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Abstract

We will introduce the concept of ergodicity of states with respect to some group of transfor-
mations on a von Neumann algebra and its properties are studied. A connection between the
ergodic states on the von Neumann algebra and the representations of von Neumann alge-
bras associated to them will be described. We also study the properties of ultraproducts of
von Neumann algebras with ergodic states and corresponding representations. Here we use
ultraproducts of von Neumann algebras by Groh (J. Operator Theory 11(2), 395-404 1984)
and Raynaud (J. Operator Theory 48(1), 41-68 2002). In particular, we will show that the
ultraproduct of irreducibles representations isn’t, generally speaking, irreducible.
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1 Introduction

The theory of ergodic states on x-algebras has been developed for invariant transforma-
tions. At the same time, for abelian algebras many results from the theory of quasi-invariant
ergodic probability measures can be easily transferred. The concept of ergodicity of states
can be considered for “quasiinvariant” states.

An ultraproduct does not preserve some “good” properties of its cofactors (see, for
example, [8]). Therefore, the ultraproducts frequently lead to exotic results.

2 Ergodic States and Representations Irreducibles

Definition 1 Let M be a von Neumann algebra, ¢ and v be a normal states on M. The
states ¢ and ¥ are said to be equivalent if p(x*x) = 0 & ¥ (x*x) = 0, x € M. The
states ¢ and ¥ are said to be singular if there is an operator x € M such that ¢(x*x) = 0
and ¥ (1 — x*x) = 0.
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Note 1 1. The equivalence of states means the mutual absolute continuity of these states
(see, for example, [3, 5]).

2. For von Neumann algebras it is possible to determine the equivalence and singularity
of states only on projections.

We will write ¢ ~ i for equivalent states and ¢ L i for singular states.

Let ¢ and v be normal states on a von Neumann algebra M. Denote s(¢) and s(y) the
supports of states ¢ and Y respectively. It is easy to see from definition that ¢ ~ 4 if and
only if s(¢) = s(¥) and ¢ L ¢ if and only if s(¢)s(y) = 0. It is clear also that any two
faithful normal states ¢ and i are equivalent, since their supports s(¢) = s(¢) = 1.

We will give a characterization of equivalence and orthogonality of states on a von
Neumann algebra M by means of the cyclic representations associated with them.

Theorem 1 Ler M be a von Neumann algebra, ¢ and v be normal states on M, let
(Hy, 1wy, &,) and (Hy, wy, &y) be the cyclic representations of M associated with ¢ and
Y respectively.

(1) @ ~ ¥ if and only if there is an %-isomorphism t : 7w,(M) — my (M) such that
T(7Ty(x)) = 7wy (x) for all x € M.

(2) @ L  if and only if there is the projection p € w, (M), where x = (¢ + ¥)/2,
7y (M) is the commutator of w, (M), such that

P(x) = &y, piy(0)Ey), V(x) = &y, (1 = p)my (x)&y).

Proof (1). We define s-morphism 7 : 7,(M) — my (M) by t(7y(x)) = my (x) for
all x € M. Let p(x*x) = (my(x)&y, my(x)&,) = 0. This condition holds if and
only if ¥ (x*x) = (y (N)éy. Ty (&) = (T(Tp(X))Ep. T(Ty(x))E) = 0. Means,
Ty(x) = 0 & 1(1wy(x)) = 0. Then 7 is *-isomorphism of the algebras 7, (M) and
Ty (M).

We show that there is a positive operator /4 such that h_lnw (x)h = 7y (x). Put
h(my(x)E, = 1y (x)&y . It follows from the argumentation above that the kernel of
the operator A is trivial. Then h is a positive invertible operator implementing the
isomorphism 7.

(2). We show that our definition of orthogonality of states is equivalent to the following:
¢ L o if and only if the condition v < ¢, @ < ¥ implies w = 0. Indeed, let the last
condition hold true. Then s(w) < s(¢p), s(w) < s(¥). If s(w) # 0, then the states
¢ and v cannot be orthogonal. The opposite is obvious. Then the equivalence of our
conditions follows from the Lemma 4.1.19 in [2].

