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Abstract

The entanglement-assisted quantum error correcting codes (EAQECCs) are a simple and
important class of quantum codes. The entanglement-assisted formalism can transform arbi-
trary classical linear codes into EAQECCs by using pre-shared entanglement between the
sender and the receiver. In this paper, by decomposing the defining set of negacyclic BCH

4m __
codes, we construct a class of new EAQECCs with length n = qqz_ll .

Keywords Negacyclic codes - BCH codes - EAQECCs

1 Introduction

Quantum error-correcting codes (QECCs) play an important role in quantum information
and computation. As we all know, constructing good QECCs is a crucial subject of research
[1-8] all the time. Recently, such theory has been extended to EAQECCs. Customarily,
an entanglement-assisted quantum error correcting code (EAQECC) can be denoted as
[[n, k, d; c]]4, which encodes k information qubits into 7 channel qubits with the help of ¢
pairs of maximally entangled states and corrects up to L‘lglj errors, where d is the mini-
mum distance of the code. If ¢ = 0, then it is called a g-ary standard [[n, k, d]] quantum
code. The performance of an EAQECC is measured by its rate f and net rate %

Brun et al. [9] proposed an entanglement-assisted stabilized formalism, which overcame
the barrier of the dual-containing condition in constructing standard quantum codes from
classical codes. They proved that if shared entanglement is available between the sender
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and the receiver in advance, non-dual-containing classical quaternary codes can be used
to construct EAQECCs. Since then, more and more scholars begin to study EAQECCs
[10-14].

Hsieh et al. [15] constructed some EAQECCs with good parameters from quasicyclic
low-density parity-check codes. Fujiwara et al. [16] used low-density parity-check codes
to construct some good parameters’ EAQECCs with different lengths soon afterwards. In
Refs. [17] and [18], Li et al. proposed the concept about decomposing the defining set
of BCH cyclic codes, transformed the problem of calculating the number of share pairs
into determining a special subset of the defining set of a BCH code, and constructed some
EAQECCs with good parameters. Afterwards, Lii and Li made a further study on construct-
ing of EAQECCS by using primitive quaternary BCH codes with length n = 4™ — 1 in Ref.
[19]. Recently, Chen et al. [20] generalized their method to apply in negacyclic codes, and
obtained four classes of optimal EAQECC:s. Lii et al. [21] constructed six classes of g-ary
entanglement-assisted quantum MDS codes based on classical negacyclic MDS codes.

Most of them committed themselves to the construction of entanglement-assisted quan-
tum MDS codes, while the larger length case has received less attention. This reality inspires

us to construct EAQECCs with the larger length. In this paper, we obtain a class of new
4m
g —

EAQECCs by negacyclic BCH codes with length n = qz,lls where ¢ is odd and m > 2.
Speaking specifically, we construct a class of EAQECCs with parameters as follows:

M @ 18 <

3
[[n,n —4m ’7(6 — 5)(1 — q_z)-‘ + 4dme — qu +7Tm, > 6;4m]ly,ife =20r3,
3 ) 2 ) .
[[n,n —4m (5—5)(1 —q )| +mg°+m,>8;4m]l,, ife =4
(i) TS <5< g2,

[, —4m [ 6 = D1 =g | +mg? +m, = 65 4m1l,,

where ¢ = 3 and m > 2.

(@)

(n,n —4m[(§ — %)(1 —q D1 +4m, > 8 4mll,, ife <6,

3
[, n = 4m[(6 = 5)(1 = g D1 +4em —mg® +Tm, > 8 4mll,, if6 < e < 11,

where g = 5 and m > 2.
3) [[n,n—4m[( — %)(l — q’2)1 +4m, > &; 4m]],, where g > 7 is a power of an odd
prime p and m > 2.

This paper is organized as follows. In Section 2, some basic background and results about
negacyclic codes and BCH codes are reviewed. In Section 3, we briefly review some basic
definitions and results of EAQECCs. In Section 4, we construct a class of EAQECCs with
new parameters. In Section 5, we give an example to illustrate the significance of results in
this paper. Section 6 concludes the paper.
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2 Preliminaries

Let ¢ be a power of an odd prime p and Iqu be a finite field with ¢> elements. For
any element a € F 2, we denote the conjugate a? of a by a. Given two vectors a =
(ap,ai,...,an—1) and b = (bg,by,...,b,_1) € ]FZZ, their Hermitian inner product is
defined as

(a,b) = apbo + aib1 + -+ an_1by_1 € Fgo.

