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Abstract Correlations between subsystems of a composite quantum system include Bell
nonlocality, steerability, entanglement and quantum discord. Bell nonlocality of a bipar-
tite state is one of important quantum correlations demonstrated by some local quantum
measurements. In this paper, we discuss nonlocality of a multipartite quantum system. The
A-locality and A-nonlocality of multipartite states are firstly introduced, some related prop-
erties are discussed. Some related nonlocality inequalities are established for {1, 2; 3}-local,
{1; 2, 3}-local, and A-local states, respectively. The violation of one of these inequalities
gives a sufficient condition for A-nonlocal states. As application, genuinely nonlocality of
a tripartite state is checked. Finally, a class of 2-separable nonlocal states are given, which
shows that a 2-separable tripartite state is not necessarily local.

Keywords A-Locality - A-nonlocality - Nonlocality inequality - Multipartite state

1 Introduction

Correlations among the results of space-like separated measurements on composite quantum
systems can be incompatible with a local model [1]. Such phenomenon, known as quantum
nonlocality, is an intrinsic quantum feature and lies behind several applications in quantum
information theory [2—-6]. By performing local measurements on an n-partite entangled state
one obtains outcomes that may be nonlocal, in the sense that they violate a Bell inequal-
ity [7]. Since the seminal work of Bell, nonlocality has been a central subject of study in
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the foundations of quantum theory and has been supported by many experiments [8, 9].
More recently, it has also been realized that it plays a key role in various quantum informa-
tion applications [10, 11], where it represents a resource different from entanglement. For
instance, the security of device independent quantum key distribution requires the existence
of nonlocal correlations between the honest parties, very much in the spirit of Ekert’s pro-
tocol [2, 3, 12, 13], and the only entanglement witnesses that do not rely on assumptions
on the dimension of the Hilbert spaces are Bell inequalities, i.e. witnesses of nonlocality
[3]. While nonlocality has been extensively studied in the bipartite (» = 2) and to a lesser
extent in the tripartite (n = 3) case, the general n-partite case remains much unexplored,
their characterization remains a general unsolved problem. The physics of many-particle
systems, however, is well known to differ fundamentally from the one of a few particles and
to give rise to new interesting phenomena, such as phase transitions or quantum computing.
Entanglement theory, in particular, appears to have a much more complex and richer struc-
ture in the n-partite case than it has in the bipartite setting [14, 15]. This is reflected by the
fact that multipartite entanglement is a very active field of research that has led to impor-
tant insights into our understanding of many-particle physics [16, 17]. In this point of view,
it seems worthy to investigate how nonlocality manifests itself in a multipartite scenario.
Generalized Bell inequalities have been reported for n-particle systems which show that
quantum mechanics violates local realism in these situations [18-20]. However such results
are insufficient to show that all of the particles in a system are acting nonlocality, it is possi-
ble to imagine a nonlocal many-particle system as consisting of a finite number of nonlocal
subsystems, but with only local correlations present between these subsystems. For exam-
ple a state of three particles |{)123 which can be decomposed as |y)|)23 only exhibits
nonlocal correlations between particles 2 and 3. Hence, it is necessary for us to extend
the concept of locality of all particles in a multipartite system to the locality of groups of
subsystems.

In this paper, we introduce A-locality and A-nonlocality of multipartite states and prove
the related nonlocality inequalities. The remain of this paper are organized as follows. In
Section 2, we introduce the A-locality of multipartite states and discuss the related proper-
ties. In Section 3, we establish some nonlocality inequalities, which are necessary conditions
for a A-local state. In Section 4, we give a class of 2-separable nonlocal states, which shows
that a 2-separable tripartite state is not necessarily local.

2 A-Nonlocality of Multipartite States

We consider the composite system H® = H, @ Ho ® ... ® H,, and use D(H™) to
denote the set of all mixed states of the system 7" and I; to denote the identity operator
on Hy.

To describe different local cases of the composite system H ), weuse Q = {1,2, ..., n)}
to denote the set of all indices of the subsystems. And for a subset {i1, i2, ..., i} of Q with
iv+1=1<i1<ir<...<ip=n,put

A={ig+1,...,ii01+1,... 0 .. i1+ 1, ..., 0k}, 2.1

called a local pattern.
For a local pattern (2.1), put

Ay =fio+1,....01}, Ao ={ir+1,...,02}, ...,
Ap = {ik—1 + 1, ... i)
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We denote A simply by A = (Ay, Az, ..., Ap). PutHa, =H;_ 41 ®...®H,;,, then
HY =H 1 @Ho® ... Hp=Ha, @Ha, ® ... @ Ha,.

Thus, every n-partite state p of 7 can be viewed as a k-partite state. In this case, we use
tra; (o) to denote the reduced state of p with respect to ith subsystem H 4,, which is a state
of Ha, ® ... @ Ha,_, ®Hayy ... Q Hay.

Definition 2.1 Let A be a local pattern given by (2.1).

(1) Astate p € D(H™) is said to be A-local if for every measurement assemblage
M= (M2 = 1,2, my (1S < Ry = (MO o
of local POVMs:
M2 = (M@ M2 ® ... @ My b € Ni(1 <i < k))

onHa, ®Ha, ®...®Ha,, there exists a probability distribution IT = {IT; },cr such
that

(M @ M2 ®...®@ MyF)p =Y T1y Pa, (bilx1, 1) Pay(balxa, A) ... Pay (bilxi, )

rel
2.2)

for all x;, b;,where Py, (b;|x;,A) > O, Zb,- Py, (bilxi, A) = 1G = 1,2,...,k).
Otherwise, p is said to be A-nonlocal.

