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Abstract
Mass spectrum of charmonium is computed in the framework of potential non-relativistic
quantum chromodynamics. O(1/m) and O(1/m2) relativistic corrections to the Cornell
potential and spin-dependent potential have been added, and is solved numerically. New
experimentally observed and modified positive and negative parity states like ψ(4230),
ψ(4260), ψ(4360), ψ(4390), ψ(4660), χc1(4140) and χc1(4274) near open-flavor thresh-
old have also been studied. We explain them as admixtures of S-D wave states and P-wave
states. Apart from these states, some other states like X(3915), χc1(3872), ψ(3770) and
ψ(4160) have been identified as 23P0, 23P1, 13D1 and 23D1 states. Subsequently, the elec-
tromagnetic transition widths and γ γ , e+e−, light hadron and γ γ γ decay widths of several
states are calculated at various leading orders. All the calculated results are compared with
experimental and results from various theoretical models.

Keywords Mass spectrum · pNRQCD · Charmonium

1 Introduction

Remarkable experimental progress has been made in recent years in the field of heavy
flavour hadrons specially charmonium. All the narrow charmonium states below open
charm threshold(DD̄) have been observed experimentally and have been successfully stud-
ied theoretically by many approaches like lattice QCD [1], chiral perturbation theory [2],
heavy quark effective field theory [3], QCD sum rules [4], NRQCD [5], dynamical equa-
tions based approaches like Schwinger-Dyson and Bethe-Salpeter equations(BSE) [6–9]
and some potential models [10–18]. However, there are many questions related to charmo-
nium physics in the region above DD̄ threshold. X and Y states above DD̄ threshold have
been reported with unusual properties which are yet to be explained completely. These states
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however could be exotic states, mesonic molecules, multi-quark states or even admixtures
of low lying charmonium states, which have been broadly put forward in [19] and refer-
ences therein. Charmoniumlike states with normal quantum numbers have similar masses
when compared to normal charmonium states. In order to study and understand the nature
of higher mass states near DD̄ threshold it is necessary to have better understanding of low
lying charmonium states.

X(3872) (now χc1(3872)) was studied for the first time at Belle [20] in 2003 in an
exclusive decay of B± which was later reproduced by p+p− collision [21]. This state was
successively studied theoretically, as exotic state by [22, 23], as pure chamonium state
by [24–26], as meson-meson molecular structure by [24–26], as tetra-quark state and as
charmonia core plus higher fock components due to coupling to meson meson continuum
by [27–33]. Recently the PDG [34] has renamed it as χc1(3872), considering it as a poten-
tial charmonium candidate and it has been theoretically supported by [35]. Also, the CDF
collaboration [36] explained it as a conventional charmonium state with JPC 1++ or 2−+.

χc1(4140) previously known as X(4140) or Y (4140) discovered by CDF [37, 38] in
2008 near J/ψφ threshold, was later confirmed by D0 and CMS [39, 40]. The result of the
state was negative in B decays at Belle [41, 42], LHCb [43] and BABAR [44]. The CDF
collaboration in 2011 observed X(4140) with statistical significance greater than 5 standard
deviations, it also found evidence for another state X(4274) now known as χc1(4274) with
mass 4274.4+8.4

−6.7 ± 1.9 MeV [38]. LHCb in 2017 confirmed χc1(4140) and χc1(4274) with

masses 4146.5 ± 4.5+4.6
−2.8 and 4273.3 ± 8.3+17.2

−3.6 MeV respectively. Both having JPC =
1−− as reported by [34]. X(4140) has been studied by many theoreticians as a molecular
state, tetra-quark state or a hybrid state [45–53]. Article [54] has suggested X(4274) to be
χc13

3P1 state, and article [55] has studied χc1(4140) as an admixture of P wave states.
X(3915) formerly referred as χc0(3915) was observed by Belle collaboration [56] with

mass 3915 ± 3 ± 2 MeV in photon-photon collision. Experimental analysis [34] suggested
its JPC = 2++. This let to its assignment as 23P0 by BABAR & SLAC [57, 58], and 23P2
by [59].

ψ(4230) previously known as X(4230) was first observed at BESIII [60] in 2015 as one
of the two resonant structure in e+e− → ωχc0 with statistical significance of more than
9σ . Having JPC = 1−− this state shows properties different from a conventional qq state
and can be a candidate for an exotic structure.

ψ(4390) earlier known as X(4390) is the latest observed state at BESIII in 2017 during
the process e+e− → π+π−hc [61] at center-of-mass energies from 3.896 to 4.600 GeV. Its
observed mass is 4391.5+6.3

−6.8 ±1.0 MeV and JPC = 1−−. This state can also show property
different from conventional charmonium state and there is sparse theoretical and practical
knowledge for this state.

ψ(4660) previously known as Y(4660) discovered at Belle [62, 63] and confirmed by
BaBar [64] is found to have negative parity.

ψ(3770) resonance is a vector state, first detected at SPEAR [65] in 1977, PDG [34]
estimates its mass as 3773.13 ± 0.35 MeV. Godfrey [66] in 1985 assigned it as 13D1 state.

ψ(4160) having JPC = 1−− first experiment evidence given by [67], recently observed
by Belle [68] and LHCB [69] in 2013. PDG [34] estimates mass as 4191 ± 5 MeV.

Y(4260) and Y(4360) which have been renamed in PDG [34] as ψ(4260) and ψ(4360)
were first observed at BABAR [70] in 2005 and at Belle [62] in 2007. Both are vector
states, yet unlike most conventional charmonium do not corresponds to enhancements in
e+e− hadronic cross section nor decay to DD̄ but decay as π+π−J/ψ and π+π−ψ(2S)

respectively. Both these states can have properties different from conventional charmonia
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state, article [71] has considered Y(4260) as a molecular structure. Recently, these two states
have been studied as S-D states admixtures in [55]. All the above mentioned states have
been tabulated in Table 1.

