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Abstract We consider the operator Ly = —(d/dx)*y + x%y + w(x)y, yinL%(R),
where w(x) = s§(x — b) + t6(x + b), b # Oreal, s,t € C. This opera-
tor has a discrete spectrum: eventually the eigenvalues are simple. Their asymptotic is
given. In particular, if s = —t, 4, = 2n + 1) + sz% + p(n) where k(n) =

L [(—1)*”rl sin (21;«/2”) — Lsin (4b\/2n>] and |p(n)| < C'82. 15 = 1, the number

T (s) of non-real eigenvalues is finite, and 7'(s) < (C(1 + |s]) log(e + |s|))2. The analogue
of the above asymptotic is given in the case of any two-point interaction perturbation.

Keywords Spectral Theory - Harmonic Oscillators - Asymptotics

1 Introduction

The operator
2

Loz—ﬁ-l-xz, XGRI,
X

is the one-dimensional harmonic oscillator; this is an unbounded self-adjoint operator acting
in L?(R). As one can see in any introductory book on quantum mechanics, L° has a discrete
spectrum A% = {z,},
wn=2n+1, n=0,1,...
and a compact resolvent
RO =@—-L)"" z¢A" (1.1)

A normalized orthogonal system of eigenfunctions can be chosen as the Hermite functions

~1/2
By (x) = (711/22”n!) e PH(x), n=0,1,... (1.2)
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where
(n)
H,(x) = e /2 (e*x2/2> (1.3)

are the Hermite polynomials.
Spectral analysis of perturbed operators

L=L"+w (1.4)

with special W, in particular, the point interaction perturbations
J
Wf=uwf, wk)= ijlcja (x —b;), J finite (1.5)

was studied in many mathematical and physical papers, for example [3, 4, 6-8, 20, 21, 24,
25].

In the series of papers [12-14] S. Fassari, F. Rinaldi and G. Inglese investigate the
spectrum of L €(1.4) when the perturbation

W=—1t@6x-0b+8(x+b), 1,b>0, (1.6)

i.e., LY is perturbed by a pair of attractive point interactions of equal strength whose centers
are situated at the same distance from the origin. In this case the operator L = L? 4+ W is
self-adjoint; the techniques used are based on Green’s function analysis.

E. Demiralp ([6-8]) found numerically the non-real eigenvalues of (1.6) when

—T =iy, yreal

for y large enough.

H. Cartarius, D. Dast, D. Haag, G. Wunner, R. Eichler, and J. Main [5] and [16], moti-
vated by analysis of Bose-Einstein condensates with P77 -symmetric loss and gain, focused
on the case of non-Hermitian perturbations

W=iy[§(x—b)—38(x+b)].

Their numerical estimates showed that for small y the spectrum of L = L% + W is on the
real line R, and they gave some predictions on the state of decay of the disk radii where the
eigenvalues of the operator L are located. Now we provide a rigorous mathematical analysis
of the asymptotics of eigenvalues A, = A, (L + W).

We follow the techniques used in [2, 9—11, 19] and based on careful estimates related to
the resolvent representation

R= R0+Z?;1Uj, (1.7)
Up=R" Up=R'WUi_1 = Uy_1WR’, k=>0. (1.8)
Moreover, we essentially use the property of perturbations W € (1.5) to have such a matrix
wik =(Whj, h), j. k=0,1,... (1.9)
that for some o > 0 there exists M > 0 such that

lwjk] < jk=0,1,..., (1.10)

T A+ HrA F k)’

Detailed results on the spectrum and convergence of spectral decompositions of L = LO+W
for a general W under the condition (1.10) were given by B. Mityagin and P. Siegl in [19].
1

In the case (1.5) of the finite point interaction perturbations, @ = 7
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2 Preliminaries, Technical Introduction, Review the Results

1 Our main concern is the harmonic oscillator operator (1.4) and its special perturbation
W. We will focus on this case, although many constructions are very general and could
be performed in analysis of other differential operators — see [1, 9, 19].
Let L9 be an operator in £2(Z),

Loe = zper, z=Qk+1), k=0,1,..., Q2.1
and W = (w jk)go a matrix such that for some « > 0 and Cy > 0,
Co
lwirl < —————— (2.2)

T A+ A+ k)
Then the KLMN Theorem [17, Chapter 6, §§1 — 4] leads to the definition of the closed
operator

L=L+w (2.3)
with a dense domain — see details in [19]. Let us recall some facts, introduce notations
and explain a few elementary but important inequalities.