(2) A mixed state p € D(H™) is said to be genuinely nonlocal if it is A-nonlocal for
every A.

Remark 2.1 By definition, p is A-local if and only if for every M, there exists a PD IT such
that (2.2) holds; p is A-nonlocal if and only if there exists an M, the PD IT satisfying (2.2)
does not exits.

Remark 2.2 By definition above, we see that when a state p € D(’H(")) is A-local, then
for every measurement assemblage M, there exists a probability distribution IT = {IT; },er
such that

w(My! ® My ® ... ® My)p =) T1Pa,(b1lx1. ) Pay (balx2. 1) ... Pay (bilxic. 1)
rel’

for all x;, b;. Finding the sums of two sides for b; yields that
X Xj—1 Xj+1 Xk
tr(Mbll ®"'®Mbjj-,| ® Ia; ®Mbj{+| ®...0 M,)p

= Z I Pay(brlxt, A) oo Pa;  (bj—tlxj—1, M) Paj Djyilxjpr, A) ... Pay (bilxk, 1).
rel

This shows that the measurement results of the other subsystems except the subsystem H 4 ;
are independent of the measurements of the subsystem H 4.

Remark 2.3 When a state p € D(H™) can be written as

A A A
P= D PPty ® Pliysy.iy ® - ® Ol )iy
A=l
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where pf\ij,1+1)...i,- c D(?—[Aj), and {p,}i_, is a probability distribution, for every
measurement assemblage M, we compute that (2.2) holds for

M = pa, Pa; (bjlxj. 1) = (M) pf; 41y i )G =120, 0).
This shows that p is A-local.

Theorem 2.1 Suppose that p is a (A1, A», ..., Ax)-local state of’H(”), then p12. (k—1) =
tra,(p)isa (A1, Az, ..., Ax—1)-local state of Ha, @ Ha, ® ... Q Ha, ;.

Proof Suppose that p is (A1, A2, ..., Ar)-local. For every measurement assemblage
N = {M52eft s =12, 000,mi(j =1,2, ...,k — 1)}
of local POVMs:
Mt — (M @ MY ® ... @ My b€ Ni(1 <i <k —1)}
onHa @Ha, ®...0 Ha,_,, by letting MZ: = I, (xx = 1, by = 1), the identity operator

on H 4., we obtain a measurement assemblage M = {M*1-"2% 1 x; = 1,2, ... ,m;(j =
1,2,...,k)} of local POVMs:

M2t = (M@ My ® ... ® My¢ b € Ni(1 <i < k)}
onHa, ®Ha, ®...0Ha, withmy = 1, Ny = {1}. By Definition 2.1, we know that there
exists a probability distribution {IT },cr such that Vx;, b;, it holds that
X —
(M ®...® M, "' ® My“)p
= ZHAPAl(bllxl,)»).-.PAk,l(bk—llxk—l,K)PAk(bklxk,?x),

rel’
where PA[(bi|xis )\) > 0, Zb,- PA,.(bi|xl',)») = l(i = 1, 2, e ,k). Since Xk = l,bk =1
and th Pa, (brlxi, A) = 1, we get that Py, (bi|xk, A) = 1. Consequently,
(M, © My> ®...® My Dpia_ k-1
(M, @ My> ®...® M, ® M,")p
D T Pa (bilx1, M) ... Pa_ (br—1lxi—1, A),
rel

forallx; = 1,2,...,m;,bj € N;(i = 1,2, ...,k — 1). By using Definition 2.1 again, we
conclude that p12._(k—1)is a (A1, Az, ..., Ag—1)-local state of Ha, @ Ha, ® ... Q Hay_,-
The proof is completed. O

3 A-Nonlocality Inequalities

Suppose that p € D(C2®C2®C2).If pis {1, 2; 3}-local, then the following three Clauser-
Horne-Shimony-Holt Bell inequalities hold, which were mentioned in [21](5a-5¢):

|(UZ®UZ®P);0+(UZ®UZ®Q)p+(0'z®o'x®P>p_<O'z®o'x®Q)p|§2’ 3.
[(ox ®0'z®P>p+<Ux R0 Q@ Q>p+(5x®0x ®P>,o_<(7x Qox ® Q>p|§2, (3.2)
(I ®0o;, @ Plp+{I®0;® Q)p+{Il ®0x®P)p—(I ®0x ® 0)p| <2, (3.3)

where P, Q are +1-valued observables. Next, we will generalize the above inequalities and
obtain the following theorem.
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Theorem 3.1 Suppose that p € D(H1QH2®H3). If p is {1, 2; 3}-local, then the inequality
HCP)p +(CQ)p+(DP)py —(DQ)yl <2 (34

holds for all £1-valued observables C, D on H 5, := H1®H, and £1-valued observables
P, QonHy, :=Hs, where CP = (C ® 3)(I1 ® I, ® P) and so on.

