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Abstract Taking into account quantum gravity effects, we investigate the tunnelling radia-
tion of charged fermions in the Kerr-Newman black hole. The result shows that the corrected
Hawking temperature is determined not only by the parameters of the black hole, but also
by the energy, angular momentum and mass of the emitted fermion. Meanwhile, an interest-
ing found is that the temperature is affected by the angle 6. The quantum gravity correction
slows down the evaporation.

Keywords Charged fermions - Generalized uncertainty principle - Tunnelling radiation -
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1 Introduction

Hawking radiation is described as a quantum tunnelling effect near the horizons of black
holes [1]. When Hawking first found it, the background spacetime of the black hole was seen
as a fixed one. Thus the pure thermal spectrum was gotten. This implied that the standard
Hawking radiation formula would lead to the complete evaporation of the black hole. The
problem of information loss appeared. Many attempts was made to solve this problem.
The semi-classical tunnelling method is an effective method to research on the Hawking
radiation . This method was first put forward by Kruas, Parikh and Wilczek [2, 3]. In this
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method, the energy conservation and the self-gravity interaction were taken into account in
the scalar particle’s tunnelling radiation. The result showed that the tunnelling rate satisfied
the unitary theory, which provided the possibility to solve the information loss problem. The
corrected Hawking temperature was higher than the standard one, which implied that the
varied spacetime accelerated the evaporation of the black holes. Subsequently, Zhang and
Zhao extended this work to the tunnelling radiation of charged and massive particles [4, 5].
The same result was recovered in [6]. Using the Hamilton-Jacobi method [7], Kerner and
Mann investigated the tunnelling radiation of the fermions in [8, 9]. The self-gravity inter-
action wasn’t considered in their investigation, therefore, the standard Hawking temperature
was recovered [10-12].

All of the above results show the complete evaporation. However, there is a minimal
observable length in various theories of quantum gravity [13—15]. A simple and effective
way to to derive this length is the generalized uncertainty principle (GUP)

AxAp > g [1+8a07]. M

which is gotten by modifying the fundamental commutation relations [16], where 8 =
2

I . . . . .
ﬂoﬁ, Bo is a dimensionless constant expressed quantum gravity parameter, and [, is the
Planck length. The commutation relations were first modified as [x;, p;| = ih8;; [1 + Bp?]

by Kempf et al, where x; = xo; and p; = po;(1 + ,sz) are position and momentum
operators, respectively. xo; and py; satisfy the canonical commutation relations [in, Po j] =
i h5i je

A black hole is the matter body. So it also owns itself minimal observable length. Incor-
porating GUP into the black hole physics, many interesting result were found [17-23]. In
[17], the minimal scale was found and the thermodynamics was studied. In [21], the cor-
rected tunneling rate of the scalar particle was found when GUP was introduced to modify
the relation between the radial coordinate and its conjugate momentum. Recently, taking
into account quantum gravity effects, the author adopted the modified Dirac equation to
investigate the fermion’s tunnelling radiation and the scale of the remnant was found [23].
The modified Dirac equation is given by [23]

i

—iy%y = <iyi8i +iyhQ, + iyﬂheAM + %) (1 + Br*9;07 — ﬂm2) )

However, in their work, they only considered the special case that a fermion tunnelling
from the charged spacetime (or the rotating spacetime).

In this paper, considering effects of quantum gravity, we investigate the tunnelling radia-
tion of a charged fermion in the Kerr-Newman spacetime. The modified Dirac (2) is adopted.
The corrected Hawking temperature is gotten and lower than the standard temperature. The
correction is not only determined by the parameters of the black hole, but also affected by
the energy, angular and mass of the fermion. The result shows that the quantum gravity
correction slows down the evaporation of the black hole.

The rest is organized as follow. For the convenience of discussion, we investigate the
radiation in the dragging coordinate system. Therefore, the dragging coordinate transfor-
mation is performed in the next section. Then we discuss the tunnelling radiation of the
fermion in this coordinate system. Section 3 is devoted to our discussion and conclusion.
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2 Effects of Quantum Gravity on the Tunneling Radiation of a Charged
Fermion in the Charged and Rotating Spacetime

In this section, we discuss the tunnelling radiation of a charged particle in the Kerr-Newman
spacetime. The Kerr-Newman metric is given by

2Mr — Q? 2 2(2Mr — Q%) asin?0
a? = (122 =@ o 270 2 ) didg + p*d6’
2 2
P A P
2Mr — 0?) a?sin? 6
+ |:(r2 +ad) + ( QZ) sin” 0dg?, 3)
o

with the electromagnetic potential

i .2
- - - 6
Ay = Adt + Apdyp = —er dt — Qrasin’§ szm do, “4)
o o

where
p?>=r’+a’cos’, A= —ro)r—r), (5)

ry=M+M?2—Q%?—d?andr_ = M — \/M? — Q% — a? are the locations of the outer
and inner horizons, respectively. To describe the behavior of the fermion, we should first
choose a tetrad and construct gamma matrices. We can use the metric (3) to get the matrices.
However, for the convenience, we discuss the radiation in the dragging coordinate system.
Thus, performing the dragging coordinate transformation
(r2+a% = A
dp =dp — Qdt =dop — 5 ——dt, (6)
(r2 +a?)” — Aa%sin® 0