The vectors a and b are called orthogonal with respect to the Hermitian inner product if
(a,b) = 0. A g?-ary linear code C of length n is a nonempty subspace of the vector space
]FZZ' For a g?-ary linear code C, the Hermitian dual code of C is defined as

Cth={ac ]FZQHa, b) =0 for allb € C}.

A g?-ary linear code C of length n is called Hermitian self-orthogonal if C € C*, and it
is called Hermitian self-dual if C = C. If a g2-ary linear code C of length n satisfies the
property that

(—Cp—1, €0, - . ., cp—2) € C, forall(co, c1, ..., cu—1) €C,

then C is said to be a negacyclic code of length n over F,2. Customarily, a codeword ¢ =
(co, ¢y, --.,cp—1) in C is identified with its polynomial representation c¢(x) = co + c1x +
-oo 4 cp—1x" 1 It is well known that a g2-ary negacyclic code of length n is precisely an
ideal of the quotient ring F 2 [x]/(x" + 1) and C can be generated by a monic divisor g(x)
of x" + 1. The polynomial g(x) is called the generator polynomial of the code C and the
dimension of C is n — k, where k = deg(g(x)).

In the following, we assume g is a power of an odd prime p with ged(n, p) = 1, where
n is a positive integer. Let S be a primitive 2n-th root of unity in some extension field of
Fy2 and n = B2. Then 7 is a primitive n-th root of unity. Hence,

n—1 n—1
= ]la =g = —p"*).
j=0 Jj=0

Let Q = {1 +2/]0 < j <n—1}. Foreachi € , let C; be the g*>-cyclotomic coset
modulo 27 containing i,

Ci={i,ig% iq*, ..., ig?Mm~Dy,

where m; is the smallest positive integer such that ig>" =i mod 2n. Each C; corresponds
to an irreducible divisor of x" + 1 over IF 2. Let C be a negacyclic code of length n over F
with generator polynomial g(x). Then the set Z = {i € Q|g(8’) = 0} is called the defining
set of C. Obviously, the defining set of C must be a union of some ¢2-cyclotomic cosets
modulo 27 and dim(C) = n — |Z]|.

For a negacyclic code of length n over IF 2, it is easy to verify that its Hermitian dual
code is still a negacyclic code. Therefore, the Hermitian dual code C# of C is still an ideal
of IE‘qz[x] /{x" + 1). Hence, if Z is the defining set of C, then its Hermitian dual code Ctn
has defining set Z1" = {z € Q| — gzmod2n ¢ Z}. Note that Z~7 = {—gzmod2n|z € Z}.
Then C contains its Hermitian dual code if and only if Z N Z77 = ¢ from Lemma 2.2 in
Ref. [22].
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Let g be a power of an odd prime p with gcd(n, p) = 1 and B be a primitive 2n-th root of
unity. A negacyclic BCH code of length n over I > with designed distance § is a negacyclic
code with generator polynomial

gx) = H(x — B9, where Z = u’;jﬁcw and b is some integer.
jezZ

Let C(n, 42.b,5) denote the negacyclic BCH codes of length n with generator polynomial g (x).
If b = 0, then we abbreviate C, ;2 5, 5 as C(, 42 5)- Similarly to BCH codes, negacyclic
BCH codes have the following property.

Theorem 1 [24] (The BCH bound for negacyclic codes) Assume that gcd(n, q) = 1. Let
C be a negacyclic code of length n over F 42> and let its generator polynomial g(x) have
elements {8'7%710 < j < d — 2} as the roots, where B is a primitive 2n-th root of unity.
Then the minimum distance of C is at least d.