O

Let G be a group acting in a von Neumann algebra M. Denote by Aut (M) the group
of all *-automorphisms of M, and let 7 : G — Aut (M) be a homomorphism. For every
element g¢ € G we denote by t, the s-automorphism of algebra M corresponding to g (for
homomorphism 7). We introduce the transformation of state ¢ using *-automorphism t:
¢z, (P) = ¢(T4-1(p)), g € G, p is a projection.

Definition 2 Let M be a o-finite von Neumann algebra and let ¢ be a normal state on
M. We denote Auty,(M) = {t, € Aut(M) : ¢ ~ ¢r,, g € G}. If ¢ ~ ¢y, for all
T € Aut,(M) then the state ¢ is called quasiinvariant with respect to the action of the
group Auty(M).
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Theorem 2 Let ¢ be a normal state on von Neumann algebra M, o be a x-automorphism
of M such that ¢, ~ ¢, (Hy, 7y, &) be the cyclic representation of M associated with
state ¢. Then there is a unique invertible positive operator h, affiliated to 7w, (M) such that

Ty (0(x)) = hymp(X)h, ', x € M.

Proof It follows from Theorem 1 for the cyclic representation (Hy, 7y © 0, &p). O

Definition 3 The quasiinvariant state ¢ is said to be ergodic with respect to the group
Aut, (M) if for any projection p the condition 74 (p) = p for every 7, € Aut,(M) implies
o(p) =0o0rep(l —p)=0.

In other words, the state ¢ is ergodic with respect to the group Aut,(M) if for any
projection p € M, such that 0 < ¢(p) < 1 there exists 1, € Aut,(M) such that 7, (p) #
p. Note also that if a state ¢ is ergodic with respect to Aut, (M), then it is also ergodic
with respect to Auz(M). This definition generalizes the definition of ergodicity for a group
of invariant transformations on an algebra (see, for example, [11]), and in the case of an
faithful state coincides with it. Further we will consider the one-parameter group, that is,
put G = R.

We consider some properties of ergodic states on von Neumann algebra.

Theorem 3 (dichotomy theorem) Let ¢ and  are normal states on the o-finite von
Neumann algebra M such that the supports s(¢) and s() commute. Let ¢ be ergodic
state with respect to the Aut,(M) and v is ergodic with respect to the Auty(M). If
Auty(M) = Auty (M) then the states ¢ and  are either equivalent, or singular.

Proof Since the states ¢ and 1 are quasiinvariant with respect to the Aut, (M) for any
T € Auty(M) we have 7, (s(9)) = s(¢), u(s(¥)) = s().

Suppose that the states ¢ and ¢ are not equivalent and are nonsingular. Denote r =
s(@)s(). Then r # s(@),r #s(),r #0,r #1and 0 < ¢(r) < 1. At the same time,

since the supports s(¢) and s(¥) commute, 7;(r) = 7 (s(@)s(¥)) = ()T (s(¥)) =
s(@)s(y) = r forall 7; € Aut,(M). This contradicts the ergodicity of the state . (|

Corollary 1 If a normal state ¢ is ergodic with respect to Aut,(M), then for any v, €
Aut (M) the states ¢ and @, are either equivalent or orthogonal.

Proof The proof follows from the fact that the state ¢, is also ergodic and the supports of
the ¢ and ¢;, commute. O

Definition 4 [2] Given a representation (H, ) of a von Neumann algebra M, a subspace
L of H is called an invariant subspace of (H, ) if w7 (x)L C L forevery x € M. If (H, )
has no invariant subspace other than H and {0}, then it is said to be irreducible.

Theorem 4 Let ¢ be a normal faithful state on the o -finite von Neumann algebra M and
(Hy, 1) its the cyclic representation. Consider the following conditions:

i) The state ¢ is ergodic with respect to the group Aut,(M);
ii)  The representation (Hy, my) is irreducible.
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Then condition ii) follows from condition i). If the algebra M is abelian, then conditions i)
and ii) are equivalent.

