 0 is a constant time-delay, the reference model is designed as

ẋr (t) = Dxr(t) (4)

zr (t) = Fxr(t) (5)
Where the dimension of zr (t) is the same as the dimension of z(t). xr(t) ∈ R

r is the
reference state. D, F are constant matrices of appropriate dimensions, and D is a Hurwitz
matrix. The state feedback control rate is

u(t) = Kx(t) + Krxr(t) (6)
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where K and Kr are the control gain matrix. We define that

e(t) = z(t) − zr (t)

The state feedback control rate (6) is substituted into the system (1),we can get

dx(t) = [(A + BK)x(t) + BKrxr(t) + Aτx(t − τ) + f (x(t), x(t − τ), t)

+Ev(t)] + Hx(t)dω(t) (7)

e(t) = C1x(t) + C2x(t − τ) − Fxr(t) (8)

Then the following generalized system can be obtained[
x(t)

xr (t)

]
=

{[
A + BK BKr

0 D

] [
x(t)

xr (t)

]
+

[
Aτ 0
0 0

] [
x(t − τ)

xr (t − τ)

]

+
[

I

0

]
f (x(t), x(t − τ), t) +

[
E

0

]
v(t)

}
dt

+
[

H 0
0 0

]
dω(t) (9)

3 H∞ Output Tracking of System

Theorem 3.1 Consider the system (8), (9) and the state feedback control rate in the form
(6), if there is a matrix P1 > 0, P2 > 0, Q1 > 0, Q2 > 0, R1 > 0, R2 > 0, suitable
dimension matrix M , N1, N2, and the constant ε > 0, satisfy the matrix inequality⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 P1 P1BKr −C1F 0 0 P1E �19

* �22 0 0 −C2F −M 0 0 AT
τ R1

∗ * −εI 0 0 0 0 0 R1

∗ ∗ ∗ �44 −N1 + N2 −N1 0 0 KT
r BT R1

∗ ∗ ∗ ∗ �55 0 −N2 0 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −γ 2I 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −τ−1R1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0 (10)

where

�11 = (A + BK)T P1 + P1(A + BK) + HT P1H + Q1 + εα2
1I + CT

1 C1

�12 = P1Aτ + MT + CT
1 C2

�22 = εα2
2I − Q1 − M − MT + CT

2 C2

�44 = DT P2 + P2D + Q2

�55 = τDT R2D − Q2 + FT F

�19 = AT R1 + KT BT R1

Then the generalized closed-loop system (8), (9) satisfies the H∞ output tracking perfor-
mance indicator γ .
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Proof Select Lyapunov-Krasovskii functional as

V (x(t), xr (t)) = xT (t)P1x(t) + xT
r (t)P2xr(t)

+
∫ t

t−τ

xT (s)Q1x(s)ds +
∫ t

t−τ

xT
r (s)Q2xr(s)ds

+
∫ t

t−τ

∫ t

s

x̄T (α)R1x̄(α)dαds

+
∫ t

t−τ

∫ t

s

x̄T
r (α)R2x̄r (α)dαds (11)

According to the formula I t ô, we can get the differential operator as

LV (x(t), xr (t)) = 2xT (t)P1x̄(t) + 2xT
r (t)P2x̄r (t)

+xT (t)HT PHx(t) + xT (t)Q1x(t) − xT (t − τ)Q1x(t − τ)

+xT
r (t)Q2xr(t) − xT

r (t − τ)Q2xr(t − τ)