Proof Because that C, D, P and Q are *1-valued observables, they have their spectral
decompositions:

C=Ct-Cc,D=Dt—-D ,P=Pt—P,0=0t-0".
By taking
M =Cct. M =C",M?=Pt, M2 =P
Mil — D+ M{I =D~ Miz — Q+ M{Z — Q_
we obtain POVMs M* = {M}', M™'} and M = {M)', M”'} on Hy,, and M2 =
(M2, M} and M>* = {M3?, M?*} on H 4,. Thus, we obtain a measurement assemblage:
M= {Mxl ®MX2’ M ®Myz, M ®MX2, M ®My2}
of four local POVMs on H 4, ® H 4,. Explicitly,
MY QM2 ={(CT@PT,Ct®P ,C"®PT,C"® P},
MY @M? ={CT®Q",CT®0,CT®0",C" 07},
M QM2 ={DTQ P, DYQP ,D"®PT,C"Q P},
M'"QM”? ={D"® 0", D@0 . D" 0", D" ®Q07}.
Since p is {l, 2; 3}-local, by Definition 2.1, for this M, there exists a probability
distribution {IT, },<r such that (2.2) holds. Hence,

u(MY' ® M?)p =) Ty Pa, (+lx1, 1) Pay (+x2, 4),
rel
and so on. Thus,
(CP), =tr(CTR@PNp—t(CTR@P )p—tr(C" @ PTp+tr(C”®P )p
= (M @ M{)p —tr(M}' @ M™?)p — e (MY @ M) p + tr(M™ @ M™)p
= D T {Pay (Hlxt, M) Pay (+lxa, ) = Pay (Fle, ) Pay (=2, )
rel
—Pay (=11, 2) Pay (+1x2, 1) + Pa, (=|x1, 1) Pay (—|x2, 1) }

= Y TH(Pa, (+1x1, ) = Pay (—1x1, 1)) (Pay (+]x2, ) = Pay(—|x2, 1)).

rel
Similarly,
(CQ)p = Z IT), (Pa, (Hlx1, &) — Pa, (=|x1, A)(Pa, (F+1y2, A) — Pa,(=ly2, 1)),
rel
(DQ)p = Z I (Pa; (Y1, &) — Pa (= 1y1, M) (Pay (F1y2, A) — Pay(—1y2, M),
rel
(DP), = Z I (Pay (Y1, A) — Pay (—y1, ) (Pa, (F1x2, A) — Pay (—[x2, 1)).
rel
Therefore

A:=(CP),+(CQ),+ (DP), —(DQ), =Y T (),
rel
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where
M) =@ —a)a—b+x—y+Br—p)a—-b—x+y),
where
Pa,(+Hx1, ) = ay, P, (=|x1, 1)) = az, Pa,(+|y1, 2) = B1, Pa,(—Iy1,2) = B2,

Pp,(+x2,A) = a, Pa,(—Ix2, 1) = b, Pa,(+]y2, A) = x, Po,(—|y2, 1) = y.
Clearly, we get that
a+ar =1, aj,ar >0;
Bi+p=1, Bi,.p=0;
a+b=1, a,b>0;
x+y=1, x,y=>0.
Puta —b=mi,x —y =my.Clearly, -1 <m; <1(i =1,2) and

p2() = (1 — a2)(my +m2) + (B1 — B2)(m1 — my).
Therefore
|2V < (Jmi +ma| + |my —ma))® = 4max{m, m3) < 4.
So, |p2(A)| < 2 for all A and thus |A| < 2.1i.e.
{CP)p+(CQ)p+(DP)y —(DQ),l <2.
The proof is completed. O

Remark 3.1 From Theorem 3.1 we know that every {1, 2; 3}-local state satisfies inequality
(3.4). Thus, if there exist C, D, P, Q such that the inequality (3.4) is not satisfied, then p is
{1, 2; 3}-nonlocal.

Remark 3.2 It is easy to see that pp(A) is obtained by changing C to Pa,(+]x1,2) —
PA| (_lxla )“)a D to PA] (‘H)’h )“) - PA[ (_|y17 }‘1)’ P to PA2(+|.X2, }\,) - PAz(_I-st )“)s and
Q to Pa,(+|y2, A) — Pa,(—ly2, A) in the expressionof CP +-CQ + DP — DQ.

Specially, when C = 0, ® 0;,, D = 0, ® 0, and C = 0y ® 0,, D = 0, ® 0, and
C=1®o;,D=1® o, in Theorem 3.1, respectively, we get (3.1)-(3.3).
Similar to the proof of Theorem 3.1, one can prove the following conclusion.

Theorem 3.2 Suppose that p € D(H1 ® ... ® H,). If p is (A1, Az)-local, then the
inequality

{CP)p +{CQ)p+(DP)p, —(DQ)y| <2 (3.5)
holds for all x1-valued observables C,D on Ha, = H1 ® ... ® H;, and £1-valued
observables P, Q onHa, :=Hj11 ®...Q Hy.