Charmomium is most dense system in the entire heavy flavor spectroscopy having 37
experimentally discovered states. In phenomenology the charmonium mass spectrum is
computed by many potential models like relativistic quark model [72], screened potential
model [73, 74], constituent quark model [75] and some non-linear potential models [76–
85]. Cornell potential is most commonly studied potential for heavy quarkonium system and
has been supported by lattice QCD simulations as well [86, 87]. Detailed explanation about
quark model hypothesis has been discussed in [88]. Quark model for studying heavy quarko-
nium has some common features when compared with QCD but it is not a complete QCD
approach, hence most forms of QCD inspired potential would result in uncertainties in the
computation of the spectroscopic properties, particularly in the intermediate range. Different
potential models may produce similar mass spectra which may match with the experi-
mentally determined masses but the decay properties mainly leptonic decays or radiative
transitions are not in agreement with experimental values. Therefore, test for any model is
to reproduce mass spectra along with decay properties. In the present article we couple Cor-
nell potential with non-relativistic effective field theory(pNRQCD) [89]. The small velocity
of charm quark in cc̄ bound state enables us to use non-relativistic effective field theory
within QCD to study charmonium. There are three well defined scales in heavy quarko-
nium namely; hard scale, soft scale and ultarsoft scale, following well defined pecking order
mQ � mv � mv2, with m � �QCD , �QCD is a QCD scale parameter. NRQCD can-
not distinguish soft and ultrasoft scales, which complicates power counting. pNRQCD [90,
91] solves this problem by integrating the energy scales above mv in NRQCD. The above
statements have been discussed in detail in previous work [88]. Recently a study on Cornell
model calibration with NRQCD at N3LO has been done [92]. A spin independent relativis-
tic correction term (in the framework of pNRQCD [93]) has been added with Coulomb plus

Table 1 Experimental status of some negative and positive parity cc̄ mesons near open-flavor threshold
reported by PDG [34]

PDG Former/Common Expt.Mass JP Production Discovery

Name Name (in keV) Year

ψ(3770) – 3773.13±0.35 1− e+e− → DD 2012

χc1(3872) X(3872) 3871.69±0.17 1+ XB → Kπ+π−J/ψ(1S) 2003

X(3900) X(3900) 3886.6±2.4 1+ ψ(4260) → π−X 2013

X(3915) χc0(3915) 3918.4±1.9 0+or2+ e+e− → e+e−X 2004

χc1(4140) X(4140) 4146.8±2.4 1+ B+ → χc1K
+ 2008

e+e− → e+e−X
ψ(4160) – 4191±5 1− e+e− → J/ψX 2007

ψ(4230) X(4230) 4218+5
−4 1− e+e− → X 2015

ψ(4260) Y(4260) 4230±8 1− e+e− → X 2005

X(4260)

χc1(4274) X(4274) 4274+8
−6 1+ B+ → K+X 2011

ψ(4360) Y(4360) 4368±13 1− e+e− → X 2007

ψ(4390) X(4390) 4392±7 1− e+e− → X 2017

ψ(4660) Y(4660) 4643 ± 9 1− e+e− → X 2007
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confinement potential in the present work, and the Schrödinger equation has been solved
numerically [94].

The theoretical framework to calculate the mass spectra has been discussed in Section 2,
Various decays of S and P wave states has been discussed in Section 3, Charmoniumlike
negative and positive parity states have been discussed in Section 4, Electromagnetic tran-
sition widths are in Section 5 and finally results, discussion and conclusion are presented in
Sections 6 and 7.

2 Theoretical Framework

Considering charmonium as non-relativistic system we use the following Hamiltonian to
calculate its mass spectra. Same theoretical framework has been used by us for studying
bottomonium in effective filed theory formalism [88].

H = M + P 2

2μ
+ VpNRQCD(r) + VSD(r) (1)

Here, M and μ represents the total and the reduced mass of the system. Three terms namely
Coulombic term Vv(r) (vector), a confinement term Vs (scalar) and relativistic correction
Vp(r) in the framework of pNRQCD [88, 95–97] has been included in the interaction poten-
tial VpNRQCD(r). After fitting the spin average ground state mass(1S) with its experimental
value, we fix the mass of charm quark and other potential parameters like ε, A, αs , σ , C

and a, there values are given in Table 2, With these parameters, χ2/d.o.f [98] is estimated
to be 1.553. Using these fixed values we generate the entire mass spectrum of charmonium
by solving the Schrödinger equation numerically [94].

VpNRQCD(r) = Vv(r) + Vs(r) + Vp(r)

VpNRQCD(r) = −4αs

3r
+ Ar + 1

mc

V (1)(r) + 1

m2
c

V(SD)(r) (2)

V (1)(r) = −9α2
c

8r2
+ a log r + C (3)

The parameter A represents potential strength analogous to spring tension. αs and αc are
strong and effective running coupling constants respectively, mc is mass of charm quark,
a and C are potential parameters. Spin-dependent part of the usual one gluon exchange
potential has been considered to obtain mass difference between degenerate mesonic states,

V(SD)(r) = VSS(r)

[
S(S + 1) − 3

2

]
+ VL·S(r)(

−→
L · −→

S )

+VT (r)
[
S(S + 1) − 3(S · r̂)(S · r̂)

]
(4)

Table 2 Potential parameters

αc mc ε A αs C a

0.4 1.321GeV 0.12 0.191 GeV
f m

0.318 0.12 -0.165 GeV 2

χ2/d.o.f=1.553
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Where the spin-spin, spin-orbital and tensor interactions are given as [96], with Cf = 4
3

VSS(r) = 8

9

αs

m2
c

−→
S Q

−→
S Q̄4πδ3(�r), (5)

VL.S(r) = 1

m2
c

(
Cs

2r

d

dr
(Vv(r) + Vs(r))

+ Cf

r

[
− (1 − ε) A +

(αc

r2
+ εA

)])
(6)

VT (r) = 1

m2
c

Cf
2

3

3α

r3
(7)

Here, the effect of relativistic corrections, the O (1/m) correction, the spin-spin, spin-
orbit and tensor corrections O

(
1/m2

)
are tested for charmonium.

The computed masses of S, P , D and F states are tabulated in Tables 3 and 4, along
with latest experimental data and other theoretical approaches and is found to be in good
agreement with them.

3 DecayWidths of S and P Charmoium States Using NRQCD Approach

Successful determination of decay widths along with the mass spectrum calculation is very
important for believability of any potential model. Better insight into quark gluon dynamics
can be provided by studying strong decays, radiative decays and leptonic decays of vector
mesons. Determined radial wave functions and extracted model parameters are utilized to
compute various decay widths. The short distance and long distance factors in NRQCD are
calculated in terms of running coupling constant and non-relativistic wavefunction.