+τ x̄T (t)R1x̄(t) −
∫ t

t−τ

x̄T (s)R1x̄(s)ds

+τ x̄T
r (t)R2x̄r (t) −

∫ t

t−τ

x̄T
r (s)R2x̄r (s)ds

According to the Leibniz-Newton formula

2E

[
xT (t − τ)M

(
x(t) − x(t − τ) −

∫ r

t−τ

x̄(s)ds

)]
= 0

2E

[(
xT
r (t)N1 + xT

r (t − τ)N2

)
−

(
xr(t) − xr(t − τ) −

∫ r

t−τ

x̄r (s)ds

)]
= 0

In combination with∫ t

t−τ

x̄T (s)R1x̄(s)ds ≤
(∫ t

t−τ

x̄T (s)ds

) (
−R1

τ

) (∫ t

t−τ

x̄(s)ds

)
∫ t

t−τ

x̄T
r (s)R2x̄r (s)ds ≤

(∫ t

t−τ

x̄T
r (s)ds

) (
−R2

τ

) (∫ t

t−τ

x̄r (s)ds

)
When v(t) = 0,

LV (x(t), xr (t)) ≤ 2xT (t)P1 [(A + BK)x(t) + BKrxr (t) + Aτ x(t − τ)]

+f (x(t), x(t − τ), t) + 2xT
r (t)P2Dxr(t)

+xT (t)HT P1Hx(t) + xT (t)Q1x(t) − xT (t − τ)Q1x(t − τ)

+xT
r (t)Q2xr (t) − xT

r (t − τ)Q2xr (t − τ)

+τ [(A + BK)x(t) + BKrxr (t) + Aτ x(t − τ) + f (x(t), x(t − τ), t)]T

R1 [(A + BK)x(t) + BKrxr (t) + Aτ x(t − τ) + f (x(t), x(t − τ), t)]

+
(∫ t

t−τ

x̄T (s)ds

) (
−R1

τ

)(∫ t

t−τ

x̄(s)ds

)
+τ [Dxr(t)]

T R2 [Dxr(t)]

+
(∫ t

t−τ

x̄T
r (s)ds

) (
−R2

τ

)(∫ t

t−τ

x̄r (s)ds

)
+εα2

1x
T (t)x(t) + εα2

2x
T (t − τ)x(t − τ)

−εf T (x(t), x(t − τ), t) f (x(t), x(t − τ), t)
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let

η(t) =
[
xT (t) xT (t − τ) f T (x(t), x(t − τ), t) xT

r (t)

xT
r (t − τ)

∫ t

t−τ

x̄T (s)ds

∫ t

t−τ

x̄T
r (s)ds

]T

Then

ELV (x(t), xr (t)) ≤ E
[
ηT (t)	η(t)

]

Where

	 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

	11 	12 P1 P1BKr 0 0 0
∗ 	22 0 0 0 −M 0
∗ ∗ −εI 0 0 0 0
∗ ∗ ∗ 	44 −N1 + N2 −N1 0
∗ ∗ ∗ ∗ 	55 0 −N2

∗ ∗ ∗ ∗ ∗ −τ−1R1 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT + KT BT

AT
τ

I

Kr
T BT

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

· (τR1) ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT + KT BT

AT
τ

I

Kr
T BT

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

and

	11 = (A + BK)T P1 + P1(A + BK) + HT P1H + Q1 + εα2
1I

	12 = P1Aτ + MT

	22 = εα2
2I − Q1 − M − MT

	44 = DT P2 + P2D + Q2

	55 = τDT R2D − Q2

Using Schur complement lemma, we can find that matrix inequality 	 < 0 is true only if
matrix inequality 	̄ < 0 is true, where

	̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

	11 	12 P1 P1BKr 0 0 0 AT + KT BT

∗ 	22 0 0 0 −M 0 AT
τ

∗ ∗ −εI 0 0 0 0 I

∗ ∗ ∗ 	44 −N1 + N2 −N1 0 Kr
T BT

∗ ∗ ∗ ∗ 	55 0 −N2 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −τ−1R1

−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Then multipling simultaneously the left and right sides of the matrix inequality 	̄ < 0 by
the diagonal matrix diag{I, I, I, I, I, I, I, IR1}, we can get⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

	11 	12 P1 P1BKr 0 0 0 AT R1 + KT BT R1

∗ 	22 0 0 0 −M 0 AT
τ R1

∗ ∗ −εI 0 0 0 0 R1

∗ ∗ ∗ 	44 −N1 + N2 −N1 0 Kr
T BT R1

∗ ∗ ∗ ∗ 	55 0 −N2 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −τ−1R1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0 (12)