Proof Let the state ¢ be ergodic with respect to the group Aut,(M). Suppose that the
representation (H, my) is not irreducible. This means that there is a nontrivial invariant
subspace Hy C H,,. Take the orthogonal projection p with the range on the subspace Hj.
Since the subspace H is invariant under 7, (M), the projector p is contained in the com-
mutator 7, (M)’. So, for any positive invertible operator & affiliated to the 7, (M) we have
hp = ph.Hence, hph~! = p. Then it follows from Theorem 2 that Ty, I(p) is invariant with
respect to the action of the group Aut,(M). This contradicts the ergodicity of the state ¢.
Opposite, let the representation (H, m,) be irreducible and the state ¢ not be ergodic.
Then there is an non-trivial projection p € M invariant with respect to the action of the
group Aut,(M). Therefore, for all t; € Aut,(M) 1;(p) = p. Note that 7, (p) is a pro-
jection on Hy, and 7, (7;(p)) = my(p). We denote by L = my,(p)H, the image of the
projection my,(p). Take & € L. Consider 7y (q)§ = my(q)my(p)§ = my(pg)§ € L, where
g is a projection on M. Thus L is a non-trivial invariant subspace of H,,. This contradicts
the irreducibility of (Hy, 7). O

3 Ultraproducts and Representations
Everywhere further 7/ is a nontrivial ultrafilter in the set N of natural numbers.

Definition 5 [7] Consider a sequence (H,, | - |)nen of Banach spaces. The ultraproduct
(Hy) 9 is the quotient [®°(N, H,)/N, , where

IP(N, Hy) = {(hy), hn € Hy @ sup |7y < 00},
n

N = {(hy) € I(N, Hy) : lim ||, ]| = 0}.
u

Here N is the closed subspace of [°(N, H,). We denote an element of (H,,)o by (hy)a .
Then the relation

[(hn)a || = lim || Ay, ||
%

defines the norm on ultraproduct (H, )+ . In this case ((H,)%, || - ||) is a Banach space.

Now let (H,) be a sequence of Hilbert spaces with the norm || - || = (-, -), and (H,) be
an ultraproduct of (H,) with a scalar product

((h)y, WD) = 1i@r{n<h},, h2), hl, h2 e H,.

Then (H,)+ is a Hilbert space.
Let x,, be a linear and bounded operator on H,, n € N, with the condition sup,, [|lx, || <
oo. We define on (H,)4, the ultraproduct of the sequence (x;):

() ((hn) ) = (xn(hn)) 7 -

Then the operator (x,)4, is linear and bounded and at the same time

ICen)a 1| = Tim [lxu .
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Let (B(H,)) be a sequence of algebras of linear and bounded operators on H,,
and (B(H,))# be an ultraproduct of sequence (B(H,)). Define 0% : (B(H,)z —
B((Hyn)a ) by

ow ((xn)a ) hn)ay = xXphn))a, (x,) € loo(Nv B(H,)), h, € Hy.
It is easy to check that

o (Cen)zz ) (hn) | = lim x| = | Gen) |l

It is known, [1], that g is injective and the image 09 ((B(H),))% ) is strongly dense in
B((Hu)a ), but o4, is not surjective (if H is a separable infinite-dimensional Hilbert space).

Definition 6 [4, 10] Let M,, € B(H,) be a fixed faithful representation of von Neumann
algebra M,, on a Hilbert space H,,. The abstract ultraproduct of the sequence (M,,, Hy,) is
defined as the strong operator closure of 09 ((M,)% ) in B((H,)% ). The Groh-Raynaud
ultraproduct of sequence (M,,) is defined as the abstract ultraproduct of the sequence
(M, H,), where we choose the standard (cyclic) representation of M,,.

Note 2 Let (M,) be a sequence of o-finite von Neumann algebras and let a normal
faithful state ¢, on M, be given for each n € N. Then each M, acts standardly on
Hy = L*(My, gn).