To describe more general locality (k > 2), we suppose that A is given by (2.1) and
{Az}(s = 1,2,...,k) is £1-valued observables on H,,. Let the two party Mermin
polynomial [20] be

1 0 4,0 0 1 1 0 1 1
M, = E(A‘”A + A, A T Ay Ag, — Ay Al (3.6)

a)
1

Mé = E(AjuAiz + AcltlAgz + AglAcllz - A21A22)' (3.6)
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Then M,, and M, are generated from M,,_; by recursion relation:

1

M,, = E[M,,,_I(Agm +AL )M, (A) — AL (3.7
r 1 / 1 0 1 0 /

Mm = E[Mm_l (Aam + Aam) + Mmfl(Aam - Aam)]- (37 )

Following [22] we define the Svetlichny polynomials as

_ My, m :21’1;
= { My + M), m=2n+1. (3.8)
[ Mr,n’ m = 2]1; /
Sm a { %(M);L+Ml1l), m=2n+1. (38)

By these definitions, we see that

My + M, =Su+S,, Ym=2,3,... k.
Remark 3.3 Let p be A = (A1, Ap)-local. Then we can get
1
1(S2)pl = 5 ]<A21 AD) o+ (AS ALY, + (AL AD), — <A},1A;2>p\ <1,
by using 3.5)for C=A) ,D=A} . P=AJ and Q = A} .
Similarly,
1
[S3)p1 = 3 [(Aly Ady) + (AL Ay + (AL Al)y — (AL, AD,), | < 1.

Furthermore, since p is A = (A, Az)-local, by Definition 2.1, there exists a probabil-
ity distribution {ITy}ser such that (S3), = >, p T p2(A) and (S5), = >, .p I ps (M),
where
1
p2(A) = 3 {(Pa, (+1x1, 1) — Pa, (—x1, 1)) (P4, (Flx2, 1) — Py, (—|x2, 1))
+(Pa, (+1x1, A) — Pa,(=Ix1, 1)) (Pay (+1y2, A) — Pay(—=1y2, 1))
+(PA1(+|)’1 i )“) - PAl (_|y17 }"))(PAz(J’_'-xQ, )‘-) - PAz(_|x27 }"))
—(Pa, (+1y1. 1) = Pa, (=1y1, ) (Pay (+]y2. 1) — Pa,(—|y2, M)},

pr(A) = % {(Pa, (F1y1. 1) = Pa, (=1y1, D)) (Pay (+1y2, 1) — Pa,(—1y2, 1))
+(Pa, (1, ) — Pa, (—=1y1, M) (Pa, (+1x2, A) — Pa,(—|x2, 1))
+(Pa, (+1x1, A) — P4, (—=1x1, ) (Pa, (+1y2, A) — Pa, (—=[y2, 1))
—(Pa, (F]x1, 1) = Pa, (—=|x1, 1)) (Pay (+]x2, 1) — Pay(—|x2, 1)} .
Clearly, p>(A) and pé()\) are obtained by changing Agl to P, (+|x1, 1) — Pa,(—|x1,A),
A}, 10 Pay(+]y1, 2) — Pa,(=|y1, ), AD, 10 Pay(+|x2,4) — Pay(—|x2, %), and A}, to
Pa,(+1y2, A) — Pa,(—|y2, A) in the definitions of S> and Sé, respectively. It is easy to see

that po(A) = %1’5'2()»). From the proof of Theorem 3.1, we can get |p2(A)| < 1 for all A.
Similarly, we can prove | pé (A)| < 1forall A.

Theorem 3.3 Suppose that p is A = (A1, A2, A3)-local, then
1(S3)pl = 1(85)p] < 1. 3.9
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Proof Using (3.6)-(3.8) yield
1 !
S3 = §(M3 + M3)

1[1 0 1 /(A0 1
= 315 MaAG, + AL + My(AY, - A}

Lo 0 1 0
+3 My (Ag, + Ag) + Ma(Ag, = Ag))]
1 1 7 40
= E(A4é14a3-+-A4214d3)
1 0 40 0 41 1 40 141441
- Z {(AmAaz + AalAaz + AtllAtlz - AalAaz)Aa3

1 41 1 40 0 41 0 40 0
(AL AL+ AL AS 4+ A5 AL — A% AS)AS |

Because that A9, Al A0 Al A9 A}l3 are F1-valued observables, they have their

ap’ “tayp’ “tax’ “tax’ “haz?
spectral decompositions:

AQ = (AT = (AD) 7 Al = (AT — (AL, i = 1,23,
By taking

M = (At MY = (AQ)",

M2 = (A))", M = (A)~,

M = (Ag)*, M = (45)7,
M = (A" MY = (4,,)"
M2 = (AT, M? = (A})",

MP = (AT M® = (A))™,
we obtain POVMs M*1 = (M7, M™'} and M = {M>', M”'} on H,,, and M*? = (M2,
M} and M» = {M*, M**} on Ha, and M™ = {M}?, M} and M”* = (M}, M)}
on H4,. Thus, we obtain a measurement assemblage M consisting of the following eight

local POVMs on Ha, @ Ha, ® Ha,:

M ® M*2 ® M,V3’ M ® M2 ® M)’3’ M ® M2 ® ]\4}’37 M ® M2 ® My3,

M ® M2 ® MX3, M ® M*2 ® A,[)C,%7 M ® M2 ® MX3’ M ® M*2 ® M3

Since p is (A1, Az, A3)-local, by Definition 2.1, for this M, there exists a probability
distribution {IT) },cr such that (2.2) holds. Thus, we have

(M} @ MY @ M)p = > T P, (+1x1. 1) Pay (+]x2, 1) Pay (+]y3. 1),
rel’
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and so on. Hence,