Thus, the system (8), (9) is asymptotically stable.
Next, we continue to prove that the closed-loop system (8), (9) can satisfy the corre-

sponding specified H∞ output characteristics. Assuming that under zero initial conditions,
when the system has a perturbation input v(t) , considering the Lyapunov-Krasovskii
functional (11), we can get the random differential as

LV (x(t), xr (t)) ≤ 2xT (t)P1[(A + BK)x(t) + BKrxr(t) + Aτx(t − τ)

+f (x(t), x(t − τ), t) + Ev(t)] + 2xT
r (t)P2Dxr(t)

+xT (t)HT P1Hx(t) + xT (t)Q1x(t) − xT (t − τ)Q1x(t − τ)

+xT
r (t)Q2xr(t) − xT

r (t − τ)Q2xr(t − τ)

+τ [(A + BK)x(t) + BKrxr(t) + Aτx(t − τ)

+f (x(t), x(t − τ), t) + Ev(t)]T R1

[(A + BK)x(t) + BKrxr(t) + Aτx(t − τ)

+f (x(t), x(t − τ), t) + Ev(t)]
+

(∫ t

t−τ

x̄T (s)ds

) (
−R1

τ

)(∫ t

t−τ

x̄(s)ds

)
+τ [Dxr(t)]

T R2 [Dxr(t)]

+
(∫ t

t−τ

x̄T
r (s)ds

) (
−R2

τ

)(∫ t

t−τ

x̄r (s)ds

)

where

x̄r (s) = Dxr(s)

From the S-process, we can see

LV (x(t), xr (t)) ≤ η̄T (t)�η̄(t)

where

η̄(t) =
[
xT (t)xT (t − τ)f T (x(t), x(t − τ), t) xT

r (t)

xT
r (t − τ)

∫ t

t−τ

x̄T (s)ds

∫ t

t−τ

x̄T
r (s)dsvT (t)

]T
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� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

	11 	12 P1 P1BKr 0 0 0 P1E

∗ 	22 0 0 0 −M 0 0
∗ ∗ −εI 0 0 0 0 0
∗ ∗ ∗ 	44 −N1 + N2 −N1 0 0
∗ ∗ ∗ ∗ 	55 0 −N2 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT + KT BT

AT
τ

I

Kr
T BT

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

· (τR1) ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT + KT BT

AT
τ

I

Kr
T BT

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

Considering the following indicators

ρ =
∫ ∞

0

[
eT (s)e(s) − γ 2vT (s)v(s)

]
ds

Under zero initial conditions, there are V (0) = 0 and V (∞) ≥ 0, so

ρ =
∫ ∞

0

[
eT (t)e(t) − γ 2vT (t)v(t) + LV (x(t), xr (t))

]
dt − V (∞) (13)

≤
∫ ∞

0

[
eT (t)e(t) − γ 2vT (t)v(t) + LV (x(t), xr (t))

]
dt (14)

However

eT (t)e(t) − γ 2vT (t)v(t) + LV (x(t), xr (t)) ≤ η̄T (t)�̄η̄(t)

where

�̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 P1 P1BKr −C1F 0 0 P1E

* �22 0 0 −C2F −M 0 0
∗ * −εI 0 0 0 0 0
∗ ∗ ∗ �44 −N1 + N2 −N1 0 0
∗ ∗ ∗ ∗ �55 0 −N2 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −γ 2I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT + KT BT

AT
τ

I

Kr
T BT

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

· (τR1) ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

AT + KT BT

AT
τ

I

Kr
T BT

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T
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Here

�11 = (A + BK)T P1 + P1(A + BK) + HT P1H + Q1 + εα2
1I + CT

1 C1

�12 = P1Aτ + MT + CT
1 C2

�22 = εα2
2I − Q1 − M − MT + CT

2 C2

�44 = DT P2 + P2D + Q2

�55 = τDT R2D − Q2 + FT F

From Schur lemma, the inequality �̄ < 0 is equivalent to the matrix inequality

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 P1 P1BKr −C1F 0 0 P1E AT + KT BT