Definition 7 [9] Let (M,,) be a sequence of o -finite von Neumann algebras, and let ¢, be
a normal faithful state on M,, for each n € N. Put
I°(N, M,,) = {(xp), xn € My, : sup [|xx |l < oo},

n
1
Nt Moo gn) = () € (N M) < lim g (55, + x67) 2 = O

Moy (M, on) = {(xn) € I°(N, M,,) :
(xn)N% (M, on) C Na!/ (M, (pn)vN”Z/ (M, @n)(xn) C N@/ (M, ¥n)}-

We then define the ultraproduct for the sequence of von Neumann algebras with normal
faithful states

(M,, o) = May (M, ‘pn)/N% (M,, ®n).
At last, we define a state on (M,,, @) :

o (X)) = li?r/n ©n(Xn).

It is known, [1], that (M,,, ¢,)% is a von Neumann algebra with the normal faithful
state ¢, .

Let (M,,) be a sequence of o-finite von Neumann algebras, and let ¢, be a normal faith-
ful state on M, for each n € N, (H,, , ,,) be the cyclic representation (M,,) associated
with state ¢;,.

It is known, [1], that the representation ((H, ) , (7t4,)% ) of the Ocneanu ultraproduct
(M., gn) % coincides with the ultraproduct (Hy, , 7, )2 of the representations (Hy, , 7y, )
up to isometry.

It is well known that the ultraproduct does not preserve some properties of its cofactors. It
is easy to prove that the ultraproduct of the sequence of finite algebras is not even a o -finite
algebra.
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Let M,, be a o-finite von Neumann algebra and let ¢,, be a normal state on M,,, n € N.
We denote Auty, (M) = {1, € Aut(M,) : ¢n ~ (@n)z, .t € R}. Consider the standard
ultraproduct (Aut,, (M,))7 of the sequence (Auty, (M,)).

Definition 8 [6] Let (M,) be a sequence of o-finite von Neumann algebras, let ¢, and ¥,
be a normal states on M,,, n € N. The sequence (¢,) is said to be contigual with respect
to the sequence () if

Yn(xpx,) — 0 implies @, (x;x,) = 0, x, € M, (n — 00);

If the sequence (¢,) is contigual with respect to the sequence (V) and the sequence ()
is contigual with respect to the sequence (¢, ) then the sequences (¢,,) and (v,,) are said to
be mutually contigual,

We will write for any mutually contigual sequences (¢,,) and (V,): (¢,) < > (). These
notions generalize the concepts of equivalence of states.

Theorem 5 1) In general, (Auty, (M) # Aut(g,)q, (Mp)a;
2) The state (¢n)a is quasiinvariant with respect to the group

A“’((pn)% Mo = {(Ttn)% ‘T, € Aut% (Mp), (pn) & E((ﬁon)r,n)}-

Proof The proof follows from Theorem 1 and the Example 2 on [6]. (]

Theorem 6 In general, the ultraproduct of a sequence of irreducible representations of
o -finite von Neumann algebras with faithful normal states is not irreducible.

Proof The proof follows from the Theorem 4 and the following example. O

Example 1 Let , = R", u,, be Gaussian measure N (0, I,,), G,, be the group of shifts on
the elements of R”, n € N. It is known, (see [8]), that the ultraproduct (14 is quasi-invariant
with respect to action on the group G = {x = (x,)% : sup, ||x,ll¢, < 00}.

Put A, = L®(Qu, n), 0n(fn) = f fn(x)dp,. Itis clear that the state ¢, on the algebra
A,, is normal and faithful. We will consider the action 7, of the group G,, on the algebra A,
as above. It is obvious that the action 7, is non-singular and free with respect to the state ¢,,.

Now we will show that the measure 114, isn’t ergodic with respect to action t4, of the
group G. It is shown, [8], that for any element x € G we have g (BA(B —x)) = 0, where
B = (B,)9 , By is the ball on the 2, of the radius /z and with the center at zero, AAB is
the symmetric difference of sets A and B. It is clear that measure 9, (B) = 1/2. Therefore
the 114, is not ergodic.

Further, we will put p = Ip. Then 7, (p) = p for all x € G, at the same time we
have @9 (p) # 0 and @9 (p) # 1. Therefore the state ¢ is not ergodic. Follows from
Theorem 4 that the representation associated with the state g is not irreducible.
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