(AS A% AL,

r((A))' ® (AD)T ® (A5)M)p — r((A))T & (AD)™ ® (44)M)p

_tr((A21)7 ® (A22)+ ® (A;3)+)p + tr((AO ) ® (AO )T ® (Aa3)+);0

—w (AT @ (A ® (AL) ) + (AT ® (A0)” ® (AL) e
+tr((A21)7 ® (A22)+ ® (A:B)*)p — tr((Agl)* ® (Agz)* ® (Alllz)f)p

(MY @ M2 ® MP)p — (MY © M™ @ MP)p — e(M™ @ M2 ® M})p
+Hr(MZ @ M2 @ M)p — tr(M! @ MY @ MZ)p + u(My' @ M2 @ MZ)p
(MY @ M @ M”)p — tr(M™ @ M @ M*)p

D T Pay (+lx1, 2) Pay (+1x2, 2) Pay (+1y3. 2)
rel

—Pa, (+x1, M) Pay (=[x2, A) Pay (|3, &) — Pa, (=|x1, A) Pa, (+|x2, L) Pay (++]y3, A)
+Pa, (—|x1, M) Pay (—1x2, ) Pay (+]y3, A) — Pa, (H1x1, A) Pa, (|x2, L) Pay (—]y3, A)
+ P4 (Flx1, M) Pa,(—x2, M) Pay (=13, 1) 4+ Pa, (—|x1, M) Pay (F1x2, 1) Pay (—1y3, A)

—Pa, (—|x1, M) Pay (—|x2, M) Pay (=13, 1)}

Z I, (Pa, (H|x1, &) — Pa, (=|x1, A)(Pa, (+]x2, A) — Pa,(—|x2, X))
rel’

X (Pay(+H|y3, A) — Pay(=|y3, A)).

Similarly,

(

(AD AL AL p = Y Th(Pa, (+]x1, ) = Pay (=151, M) (Pay (+1y2, 1) = Pay(—Iy2. 1)

(

(

(

Al A) A)

ALALAL)p = ) TL(Pa,(+1y1, A) = Pa, (=|y1, M) (Pay (+1x2, 1) — Pay(—[x2, 1))

arell
X (Pas (+1y3, 1) — Pay(—ly3, 1)),

rel’
X (Pa;(+y3, A) — Pas(—[y3, 1)),

A AazAa3> = Z H)\.(PA[ (+|y13 )\) - PA] (_|)’1» )"))(PAQ(+|y25 )‘) - PAz(_|y27 )"))

rel
X (Pay(+1y3, A) — Pay(—ly3, 1)),

ALALAY) ) = D TL(Pa, (+1y1. A) = Pa, (—=[y1. M) (Pay(+132. 1) — Pay(—1y2. 1))

rel’
X (Pas (+x3, ) — Pay(—=|x3, 1)),

AYALAY) ) = D TP, (+1x1, 2) = Pa, (=1x1, D) (Pay (+1y2. &) — Pay (=132, 2))

rel’
X (Pay(+x3, A) — Pay(—|x3, 1)),

ay a3>
rel

X(Pay(+1x3, &) — Pas(=|x3,2))
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(AD AQAD)p = Y Th(Pa, (+]x1, ) = Pay (—1x1, M) (Pay (+]x2, 1) = Pay(—|x2, 1)
rel
X (Pay (+]x3, 1) — Pay(—|x3. 1)

Therefore,

1
(83)p = y Z I, {{(Pa, (+1x1, 1) = Pa, (—[x1, M) (Pay (+1x2, 1) — Pa,(—[x2, 1))
rel

+(Pa, (+1x1, &) — Pay (—=Ix1, 1)) (Pa, (+1y2, A) — Pay(—1y2, 1))
+(Pa, (+1y1, &) — Pay (—=1y1, 1)) (Pa, (+1x2, &) — Pa,(—lx2, 1))
—(Pa, (+1y1, 2) — Pay (—|y1, M) (Pay (+1y2, 1) — Pay(—|y2, M)}
X (Paz(+y3, A) — Pas (=13, A)) + {(Pa, (+|y1, A) — Pa, (=|y1, A))
X (Pay(+Hy2, M) — Pay(—=1y2, M) + (Pa, (+|y1, ) — Pa, (—=Iy1, 1))
X (Pay(F1x2, A) — Pay(=1x2, 1)) + (Pa, (+|x1, 1) — Pa, (—=Ix1, 1))
X (Pa, (+1y2, A) — Pay(—1y2, 1)) — (Pa, (+]x1, 1) — Pa, (—|x1, 1))
X (Pay (%2, &) — Pay(—[x2, M)} Pay (+]x3, X) — Pay(—|x3, 1)}
=Y Mps().

rel

where

1
3 = 3 {P2)(Pay(+1y3, 1) = Pas(=1y3, ) 4+ pA() (Pay (+1x3, 1) = Pay(=lx3, 2},

and py () and p}(1) are defined in Remark 3.3. Since |pp(1)| < 1 and [pi(A)| < 1, we
obtain that

1
Ip3(M)| < 5 {IP2)] - [Pas(+1y3. 1) — Pas(—lys. D] + [py (W) - | Pas(+lx3, 1)
_PA3(_|X37)")|}
1
< 5(|P20\)| + 1Py (M)
< 1.
Thus,
1(S3)pl = Y Mapam)| < 1.
rel’
Since S3 = 83, 50 [(S5) | = [(S3),| < 1. The proof is completed. O

Remark 3.4 Combining Theorem 2.1 with Remark 3.3, we can get that if p is A =
(A1, Az, A3)-local, then [(S2),,,| < 1 and [(S}),,,| < 1.