* �22 0 0 −C2F −M 0 0 AT
τ

∗ * −εI 0 0 0 0 0 I

∗ ∗ ∗ �44 −N1 + N2 −N1 0 0 KT
r BT

∗ ∗ ∗ ∗ �55 0 −N2 0 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −γ 2I 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −τ−1R1

−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0 (15)

Then multipling simultaneously by the diagonal matrix diag{I, I, I, I, I, I, I, R1} on both
sides of the inequality, that is easy to obtain the matrix inequality of Theorem 3.1.

4 Feedback Controller Design

Next, we consider the design problems of H∞ output tracking controller, and give some
conclusions based on Theorem 3.1.

Theorem 4.1 Considering system (8), (9), if there are matrices P̄1 > 0, P̄2 > 0, Q̄1 > 0,
Q̄2 > 0, R1 > 0, R2 > 0, the appropriate dimension matrix M , N1, N2, and constant
ε > 0, makes the matrix inequality

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 I BK̃r −C1F P̄1A
T + K̃T BT �17

* �22 0 0 −C2F P̄1A
T
τ �27

∗ * −εI 0 0 I 0
∗ ∗ ∗ P̄2D

T + DP̄2 + Q̄2 −N1P̄2 + N2P̄2 K̃T
r BT �47

∗ ∗ ∗ ∗ −Q̄2 + FT F 0 �57
∗ ∗ ∗ ∗ ∗ −τ̄R1 − 2τ̄ I 0
∗ ∗ ∗ ∗ ∗ ∗ �77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(16)

2506 International Journal of Theoretical Physics (2021) 60:2499–2510



where

�11 = P̄1A
T + K̃T BT + AP̄1 + BK̃ + Q̄1 + CT

1 C1

�12 = Aτ P̄1 + M̄ + CT
1 C2

�22 = −Q̄1 − M̄ − M̄T + CT
2 C2

�17 =
[
0 0 P̄1H

T P̄1 0 0
]

�27 = [−P̄1M 0 0 0 P̄1 0
]

�47 = [−P̄1N1 0 0 0 0 0
]

�77 = diag
[
−τ̄R1 − τ̄R2 − P̄1 − ε−1α−2

1 I − ε−1α−2
2 I − τ̄R2 − 2τ̄ I

]
τ̄ = τ−1

Then the generalized closed-loop system (8), (9) satisfies H∞ output tracking performance
γ .

Proof Let
P̄1 = P −1

1 , P̄2 = P −1
2

Then multipling simultaneously both sides of the matrix inequality 	̄ < 0 by the diagonal
matrix diag

[
P̄1 P̄1 I P̄2 P̄2 I I I

]
, we can get⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 I BKrP̄2 0 0 0 P̄1A
T + KT BT

* �22 0 0 0 −P̄1M 0 P̄1A
T
τ

∗ * −εI 0 0 0 0 I

∗ ∗ ∗ �44 −N1P̄2 + N2P̄2 −P̄1N1 0 P̄2K
T
r BT

∗ ∗ ∗ ∗ �55 0 −P̄2N2 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −τ−1R−1

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

where

�11 = P̄1(A + BK)T + (A + BK)P̄1 + P̄1H
T P1HP̄1 + P̄1Q1P̄1 + εα2

1P̄1P̄1

�12 = Aτ P̄1 + P̄1MP̄1

�22 = εα2
2P̄1P̄1 − P̄1Q1P̄1 − P̄1MP̄1 − P̄1M

T P̄1

�44 = P̄2D
T + DP̄2 + P̄2Q2P̄2

�55 = τ P̄2D
T R2DP̄2 − P̄2Q2P̄2

Let

K̃ = KP̄1, K̃r = KrP̄2

Q̄1 = P̄1Q1P̄1, Q̄2 = P̄2Q2P̄2

M̄ = P̄1MP̄1
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Then⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 I BK̃r 0 0 0 P̄1A
T + K̃T BT