3 Review of EAQECCs

In this section, we give some basic definitions and results of EAQECCs. For more details
about EAQECC:s theory, please refer to Refs. [9-21] therein.
Suppose that H is an (n — k) x n parity check matrix of C over qu. Then C# has an
n x (n—k) generator matrix H ', where H is the conjugate transpose matrix of H over F2.
Similarly to the CSS construction of stabilizer quantum codes, there is the following
construction method for EAQECC:s in Refs. [9] and [10].

Theorem 2 [9, 10] IfC = [n, k, d]qz is a classical code over ]qu and H is its parity check
matrix, then C stabilizes an entanglement-assisted code with parameters [[n, 2k — n +
c,d; clly, where ¢ = rank(HHT) is the number of maximally entangled states required
and H' is the conjugate matrix of H over Fo.

4 Construction of Entanglement-Assisted Quantum BCH Codes

In Ref. [20], the authors gave the following definition and lemma which can determine the
number of entangled states by decomposing the defining set of negacyclic codes.

Definition 1 [20] Let C be a negacyclic code of length n with defining set Z. Assume that
Zi1=ZN(—qZ)and Z, = Z\ Z1,where —qZ = {n —qgx|x € Z}. Then Z = Z1 U Zy is
called a decomposition of the defining set of C.

Lemma 1 [20] Let C be a negacyclic code of length n over F,2, where ged(n,q) = 1.
Suppose that Z is the defining set of the negacyclic code C and Z = Z1 U Z; is a decompo-
sition of Z. Then the number of entangled states required is ¢ = |Z1|. In order to construct
the entanglement-assisted quantum BCH codes, we firstly give two lemmas below.

2m+1_

Lemma 2 [23] C(J;:’qz’g) C Cing2.0) ifand only if 2 < 8 < Sax, where Spax = ’1(127_14
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4
Lemma 3 [23] Letn = qqz =L and m > 2. Let i be an integer such that 0 < i < qz’" and

-1

i # 250 mod g2 Ifg® =1 mod 4, then

q2m_1 3q2m+1
9

ICryail =4 =473
2m, otherwise.

In addition, 1 4 2i is not a coset leader in the following cases:

2m 2 2 2m 2m 2 2
. g™ -1 q-+3 g -3 g+ 1 g -1 g -+3 g°—1
b- ' b R b- b s .
’e{ -1 e[ 4 U=+ -1 S| 3 2

4.1 The Number of Entangled States

4m
Theorem 3 Letn = ‘1(]27—11’ where q is a power of an odd prime p and m > 2. Then we
have |C

|C ppomt1_g2_gyp1 | = 2m and |C ypam _pom42.4 43 1224 | = 2.
2 2
g1 q=1

2m+1

|
1 2(‘1 1q
Proof On the one hand, since
( 2m 1)(q _1) 4(q2m+1_q2_q+1)=q2m+2_4q2m+]_q2m+3q2+4q_3’
ifg = 3, then (¢"—1)(¢*>—1) < 4(q2m+1 —q —q+1) ifg > 5,then (¢ —1)(¢*>—1) >

4(g¥+! — g% — g + 1). Therefore, q2 B #14 el
On the other hand,
3q2m +1 B (q2m+1 —q _= 3q2m+2 _4q2m+1 _ 3q2m +5q2 +4q -5
4 g2 —1 N 4(g2—1) ’
if ¢ = 3, then 3741 +1 42:2“1 —1;if ¢ > 5, then SqZZ'H > qzll;’;il_q — 1. Therefore,
2m+1
;_1 —1# %. From Lemma 3, we have |C . z(qzmﬂ,q | = 2m immediately.
4 ) 2 +2+ +2L] g— 2 L] II
2 m q m q° _ _ _ _ _
From pea =2n—q(1+2( q2—1 1)) and |C1 2(q2m+l 1)| =
2m, we have |C, am o omt2 315,24, | = 2m immediately.

q2-1

4.2 The Dimension of EAQECCs with § = ‘T—'q +t

Lemma 4 [23] Letn = q;;:ll, where q is odd and m > 2.