Now let’s generalize above results to the general case.

Theorem 3.4 Suppose that p is A = (Ay, Ay, ..., Ap)-local, then
[(Si)pl < 2671511, (3.10)

[(Sp) | < 26311, (3.11)

where f%} indicates rounding up to the next nearest integer.
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Proof Because that Agi, A}l’, (i =1,2,...,k) are =1-valued observables, they have their
spectral decompositions:

AY =AY — (AT AL =@t — @A) Ti=1.2, k.
Foreveryi =1, 2,...,k, by taking
MY = (AQ)T, MY = (AQ)™, MY = (AT, MY = (A})",

we obtain POVMs M* = {M+’, MY} and MY = {MJyri, M?"} on Ha (i =1,2,...,k).
Thus, we obtain a measurement assemblage

M=MIM2®..QM* . t; =x;,vi(i=1,2,...,k)}
of 2¥ local POVMs on Ha, @ Ha, @...0 Ha,.
Since p is A = (Aj, Ay, ..., Ag)-local, by Definition 2.1, for this M, there exists

a probability distribution {IT,},er such that (2.2) holds. Thus, similar to the proofs of
Theorem 3.1 and Theorem 3.2, we obtain that

(S)p =D _Thpe), (St)p =Y api(h),
rel rel

where py(X) and p,’( (1) are obtained by changing Agl_ t0 Pa; (+|xi, &) — Pa; (—|xi, A), A}z,- to
Pa, (+lyi, &) — Pa,(—lyi, M) (i = 1,2, ..., k) in the definitions of Sy and S,/(, respectively.

Let A € T be fixed. Next, we prove that | pa, (A)| < 2m=1 and | pém M) < 2= hold for
1<m< L%J , Where L%J indicates rounding down to the next nearest integer.

When m = 1, by Remark 3.3, we know that |p>(1)] < 1 and |pé()»)| < 1 since
P12 = trasa,..4,(p) is (A1, Az)-local(Theorem 2.1). Suppose that | p2, (A)| < 2m=1 and
|p5, M < 2= hold. Using (3.6)-(3.8) yield that

Som+2= ; [(M2m+1 (Aaz 12 + A}z””) + M2m+l (Aaz,ﬁz A¢172m+2)]
_1 { (Mo (D, + Ay )+ Mo, (A), = As ONAD, + Ay, )
+%[Mém( a1 T A22 )T Mzm(Ag2 g llzm+])](A32m+2 - 1112m+2)}
{MZm (Aaz,n+I Aézmz + ACllz,yH,] azm+2) + Mj, (Aq @i 22m+2 A1112m+1 Atllzm+2)}
2 {Szm (Aa2m+1 Amt2 + Aclzz,,,ﬂ az,,,H) + SZm (Aa2m+l Agzmz A6112m+1 A1112m+2)} ’

Thus,

Pam+2(A) = %{sz(k){(PAz,,,H(+|X2m+1,K) = Pagyy (= 1X2m+41, A))
X (PAgyin (Fly2ma2,s A) — Payyn (= 1y2m12, A))
+(Pagy i (F1yom+1, &) — Pay, (=1Yom+1, A))
X (PAgy s (F1X2m+42, A) — Pay, n (—1X2m+2, A))}
+ Do O{(Pagyy g (F1X2m1 1, A) — Pag, oy (—1X2m41, 1)
X (PAgyin (F1X2m42, A) — Payyn (= 1X2m12, A))
—(PAysr (F1y2m+1, ) — Pagyy (=1y2m+1, A))
X(Pagy s (F1y2m42, A) = Pagyyr (= 1y2ms2. M)}
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therefore,

1
|P2amt2M] = 5 {1P2m |- {1Pay, o (F1x2m41, ) = Pay, ) (—|X2mr1, 1)

NP a2 (F1Yoma2, A) — Pay, s (=1 Y2m+2, A

FIPasyt (F1Y2m+1, A) — Pagy oy (= Y2m+1, A

NP Ayr (FlX2ma2, A) — Pay,n (—1X2my2, M)}

F1P2 O - {1 Py (FlX2mt1, A) = Pay, oy (—|X2m41, M)
NP a2 (FlX2m42, &) — Pay,, s (—1X2m+2, A

I Pasyr (Fly2m+1, A) = Pagyy (=1y2m+1, M)

PAsy s (F1Y2m42: A) = Payy iy (—1y2ms2, M}

< 1pam )| + [ Ph, V)]
< 2™,
S5m12 can be obtained from Sy 12:
1
/ _ / 1 0 0 1 1 1 0 0
S2m+2 - §[S2m (Aazm+1Aazm+2 + A02m+1Aa2m+z) + Som (A112m+1 Aazm+2 - Aa2m+1Aa2m+2)]'

Similarly, we can get
|Phmia ()] < 2.
Therefore, by induction, we have |py, ()| < 2™~! and |p5 (M) < 2™ hold for all

m=12,..., L%J andall A e T.
Using (3.6)-(3.8) yield that

1
SZm—H = §(M2m+l + Mém—&-l)

1(1 0 1 ’ 0 1
= 5 E[MZm (Aazm+1 + Aazm+1) + MZm (A02m+1 - A“2m+1 )]
| R 1 0 1 0
+5[M2m (Aa2m+l + Aazm+1) + Mom (Aazm“ B Aa2m+' !