* �22 0 0 0 −P̄1M 0 P̄1A
T
τ

∗ * −εI 0 0 0 0 I

∗ ∗ ∗ �44 −N1P̄2 + N2P̄2 −P̄1N1 0 K̃T
r BT

∗ ∗ ∗ ∗ �55 0 −P̄2N2 0
∗ ∗ ∗ ∗ ∗ −τ−1R1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −τ−1R2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −τ−1R−1

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

where

�11 = P̄1A
T + K̃T BT + AP̄1 + BK̃ + P̄1H

T P1HP̄1 + Q̄1 + εα2
1P̄1P̄1

�12 = Aτ P̄1

�22 = εα2
2P̄1P̄1 − Q̄1

�44 = P̄2D
T + DP̄2 + Q̄2

�55 = τ P̄2D
T R2DP̄2 − Q̄2

Then under zero initial conditions, we can consider the H∞ indicator

ρ =
∫ ∞

0
[eT (s)e(s) − γ 2vT (s)v(s)]ds

so
eT (t)e(t) − γ 2vT (t)v(t) + LV (x(t), xr (t)) ≤ η̄T (t)�̄η̄(t)

where⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

�11 �12 I BK̃r −C1F P̄1A
T + K̃T BT �17

* �22 0 0 −C2F P̄1A
T
τ �27

∗ * −εI 0 0 I 0
∗ ∗ ∗ P̄2D

T + DP̄2 + Q̄2 −N1P̄2 + N2P̄2 K̃T
r BT 0

∗ ∗ ∗ ∗ −Q̄2 + FT F 0 �57

∗ ∗ ∗ ∗ ∗ −τ̄R1
−1 0

∗ ∗ ∗ ∗ ∗ ∗ �77

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

Here

�11 = P̄1A
T + K̃T BT + AP̄1 + BK̃ + Q̄1 + CT

1 C1

�12 = Aτ P̄1 + CT
1 C2

�22 = −Q̄1 + CT
2 C2

�17 =
[
0 0 P̄1H

T P̄1 0 0E
]

�27 = [
0 0 0 0 P̄1 0 0

]
�57 =

[
0 0 0 0 0 − P̄2D

T 0
]

�77 = diag
{
−τ̄R1 − τ̄R2 − P̄1 − ε−1α−2

1 I − ε−1α−2
2 I − τ̄R−1

2 − γ 2I
}

τ̄ = τ−1

Then through the inequality (IR)
(
R−1

)
(IR) ≥ 0 is equivalent to −R−1 ≤ R − 2I , we

can prove the Theorem 4.1 .
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5 Numerical Example

In this section, numerical examples are given to illustrate that the proposed theoretical
method is feasible.

Example 1 The relevant parameters of the random time-delay system (1), (2) are as follows