(i) Ifs<t

2'”, then we define ¢ = L%‘IEJUJ and C(, .2 5) has dimension
n—2m[©6 -3 —qg ], ife < LDJ ,
2
k={n—-2m|(6-3H1—-q2)|+m@2e— L), qu —IJ <e< €53

n—2m|—-3Ha-q? +m‘127*3,zfe> 3
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.. 2m . 5— 15y (g2 -1
(ii) If % < 8 < ¢* then we define ¢ = {%J and C(”,q;(;) has

dimension

n—2m [ =D -gD ] +mife < | T,
k={n-—2m{6-3Ha-gq 4)+QmaﬁLﬁi <e<
n=2m|@ -0 -qg2) | +mq®>-3)ife > 2.

2m+1_
and8 = qqzi_lq + 1,

h . . (q2'" '+1)(g+3)
where q is a power of an odd prime p, m > 2 and 1 <t < 75D , we need to
determine the range of § for distinct q from Lemma 4. So we give the following theorem

firstly.

In order to calculate the dimension of EAQECCs with n =

4m __ 2m+1__ . .
Theorem 4 Letn = qq Land 5 = qqzi_]q + t, where q is a power of an odd prime p,

< @ '+1><q+3>

. 3 2m+5
(i) Ifq =3, then$ and 4 >

< Smax < qz’”

2m
(i) Ifq =5, then 8,4 < 4 2+3.

2m+1 2m—1
; — 9" =q @ +D@g+3)
Proof Since § = e +tand1 <t < pIoER)) , we have

2m+1 2m+1 2 2m—1 2
qm+ _q+1<5<3qm+ +2qm_3qm +q -3
21 == 2¢2 -2 '
q q
From
qu +3 B q2m +3 3q2m+1 +2q2m _3q2m—1 +q2_3 _ q2m—1(q3_3q2_3q+3)+2q2
max — 2 2q272 - 2q272 k)
. 2m . 2m
if g = 3, then £ 2+3 — 8max < 0;if g > 5, then £ 2+3 — Smax > 0.

When g = 3, we have

- s _q2m 3q2m+l+2q2m_3q2m—1+q2_3 _ qu—1(2q3_3q2_4q+3)_q2+3
— Omax — - =

0,
247 -2 27 -2 -
and
qu+3_(s . :q2m+3_(q2m+17q+1):q2m+272q2m+1 q2m+q +ZLI*1 o
2 min 2 g2 —1 2042 - 1) ’

< Smax < qzm. O

. 2m 2m
i.e., Smin < 4 2'” and 4 2+5

From the discussion above, we can determine the dimension of the negacyclic BCH

4m
codes with length n = qqz—;ll, where ¢ is a power of an odd prime p and m > 2.
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4m 2m 1_
Theorem 5 Let n = qqz:ll and § = =9 4, where q =3, m > 2and1 <t <
@' +1D(q+3)
2(g+1)
2m
(i) If6 <4 2+3, = L%J and C, 2 5) has dimension
n—2m| (@ — 7)(1 _q_z) +mQs —L2)ife =2o0r 3,

n—2m|@6—-31-q7? —|—mT,lf8:4.

2m g5 2
(ii) If% << qz’", then ¢ = L%J and C(n,qz,B) has dimension

k=n—2m[6-H0-gD]+mi.

Proof From Lemma 4 and Theorem 4, we have the following results:

. 2m+1_ o2
G If ‘1 9 4+1<68< +3, = L%J Therefore, we have
2m+1 _ 2 41
q g+l __,
m __ 1 - -
-1 2m+2_ g 2m+1_  2m 24 49— 2
Since 21 T — Emin = £ 4 4(q2mq_l)-!-3q 443 _ 0, then epin > | 4 1 |- From
2 2 2m+1 2 2 2
q-—3 o _q9 -3 ¢q —q°—q+1 _ q°+2q+1 . q -3 .
5 —Emin = 53— — e = 2@ —1) > 0, we have eyin < 25— Besides,

Emax =4 > 1 2_3 = 3. Therefore, C(,,yqz‘(;) has dimension as below:

n—2m|@-3H1-q72 +m(2zs—‘12—‘3 ). ife =2o0r3,
n—2m|@-3H1-g) | +miS =3 ife=4.