1 1 / 0
= (M, A +M2mA )

2 am+1 A2m+1

1
=5(szmA1 + 85,40 ),

Am+1 A2m+1
then
1
Pom+1(A) = 5 {P2m I Pasy st (F1y2ms1, 1) = Pags (= 1Y2mt1, M)
+pém ()")[PAZMJH (+|x2m+17 )‘) - PA2m+| (_|x2m+17 )\')]} .
By using the fact that | py, (1)] < 2m=1 and |p5, M) < 2m=1 for all A, we get that

A

1
|Pam 1M = 5 {1P2m 1 - 1Py, oy (F1y2mt15 %) = Pagy i (=1y2ms1, 1)
P2 - 1 Pasy, o (X215 A) = Pagy, i (=1x2ms1, 2}

1
= 5P + | P (W)
2l

A
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185, A%+ S Al

A1 a2m+1) = Som+1, we have

. , _
Since S2m+1 =

| Pt O = | P21 ()] < 271

Therefore, we have |pym+1 (V)| < 2m=1 and |p’2m+1(k)| < 2=l hold for all m =

L2,....5! Jandall 2 e T.
From what has been discussed above, we can get that

1Pkl < 251170 pr ) < 26111,

Hence, we have

k k
1(Sk)pl = | Y Mapre)| < 25170 (80,01 = | Y Mapp v < 251171
rel rel
The proof is completed. O

Example 3.1 The 3-qubit state |y) = %(IOO]) — [110)), i.e. p = |¢¥) (Y] is genuinely
nonlocality, i.e. it is not A-local for every A.

Proof By computing, we get
1
p =)y = §(|001)(001| —[001)(110] — |110)(001| + |110)(110]).

Generally, for all real unit vectors:
a = (ay,ay,a;), b= (by,by,b;), c=(cx,cy, ),
and the Pauli operator vector o = (oy, 0y, 0;),we have
a-0®b-0®c-o
= (ayox +ayoy +a;0;) ® (byoy + byoy + b,0;) ® (cxox + cyoy + c;07)
= Zaibjck(fi ®0o; ® o,
i,j.k
with {0; ® 0; ® o), = O0forall i, j, k € {x, y, z} except for the following four cases:
(0x®0xR0y)p = —1, {0 ®0oy®0y), = —1, {0y R0, R0y), = —1, (0, ®0y®0x), = 1.

Thus
(@-0®@b-0®c-0), =—(axby —ayby)cx — (ayby +ayby)cy. (3.12)
Especially, (3.12) holds for
a = (ay, ay, a;) = (cosa, sina, 0),
b = (bx, by, b;) = (cos B, sin B, 0),
¢ = (cy, cy,c;) = (cosy,siny, 0),
in this case, we have
(@a-0®b-0®c-0), =—cos(a+B—y). (3.13)
Firstly, we show that p is not {1; 2; 3}-local. Suppose that this is not the case, then
Theorem 3.3 yields that [(S3),| < 1, where
L0 40 41 0 41 41 1 40 41 141 41
=7 (A5, 4G AL, + A0, AL AL + AL AS AL — AL AL AL
+AL AL A 4 Al 4O A 4 AQ Al AQ — A0 A22A23) ,

@ Springer



Int J Theor Phys (2018) 57:1498-1515 1511

and Aﬁjﬁ (s = 1,2,3) are any +1-valued observables of H,4,. But for the +1-valued
observables

Agl = a? o, (1) (cos g, sin g, 0),
AL]Z1 =a% g, } (cosay, sinay, 0),
A), =a}-o, a3 = (cos fo. sin fo. 0),
Atll2 —a; o, é (cos B, sin f1, 0),
A23 = ag o, (3) (cos yp, sin yp, 0),
A},S :a% o, é (cos y1, sinyyg, 0),

Equation (3.13) implies that

(83)p = %[— cos(ao + Bo — v1) — cos(ao + B1 — y1)
—cos(ay + Bo — y1) +cos(er + B1 — y1)
—cos(a1 + B1 — ) — cos(e1 + Bo — Yo)
—cos(ap + B1 — y) + cos(eo + Bo — Y01
Especially, we take

T 3 T T
ap =0, 0 Z—E,ﬂoz 77,31 = Z,VOZO,M =
and get
V2 V2
cos(ap + Bo — y1) = - cos(ap + B1 — y1) = -
V2 V2
cos(ar + Bo — y1) = - cos(ay + B1 —y1) = -
V2 V2
cos(ar + B1 — vo) = - cos(ay + Bo — yo) = -
V2 V2
cos(ag + B1 — yo) = - cos(ao + Bo — yo) = -
Thus,
|<S3>p|:*><8 f =V2>1,

a contradiction. This shows that p is not {1; 2; 3} local.
Similarly, by taking +1-valued observables

0 _ oxtoy 4 _ oxtoy o _ 1
Aa| =0, ® 7 s Aa, =-0y,® 7 , Aa2 = Oy, Aa2 = oy
and using (3.12), we get
1 ox + 0oy ox + oy
S = =
(2),0 2<Ux® ﬁ Qox +0x® \/i X oy
ox + oy ox + 0y
_Uy® - ®0x+ay® ®Gy>
V2 V2 p
_ 1 1 1 1 1
RV RV RV S