3.1 γ γ DecayWidth

The γ γ decay widths of S-wave states have been calculated at NNLO in ν, at NLO in ν2,
at O(αsν

2) and at NLO in ν4. NRQCD factorization expression for the decay widths of
quarkonia at NLO in ν4 is given as [105]

(1S0 → γ γ ) = Fγγ (1S0)

m2
Q

∣∣∣〈0|χ†ψ |1S0
〉∣∣∣2

+Gγγ (1S0)

m4
Q

Re

[〈
1S0|ψ†χ |0

〉 〈
0|χ†

(
− i

2
−→
D

)2

ψ |1S0
〉]

+H 1
γ γ (1S0)

m6
Q

〈
1S0|ψ†

(
− i

2
−→
D

)2

χ |0
〉

×
〈
0|χ†

(
− i

2
−→
D

)2

ψ |1S0
〉

+H 2
γ γ (1S0)

m6
Q

× Re

[〈
1S0|ψ†χ |0

〉 〈
0|χ†

(
− i

2
−→
D

)4

ψ |1S0
〉]

(8)
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Table 3 S and P state mass spectra of cc̄ meson (in GeV)

State Present [34] [99] [100] [101] [102] LQCD [103]

11S0 2.989 2.984±0.005 3.004 2.981 2.982 2.989 2.884

13S1 3.094 3.097±0.006 3.086 3.096 3.090 3.094 3.056

21S0 3.572 3.639±0.012 3.645 3.635 3.630 3.602 3.535

23S1 3.649 3.686±0.025 3.708 3.685 3.672 3.681 3.662

31S0 3.998 – 3.989 4.043 4.058 – –

33S1 4.062 4.039±0.043 4.039 4.072 4.129 – –

41S0 4.372 – 4.534 4.401 4.384 4.448 –

43S1 4.428 4.421±0.004 4.579 4.427 4.406 4.514 –

51S0 4.714 – 4.901 4.811 4.685 4.799 –

53S1 4.763 – 4.942 4.837 4.704 4.863 –

61S0 5.033 – 5.240 5.151 4.960 5.124 –

63S1 5.075 – 5.277 5.167 4.977 5.185 –

13P0 3.473 3.414±0.031 3.440 3.413 3.424 3.428 3.421

13P1 3.506 3.510±0.007 3.492 3.511 3.505 3.468 3.480

11P1 3.527 3.525±0.038 3.496 3.525 3.516 3.470 3.494

13P2 3.551 3.556±0.007 3.511 3.555 3.549 3.480 3.536

23P0 3.918 3.918 ±0.019� 3.932 3.870 3.852 3.897 –

23P1 3.949 3.871 ±0.001� 3.984 3.906 3.925 3.938 –

21P1 3.975 – 3.991 3.926 3.934 3.943 –

23P2 4.002 3.927±.026 4.007 3.949 3.965 3.955 –

33P0 4.306 – 4.394 4.301 4.202 4.296 –

33P1 4.336 – 4.401 4.319 4.271 4.338 –

31P1 4.364 – 4.410 4.337 4.279 4.344 –

33P2 4.392 – 4.427 4.354 4.309 4.358 –

43P0 4.659 – 4.722 4.698 4.509 4.653 –

43P1 4.688 – 4.771 4.728 4.576 4.696 –

41P1 4.716 – 4.784 4.744 4.585 4.704 –

43P2 4.744 – 4.802 4.763 4.614 4.718 –

The matrix elements that contribute to the decay rates of the S wave states to γ γ are given
as,

〈
1S0|O(1S0)|1S0

〉
=

∣∣∣〈0|χ†ψ |1S0
〉∣∣∣2 [1 + O(v4)]

〈
3S1|O(3S1)|3S1

〉
=

∣∣∣〈0|χ†σψ |3S1
〉∣∣∣2 [1 + O(v4)]

〈
1S0|P1(

1S0)|1S0
〉

= Re

[〈
1S0|ψ†χ |0

〉
×

〈
0|χ†

(
− i

2
−→
D

)2

ψ |1S0
〉]

+O(v4) (9)

3513



International Journal of Theoretical Physics (2020) 59: –35323508

Table 4 D and F wave mass spectra of cc̄ meson (in GeV)

State [34] [99] [100] [101] [102]

13D3 3.806 – 3.798 3.813 3.805 3.755

13D2 3.800 3.822±0.012 [104] 3.814 3.795 3.800 3.772

13D1 3.785 3.773±0.035� 3.815 3.783 3.785 3.775

11D2 3.780 – 3.806 3.807 3.799 3.765

23D3 4.206 – 4.273 4.220 4.165 4.176

23D2 4.203 – 4.248 4.190 4.158 4.188

23D1 4.196 4.191±0.005� 4.245 4.105 4.141 4.188

21D2 4.203 – 4.242 4.196 4.158 4.182

33D3 4.568 – 4.626 4.574 4.481 4.549

33D2 4.566 – 4.632 4.544 4.472 4.557

33D1 4.562 – 4.627 4.507 4.455 4.555

31D2 4.566 – 4.629 4.549 4.472 4.553

43D3 4.902 – 4.920 – – 4.890

43D2 4.901 – 4.896 – – 4.896

43D1 4.898 – 4.857 – – 4.891

41D2 4.901 – 4.898 – – 4.892

13F2 4.015 – 4.041 – – 3.990

13F3 4.039 – 4.068 – – 4.012

13F4 4.052 – 4.093 – – 4.036

11F3 4.039 – 4.071 – – 4.017

23F2 4.403 – 4.361 – – 4.378

23F3 4.413 – 4.400 – – 4.396

23F4 4.418 – 4.434 – – 4.415

21F3 4.413 – 4.406 – – 4.400

33F2 4.751 – – – – 4.730

33F3 4.756 – – – – 4.746

33F4 4.759 – – – – 4.761

31F3 4.756 – – – – 4.749

The matrix elements are expressed in terms of the regularized wave-function parameters
[5] 〈

1S0|O(1S0)|1S0
〉
= 3

2π
|RP (0)|2

〈
1S0|P1(

1S0)|1S0
〉
= − 3

2π
|R∗

P �2RP |
〈
1S0|Q1

1(
1S0)|1S0

〉
= −

√
3

2π
∇2RP (10)

From (8), for calculations at leading orders in ν only the first term is considered, for calcula-
tion at leading orders at ν2 the first two terms are considered, and for calculation at leading
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orders at ν4 all the terms are considered. The coefficients F, G&H are written as [5, 19,
106–109]

Fγγ (1S0) = 2πQ4α2
[
1 + CF

αs

π

(
π2

4
− 5

)
+ CF

α2
s

π2

[
CF

(
−21 − π2

(
1

4ε
+ ln

μ

m

))

+CA

(
−4.79 − π2

2

(
1

4ε
+ ln

μ

m

))
− 0.565NLTR + 0.22NH TR

]]
(11)

Gγγ (1S0) = −8πQ4α2

3

[
1 + CF αs

π

(
5π2

16
− 49

12
− ln

μ2

4m2

)]
(12)

Hγγ (1S0) + H 2
γ γ (1S0) = 136π

45
Q4α2 (13)

Here, CF = 4/3, CA = 3, NH = 1, TR = 1/2, NL = 3 and μ = 0.5. For calculations at
NNLO in ν, the entire (11) is used. For calculations at NLO in ν2 only the first two terms

in the square bracket of (11) is used, and Gγγ (1S0) is taken as − 8πQ4

3 α2. For NLO in ν4,

in addition to first two terms in the square bracket of (11) and Gγγ (1S0) = − 8πQ4

3 α2,
equation (13) is also used. But, for calculation at O(αsν

2) the first two terms in square
bracket of (11) and the entire (13) are only used. The calculated decay widths are tabulated
in Table 5.