2m+2 4 2m _ 475y g2
(i) If s +5 <8< % then & = {%J. Therefore, we have

2¢%" —5¢% + 11

0<ec=<
2(g*>m — 1)
2 2 2m 2 2m+1 2m 4
—1 -1 2¢°m—5¢2+11 +¢*"+q*-21
From fIT — emax = L - qz(qu‘il) =1 4(:2,”71’1)’ > 0, we have g4 <
2
q-—1
—-

Therefore, C(,,’qz’(;) has dimension k = n — 2m {(8 — %)(1 — q_z)-‘ + m#. O

4m __ _ 2_ 2m+1_
Theorem 6 Letn = qqz_ll £ = L(B 2 I)J and § = qq 4

, 72— +t, where g > 5 is odd,

@'+ (g+3)

(i) Ifq =S5, thenCy, 2 5 has dimension

n=2m|@E—-3HNU—-qg 2|, if e <6,
n—2m|@-3)1-q7% +m(2g—q%3),if655511.

k =
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(ii) Ifq =1, then C(n’qz’(;) has dimension k = n — 2m {(8 - %)(1 — q’z)—‘.

2m+1_

Proof From Lemma 4 and Theorem 4, we can define § = < e 9 +tand1 <t <
2m
(qzz;# Then we have
q2m+l —q s < 3q2m+l +2q2m _ 3q2m71 +q2 -3
q? -1 - - 2g% -2 '
2
From ¢ = L%J, we have
q2m+l_q2_q+1 o 3q2m+1+2q2m_3q2m—1_3q2+1
g1 T°7 24— 1) '
2 2m—+2 2m+1 2m 2
On the one hand, £ 4_ — emin = L B 4J(r S 1)+3q 4973 5 0, then ey < [qZIJZ
on the other hand,
o=l =@’ —64> =59 +6) —5¢° + 1
4 4<q2m -1

2 2
If g = 5, then &4 > %; if g > 7, then &, < %. Therefore, when g > 7, we have

&< anfl, then C(n,q2,5) has dimension k = n — 2m ’7(8 — %)(1 — q_z)-‘.

®" N (¢* 34> —5¢+3)+2¢%+2
2((]2"’*1)

2_
As for g = 5, from % — Emax = > 0, we have g4y <

2— . .
%. Then C, 42 5) has dimension:

n=2m|@E—-3NA—-qg 2|, if e <6,

k:
n—2m|(§— 3 )(1— -2y +m(28—2—), if6<e<Ill O

4.3 The Construction of EAQECCs

Based on the discussions above, we give a theorem below.

q4m —1

Theorem 7 Let n = e > 7 is a power of an odd prime p, m > 2 and § =
2m 2m
Q +1, whereq*> =1 mod 4and1 <t < % IfC is a g*-ary negacyclic
q2m+1
. .. 27 L2 .
code of length n with defining set Z = | J,_}, C142i, then there exist EAQECCs

with parameters [[n,n — 4m[(§ — %)(1 — q_z)] +4m, > §; 4m]],.

Proof From Lemma 2, we can assume that the defining set of the negacyclic code C is

— 2 +1_ 2m—1
Z = Ui Croai where § = T 41,g = Tom = 2and 1 < ¢ < (gt
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Then C is a negacyclic code with parameters [n,n — 2m[(§ — %)(1 — q’zﬂ, > 3]q2 from
Theorems 1 and 6. Therefore, we have the following result:

Zy = 7ZN(—q7)