2 To adjust our constructions to the set of eigenvalues of the unperturbed operator (2.1),
let us define strips

Hy ={zeC:Mz—z| <1}, n=>1
Hy ={ze€C:%z—2z9 <1} 2.4)

and the squares
1 1
D,,:{zeHn:lmz—znlSE,ISzlff}, n=>0 (2.5)

around eigenvalues {z,};2, = {2n + 1}72; in H,.
The resolvent

R@)=G—-L"=w)"! 2.6)
of the operator (2.3) is well-defined in the right half-plane
oo
{z: 9z = 2N\ | Dx 2.7
k=N,

outside of the disks Dy, k > N, if N, is large enough.
It follows from the Neumann-Riesz decomposition

R=R"+RWR’ + R'WRWR' +-- =R+ 3" U, 2.8)
J=
where
_ p0 _ 0y—1 . _ p0 . _ . 0 .
Up=R"=(—L%", U =RWU_ =U,_\WR®, j>1. (29

Of course, the convergence of the series should be explained at least in (2.7). This is
done in [1, 19]; now I will remind only the estimates of N, because it will be important
later (see Theorem 4.4, (4.38) and Theorem 4.1, (4.11)) in accounting for points of the
spectrum o (L) outside of the real line.

3 Define a diagonal operator K,

1 . ~
Kejzzi_zjej,]:(),l,...,\\gz#o (2'10)
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with understanding that
VE=r1292iE = rel?, -7 <q@<m. (2.11)

Then K2 = RY, z € C\ R; maybe, we lose analyticity but rough estimates — when just
the absolute values of matrix elements work well — are good enough.
Indeed, (2.8), (2.9) could be rewritten as

RO=K> U;j=K(KWK)K, R=R"+ Z?o IK(KWK)jK, (2.12)
J:

where

(KWK)gm = kkm=0,1,2,..., zeC\R. (2.13)

1
Lemma 2.1 Under the assumptions (2.1), and (2.2), with0 < o < 5 if z € Hy \ Dy, then
KWK is a Hilbert-Schmidt operator, and

CoM (@) log(en 4/3 1
= KWK |lps < SM@W0ECED iy 6y 2B L
n-x 1 -2« 3a
Proof 1fz € 0Dy, i.e,
. 1 1
z=Qn+D+E+in, ==, Inl < =,
2 2
1 1
<—, Inl==; &nekR, 2.15
or Iél_zlnl 5 &.n (2.15)
then |
5§|z—z,»|§3,j=n,nil, (2.16)
andif |n — j| > 2,
3 . . ) 5 )
Eln—JI 2n—jl-1=<|z—zj| =2n—jl+1= 5'" = Jl- (2.17)
Therefore, by (2.2), (2.13),
00 lwjr|?
0= — B <2t 2.18
ke 2=zl —zl - ¥ 219
with |
o0
— . 2.19
Sy 21

The sum of three terms for j = n,n £ 1 in (2.19) by (2.16) does not exceed

1 6

3z 2= (2.20)

L. n—2 [ .
and by (2.17), the remaining part of w, namely, Z o + Z ni2” by the integral test
Jj= Jj=n

does not exceed
2 ]+ 1 +/"1 dx
3|n  n2 0o (14+x)2m—x)

42 1-( 1 >2a+/oo B — (2.21)
312 \n+3 w2 (L+ )2 (y—n) | '
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The first integral (after the change of variables x = n) is

1 pi=a/m 1 12 1—(1/n)
205/ nd;;‘ W = |:2/ :i +22a/ 1d§5:| =
n 0 n 0 172 -
n(l—§) (5 +s> !