The decay widths for n3PJ (J = 0, 2) states to NLO in ν2 and NNLO in ν2 have also
been calculated. γ γ decay width of n3P0 and n3P2 is expressed as,

(χcJ → γ γ ) = 3NcImFγγ (3PJ )

πm4
Q

, J = 0, 2. (14)

Table 5 γ γ decay widths of nηc meson(in keV)

 State

11S0 21S0 31S0 41S0 51S0 61S0

NNLO in ν 12.4 8.257 7.102 6.474 6.093 5.788

NLO in ν2 14.129 9.273 6.238 4.674 3.747 3.125

O(αsν
2) 14.897 9.734 6.547 4.906 3.933 3.280

NLO in ν4 6.725 3.178 1.493 0.858 0.560 0.394

[34] 5.05±0.01 2.14±0.04

[99] 8.246 4.560 3.737 3.340 3.095 2.924

[102] 5.618 2.944 2.095 1.644 1.358 1.158

[72] 7.18 1.71 1.21

[111] 5.5 1.8

[112] 7.5-10

[113] 7.14±0.95 4.4±0.48
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Short distance coefficients F ’s, at NNLO in ν2 are given by [106, 110]

Fγγ (3P0) = 3πQ4α2
[
1 + CF

αs

π

(
π2

4
− 7

3

)

+ α2
s

π2

[
CF

β0

4

(
π2

4
− 7

3

)
ln

μ2
R

m2

]]
(15)

Fγγ (3P2) = 4πQ4α2

5

[
1 − 4Cf

αs

π
+ α2

s

π2

(
−2CF

β0

4
ln

μ2
R

m2

)]
(16)

β0 = 11
3 CA− 2

3 (nL+nH ) is the one-loop coefficient of the QCD β-function, where nH = 1,
CA = 3 and nL signifies the number of light quark flavors (nL = 3 for χc). The calculated
decay widths are tabulated in Table 6.

3.2 e+e− DecayWidth

The e+e− decay width of S-wave states have been calculated at NLO in ν, NNLO in ν,
NLO in ν2, NLO in αsν

4 and NLO in α2
s ν

4. NRQCD factorization expression for the decay
widths of quarkonia at NNLO in ν4 is written as,

(3S1 → e+e−) = Fee(
3S1)

m2
Q

∣∣∣〈0|χ†σψ |3S1
〉∣∣∣2 +

Gee(
3S1)

m4
Q

Re

[〈
3S1|ψ†σχ |0

〉 〈
0|χ†σ

(
− i

2
−→
D

)2

ψ |3S1
〉]

+H 1
ee

(
1S0

)
m6

Q

〈
3S1|ψ†σ

(
− i

2
−→
D

)2

χ |0
〉

×
〈
0|χ†σ

(
− i

2
−→
D

)2

ψ |3S1
〉

+

H 2
ee(

1S0)

m6
Q

× Re

[〈
3S1|ψ†σχ |0

〉 〈
0|χ†σ

(
− i

2
−→
D

)4

ψ |3S1
〉]

(17)

From (17), for calculations at leading orders in ν only the first term is considered, for cal-
culation at leading orders at ν2 the first two terms are considered, and for calculation at

Table 6 γ γ decay widths of n3PJ (J = 0, 2) (in keV)

 χ0 χ2

 1P 2P 3P 4P 1P 2P 3P 4P

NLO in ν2 4.185 4.306 4.847 4.346 0.538 0.554 0.626 0.559

NNLO in ν2 4.134 4.263 4.799 4.303 0.868 0.893 1.005 0.901

[34] 2.341±0.189 0.528±0.404

[114] 2.87±0.39 0.53±0.05

[99] 2.692 4.716 8.078 0.928 1.242 1.485 1.691 1.721

[115] 2.36±0.35 0.346±0.009 0.23

[116] 6.38 0.57

[117] 3.72±1.1 0.490±0.150
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leading orders at ν4 all the terms are considered. The matrix elements that contribute to the
decay rates of ψ → e+e− through the vacuum-saturation approximation gives [5].

〈
3S1|P1(

3S1)|3S1
〉
= Re

[〈
3S1|ψ†σχ |0

〉
×〈

0|χ† × σ

(
− i

2
−→
D

)2

ψ |3S1
〉]

+ O(v4)

〈
1S0|Q1

1(
1S0)|1S0

〉
=

〈
0|χ†

(
− i

2
−→
D

)2

ψ |1S0
〉

〈
3S1|Q1

1(
3S1)|3S1

〉
=

〈
0|χ†σ

(
− i

2
−→
D

)2

ψ |3S1
〉

(18)

The matrix elements are expressed in terms of the regularized wave-function parameters [5].

〈
3S1|O(3S1)|3S1

〉
= 3

2π
|RV (0)|2

〈
3S1|P1(

3S1)|3S1
〉
= − 3

2π
|R∗

V �2RV |
〈
3S1|Q1

1(
3S1)|3S1

〉
= −

√
3

2π
∇2RV (19)

The coefficients F,G&H are written as [5, 19, 106, 106, 118].

Fee(
3S1) = 2πQ2α2

3

[
1 − 4CF

αs

π

+
[
−117.46 + 0.82nf + 140π2

27
ln

(
2m

μA

)](αs

π

)2
CF

]
(20)

Gee(
3S1) = −8πQ2

9
α2 (21)

H 1
ee(

3S1) + H 2
ee(

3S1) = 58π

54
Q2α2 (22)

For calculations at NLO in ν, only the first two terms from (20) is used. For calculations at
NNLO in ν the entire (20) is used. For calculation at O(ν2) NLO only the first two terms
from (20) is used and (21) is also used. For calculation at O(αsν

4) NLO first two terms of
(20), (21) and (22) are also used. And, for calculation at O(α2

s ν
4) NLO (20), (21) and (22)

are used. The calculated decay widths are tabulated in Table 7.

3.3 Light Hadron DecayWidth

The Light hadron decay width through NLO and NNLO in ν2 is calculated. The methodol-
ogy for calculation is given as [5, 105].

