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Abstract We study the geometric measure of quantum discord of total Dirac fields in non-
inertial frames. As a comparison, we also calculate the corresponding geometric measure
of entanglement of the same system. We discuss the properties of geometric measure of
quantum discord and geometric measure of entanglement for this system with acceleration
parameter and the parameter describing the entangle degree of the system in detail. Our
results show that from an overall perspective, two geometric measures have similar behav-
ior with the variation of the entangle parameter and the acceleration parameter. We find that
this tripartite system is monogamous for the geometric measure of quantum discord.

Keywords Quantum discord - Entanglement of total Dirac fields - Geometric measure

1 Introduction

In our last paper, we briefly reviewed the research on entanglements shared by inertial
and noninertial observers. We concentrated our attention to studying the entanglements of
Dirac fields in a noninertial frame and mainly investigated three bipartite subsystems of this
tripartite system [1]. The analytical expressions of geometric discord and geometric measure
of entanglement both for every two-qubit system were presented. The behaviors of two
geometric measurements, which we obtained, were discussed in detail and compared with
each other. We also reported some partial conservative relations for concurrence, mutual
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information, geometric discord and geometric measure of entanglement. Researchers who
interested in this subject can refer to Ref. [1] and references therein.

Above work has deepened our understanding of the Dirac fields from the respect of geo-
metric discord, but it is not complete. We know nothing about the correlation properties of
the whole system. However, the correlation properties of the total system are very impor-
tant. Alsing et al. investigated the maximally entangled initial state shared by two observers,
one of which moves with a uniform acceleration. They calculated the entanglement of for-
mation, the logarithmic negativity and the mutual information for three bipartite subsystems
and the residual tangle (or three tangle) for whole tripartite system [2]. Hwang et al. investi-
gated the tripartite entanglement of Greeberger-Horne-Zeilinger (GHZ) state and W state in
a noninertial frame using m-tangle [3]. Wang et al. also studied a GHZ state initially shared
by three persons. They assumed one or two persons stay stationary while other two or one
persons move with uniform accelerations. They calculated all 7 —tangles for bipartite sub-
systems and the tripartite system [4]. Alsing and Wang obtained contradictory results on
whether entanglements exist only in bipartite systems or tripartite systems. Perhaps the dif-
ferent results come from the factor that they use different measures. To further understand
this problem, we attempt to study this issue from another aspect. We shall use geometric
discord and geometric measure of the entanglement to investigate the whole Dirac fields in
a noninnertial frame.

This paper is arranged as follows. In the next section, we present a short review of
geometric measure of quantum discord and geometric measure of entanglement both from
another respect. In Section 3 we derive the analytic expressions of geometric discord for
total Dirac’s fields in a noninertial frame. Section 4 devotes to calculate the geometric mea-
sure of the entanglement for the same system. Discussions and summary are provided in
Section 5.

2 A Further Brief Review of Geometric Discord and Geometric Measure
of Entanglement from Another Perspective

We have briefly reviewed geometric discord and geometric measure of entanglement in
Ref. [1], but did not mention some details that will be used in this paper. Readers interested
in these two kinds of geometric measures had better refer to our early paper and refer-
ences therein. Here, we replenish some formulas used to calculate geometric discord and
geometric measure of entanglement.

Since Daki¢ et al. obtained a formula to calculate geometric discord for two-qubit state
[5], Luo and Fu extended Dakic’s result to general bipartite states [6], Rana and Hassan
derived a rigorous lower bound to the geometric discord for any bipartite state, respectively,
which is exact for a 2 x d system (with a measurement on the qubit) [7, 8]. On the other
hand, Tufarelli proposed another formula to calculate geometric discord for a 2 x d system
that is applicable to d — oo case [9],

Dg(pap) = t1(S) — Amax (S), ey

where § = tr[vv'], v = tra[pap0o], o are the Pauli matrices and v’ stands for the transpose
of v. It is worth noting, first, in order to normalize the maximum value of the geometric
discord for Bell state to 1, Tufarelli added a factor 2 to the original definition. In this paper,
we shall use (1) to calculate the geometric discord, but to consist with our early work,
the results will be divided by 2; second, it is obvious, (1) can be extended to any system
that contains one qubit, on which a measurement makes. For example, for state p4pc with
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subsystem A is a qubit, the definition v may remain unchanged, but S can be modified as
S = trgc[vv']. This extension will be illustrated in the next section.

