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Abstract In this paper, thermal entanglement in three-qubit spin system has been addressed.
The results show that spin-spin exchange interaction, the effective external magnetic field,
next-nearest-neighbouring interaction have notable effects on the time evolution of the state
and thermal entanglement So we can control thermal entanglement by changing the above
parameters.
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1 Introduction

Quantum entangled plays a fundamental role in various fields of quantum computation and
quantum information such as quantum cryptography and quantum teleportation [1–4]. Since
the entanglement is very fragile, the question of how to create stable entanglement remains
a main focus of recent studies in the field of quantum information processing. The quantum
entanglement in solid state systems s is an important emerging field, spin chains are natural
candidates for the realization of entanglement and has been researched [5–10].

In this paper, the eigenvalues, eigenstates of the Hamiltonian, thermal distribution func-
tion of the state and the density matrix and reduced density matrix in spin chain systems
are addressed. The results show that spin-spin exchange interaction, the effective external
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magnetic field, next-nearest-neighbouring interaction have notable effects on the time evo-
lution of the state, the density matrix, and thermal entanglement So we can control thermal
entanglement by changing the above parameters.

2 Controlling Thermal Entanglement in Three-qubit Spin Systems

The Hamiltonian for a three-qubit anisotropic Heisenberg spin chain is

H = J
∑

i=1,2
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i are the Pauli operators. In the space of states

|000〉 , |001〉 , |010〉 , |100〉 , |011〉 , |101〉 , |110〉 , |111〉

The Hamilton has the following form

H =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−3B 0 0 0 0 0 0 0
0 −B J Jγ 0 0 0 0
0 J −B J 0 0 0 0
0 Jγ J −B 0 0 0 0
0 0 0 0 B J Jγ 0
0 0 0 0 J B J 0
0 0 0 0 Jγ J B 0
0 0 0 0 0 0 0 3B

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3)

According to H = ∑
Ei |ϕi〉 〈ϕi |, the eigenvalue Ei of Hamilton are:

E0 = −3B

E1 = 3B

E2 = −B − Jγ

E3 = B − Jγ

E4 = −B + Jζ2

E5 = B + Jζ2

E6 = −B + Jζ1

E7 = B + Jζ1 (4)

ζ1 = γ + √
γ 2 + 8

2
, ζ2 = γ − √

γ 2 + 8

2
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The corresponding eigenstate |ϕi〉 is:
|ϕ0〉 = |000〉
|ϕ1〉 = |111〉
|ϕ2〉 = − |001〉 + |100〉
|ϕ3〉 = − |011〉 + |110〉
|ϕ4〉 = |001〉 − 3γ − √

8 + γ 2

−2 − γ 2 + γ
√
8 + γ 2

|010〉 + |100〉

|ϕ5〉 = |011〉 − 3γ − √
8 + γ 2

−2 − γ 2 + γ
√
8 + γ 2

|101〉 + |110〉

|ϕ6〉 = |001〉 − −3γ − √
8 + γ 2

2 + γ 2 + γ
√
8 + γ 2

|010〉 + |100〉

|ϕ7〉 = |011〉 − −3γ − √
8 + γ 2

2 + γ 2 + γ
√
8 + γ 2

|101〉 + |110〉 (5)

Normalized |ϕi〉 has the following form

|ϕ0〉 = |000〉
|ϕ1〉 = |111〉
|ϕ2〉 = 1√

2
(− |001〉 + |100〉)

|ϕ3〉 = 1√
2

(− |011〉 + |110〉)

|ϕ4〉 = 1

η1
(|001〉 − ζ2 |110〉 + |100〉)

|ϕ5〉 = 1

η1
(|011〉 − ζ2 |101〉 + |110〉)

|ϕ6〉 = 1

η2
(|001〉 − ζ1 |010〉 + |100〉)

|ϕ7〉 = 1

η2
(|011〉 − ζ1 |101〉 + |110〉) (6)

Where η1 = √
4 + γ ζ2, η2 = √

4 + γ ζ1
For a system in equilibrium at temperature T , the density operator is

ρ = 1

Z
e−βH =

∑

j

e−βHj |〉 (7)

Entanglement of two qubits can be measured by the concurrence [11]

C = max
{
0, 2

(√
ρ23ρ32 − √

ρ11ρ44
)
, 2

(√
ρ14ρ41 − √

ρ22ρ33
)}

(8)
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