(1S0 → LH) = NcImf1(
1S0)

πm2
Q

|R̄p|2 + NcImg1(
1S0)

πm4
Q

Re(R̄p
∗ ¯∇2Rp) (23)
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Table 7 e+e− decay widths of nJ/ψ(in keV)

 State

13S1 23S1 33S1 43S1 53S1 63S1

NLO in ν 1.957 1.178 0.969 0.860 0.792 0.741

NNLO in ν 0.445 0.267 0.220 0.195 0.180 0.168

NLO in ν2 3.431 2.678 2.394 2.241 2.147 2.075

NLO in αsν
4 4.100 2.464 2.029 1.801 1.659 1.551

NLO in α2
s ν4 3.004 3.540 3.350 3.240 3.181 3.138

[34] 5.55±0.08 2.33±0.01 0.86±0.01

[119] [114] 5.55±0.14 2.48±0.06 0.86±0.07 0.58±0.07

[99] 6.932 3.727 2.994 2.638 2.423 2.275

[102] 2.925 1.533 1.091 0.856 0.707 0.602

The coefficients F&G for decay width calculation at NNLO at ν2 are written as [5, 120],

Imf1(
1S0) = πCF α2

s

Nc

[
1 + αs

π

(
β0

2
ln

μ2
R

4m2
+

(
π2

4
− 5

)
CF

+
(
199

18
− 13π2

24

)
CA − 8

9
nL − 2nH

3

)
ln2

+ α2
s

π2

(
−50.1 + 3β2

0

16
ln2

μ2
R

4m2
+

(
β1

8
+ 3

4
β010.62

)
ln

μ2
R

4m2

− π2
(

C2
F + CACF

2

)
ln

μ2
�

m2

)]
(24)

Img1(
1S0) = −4πCF α2

s

3Nc

[
1 + αs

π

(
β0

2
ln

μ2
R

4m2
− CF ln

μ2
�

m2

)

−
(
49

12
− 5π2

16
− 2ln2

)
CF

+
(
479

36
− 11π2

16

)
CA − 41

36
nL − 2nH

3
ln2

]
(25)

Here, β0 = 11
3 CA − 4

3TF nf , TF = 1/2, nf = nL + nH signifies number of active

flavour quark, nL = 3, nH = 1, CF = N2
C−1
2NC

, CA = NC = 3, μR is the renormalisation

scale, β1 = 34
3 C2

A − 20
3 CATF nf − 4CATF nf is the two-loop coefficient of the QCD β

function.
For decay width calculation at NLO in ν2 only the first two terms in the square bracket

from (24) is considered and the entire (25) is considered. The results of the decay width is
tabulated in Table 8
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Table 8 Light hadrons(LH) decay width of nηC (in MeV)

 11S0 21S0 31S0 41S0 51S0 61S0

2-7 NLO in ν2 14.324 7.926 5.765 4.564 3.791 3.232

NNLO in ν2 14.473 7.330 5.052 3.892 3.183 2.687

[99] 4.407 1.685 1.074 0.791 0.624 0.514

[121] 14.38±1.07±1.43

3.4 γ γ γ DecayWidth

γ γ γ decay width of nJ/ψ states given in [5, 122] through NLO in ν2 is also calculated and
is represented by,

(3S1 → γ γ γ ) = 8(π2 − 9)Q6α3

9πm2
Q

[
1 − 9.46(2)CF

αs

π

]
Rv (26)

Here, α = e2/4π (Table 9).

4 Mixed Charmonium States

Experimentally, many hadronic states are observed but not all can be identified as pure
mesonic states. Some of them have properties different from pure mesonic states and can
be identified as admixture of nearby iso-parity states. The mass of admixture state (MNL)
is expressed in terms of two states (nl and n′l′) discussed recently in [55] and also in [79,
124–126] and references therein.

MNL =| a2 | Mnl + (1− | a2 |)Mn′l′ (27)

Where,| a2 | = cos2 θ and θ is mixing angle. ψ(4230), ψ(4260), ψ(4360), ψ(4390) and
ψ(4660) have been studied as S-D admixture states, their calculated masses(in GeV) and
leptonic decay width is tabulated in Table 10. χc1(4274) and χc1(4140) have been studied
as admixture of nearby P -wave states calculated masses are tabulated in Table 11. The
calculated masses and decay width of admixture states is compared with other theoretical
and available experimental results [55, 76, 126, 127].

Mixed P wave states can be expressed as,

|α〉 =
√
2

3
|3P1〉 +

√
1

3
|1P1〉 (28)

Table 9 γ γ γ decay width of J/ψ and higher ψ states(in eV)

 State

11S0 21S0 31S0 41S0 51S0 61S0

NLO in ν2 1.022 0.900 0.857 0.832 0.815 0.801

[99] 2.997 1.083 1.046 0.487 0.381 0.312

[123] 1.077±0.006
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Table 10 Mass spectra and leptonic decay width of S-D wave admixture states(Negative parity)

Expt. JP Mixed % mixing Masses mixed state(GeV) e+e− mixed state(eV)

state state of S state Our Expt. [34] Our Expt.

ψ(4230) 1− 33S1 and 33D1 41% 4.277 4.218+0.005
−0.004 11.027 2.7±0.05 [128]

ψ(4260) 1− 33S1 and 33D1 36% 4.234 4.230±0.008 6.352 9.2±1.0 [34]

ψ(4360) 1− 33S1 and 33D1 51% 4.363 4.368±0.013 0.651 6.0±1.0 [129]

ψ(4390) 1− 33S1 and 33D1 54% 4.389 4.329±0.007 2.110 –

ψ(4660) 1− 43S1 and 43D1 43% 4.648 4.643±0.009 13.892 8.1±1.1±1.0 [63]

|β〉 = −
√
1

3
|3P1〉 +

√
2

3
|1P1〉 (29)

Where, |α〉, |β〉 are states having same parity. We can write the masses of these states in
terms of the predicted masses of pure P wave states (3P1 and 1P1) as [76, 126, 127],

5 Electromagnetic TransitionWidths

Electromagnetic transitions have been calculated in this article in the framework of
pNRQCD and this study can help to understand the non-perturbative aspect of QCD. For
(E1) transition the selection rules are �L = ±1 and �S = 0 while for (M1) transition it
is �L = 0 and �S = ±1. The obtained normalised reduced wave function and parameters
used in current work are employed to electromagnetic transition width calculation. In non-
relativistic limit, the radiative E1 and M1 transition widths are given by [19, 102, 125, 130,
131]

(n2S+1LiJi
→ n2S+1Lf Jf

+ γ ) = 4αe〈eQ〉2ω3

3
(2Jf + 1)

×SE1
if |ME1

if |2 (30)

(n3S1 → n′1S0 + γ ) = αeμ
2ω3

3
(2Jf + 1)SM1

if |MM1
if |2 (31)

where, mean charge content 〈eQ〉 of the QQ̄ system, magnetic dipole moment μ and photon
energy ω are given by

〈eQ〉 =
∣∣∣∣∣
mQ̄eQ − eQ̄mQ

mQ + mQ̄

∣∣∣∣∣ (32)

μ = eQ

mQ

− eQ̄

mQ̄

(33)

Table 11 Mass spectra of P wave admixture states(Positive parity)

Expt. State JP Mixed State Configuration Our(GeV) Expt. [34]