on the metric (3), we get

Ap? 02
ds? = — di* + “—dr* + p*d6?
(r2 +a2)? — Aa?sin’ 0 A p
2
0
s1n2 [(r2 + 612)2 — Aa?sin® 9] d¢2.
0
2 ! 2 2 2
= —F@r)dt” + dr® + geed0” + gppdd”. 7
G(r)
Now, the electromagnetic potential in the dragging coordinate system takes on the form
(r* +a*)Qr Qrasin? 6
A, =Adt + Apdp = t— do. 8
e i (r2 +a?)? — Aa?sin’ 6 p? ¢ ®

There are many choices to construct gamma matrices. We choose a tetrad as ¢, ¢ =

diag («/15, 1/ VG, g%,/ g¢’¢). Then the gamma matrices are given by

1 i 0 0 0 o!
oo (o) ()

F(ry\0 —i
Ve (57). v = (G ©
v = 30 )V TVSE 2 0 )

@ Springer



Int J Theor Phys (2016) 55:1882-1889 1885

To research on the tunnelling radiation, we should know the wave function of the parti-
cle. For a spin-1/2 fermion, there are two states corresponding respectively to the spin up
and spin down. In this paper, we only investigate the radiation of the spin up state. The dis-
cussion of the spin down state is parallel. Following the usual procedure, we assume the
wave function to be

exp (%I(r, r,9,¢)), (10)

oo

where A, B are the functions of ¢, r, 6 and ¢, and [ is the action of the fermion and its
expression needs to be solved. Inserting the wave function and the gamma matrices into the
generalized Dirac equation and using the WKB approximation, we neglect the contributions
from d A, d B and high orders of % and get four decoupled equations
1
—iA——31—B (1 - 6m2) JGd,1 — Amp [g" @ 1)% + g% (9 1)% + g% (a¢1)2]
VF
+BBVGo, I |:g” 0,1)2 + g% (36 1)% + g%? (a¢1)2] + Am (1 - 5m2)
. eAy

At _ 2 _ rr 2 66 2 ) 2 _
zAﬁ[l g = (&7 0D +g" @D + g% (31)7)| =0. (D)

iB%a,I —A (1—,3m2) VGo,1—Bmp [g” 0,12 +8% (39 1)* + g*¢ (a¢1)2]

+ABVGO, I [g” 0,02+ g% g 1)* + g** (a¢1)2] + Bm (1 - ﬁmz)

Iy [1= Bm? = (g7 @1 + 8" 61D + 8% (361)7) | =0, (12)

NG
A= (1= Bm®) V01 + BVg™ a1 87 010 + 87 00 1)* + 870112

i (1 - ,Bmz) V90,1 + iBy/g9%0y1 [g”(arl)2 + 8% 01 + g"’¢(3¢1)2]

—iV/gPeAs 1= pm® = g (3,1 = ¢" (4 )? — g* 35 1)* |} =0. (13)

B{= (1= Bm®) Vool + BVs™anl [87 010> + 8" 0 )* + g7 0,117
i (1 . ﬁmz) Vg 0,1 +iBy/g9%0,1 [g”(arl)2 + 8% @ D)% + g¢4’(a¢1)2]
~ivg#edy 1= pm? = g (5,17 — g0 )? — g* 01|} =0. (14)

Equations (13) and (14) are the same equation and are reduced into an equation

(\/g%agl +iv/g?0y1 + i\/g¢¢eA¢)

x [Be" 1) + Bg” (90 )* + Bg?? (05 1)? + Bm® — 1] =0, (15)
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which means

\/@301_’_1\/@34514—1\/@614(]5:0. (16)

Obviously, the above equation is different from that gotten in [22, 23]. In their discussion,
the contribution of the angular part of the action to the tunnelling rate is zero. However, this
case does not exist here. In [23], they discussed the emission of the uncharged particle and

found \/gW ogl + i\/gW dp1 = 0. This case also existed in [23] even though the particle
is charged in the charged spacetime. This phenomenon appeared in (16) is caused by the
interaction of the charged fermion and the charged and rotating spacetime. It is very difficult
to solve (11) and (12) by using (16). Therefore, considering a toy model, the emitted particle
is assumed to be uncharged. To solve (11) and (12), we carry out separation of variables as

I=—(—-j+WFr+06(0)+ o, a7

where @ and j is the energy and angular momentum of the emitted fermion, respectively.
Inserting (17) into (11) and (12) and canceling A and B, we get

A6 (3 W)S + As(3,W)* + A2 (8, W)* + A9 =0, (18)
where

As = B*G’F,

A4 = BGF (m2,3 - 2) ,

A» = GF [(1 — ﬂm2)2 +28m? (1 - mzﬂ)] ,

Ao = —m? (1 - ﬁm2)2 F—(0—-jQ)?>. (19)