As for the geometric measure of a entanglement, based on the theorem stating that any
reduced (n — 1)-qubit state uniquely determines the geometric measure of the original n-
qubit pure state [10], for any three-qubit stats 0 4 pc, Tamaryan et al. first rewrote the square
of the entanglement eigenvalues as

Aim = max tr(papcol @ 02 ® 03) @
010203
= max tr(papco1 ® 02). )
0102

Then, they derived the following expression [11]

1
2
Apax = = max (1+s; -1, +53-1, + gijs1i52;),
4 s12=s%=1

{n, v} = {A, B}, (B, C}. {A, C}. “)

where s and s; are two unit Bloch vectors of the density matrices of the single-qubit ¢ and
02 states respectively, which will be determined and

r, = tr(p,0)
r, = tr(py0)
8ij = tr(ppvoi ®Uj)~ ©)

They finally gave an analytical expression of s; and s, under some condition, which we
shall not use. In the Section 4, we are going to optimize (4) directly for our problem.

3 Geometric Discord for Total Dirac Fields in Noninertial Frames

In our early paper [1], we have assumed that Alice and Rob share initially the entangled
state in an inertial frame,

[¥)ar = @l040r) + V1 —a?|141g). (6)

We first derive the geometric discord of the total system in the initial state, that is in an
inertial frame. The density operator can be calculated using (6),

po = &|040)(0R0A| + (1 —a®)[1a1R) (1R 14|
+av/ 1 —a?(|141R){0R04| + |0408)(1r14]). @)

Though generally speaking, the geometric discord is not symmetrical for every subsys-
tem of the system, but we noticed that (6) and (7) are symmetrical for Alice and Rob.
Therefore, doing von Neumann measurements on Alice’s or Rob’s qubit will give the same
results. For example, if we do this measurement on Alice’s qubit, we find

v = {av 1 —a?(|1g){0r] + 0R)(1R]).
iav/'1 — a?(|0g) (1| — [18){ORD),

@?|0R)(OR| — (1 — )| 1) (1R} (8)
202(1 — a?) 0 0
S = 0 202(1 — a?) 0 . )
0 0 1 — 202 + 204
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Matrix S has tree eigenvalues 2021 —a?), 202(1 —a?),1 —2a% +2a% and 1 — 202 +
20* > 20%(1 — &?). We finally obtain
Dg(po) =22 (1 — a?). (10)
After sharing his own qubit, Rob moves with respect to Alice with a uniform acceleration
a. Using the single-mode approximation, Rob’s vacuum and one-particle states |Og) and
|1g) in Minkowski space are transformed into [2]
|Og) — cosr|0;0;7;) +sinr|l;1;;),
[1g) — [1/0;s), (11)
where r is the acceleration parameter, which is in the range 0 < r < 7 /4 for 0 < a < oo,
|nr) and |ny7)(n = 0, 1) are the mode decomposition in the two causally disconnected
regions in Rindler space. Using (11), we obtain
[Y)a 11 = «]04) ® (cosr|0; Opp) + sinr[171;7))
+v1—a?|1a17 0pp), (12)
and corresponding density operator
parir = @ cos”r|0407077)(0770704] + o sin® r|041;177)(1771;04]
+av'1 —a?[(cosr|040;077) + sinr0417177)) (07711 4]
+1a1;077)(cosr{0770;04] + sinr(1;;1;04])]
+a?cosrsinr(|0417177)(0770,04] +104070;7) (17717041
+(1 = a®)|1a1;077)(141,074]. (13)
If we do von Neumann measurements on Alice’s qubit in pa777, we would obtain the
same results as (10). In order to test the influence of the Unruh effect [12, 13] on geometric