χc1(4140) 1+ 33P1 and 21P1 4.094 4.146 ± 0.024

χc1(4274) 1+ 33P1 and 31P1 4.301 4.274+0.008
−0.006
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and

ω = M2
i − M2

f

2Mi

(34)

respectively. Also, the symmetric statistical factors are given by

SE1
if = max(Li, Lf )

{
Ji 1 Jf

Lf S Li

}2

(35)

and

SM1
if = 6(2Si + 1)(2Sf + 1)

{
Ji 1 Jf

Sf � Si

}2 {
1 1

2
1
2

1
2 Sf Si

}2

. (36)

The matrix element |Mif | for E1 and M1 transitions can be written as∣∣∣ME1
if

∣∣∣ = 3

ω

〈
f

∣∣∣ωr

2
j0

(ωr

2

)
− j1

(ωr

2

)∣∣∣ i〉 (37)

and ∣∣∣MM1
if

∣∣∣ =
〈
f

∣∣∣j0
(ωr

2

)∣∣∣ i〉 (38)

The electromagnetic transition widths are listed in Tables 12 & 13 and are also compared
with experimental results as well as with other theoretical predictions.

Table 12 Electric dipole (E1) transitions widths of cc mesons.(LP = Linear potential model, SP = Screened
potential model, NR = Non-relativistic and RE = Relativistic)( in KeV)

Transition Present [34] [35] [132] [73] [101] [102]

work Expt. LP(SP) RE(NR)

13P2 → 13S1 457.39 406 ± 31 233.85 405 327(338) 437.5(424.5) 157.22
13P1 → 13S1 378.33 320 ± 25 189.86 341 269 (278) 329.5(319.5) 146.32
11P1 → 11S0 505.69 – 357.83 473 361 (373) 570.5(490.3) 247.97
13P0 → 13S1 145.33 131 ± 14 118.29 104 141(146) 159.2(154.5) 112.03
23S1 → 13P2 28.51 26 ± 1.5 7.07 39 36(44) 35.5 (37.9) 62.31
23S1 → 13P1 28.79 27.9 ± 1.5 10.39 38 45(48) 50.9 (54.2) 43.29
23S1 → 11P1 28.79 – 7.94
23S1 → 13P0 31 29.8 ± 1.5 11.93 29 27(26) 58.8 (62.6) 21.86
21S0 → 13P1 8.31 9.20
21S0 → 11P1 2.69 6.05 56 49 (52) 45.2 (49.9) 36.20
13D3 → 13P2 348.99 237.51 302 397.7(271.1) 175.21

13D2 → 13P2 66.92 62.34 82 79(82) 96.52(64.06) 50.31
13D2 → 13P1 103.70 89.18 301 281(291) 438.2(311.2) 165.17
13D1 → 13P2 13.13 < 21 6.45 8.1 5.4 (5.7) 4.73(4.86) 5.72
13D1 → 13P1 90.47 70 ± 17 139.52 153 115 (111) 122.8(126.2) 93.77
13D1 → 13P0 120.66 172 ± 30 343.87 362 243 (232) 394.6(405.4) 161.50
23P2 → 23S1 346.02 281.93 264 377.1(287.5) 116.32
23P1 → 23S1 219.71 206.87 234 246.0(185.3) 102.67
21P1 → 21S0 493.45 343.55 274 349.8(272.9) 163.64
23P0 → 23S1 161.07 102.23 83 108.3(65.3) 70.40
23P2 → 13D3 6.88 33.27 76 60.67(78.69)
23P2 → 13D2 7.47 5.49 10 11.48(15.34)
23P2 → 11D2 9.63 5.83
23P2 → 13D1 9.07 0.41 0.64 2.31(1.67)
23P1 → 13D1 4.19 5.35 11 31.15(21.53)
23P0 → 13D1 2.31 3.21 1.4 33.24(13.55)
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Table 13 Magnetic dipole (M1) transitions widths. (LP = Linear potential model, SP = Screened potential
model, NR = Non-relativistic and RE = Relativistic, Here  in KeV)

Transition Present [34] [35] [132] [73] [101] [102]

work Expt. LP(SP) RE(NR)

13S1 → 11S0 1.255 1.58 ± 0.37 1.647 2.2 2.39 (2.44) 2.765 (2.752) 1.18

23S1 → 21S0 1.350 0.21 ± 0.15 0.135 0.096 0.19 (0.19) 0.198 (0.197) 0.50

33S1 → 31S0 1.194 0.082 0.044 0.051 (0.088) 0.023 (0.044) 0.36

23S1 → 11S0 0.846 1.24 ± 0.29 69.57 3.8 8.08 (7.80) 3.370 (4.532) 3.25

21S0 → 13S1 4.060 35.72 6.9 2.64 (2.29) 5.792 (7.962)

13P2 → 13P0 8.043 1.638

13P2 → 13P1 1.592 0.189

13P2 → 11P1 0.245 0.056

11P1 → 13P0 2.768 0.782

6 Results and Discussion

In order to understand the structure of ‘X and Y’ Charmoniumlike states, we first calcu-
late complete charmonium mass spectrum by solving the Schrödinger equation numerically,
spin dependent part of the conventional one gluon exchange potential is employed to obtain
mass difference between degenerate mesonic states. Considering parity constraints, then
the Charmoniumlike states are explained as admixture of pure charmonium states. We
compare our calculated masses with experimental available masses and also with other the-
oretical approaches like relativistic model [100], LQCD [103], static potential [101] and
non-relativistic model i.e considering only the Cornell potential [99, 102]. We also per-
form a comparative study of present mass spectra with our previous result [99]. The mass
of charm quark and confining strength(A) is same in both the approaches except for the
fact that in present approach in addition to confining strength(A) certain other parameters
are also incorporated. Using the calculated radially and orbitally excited states masses, the
Regge trajectories in (nr ,M

2) and (J,M2) planes are constructed, with the principal quan-
tum number related to nr via relation nr = n−1, and J is total angular momentum quantum
number. Following equations are used J = αM2 + α0 and nr = βM2 + β0, where α, β

are the slopes and α0, β0 are the intercepts. The (nr ,M
2) and (J,M2) Regge trajectories

are plotted in Figs. (1, 2, 3 & 4), the slopes and intersepts are tabulated in Tables (14, 15 &
16). Calculated charmonium masses fit well into the linear trajectories in both planes. The
trajectories are almost parallel and equidistant and the daughter trajectories appear linear.
The Regge trajectories can be helpful for identification of higher excited state as member of
charmonium family.

