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Abstract

We propose an optimal protocol for remotely preparing a four-qubit entangled state. In
this protocol, a sender and two potential receivers share a ten-qubit entangled state. The
sender performs a two-qubit state measurement based on the information of the quantum
state that needs to be prepared. According to the measurement results of the sender, any
potential receiver can obtain the quantum state that the sender needs to prepare by using
the corresponding unitary transformation.
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1 Introduction

In a quantum network [1], users need to communicate with each other by transmitting quantum
states. Currently, there are two different methods for transmitting quantum states, one is the
quantum teleportation [2] and the other is the remote state preparation (RSP) [3]. In the
quantum teleportation scheme, the sender directly prepares the quantum state to be transmitted,
and by sharing a quantum entangled state with the receiver, the information of this quantum
state is sent to the receiver after performing a Bell-state measurement. However, in the RSP
scheme, the sender performs a quantum state measurement based on the information of the
quantum state to be transmitted, and the receiver can obtain the quantum state after performing
the corresponding unitary transformation. Therefore, the latter scheme is more efficient in the
task of transmitting quantum states. Due to the advantages of the RSP scheme, different kinds
of quantum states have been prepared, such as a single-qubit state [4—7], two-qubit state
[8—12], three-qubit state [13—16], and four-qubit state [17-20].
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In this paper, we propose a scheme for remote preparation of a four-qubit entangled state by
using a ten-qubit entangled state. Compared with the previous schemes of preparing four-qubit
state [17-20], any potential receiver in our scheme can obtain the quantum state transmitted by
the sender based on the measurement results of the sender.

2 RSP of a Four-qubit Entangled State

In our scheme, there are three parties namely one sender Alice and two potential receiver Bob
and Charlie. The sender Alice wants to remotely prepare a known four-qubit entangled state to
any potential receiver Bob or Charlie. The four-qubit entangled state is written as

) = [0000) + B|0011) + 6[1100) + ~|1111), (1)

where «, 3,6, are all real number and o? + 3% + & + %> = 1. Here Alice knows all the
information about the above four-qubit entangled state completely but neither Bob nor Charlie
knows the information about the quantum state which the sender wants to prepare at the
receiver’s end. In our scheme, Alice, Bob and Charlie share a ten-qubit entangled state, which
is given by

1
[1£) = 5 (0000000000) + [0000011111) + [1111100000) — [1ILITITILL)) p345675910:
(2)

where the qubits (1, 6) belong to Alice, the qubits (2, 3, 7, 8) and (4, 5, 9, 10) belong to the
receivers Bob and Charlie, respectively. The above quantum state (2) can be rewritten as

=|n"),, ® % (]00000000) + B[00001111) + §|11110000) — y|TT11TT11)))54576010
+|n2>16® (ﬁ\00000000>7a|00001111) y[11110000) — S[TTTTTTT1))34575010
+|r? >16® (8/00000000) -+ 7/00001111) — 11110000 + B[11111111)))3455010

+|7*) 1 @ 4 (7]00000000) — §/00001111) + 511110000) + o TTTTITTT)) 545750100
(3)
where |1} ,s(i = 1,2,3,4) are given by
[7')16 = (]00) + BJO1) + 6]10) +~|11)),, (4)
1716 = (B100) — @|01) — 7[10) + &]11)),, (5)
7)1 = (1100) + 8101) — a]10) — B[11)),, (6)
1)1 = (6100) —7]01) + 5[10) — a|11)) . (7)

Alice first makes a two-qubit joint measurement on her own qubits (1, 6) in the basis
given in Egs. (4)—(7). The two-qubit orthogonal basis (4)—~(7) is determined by the
quantum state of the Eq. (1). Now Alice has two options, that is, she can remotely
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prepare the quantum state of Eq. (1) to Bob or Charlie. Here we assume that Alice want
to remotely prepare the quantum state of Eq. (1) to Charlie. Then Alice tells the receivers
the measurement result over a classical channel. To accomplish this RSP, Bob performs a
measurement on his four qubits (2, 3, 7, 8) in the basis consisting of four mutually
orthogonal vectors |€),37(/ = 1,2,3,4) given by

1€ 378 = %(|oooo> +10011) +[1100) — [1111)),37g, (8)
1€) 157 = |oooo> |0011) — [1100) — [1111)),37, (9)
SN |oooo> +(0011) — [1100) + [1111)),57, (10)
1€ 506 :%(|0000> —[0011) + [1100) + [1111)),5. (11)

After the measurement, Bob sends the measurement result to Charlie. Based on the measure-
ment results from Alice and Bob, Charlie performs an appropriate unitary operation to convert
each of the collapsed state into the state of qubits (4, 5, 9, 10) given by

[#) 45010 = (|0000) + 3]0011) + 6[1100) + [1111)),5910- (12)

That is the end of the scheme. The appropriate unitary operation of Charlie depends on the
measurement results of both Alice and Bob. The unitary operation is obtained in the following
four cases.