discord, we must measure the qubit in model /. We can calculate vector v and matrix §
according to above equation, respectively, as follows,

v = {av1—a?cos(r)(|14077){07704] 4+ [04077)(0s714])
+a?sin(r) cos(r) (104 177) (077041 4 104077)(177041),
ifay'1 —a?cos(r)(104077) (077141 — [14077)(0;7704])
+ao* sin(r) cos(r)(104077) (177041 — [0a177)(07104D)],
a® c0s?(r)|04077)(07 04| — a® sin® ()[04 177)(17,04]
—(1 = a?)[14077)(07/14]

—av/' 1 —a?sin(r)(|04177) (07714l + [14077) (17704 1)} (14)
202 cos2(r) [1 —a? cosz(r)] 0 0
5= 0 2a% cos?(r) [1 — a? cos*(r) ] 0 (15)
0 0 % |:(1 — 202 (:052(}"))2 + l]

Because
1 2
5 |:(1 — 202 cosz(r)) + 1] — 202 cosz(r) [1 —a? cosz(r)]

= (1 — 242 <:os2(r))2 >0, (16)
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the maximum value of the eigenvalues of S is

1 2 .2 2
Amax = 3 (1 — 2a“ cos (r)) +1]. (17)
We finally obtain
D (parrr) = 2a% cos>(r) [1 —azcosz(r)]. (18)
We notice when r = 0, (18) is reduced to (10). We plot Dg(pazs7) as functions of & and
r in Fig. 1.
Getting geometric discord of the state p4 j77 enables us to study the monogamy of

this state. The monogamy is an important property of a tripartite system. A correlation
measure Q is monogamous if and only if the following Coffman-Kundu-Wootters (CKW)
monogamy inequality

Qapc = Qap + Qac (19)
holds for any tripartite state pspc [14]. Recalling we have calculated in Ref.[1]

2a* sinz(r) cosZ(r),

o?[5a? — 2(1 — a?) cos(2r) + a® cos(4r) — 6] +2 > 0;
% [3054 —3a% — (1 — a2) a? cos(2r) + 1] ,

othewise.

D = De(prrr) = (20)

we now need to get Dg(y(4). Using (1) or procedures used to calculate Dg(po777) in Ref.
[1], we obtain

202 (1 — &) cos?(r),

o?[50% — 2(1 — &?) cos(2r) + a? cos(4r) — 6] +2 > 0;
31 — a?[2sin(r)? + a? cos(2r) (1 — cos(2r))]},
othewise.

Dg114) = 21

Da(pam)

Fig. 1 (Color online) Plots of geometric measure of quantum discord DG (p47r7) as functions of « and r

@ Springer



Int J Theor Phys (2017) 56:1096-1107 1101

Using (18), (21) and (20) and doing some simplification, we finally obtain

Dgarn — Deaia — Deayin (22)

_ 0, 2—a? [675052 — a? cos(4r) +2(1 7&2) cos(2r)] >0;
T - 2o [6— 50 — a2 cosdr) + 2 (1 — a?) cos(2)]} > 0, othewise.

(22) shows the inequality Dg(7jarry = Dgjay + Doy = 0 holds in the present
situation. On the other hand, as we have pointed out if we do geometric measurements
of quantum discord on Alice’s qubit, we would obtain Dg 111y = Dg(po) as (10). In

addition, from Ref. [1] we know,

202 (1- az) cos2(r),
4 4+ o*[15 + cos(4r)] > 1602;

Dewin = Dalean) = {4+ a*7 + cos@r)] — 8a2[1 — (1 — a?) cos(2r)1} , @3)
othewise.
2a%(1 — a?) cos?(r),
_ ] 4+ %15+ cos(dr)] > 1607
Dewin = Dalparn) = 14 + a7 + cos(@r)] — 8a2[1 + (1 — &?) cos (2]}, @
othewise.
Substituting (10), (23) and (24) into (19) gives
0,
4 4+ o*[15 + cos(4r)] > 16a2;
Dgajrin — Dol — Dy = [ )] = (25)

4o — 1 {4 + a*[15 + cos(dr)]} = 0,
othewise.