6.1 Mass Spectra

The mass difference between the S wave states, 11S0 - 13S1 is 105 MeV and 21S0 - 23S1
is 114 MeV for the present calculations, while in our previous work [99] the mass differ-
ence was 82 and 63 MeV respectively, experimentally observed mass difference is 113 and
47 MeV. In the present calculations the splitting in S wave degenerate mesonic states has
significantly increased for both 1S and 2S states, bringing the calculated masses near the
experimental ones. For 33S1 and 43S1 states our calculated masses are only 30 MeV and 7
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Fig. 1 (J,M2) Regge trajectory of parent and daughter for charmonium with un-natural parity. States J/ψ

and χc2(1P) lie on parent trajectory slope, while states ψ(2S) and χc2(2P) lie on the daughter trajectory
slope

Fig. 2 Regge trajectory (J,M2) of cc̄ meson with unnatural parity. Both ηc(1S) and hc(1P) lie on parent
trajectory slope

Fig. 3 Regge trajectory (nr ,M
2) for the Pseudoscaler and vector S state, excited P and D state masses of the

cc̄ meson. States ψ(3770) and ψ(4160) can be observed to follow linearity and fall on the excited daughter
trajectory slope
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Fig. 4 Regge trajectory (nr ,M
2) for the S-P-D States center of weight mass for the cc̄ meson. The center

of masses for S wave states fall on the parent trajectory, while the center of weight masses for P & D wave
states can be observed to fall on daughter trajectories and follow linearity.

Table 14 Fitted parameters of the (J,M2) Regge trajectory with natural and unnatural parity

Parity cc̄ α(GeV −2) α0

Parent 0.439±0.038 -3.333±0.515

Natural First Daughter 0.487±0.039 -5.598±0.650

Second Daughter 0.491±0.046 -7.230±0.921

Third Daughter 0.438±0.077 -7.660±1.739

Parent 0.407±0.045 -3.786±0.062

Unnatural First Daughter 0.446±0.042 -5.828±0.708

Second Daughter 0.451±0.046 -7.355±0.910

Third Daughter 0.398±0.063 -7.667±1.380

Table 15 Fitted parameters of Regge trajectory (nr ,M
2) for the S-P-D states

cc̄ JP̂ β(GeV −2) β0

S 0− 0.308±0.006 -2.855±0.106

S 1− 0.312±0.005 -3.082±0.103

P 2+ 0.303±0.003 -3.840±0.051

D 1− 0.311±0.002 -4.458±0.031

D 3− 0.321±0.000 -5.270±0.017
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Table 16 Fitted parameters of
Regge trajectory (nr ,M

2) for the
S-P-D states center of weight
mass

cc̄ β(GeV −2) β0

S 0.314±0.004 -3.102±0.068

P 0.306±0.002 -3.823±0.044

D 0.329±0.007 -5.470±0.160

MeV greater than the experimentally observed masses, which is a considerably improved
result as compared to [99] and other theoretical studies. For 1P states it can be seen that
the calculate masses of 11P1 , 13P0 , 13P1 and 13P2 when compared with experimentally
observed masses differ only by 02, 59, 04 & 5 MeV respectively. Based on our calcu-
lation of mass spectrum we associate χc0(3915) or X(3915) as 23P0 state, both of them
share same parity and there is no mass difference between our calculated and experimen-
tally observed value. We also associate χc1(3872) as 23P1 state because of two reasons.
Firstly, because of identical their identical parity and secondly, mass difference between our
calculated and experimental observed value is 78 MeV. For 23P2 state the mass difference
between our calculated and experimental value is 75 MeV. There are no experimentally
observed states for 5S, 6S, 3P and 4P hence we compare our results with theoretical results
only and observe that our values are in good consonance with the relativistic model [100]
but appear suppressed when compared with Cornell potential approach [99, 102]. There
is only one experimentally observed state in D and beyond i.e. 13D2 [104] and our cal-
culated mass is less than experimental value by 22 MeV. We associate ψ(3770) as 13D1
state because both of them have same parity and the difference between our calculated and
experimentally observed mass is 12 MeV which lies in the error bar. Also, we associate
ψ(4160) as 23D1 state as both of them have same parity also the mass difference between
our calculated and experimental value is only 05 MeV. In (nr ,M

2) Regge trajectory both
ψ(3770) and ψ(4160) lie on the curve and follow linearity and parallelism thus helping us
to associate them as 13D1 and 23D1 charmonium states.

6.2 Decay Properties

Using the potential parameters and reduced normalized wave function we compute various
decay properties like γ γ , e+e−, light hadron and γ γ γ decay widths of various states of
charmonium, also the E1 & M1 transition widths have been calculated in present study.
The 1S0 → γ γ decay width within the framework of NRQCD has been calculated by four
different approaches, i.e. at NNLO in ν, at NLO in ν2, at O(αsν

2) and at NLO in ν4. The
calculated results are tabulated in Table 5 and compared with decay widths calculated by
various approaches, namely experimental [34], relativistic quark model (RQM) [111], heavy
quark spin symmetry [112], relativistic Salpeter model [113] and conventional Van Royen-
Weisskopf formula [99, 102]. The values of the decay widths calculated at NLO in ν4 is
more convincing then the decay width obtained by the rest three approaches and is nearby
the experimental results as well.

The nχ0,2 → γ γ decay width by NRQCD mechanism is also calculated at NLO in ν2

and at NNLO in ν2, the obtained results are tabulated in Table 6 and compared with exper-
imental and other theoretically determined decay widths. It is observed that the calculated
decay width by both approaches are more or less same and nearby the experimental decay
width. The 3S1 → e+e− decay width within NRQCD framework has been calculated at
NLO in ν, NNLO in ν, NLO in ν2, NLO in αsν

4 and NLO in α2
s ν

4. The results obtained are
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tabulated in Table 7 and compared with experimental and other theoretical decay widths. It
can be commented that the decay width obtained at NLO in αsν

4 is nearby the experimental
decay width in comparison with the decay width calculated by other approaches.
The 1S0 → LH decay width, at NLO in ν2 and at NNLO in ν2 have been calculated
and the results are tabulated in Table 8, it can be observed that the calculated decay width
from both the current approaches show considerable improvement when compared with the
decay width calculated from the previous approach [99], and is same as the experimentally
determined decay width.

The 3S1 → γ γ γ decay width calculated at NLO ν2 is tabulated in Table 9, the result is
found to be in perfect agreement with PDG data [34].

The results for E1 and M1 transition for charmonium have been listed in Tables 12 &
13. The obtained results are compared with experimental and other theoretical approaches
like linear potential model, screened potential model, relativistic potential model and non-
relativistic potential model. It is observed that for the transitions which are experimentally
observed our calculated widths are in excellent agreement. For transition widths which are
not observed experimentally our calculated values are comparable with values obtained by
other theoretical approaches. Ratio of ee(nS)

ee(1S)
in Table 17 is consistent with experimental

data.