q2m2+117q _ q2m2+117q ot
q-— q=—
= (U, Cry2) UM i, Cig2i))
=t
qu;llfq _1 q2m2+117q ot
q=— q=—
N(—q (Ui:() Cr42i) U _Q(U' 2t g Ci+2i))
=
42m2+17q _ q2m2+17q _1
—1 —1
= (U, Ciy20) N —q(U;_% Ci+2i))
q2mz+117q _1 q2m2+1]7q ot
q=— q-—
U, Cry20) V=g "5 Cr42i))
l:ﬁ
q2m2+117q o4y q2m2+117q _1
q=— q=—
U((U;qzmﬂiq Ci42) N _CI(U,':() Ci42i)
=t
2m+1 2m+1
s =L =2+t i e axt
qc— q%—
U((U' 2ty Cit2) N _CI(U' 2ty Ci12i)
T4 T4
= Copamti_g2 901 U Copm _p2mi2, 03102 g5 €))
q%-1 421
In order to get the result of (1), we have to show that
q2m2+17q _ q2m2+17q _
—1 -1
U5 Ciy2i) N —q(U;_§ Ciii) = C2q2m+12,q2,2q+1 U C2q4m,2q2m+§+q3+2q2,q72 )
42—1 42-1
anz;»_llfq 1 q2m2+_1174 oy
;% Crya) N=q “ i, Ciyi) =0,
Iff
l]an;;]lfq o4t 42’";7]1711 1
(U'_qq2m+17q Cis2i) N —Q(Ui:% Ciy2i) = @,
17‘12771
and
2m—+1 2m+1
q :’2_1—4 a4y q :’2_1—4 4t
U o, Crea)N—=qU "o Ciyzi) = 0.
= =
Firstly, we demonstrate that
q2m2+117q _1 q2m2+llfq 1
q°— q=— —
(O Cr42i) N —qU; % Cr42i) = Coomit_2 9001 U Copam _p2mi24 3,002 42
q2-1 q2-1
L
-
From Lemma 2, C(n,qz.a,m) - C(n’qZ’(gmax) means that
q2m+17q s q2m+17q 5
q2-1 q2-1
((OFS Cry2i) N —q U, Cr2i) = 0.
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And from C(nhqz 5 t1) ,¢_ C(n 7 Smax+1) in the proof of Lemma 2 in Ref. [23], we can get
q 2m+1_

2
Cl426mu—1 N —q (U,
Copmti_2 5,415 1.€.,
gc—1

C1+2,‘) = C1+2(5m”,1) immediately, where C1+2(5”mx,1) =

q2m+l
Copomil 2 550 N—q(U;_{ _0 Cr2i) = Copmet_2_p4 -

2 —1 qz—l

-9 _

-1

From the equation above, we can get

q2m+17q
AL
g“—1
—qCopmii_2 5,0 N (U, Cr42i) = —qCopmii_2 o1 = Cogtm s 2mi2,310,2 4 2+
q%-1 q2-1 q2-1
q2m+17q 1 q2m+17q
. T T
Thus, the desired result (U;_{ ! Ciy2i) N —qU,_} ! Ci42i) =
C2q2m+l_q g1 Y Cogam _pomi2 30,2, ToOllOws.
-1 q-—1
Secondly, we testify
q2m2+7| —q ot qlm;;ll_q B
(O gy Cre2i) N —q(U;_% Cit2i) =¥
_7q271
@+ D(g+3)
<r< ¥ __TUMGTI)
for2 <r < pIOESY) .
2 1 2) 1
m2+ ]—q —2+t 1 m; ]—q_ (q2mfl+1)(q+3)
q%— q%— .
If (U Cpmrl C]+2i) N _q(Ui:() C1+2i) # 0, for 2 <t < W, 1.€.,
- 2
gq-—1
q2n12+17q _1
' Zi
(U, C L2 +qzm+l_q )) N—q ;4 Ciy2i) # 9,

for2 <t <

2m—1
("(+71)("+3), then there exist two integers [ and j, where 2 < [ <

- M+h
@ ' +Dg+3) P
grn 2 0=J = "= — 1, suchthat
q2m+1 —q
14207 =2+ = —q(1 +2))¢* mod 2n,
q

for some k € {0, 1}. We can seek contradictions as follows.

(i) When k£ = 0, we have 1 +2(q 4 —24+1) = —q(1 +2j) mod 2n, which is
equivalent to
2q2m 1 _ 24 ‘
q27_1+q—3+21+2]q50m0d 2n, 2)
where n = q;:li__ll.FromZ < 1 < %#0 < J =
Lo — 1, then X014 og 41 < %Jrq—

2q2m+2+3q2m+l+2q2m 3q2m ]_q _4q +q
q*—1
< 2n, (2) is not established.