Above equation shows that geometric measurements of quantum discord on Alice’s qubit
also satisfy CKW monogamy inequality. Combining (22) and (25), we conclude that the
system p4;y; is monogamous for the geometric discord.

4 Geometric Measure for Total Dirac Fields in Noninertial Frames

We first calculate the geometric measure of the initial state |4/) 4 g. According to (7), we can
easily obtain the density matrix of the initial state |{) sg.

o? 00 avl—a?
0 00 0
PO = PAR = 0 00 0 , (26)

av1i—a200 1—a?

which is an X state. Its concurrence can be easily obtained Cy = 2a+/1 — 2. Substituting
it into (9) of Ref. [1], we obtain

E¢(I¥) ar) = max(a?, 1 — o?). 27

We now calculate the geometric measure of the total system. We have derived r, r,, and
matrix g for p,,, p,,, and p,,,, and list the results in Table 1.

Generally speaking, we can use any one of p,,, p,,, and p, ,, to calculate the geometric
measure of entanglement of the total system. Here, in order to get an intuitive perception,
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we first numerically optimize AN2 =1+ - r, + sy -1, + gijsiis2j for p,,. For this end,
we let

s; = {sin(0y) cos(¢1), sin(6) sin(¢1), cos(01)},
sy = {sin(62) cos(¢2), sin(6) sin(¢2), cos(62)}, (28)

and obtain
4A% = (cos(B4) — 1)(cos(0;) — 1)
+2av/1 — a2 cos(r) sin(d)) sin(@4) cos(da1)
202 (cos(@A) +cos(@)) (cos2 (r) — cos(6,4) sin® (r))) , (29)

where ¢p41 = ¢4 + ¢1. We can now maximize 4A2? for a given set of {«, r} and obtain
E; =1- Afnax numerically. We visualize our result E, in Fig. 2. In fact, we have also
maximized 4A?% for a given set of {a, r} according to p, ,, and p, ,,, respectively. The
corresponding plots of E, = 1 — A2 are exactly the same as Fig. 2.

Next, we work out the analytic expression of E4(p, , ;). Because 0 < @? < 1 and
0 <r <m/4,min(r,, ,) = 1 —2a?sin(r/4)?> > 1—a® > 0,r,,, = | —2a?sin(/4)> > 0.
Further more, since rq3 — g33 = 202 sin(w)? > 0, therefore, if g3z > 0, then ry3 > 0;
if r43 < 0, then —g33 > 0. In the following, for simplicity, we let = g1 = g =
200/1 — a?sin(r) and r3 = —g33 = 1 — 202 cos(r)2. Then, there are only three cases need
to be considered: (1) r43, 773 and r3 are all not negative; (2) only r43 < 0; (3) only r3 < 0.
We noticed that p, ,, is similar to W-TYPE state in Ref. [11]. Hence, any vector along z axis
is an eigenvector with eigenvalue —r3; any vector perpendicular to z axis is an eigenvector
with eigenvalue w. These let us denote s; and s, as:

s1 = sin(f;)m + cos(61)n,
sy = sin(6>)m + cos(6,)n. 30)

NP
Ny v
\WANVZS70
557
‘:VA“‘

Eg(pAn\)

Fig. 2 (Color online) Plots of geometric measure of Eg(0ay/7) as functions of « and r
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where unit vectors n and m are along with and perpendicular to z direction, respectively.
Substituting r4, ryy, S1, S2, and g into 4A2 =1+s - r, + 8y - I, + gijs1i52j, wWe obtain

4A% = f(01,62) = 1 +razcos(y) +r,, , cos(6r)