A =
⎡
⎢⎣

2 1.1 −1 2
−0.5 −1.8 1.3 0.2
0.2 −2.1 −0.5 1
0.1 2 1.8 1.5

⎤
⎥⎦ , Aτ =

⎡
⎢⎣

−0 1.1 1.1 0.2
−1.5 −1.2 1.2 1.1
1.4 −1.2 −2.1 1
1 1.1 1.8 −1.5

⎤
⎥⎦ , H =

⎡
⎢⎣

−1.2 −0.1 0.1 0.2
−0.5 0.4 1.6 0.5
1.3 −1.6 0.5 0.1
0.9 1 1.8 1.2

⎤
⎥⎦ ,

D =
⎡
⎢⎣

−2.1 1 1.6 0.2
−1.8 −2.8 0.2 0.5
1.2 −0.1 −1.6 0.8
0.2 0.1 0.8 −1.5

⎤
⎥⎦ , B =

⎡
⎢⎣
1 −1 0 0
2 1 1.1 0.1
1 0.6 0.6 0.5
1 0.1 1 0.5

⎤
⎥⎦ , E =

⎡
⎢⎣
0.01
0.20
0.2
0.1

⎤
⎥⎦ , C1 =

[
1 0 1 0
1 1 1 0.6

]
,

C2 =
[
1 0 1 1
1 0 1 1

]
, F =

[
1 0.5 1 1
1 0 1.1 1

]
, τ = 0.5, α1 = α2 = 0.2,

K =

⎡
⎢⎢⎣
1.7 −3 −70 80
9 10 −120 100

−6 −19 250 −240
−1 18 −70 4

⎤
⎥⎥⎦ , Kr =

⎡
⎢⎢⎣
5.3 3.1 −5.2 0.71
7.1 5 −6 2
−15 −10 20 −3
1 1 −3.2 0.5

⎤
⎥⎥⎦ ,

Using H∞ output tracking design method for the stochastic time-delay system proposed in
Theorem 3.1, using the LMI control toolbox to solve the matrix inequality (10), the solution
matrix can be obtained is

P1 =

⎡
⎢⎢⎣

153.4776 −113.0205 118.2967 −17.8939
−113.0205 206.7780 −131.1372 4.4986
118.2967 −131.1372 311.3364 −16.6175
−17.8939 4.4986 −16.6175 31.6135

⎤
⎥⎥⎦

P2 = 103 ×

⎡
⎢⎢⎣
2.7816 0.4694 2.6990 1.3911
0.4694 1.5261 1.1401 0.8413
2.6990 1.1401 6.4259 3.2534
1.3911 0.8413 3.2534 4.1505

⎤
⎥⎥⎦

Q1 = 103 ×

⎡
⎢⎢⎣

0.4833 −0.0251 −0.4119 0.0056
−0.0251 0.4163 −0.2825 −0.2979
−0.4119 −0.2825 1.6441 −0.4845
0.0056 −0.2979 −0.4845 1.5044

⎤
⎥⎥⎦

Q2 = 103 ×

⎡
⎢⎢⎣

4.2361 0.5642 −1.7152 −0.8451
0.5642 5.1765 0.5647 0.1564

−1.7152 0.5647 3.2389 −1.3641
−0.8451 0.1564 −1.3641 3.8856

⎤
⎥⎥⎦

R1 =

⎡
⎢⎢⎣

6.5803 −5.8864 4.8925 −0.8778
−5.8864 8.1701 −5.9815 0.5194
4.8925 −5.9815 5.5893 −0.4677

−0.8778 0.5194 −0.4677 0.2369

⎤
⎥⎥⎦

R2 = 103 ×

⎡
⎢⎢⎣
0.5526 0.0500 0.6127 0.2789
0.0500 0.2095 0.1651 0.1518
0.6127 0.1651 1.2327 0.6506
0.2789 0.1518 0.6506 0.9099

⎤
⎥⎥⎦
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M =

⎡
⎢⎢⎣

0.7146 0.1395 0.1066 −0.1570
−2.3178 5.2264 −3.1670 0.0312
2.4612 −2.6956 2.3350 −0.2840

−1.5296 −1.2299 −0.0110 0.4434

⎤
⎥⎥⎦

N1 =

⎡
⎢⎢⎣

−0.5263 2.2511 −1.1853 −0.0775
−0.2998 1.6682 −0.8913 −0.0781
−1.7187 6.3412 −3.3680 −0.1676
−0.2062 1.2850 −0.6820 −0.0627

⎤
⎥⎥⎦

N2 =

⎡
⎢⎢⎣

−0.0158 0.0696 −0.0409 −0.0030
−0.0385 0.0683 −0.0492 0.0009
0.0019 0.0502 −0.0226 −0.0041

−0.0336 0.0975 −0.0591 −0.0018

⎤
⎥⎥⎦

ε = 2235.5

Thus we know that the feasible solution exists, that is, when the time-delay τ ≤ 0.5, the
closed-loop system satisfies H∞ output tracking performance γ in the mean square sense,
which shows that our proposed method is very effective.
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