2.1 Case-l

If Alice’s measurement result is ‘771 > then the state of the qubits of Bob and Charlie collapse

16’
into the state

1
5 (@/00000000) + 500001 111) + 8[11110000) — 41N ysysioro- (13

With the four-qubit orthogonal basis (8)—(11), the above entangled state can be rewritten as

1€1) 176 @ % (]0000) + BJ0011) + 6]1100) + [1111)) 501

+[€2),176 ® % (]0000) — B0011) — §]1100) + Y|1111)) 4501 (14)
+]E) 1175 ® 1 (]0000) + BJ0011) — 8[1100) — Y|T111)) 4510

+16),5 © % (2]0000) — BJ0OL1) + 5]1100) = 4[1111)) 45010

Bob’s measurement result is [€'), o, [€2),5000 [€ )37 OF [€*),57¢- Charlie can carry out the
local unitary operation [, ® 1y, 05 ® 0§, 05 ® Iy or I, ® o5 on his qubits 4 and 9 and then the
original four-qubit state of Eq. (1) can be reconstructed.
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2.2 Case-ll

If Alice’s measurement result is ‘772> then the state of the qubits of Bob and Charlie collapse

16’
into the state

L (500000000} — 400001 111) — [11110000) — 111111 ) sssrso0: (15

| —

With the four-qubit orthogonal basis (8)—(11), the above entangled state can be rewritten as

[€1)375 © % (810000) — ]0011) = 7]1100) + 6]T111)) 45010
+1€%) y17s ®%(6I0000> + @|0011) +~[1100) + §[1111)) 4500 (16)
+[6) 1575 © 4 (510000) — @|0011) +9[1100) = §1111)) 4501
3% )

+[€4), 175 ® 3 (B10000) + |0011) — 4|1100) — §]1111)),5910-

> P 2 3 4 :
Bob’s measurement result is '), o, [€7),5 0. [€3),36 OF [€%),5¢, Charlie can carry out
the local unitary operation 05 ® o405 ® 07, I, ® 05 ® 0}, I, @ o505 @ 0} or 03 Q 0%
®o7, on his qubits 4, 9 and 10 and then the original four-qubit state of Eq. (1) can be
reconstructed.

2.3 Case-lll

If Alice’s measurement result is ‘n3> then the state of the qubits of Bob and Charlie collapse

16’
into the state

1
5 (6100000000) + /00001 111) — 11110000) + AT ysysoro-  (17)

With the four-qubit orthogonal basis (8)—(11), the above entangled state can be rewritten as

1€1) 176 ® 1 (810000) +4[0011) — | 1100) — B[1111)) 501
+]€2),575 © % (6/0000) — 4]0011) + a[1100) — B[1111)),50; (18)
+E) 1106 ®%(5|oooo> +~[0011) + a[1100) + B[1111)) 45010
+€%) 1375 @ £ (610000) — 710011 — 1100) + B1111)),5910-

) s 2 3 4 :

Bob’s measurement result is [€'), o, [€2),5000 [€),376 OF [€*),57¢- Charlie can carry out the
local unitary operation 003 ® 0% ® Iy, 03 ® 035 ® 0, 0 ® 05 @ Iy or 0075 & 0% & o on his
qubits 4, 5 and 9 and then the original four-qubit state of Eq. (1) can be reconstructed.

2.4 Case-lV

If Alice’s measurement result is ‘774> then the state of the qubits of Bob and Charlie collapse

16’
into the state

L 1100000000y — 500001111} + B]11110000) + A1) ) yigsmg0r0- (19)

0o \
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With the four-qubit orthogonal basis (8)—(11), the above entangled state can be rewritten as

€1) 575 © % (+10000) = §]0011) + BI1100) — af1111))ss919
+|§2>2378 ®£(’Y|OOOO> +0]0011) — B]1100) — a[1111)) 4591 (20)
+|53>2378 ®%('Y|0000> = 60011) — 51100) + a[1111)) 501
1€%) 375 © % (210000) + 610011 + 5[1100) + 1111} 510

Bob’s measurement result is |§1 >2378, §2>2378, §3>2378 or {§4>2378, Charlie can carry out the
local unitary operation o} ® 0% ® 0505 ® 0, 0404 R 05 R 05 R T}y, 0404 ® 05 @ 0504
®0i, or oy ® 0% ® 0y ® 07}, on his qubits 4, 5, 9 and 10 and then the original four-qubit state
of Eq. (1) can be reconstructed.

The other option, that is, if Alice want to remotely prepare the quantum state of Eq. (1) to
Bob, then Charlie must measure his own qubits using the four-qubit orthogonal basis (8)—(11).
According to the measurement results of Alice and Charlie, Bob can obtain the original four-
qubit entangled state of Eq. (1) by using a corresponding unitary transformation.

3 Conclusion

In summary, we present a new approach to implement RSP of a four-qubit entangled state. In
our RSP scheme, the measurement basis used is experimentally achievable. In addition, the
RSP scheme is bidirectional, that is, any receiver can obtain the original four-qubit entangled
state. Such a scheme has guiding significance in the construction of future quantum networks.
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