= —fz.
This shows that [(S2),| > 1 and then p is not {1, 2; 3}-local (Remark 3.3).
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Finally, by taking

0 _ 1 0 _ ~oxtoy 1 _ ~O9x+0y
Aal = _Gy, Aal = Oy, Aaz = T ®O‘y, 14‘12 = T ®0X
and using (3.12), we get
1 —0y +o0 —0oy + 0oy
($2)p = §<—oy®7’i/§ Y ®oy—oy®7if2 Y ® oy
—ox + 0oy —ox + oy >
F0r @ ——QRoy—0x ® —— Qo0
X «/E y X \/2 X )
1 ( 1 1 1 1 )
= - X(-——-"--""—-—- —
2 V2o V2 V2 V2
- V3
This shows that [(S2),| > 1 and therefore p is not {1; 2, 3}-local (Remark 3.3). O

As a conclusion, p is A-nonlocal for every A. The proof is completed.

4 A Class of 2-separable Nonlocal States

According to Refs. [23, 24], a 2-partition A1|A, of the index set {1, 2, ..., n} consists of a
pairwise disjoint subsets

Ay ={mi,my,....mj}, Ao ={mjq1,....mp},

such that Aj U Ay = {1, 2, ..., n}. An n-partite pure state |) € H| @ Hr ® ... ® H, was
called 2-separable in [23, 24] means that there is a 2-partition A1| A3, and two states [Y/1) 4,
of Hmy & Hiny @ ... @ Hpn; and [Y2) 4, of Hinj ) @ Himj\p ® ... @ Hyp, such that |) =
[¥1)a, ® |¥2)a,. An n-partite mixed state p was called 2-separable [23, 24] if it can be
written as a convex combination of 2-separable pure states: p = Zi:l Pm|©m) (@m|, where
lom)(m = 1,2, ..., d) are 2-separable, but may be with respect to different 2-partitions.

It is well-known that a separable bipartite state must be Bell-local. For multipartite
case, k-separability [23, 24] does not imply locality, because that there exists a class of
2-separable states which are nonlocal, see Example 4.1.

Example 4.1 Consider the following pure states of C> ® C> ® C*:
1
V2
1
5

being 2-separable with respect to 2-partitions {1}|{2, 3} and {1, 2}|{3}, respectively. Thus,
the mixed state

Y1) = —=10)1 @ (|00) + [11))23,

[¥2) = —=(100) + [11))12 ® |0)3,

p = ply)(Yil + A = ) (Y2l

is 2-separable for all 0 < p < 1 according to the definition in [23, 24]. Next, we show that
p is neither {1, 2; 3}-local when J2—-1< p < lnor {1; 2, 3}-local when 0 < p < 2-2.
In other words, p has no any locality.
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In fact, we compte that
p p p p
= §|OOO)(000| + EIOOO)(OIII + ElOll)(OOOI + 5|011)(011|
l—p l-p l—p
+T|000)(OOOI + TIOOO)(]]Ol + T|110)(000|

+1_Tp|110)(110|.
Let P, Q be asin (3.1). Then
(0; @0, ® P)y, = tr(0; @0, ® P)p
= Lupl0)0) — Zecpinp

=P ionon

+ 1= Pacpionon

2—p p
= Z_20|P|0) — =(1|P|1),
2<|I) 2H 1)

(0; @0y @ P), = tr(o;, ® 0, @ P)p
=§umun+§umwp

_Pr P
——ZUWW%+2@WH%
Similarly,
2- p
(0:®0,Q® Q) = ——(01Q|0) — M@M
(%®@®Qn=§ﬂ@M+EMQU
S

o,
A= |<GZ®GZ®P)p+<GZ®GZ®Q)p+(UZ®UX®P)/)_(Uz®o'x®Q)p|
_|2=p _P 2-p _p
—‘2 P10y = Z(11P11) + =F(01010) - Z(11Q1)
P )4 P
+2(11PI0) + an—zmmm—gmmm
2 _
z‘prW+QM—§UW+QM+§UW—QM+§wW—me

Especially, when

P:Uz+ax Q:Gz_gx
V2 V2
have
P+Q:JM;<%z£6)P—Q:¢m:(&f§>
Thus
V2 V2

A=TQ-p S+ ~F Jﬁ =V2+V2p.
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Clearly,
A>25p> V2-1.

Therefore, we have if 1 > p > V2 — 1, then p is {1, 2; 3}-nonlocal.
Similarly, we can prove that p is {1; 2, 3}-nonlocal when 0 < p <2 — V2.

5 Conclusions

In this paper, we have introduced A-locality and A-nonlocality of n-partite states, dis-
cussed some related properties and established some related nonlocality inequalities for
{1, 2; 3}-local, {1; 2, 3}-local, and A-local states, respectively. The violation of one of these
inequalities exhibits A-nonlocality. As application, we have checked genuinely nonlocal-
ity of a tripartite state by a violation of nonlocality inequality. Finally, we have given a
class of 2-separable nonlocal states, which shows that a 2-separable tripartite state is not
necessarily local. When n = 2,k = 2, A] = {1}, A» = {2}, A-locality is equivalent to
Bell-locality. This implies that A-locality generalizes the Bell-locality of bipartite states and
A-nonlocality inequalities are generalization of the usual Bell-inequalities.
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