+w sin(0y) sin(6») — r3 cos(01) cos(6). 31
Solving equations
af 6,0
61,00 _ 0. (322)
a0,
af 6,0
9f (61, 62) =0, (32b)
060,
sin(0;)% + cos(0;)? = 1, (32¢)
sin(62)? 4 cos(62)* = 1. (32d)

for sin(6;), cos(61), sin(6), cos(f2), we obtain eight group formulas of
sin(61), cos(01), sin(h), cos(6>). Substituting them into f (61, 6»), we get six distinct for-
mulas of 4A2, the first and third of which are {1 — r;;3 — r3 — ra3, | — rrz3 + r3 + ras)
that do not give the maximum of 4A? because ryy3 > 0. Therefore, there are only four
formulas, which may give the maximum of 4A2.

L+ 713 +7r3 —ra3, (33a)
14+ r;3 —r3+ras, (33b)
sgn(rasrirar3) (R + [razryar

1458 (rasrirs 32)( 2| A3 3|)’ (33¢)

r3 — W
1 = SEnCAizsrs) (R —rasrinyrl) (334)

r3 — W

with

R =10l (35 =13 +0?) (F = 13 + 0?). G9

From (33c, 33d) we can see

1+ 7R+|_rf2253r3|, r32 —?>0Ars3>0AT3 >0;

4A2 = 3 35
" 1_Ws ri—w? <O0Ars3=0Ar; >0, (35)
2-
On the other hand,
max[1+|rA3|+rm+|r3|,1+W],
2 _? > < < 0): )
4A3MX: ry —w° = 0A(ra3 <0\ r3 <0); 36)

R+\rA3r113r3|]
)
3 ()

max[1 + [ras| +rp3 + 3l 1 —
r32 —@? <0A(ra3 <0\/r3 <0).

5
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Substituting r43, r773, r3 and w into (35, 36), we finally obtain

0,1’32—602 ZO/\FA3 20/\7‘3 > 0;
8a* (a?—1) sin?(2r)
Ta*—8a2+a* cos(4r)+2°
r%—a)2 <0Ara3=>0Ar; >0;
) [ 8ar* (1) sin®(2r)
4A;, . =  MaX To*—8a2+a cos(4r)+2’ 37
4(1—a?), 4o cos?(r)],
r3—@?=0A (a3 <0V r3 < 0);
max [0, 4 (1 — oc2) , 4% cos?(r)],
13— @ 0A(ra3 <0\ r3 <0);

The plotof E; =1 — A2 according to (37) is the same as Fig. 2. For initial state, r = 0,

max

(37) gives E; = 1 — A2, = max(l — &2, &%), which coincides with (27).

max

5 Discussion and Summary

We have analytically worked out the geometric discord Dg and geometric measure of
entanglement E, for total Dirac fields in the noninertial frames. We now give three useful
remarks.

First, Though D¢ and E are not equal, Figs. 1 and 2 shows that from an overall perspec-
tive, they have similar behavior with the variation of entangle parameter « and acceleration
parameter r. From (18) and (37), we see that D and E, are symmetry about oo = 0. Recall
0<r<mn/4and 0 < & < 1 as well as D¢ (o, r)/dr = 2a? sin(2r) (2o cos®(r) — 1),
we see for a given entangle parameter o, D¢ increases with the increase of the acceler-
ation parameter r when cos(r) > ﬁ; otherwise, it decrease with the increase of the

acceleration parameter r; Similarly, because 0 Dg (o, 1)/ da? = 2cos2(r)[1 — 22 cos2(r)],
we know for a given acceleration parameter r, D¢ increases with the increase of «? when

a? < otherwise, it decrease with the increase of «2; D¢ takes the maximum value

ﬁzm?
1/2 when 202 cos? (r) = 1. On the other hand, we know 0E,/dr > 0 for all cases from
(37), therefore, E, never decrease with the increase of the acceleration parameter r, but E,
increase from 0 to its maximum values, then decrease to 0 when o2 increases from 0 to 1
for a given r. E, has a remarkable character, which different from D, when a? varies from
Oto 1. E; independent of r, but D dependent, when 0 < a? <1 /2. This feature is owing
towhenrgz <0,r4 = —mandr, = n, A%mx = 1— o2, then E, = o?. We plot Dg and
E, as functions of the acceleration parameter r for some typical values of o? in Fig. 3; Dg
and E, as functions of parameter «? for some typical values of the acceleration parameter
r in Fig. 4, respectively.