6.3 Charmoniumlike States as Admixtures

ψ(4230), ψ(4260) & ψ(4360) all having JP as 1− and lie within 100 MeV mass range, all
three states can have properties different from conventional charmonium state, detailed lit-
erature about them has been discussed in introduction part of this article. Because they are
so narrowly placed we explain all of them as admixtures of 33S1 and 33D1 charmonium
states. As per our calculation all three admixture states have 41%, 36% & 51% contribution
from S wave counterpart, our calculated masses of ψ(4230), ψ(4260) & ψ(4360) match
well with their experimental mass. Except for ψ(4230) state, calculated masses of ψ(4260)
& ψ(4360) lie within error bar suggested by PDG [34]. Also, to strengthen our claim about
these states as admixtures we calculate their leptonic decay widths and compare with exper-
imentally observed results. We observe that our calculated leptonic decay width of ψ(4230)
state when compared with BESIII [128] is approximately 8 MeV greater, while leptonic
decay widths of ψ(4260) & ψ(4360) when compared with PDG [34] and BaBar [129] dif-
fers by 1.9 and 4.4 MeV respectively. Thus we comment that any of ψ(4230), ψ(4260) &
ψ(4360) states can be admixture of 33S1 and 33D1 pure charmonium states.

Very less is known about ψ(4390) both theoretically and experimentally, we in present
work try to study it as admixture of 33S1 and 33D1, our calculated mass differs from exper-
imental mass by 60 MeV. Experimental leptonic decay width has not been observed but we
calculate it to be 2.11 eV. Due to lack of experimental evidence and scarce theoretical study

Table 17 The ratios of
e+e− J/ψ(nS)

e+e− J/ψ(1S)
for charmonium

states

e+e− J/ψ(nS)

e+e− J/ψ(1S)
Present Expt. [34] [55]

e+e− J/ψ(2S)

e+e− J/ψ(1S)
0.295 0.43 0.39

e+e− J/ψ(3S)

e+e− J/ψ(1S)
0.124 – 0.21

e+e− J/ψ(4S)

e+e− J/ψ(1S)
0.067 – 0.11

e+e− J/ψ(5S)

e+e− J/ψ(1S)
0.042 – 0.04
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we are reluctant to mention it as an admixture state and hope that experiments in future can
throw more light on this state.

ψ(4660) has been studied as a molecular state and also as admixture state by [55]. Hav-
ing JP as 1− we associate it as admixture state of 43S1 and 43D1 having 43% contribution
of 43S1. Our calculate mass is in perfect agreement with PDG mass, we have also calcu-
lated its leptonic decay width, which is approximately 3 eV less than decay width observed
by Belle [63]. Based on our study we claim it to be an admixture of 43S1 and 43D1 pure
charmonium states.

A detailed description of χc1(4140) and χc1(4274) both having JP as 1+ has been
discussed in introduction, they have been predicted as tetra-quark state or a hybrid state
by some theorist, and χc1(4140) has been predicted as a pure 33P0 state by [55]. Based
on our calculation we suggest χc1(4140) as 33P1 and 21P1 admixture. And we suggest
χc1(4274) as 33P1 and 31P1 admixture. Our calculated masses are in agreement with
observed experimental masses.

7 Conclusion

After analyzing the over all mass spectrum and various decay properties we comment that
the potential employed here is successful in determining mass spectra and decay proper-
ties of charmonium. Thus helping us to support our choice of the potential in explaining
quark anti-quark interaction in charmonium. Also, some experimental Charmoniumlike
states as an admixture of nearby isoparity states have been explained. The constructed
Regge trajectories are helpful for the association of some higher excited states to the Char-
monium family. In future more precise experimental studies are required to associate some
Charmoniumlike states as pure charmonium or as an exotic, molecular or some other
states.

Appendix

1. Explanation of the symbols in (8) & (17). ψ & χ are Pauli spinor fields that creates

heavy quark and anti-quark,
−→
D is gauge covariant spatial derivative, and ψ† & χ† are

mixed two fermion operator corresponding to the annihilation (or creation) of QQ̄ pair
respectively.

2. Explanation of various symbols appearing in the short distance coefficients in (11),
(12), (13), (15), (20), (21), (22), (24) & (25); Q is charge of the charm quark its
value is 2/3, α is electromagnetic running coupling constant its value is 1/137, Cf =
(N2

c − 1)/2Nc is the Casimir for the fundamental representation, αs is strong running
coupling constant its value is given in Table 2 and nf corresponds to the flavour of light
quark.

3. In (8) the terms are the operators responsible for γ γ decay of n1S0 states, where (n=1 to

6).
∣∣〈0|χ†ψ |1S0

〉∣∣2,
[〈

1S0|ψ†χ |0〉
〈
0|χ†

(
− i

2
−→
D

)2
ψ |1S0

〉]
,

[〈
1S0|ψ†

(
− i

2
−→
D

)2
χ |0

〉
〈
0|χ†

(
− i

2
−→
D

)2
ψ |1S0

〉]
and

[〈
1S0|ψ†χ |0〉

〈
0|χ†

(
− i

2
−→
D

)4
ψ |1S0

〉]
.
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4. In (17) the terms are the operators responsible for e+e− decay of n3S1 states

states, where (n=1 to 6).
∣∣〈0|χ†ψ |1S0

〉∣∣2,
[〈

3S1|ψ†σχ |0〉
〈
0|χ†σ

(
− i

2
−→
D

)2
ψ |3S1

〉]
,[〈

0|χ†σ
(
− i

2
−→
D

)2
ψ |3S1

〉]
and

[〈
3S1|ψ†σχ |0〉

〈
0|χ†σ

(
− i

2
−→
D

)4
ψ |3S1

〉]
.

5. The F ′s, G′s and H ′s in (8) & (17) are expressed in terms of various parameters in (10)
& (19).

6. In (9) the operators are expressed in terms of matrix elements.
〈
1S0|O(1S0)|1S0

〉
,〈

1S0|P1(
1S0)|1S0

〉
and

〈
1S0|Q1

1(
1S0)|1S0

〉
are the matrix elements for the decay

of n1S0 states into γ γ . In (18) the operators
〈
3S1|O(3S1)|3S1

〉
,

〈
3S1|P1(

3S1)|3S1
〉

〈
3S1|Q1

1(
3S1)|3S1

〉
are the matrix elements for the decay of n3S1 states into e+e−.

7. In (10) & (19) the matrix elements are expressed in terms of independent non-
perturbative regularized and renormalized wave functions at origin. |RP (0)|2 and
|RV (0)|2 are the square of the pseudoscalar and vector states wave function.

8. We have computed ∇2R term as per [133]

∇2R = −xR
M

2
, r → 0 (39)

The binding energy, x = M − (2mQ); M is mass of respective mesoni state and Q

being charge of the charm quark, CF = 4
3 and α = 1

137 .
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