3 4+ 21 4+ 2jgq < Because of
2q2m+2+3q2m+1+2q2m73q2m—17(1374(/ +q

q>—1
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(ii)) When k = 1, we have 1 + 2(
equivalent to

2 2m+1 )
q271(1+q3—3+21+2jq350m0d 2n,
g2 —
4m 2m—1
wheren:qqzi__ll.From2§l§%0§j
2m+1_ 2 2m+172 2 2m+172
qqz,lq — 1, we have: 7"[[271 T+ 43 +1 < 7[1(]271 4 4 43

. 3 2q2’"+4+3q2’”+1+2q2’"—3q2’”’1—q5—2q4+q3—2q2
3 4+ 21 + 2jg < E .

2m+4 2m+1 2m_n.2m—1__5_» 4 3_15,2 . .
2¢°" 43¢ +2g qul 9°=29"+9°=29" _ 25 (3) is not established.

Because

From the discussions above, we can see

4 _241])=—¢q (l~|—2]) mod 2n, which is

3

of

qZ;nz-tqu o4 2m-¢—1I q_
(U g2m+l_g C1+21) n Q(U i=0 Cl+2i) = Qv
l=7q271
@' +1D(g+3)
f0r2 <r< W
Next, we show that
q2m+1 -q 2m+1 ;
71 P
% Cit20) N q(U "qzmﬂ,,{ Cit2i) =¥
q2-1
Since
q2m+17q_ Tt 2m+l —q _1
72—1 —1
—q(U 00, CadN—qU ™ Cra)) = —qf =4,
i= e
it follows that
2m+1 2m—+1
‘lqz_lq -1 qu 1'1_2+r
((OF Cit2i) N Q(U S, Crp2i) =0
=
Finally, we show that
2m 2m
4 q2+_ll_q 2+t 4 q;_ll_q _2+t
(U P2mtl_g Cit2i) N —qU P2mtl_g Cr2i) =9,
21 i=1 21
2m+1 2m+1
=9 D4t 1 9 D4t
2m=141y(5+3 21 q2—1 :
for2 <r < @AW jp O Clp) N—qU ‘Ll Ciya) #0ie.,
_271 =T
U " N—q(U "
( l=2cl+2( +q2 Jrl—q 2)) CI( l=2cl+2( +q2 Jrl—q 2)) # Qv

for 2 < ¢ < @ HD+d)

e 2G+D
(@1 41)(g+3)
%, such that
2m+1 _ 2m+1 _
1420+ 15 1" )= —q[1+2(j+qqzilq—2)]q2kmod on,

for some k € {0, 1}. We can seek contradictions as follows.

, then there exist two integers [ and j, where 2 < [, j <
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(i) Whenk = 0, we have 1 +2(/ + ‘12;";1“1 )= —q[1+2(]+‘1 —2)] mod 2n,

which is equivalent to

2q2m+2 + 2q2m+1 _ 2q2 _ 2q

q*—1
4m __ .
where n = qqz—J. From 2 < I, j
242 2mAl 32
have; 220"+ —q”—3¢-1 <

—3g—3+2+2jg=0mod 2n, (4

< @ '4DE+3

= 2q+Dh > W€

2q2m+2+2q2m+l 2q2_2q

q’-1

3 2m+2+5 2m+1_q2m 3q2m 1 2(13—211

qz 1 - 3q -

Because of

3 4+ 2 + 2jqg < —

2m+2 2m+1_ 2m_2,2m—1_~_3 _ .
397 +59 9" =3 2°=2" 2n, (4) is not estabhshed

q*—1

(i) Whenk =1, Wehave1+2(l+" pe 1 -2)=—q [l—|—2(j—|-

which is equivalent to

20+2jg’ =

2q4m_2q2m+4_2q2m+] +3q5+2q4_3q3+3q2+2q_5

m+1

—2)] mod 2n,

mod 2n.

q* -1

=14 1)(g+3)

From2 <1, j < & 2(q+1) , we have

444 <2 +2jg® <

(&)

q2m+4 + 2q2m+3 _ 3q2m+2 +q2m+l + 2q2m _ 3q2m—1 +q5 + 2114 _ 3q3 +q2 +2q -3

q? -1

Then we have the following results:

(@) whenm = 2, since (4 +4¢>)(¢> — 1) = 4¢>
3¢ + 3¢ 4+ 2q — 5, (5) is not established;
(b) whenm > 3, we have