The expression of F and G is given by (7). Neglecting the higher order of 8 and solving
the above equation at the outer horizon yield the solution. The tunnelling rate is related to
the imaginary part. Therefore, we choose the imaginary part

_ i0)2 2 _ 02
ImWy = j:lm/dr\/(w ’?GJ”" F [1+ﬂ<m2+(‘“;9)>}

N -
= £7 (0 — jRy) 1+88), (20)
ry —r—
where +(—) are the solutions of the outgoing (ingoing) waves, and Q4 = ﬂ(lﬁ is the
+

angular velocity at the outer horizon. The expression of E is very complex. So we write it
as8=EWM,Q,J,a,b,w, j,m).Using the expressions of r and r_ and handling it with
the special way, we can prove E > 0. In Ref. [24, 25], the authors calculated the tunnelling
rate from the invariance under canonical transformations. The tunnelling rate is expressed as

' o« exp[—Im ?g prdr] = exp |:—Im </ p2dr — / pf”dr)]

= exp [$21m/pf””i”dr], 1)
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where p?* = —pi" = 3, W, in the above equation. Using (20), we get the tunnelling rate
as follow
. r_2|_ +a? _
I oc exp[—2m (0 — j24) Py 1+ B8], (22)
+ - —

Clearly, the above tunnelling rate is not right. This problem was found and resolved by
Akhmedova et al [26-28]. They found that the contribution of the spatial part of the action
was only taken into account, while that coming from the temporal part was ignored. Using
the method in Ref. ([26, 27]), we will find the temporal contribution in the following discus-
sion. We first perform the coordinate transformation and solve the problem in the Kruskal
coordinates (7, R). In this coordinates system, the spacetime is separated into two regions.
The exterior region is defined by » > r and described by

T =™ sinh(kyt), R =e“t"cosh(kyt). (23)
In the above equations, we introduce the tortoise coordinate r, = r + ilnr::’ —
%ln = ki = =55 are the surface gravities at the outer/inner horizons. The interior
K— r— 2(ry+a*)
region is described by
T = "™ cosh(kyt), R =™ sinh(kyit). 24)

These two regions are connected by the horizon. We rotate the time t — ¢ —i % to con-
nect them. This operation would produce the imaginary part of the temporal contribution
[26]. Choosing the imaginary part, we get Im (E Ar®*Hi") = %JTEKJF with £ = w — jQq.
Therefore, the total contribution of the temporal part is Im(EAt) = mwEx4. Then the
tunnelling rate contains the temporal contribution and the spatial contribution, which is

I' « exp <—Im(EAt) —Im % prdr>

w— Q)0 +a® 1

S i S FELCA 25)

(ry —r2) 2

Thus the Hawking temperature is

—r_ 1
T = (ry —r-) :To(l—fﬁE), (26)

4n(ri+a2)(1 +%ﬁE) 2
where Ty = (”2;”) is the original Hawking temperature. Our result shows that when

47 (ri+a?)

the quantum gravity effects are taken into account, the corrected temperature is lower than
the original one. The correction is not only determined by the parameter of the black hole,
but also affected by the energy, angular momentum and mass of the emitted fermion. An
interesting result is that the angular 6 affects the temperature. The quantum gravity correc-
tion slows down the increase of the Hawking temperature. Finally, there is a balance state
appeared. At this state, the black hole’s mass is the remnant.

3 Discussion and Conclusion

In the above section, we have discussed the tunneling radiation of the fermion. The corrected
Hawking temperature was gotten. Due to the effects of electromagnetic field and dragging
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system, the calculation is very complex. Therefore, we only discuss the un-charged fermion.
This complexity can also be seen in the tunneling radiation of a scalar particle with quantum
gravity effects.

The motion of a scalar particle obeys the Klein-Gordon equation, namely, (P* P, +
m?)® = 0. When quantum gravity effects were considered, the modified Klein-Gordon
equation was derived in [29]. Here, we take into account the electromagnetic field and
quantum gravity effects. Thus the Klein-Gordon equation is modified as

— 8" (ihd, — q AW =

Similarly, we assume the expression of the wave function to be & = exp [’ﬁl (t,r,0, qb)].

Inserting the function and the inverse metrics of (7) into the modified equation yields a very
complex expression, which is

— g [@n?+2qa0 1 +4*A7] = [1-28 [¢ @012 +8" @D +g% (991) +m?]}

x {g” @12 + g% (3 D)* + g** [(aq,l)2 +2gAgdp1 + qué] + mz} . (28)

Here we can not simply let the contribution of the angular part of the action be zero. Even
if it is zero, it is also difficult to solve above equation. This phenomenon shows that the
quantum gravity effects on the charged particle tunnels from the charged and rotating space-
time is very complex. This is the reason that we only discussed the tunnelling behavior of
the uncharged particle in the Kerr-Newman spacetime. When the particle’s charge is zero,
we can neglect the contribution of the angular part and carry out the separation of variables
to solve the above equation. Here we do not calculate it and review the tunneling radia-
tion. In recent research [30-32], the authors adopted other ways to discuss the tunnelling
radiation. The interesting results were gotten.
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