Second, for the special case of « = £1/ /2, our results are different from that of other
authors. Alsing et al. investigated the maximally entangled initial state shared by Alice
and Rob. They calculated the entanglement of formation, the logarithmic negativity and
the mutual information for bipartite subsystems pas, parr and pr; [2]. They also studied
the whole tripartite system using the residual tangle (or three tangle). They found the three
tangle 74, 7,77 = 0 and concluded that there are no tripartite correlations for any value of
the acceleration rate and any entanglements can only exist in the bipartite subsystem. From
(18) it is easy to obtain DG (pasrr) = cos>(r)(1 — cos*(r)/2); using E, = 1 — A2

max
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S = oS
o — 0.4
503 e € 03
< T U°
g 02 =02
0.1f e 0.1
0.0 0.0

00 02 04 06 08 00 02 04 06 08

r r

Fig. 3 (Color online) Plots of geometric measure of quantum discord D(p4 r77) and geometric measure of
entanglement E, (o4 ;77) as functions of r for || = O (thick and black); |a| = 0.25 (dashed and blue);
|| = 0.5 (dotted and red); |a| = 0.75 (dot-dashed and brown); |a| = 1.0 (thick and green)

with (37) we also get E; = 1/2, both for @ = *1/ V2. These two formulas show even
for maximally entangled initial state, the tripartite correlation is always existed. On the
other hand, Wang et al. studied a Greeberger-Horne-Zeilinger (GHZ) initially shared by
Alice, Bob and Charlie. Then they assume Alice stays stationary while Bob and Charlie
move with uniform accelerations. They calculated all 7 —tangles for bipartite subsystems
and the tripartite system. They found when either one or two subsystems of the tripartite
state accelerated there is no bipartite entanglement and all the entanglement of this system
is in the form of tripartite entanglement. The results of [1] and present paper demonstrate
both bipartite and tripartite correlations are existed in the system.

Third, from Section 3, we know Dgajrrr) # Dgrjarr), which is owing to geometric
discord only consider a set of local measurements on one subsystem of the whole system,
it is not symmetrical for every subsystems of the system. Our results reveal a deeper and
essential property: geometric discord is dependent on the observer. This is natural from the
view point of relativistic theory. So we can say that the geometric measurements of quantum
discord happened to coincide with the theory of relativity on this point.

In summary, we have derived analytical expressions of the geometric discord and the
geometric measurement of the entanglement both for the whole Dirac fields in a noninertial
system. Our results show an interesting phenomenon that even though two geometric mea-
surements of the total system are not completely coincided with each other in detail, they
have similar evolutionary trends with Rob’s acceleration parameter and the entanglement
parameter of the initial state. In addition, we showed the geometric discord of Dirac fields
in a noninertial system satisfy CKW inequality. It means that Dirac fields in a noninertial
system are monogamy for the geometric discord. Furthermore, we revealed that bipartite
system and whole tripartite system of the Dirac fields have correlations. Our research is only
a small part of this respect. We hope this work could attract much researcher’s attention to
study the global quantum properties of various quantum systems in a noninertial system.

0.5
0.4
03
0.2
0.1F £ .
0.0t 0.0
00 02 04 06 08 10 00 02 04 06 08 10

a? a?

Dj ax(@?)

Fig. 4 (Color online) Plots of geometric measure of quantum discord D(p4 y77) and geometric measure
of entanglement Eg(A I11) as functions of o2 for acceleration parameter r = O (thick and black); r =
/12 (dashed and Blue); r = 1 /6 (dotted and red); r = 7t /4 (dot-dashed and brown)
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