—4q> +4¢> —4 > ¢ +24*

2q4m _2‘12m+4_2q2m+1+3q5+2q4_3q3+3q2+2q_5 )
2 > 2+ 2]q3)max-
g —1
Therefore, (5) is not established.
From the discussions above, we can see
2;";_' =424 ‘12;"; . =424
(] g2t Cig2) N _CI(U' g2m+l_ Ci+2i) =¥,
i=t qz—l i=t qz—l
for2 <t < (qumzl(;i)l(qﬁ-?)
From Lemma 1 and Theorem 3, we have ¢ = 4m. From Theorem 2, there exist
entanglement assisted quantum codes with parameters
3
[[n, = 4m[(6 = D) = g1+ 4m, > 8 4ml,
where | <1 < @ +D@+3) O

2(g+1)

When g = 3 or 5, we can construct EAQECC:s in the following two theorems. The proof

is similar to Theorem 7, so we omit it here.
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4m 2m+1
Theorem 8 Letg =3, m > 2, n = qqz:l and § = 7 =L + 1, where g> = 1 mod 4

1 q°—
(@' +1)(g+3)
2(g+D

. IfC is a g*-ary negacyclic code of length n with defining set

7 = [2’6 C142i, then there exsit EAQECCs with parameters

[[n,n—4m | (6 — (1 —q72) | +4me — mg® +Tm, > 8; 4mlly.ife = 2 or 3,
([n,n—4m |6 — (1L — gD | +mg®> +m, > 8 4mlly, ife = 4.

(i) 5 <8< (Inn—4m [0 = DU —q D] +mg? +m, = 5: 4m]],.

2m+1_

4m
= nd § = qqz_lq + 1, where g> = 1 mod 4

Theorem 9 Letqg =5 m > 2, n = p

2m—1
and1 <t < %. If C is a g*-ary negacyclic code of length n with defining set

—1 D+t
2_ . .
Z =% : C142i, then there exsit EAQECCs with parameters

[[n,n—4m[(§ — %)(l —q’z)] +4m, > 8;4m]ly,if € <6,
[[n,n—4m[($ — 3)(1 — g=2)] +4em —mq* + Tm, > §;4mlly,if 6 <& < 11.

Table 1 new EAQECCs from

Theorem 8 q m 3 [[n, k, d; cllq
3 2 31 [[820, 608, > 31; 8]]3
3 2 32 [[820, 616, > 32; 8]]3
3 2 33 [[820, 616, > 33; 8]]3
3 2 34 [[820, 608, > 34; 8]13
3 2 35 [[820, 600, > 35; 8]13
3 2 36 [[820, 592, > 36; 8]13
3 2 37 [[820, 584, > 37; 8]13
3 2 38 [[820, 576, > 38; 8]]3
3 2 39 [[820, 568, > 39; 8]]3
3 2 40 [[820, 560, > 40; 8]13
3 2 41 [[820, 552, > 41; 8]]3
3 2 42 [[820, 552, > 42; 8]]3
3 2 43 [[820, 544, > 43; 8]13
3 2 44 [[820, 536, > 44; 8]13
3 2 45 [[820, 528, > 45; 8]]3
3 2 46 [[820, 520, > 46; 8]]3
3 2 47 [[820, 512, > 47; 8]]3
3 2 48 [[820, 504, > 48; 8]]3
3 2 49 [[820, 496, > 49; 8]13
3 2 50 [[820, 488, > 50; 8]13
3 2 51 [[820, 488, > 51; 8]13
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5 Example

4m 2m—1
Letq = 3andm = 2. Thenn = L7 = 820, 1 <1 < ™) = 21 and
2m+1

31 <6 = qqz% +¢ < 51. Then from Theorem 8, we can construct some EAQECCs with
new parameters in Table 1.

6 Conclusion

In this work, we have constructed a class of EAQECCs from negacyclic BCH codes over

the finite fields F > of length n = q;;n:ll , where ¢ > 3 is some odd prime power and m > 2.

The construction is through cyclotomic cosets and ideal theory. It would be interesting to
construct EAQECCs with different lengths from other types of linear codes.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.
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