2\®T 1 n
=\; T + log 5 2.22)
The second integral in (2.21) is equal to
L/w il <1/2 ﬂ+f°°d7’7 _
n e/m gy (1 N )2"‘ T2 | Jsemn—1 2 (n— 12t
n— =T
1 n 1

If we collect the inequalities (2.20) to (2.23), we get (with 2% < 9)

21 3 2 en 1
Mfgnj 9+ -+ + 3log +— | =<

2 1—2a 2 2«
1
< W[M(a) + 2logn] (2.24)
4/3 1
where M (a) = 6 + + —. (2.25)
1—-2a 3«
With (2.18) and (2.2) we come to (2.14). O

Of course, the constant factors in the inequalities (2.18) — (2.24) are not sharp but we get

some idea on their magnitude. If « = 7 we have

M<l>=6+i-2+%<10,and (2.26)
4 3 3
2
n= ﬁ(S + logn) (2.27)

This case is important in analysis of the harmonic oscillator and its perturbations (1.5). The
estimates (2.26) and (2.27) will be used later as well.

o0

— 1 1
Remark 2.2 Lets = Z TP T Then
] =
j#n
M(B) . .
s < 5 logen, if0<pB <1, (2.28.1)
n
M ..
s<—, ifBg>1 (2.28.ii)
n

Proof The case B = 2o < 1 is done in the proof of Lemma 2.1. Other cases could be
explained in the same way; we omit details. O
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4 In this section we use properties of Shatten class operators and related equalities for the
norms ||T'||,, T € &, of compact operators — see details in [15, 22]. By (2.10) the
operator K is bounded if z € H,, \ D, and by (2.16), (2.17) its norm

IK|l < V2. (2.29)
Therefore, for U; € (2.12)if j > 2

log en]’
Ul <2||KWK||2<2W <2 M) . (2.30)
But we can claim that U is a trace-class operator as well, and
Uil = [K(KWEK)K |1 < [ K4l KWK |2 K |4 (2.31)

because K € Gy [or any &, p > 2, as a matter of fact]: just notice that by (2.16),
2.17)

) 1
IKIG =y "

J=0|z —z;]? ~
<342°°22120 iy 232
= / + Zk=2 g .ﬁ< < 3 s ( )
SO
11 )
IK]l4 < 5 K|y <5. (2.33)

Therefore we can claim the following.

Proposition 2.3 Under the assumptions (2.1), (2.2),0 < ¢ < % suppose that N, = Ny (o)
is chosen in such a way that

log en 1
< 3 forall n > N,. (2.34)
Then for n > Ny(a) if z € 0D, all the operators U; € (2.8) are of the trace class, their
norms satisfy inequalities

M ()

logen’ )
Ul < [M() g ] L iz2, (2.35)
SM(x)logen
10l = IROWR, = 252 (2.36)

and the Neumann - Riesz series for the difference of two resolvents

0 _ x .
R—R= ijluj (2.37)
converges by the S-norm and
0 logen
IR— Rl <TM()—— (2.38)
and
logen
HZ Y H <4 M@ . om>2. (2.39)
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Proof Inequality (2.35) is identical with (proven) line (2.30). (2.36) come if we combine
(2.32), (2.31), and (2.14). Therefore, for m > 2, by (2.35) and (2.34),

H Zjim Uj Hl < 225;1 (M (@) log ) (M(oz) log e") . (2.40)

Then by (2.36)

—RO oo
IR =Rl < Ui + | YU

o<
e
1

ogen logen
5o (3T AM () —; <TM(x)
n o

log en

(2.41)

3 Deviations of Eigenvalues of The Harmonic Oscillator Operator and its
Perturbations

1 Although the constructions and methods of this section are general and applicable
to many operators with discrete spectrum and their perturbations, we will focus later
in this section on the case of Harmonic Oscillator operator (2.1) and its functional
representation

Loy = —y" +x2%y 3.1

in LZ(R).

The Riesz-Neumann Series (2.37), (2.8) and (2.9) — as soon as its convergence in
G is properly justified — can be used to evaluate eigenvalues of the operator L =
Lo+ w.

Under proper conditions, if n > N, the operator L has the only eigenvalue A, in
H,; moreover, A, is simple and A, € D,,. Therefore, both of the projections

po= L / RY(2)dz = (-, hy) hy (3.2)
27
D,
and
1
P, = T / R(Z) dz = ('s 1ﬁn) ¢n (3~3)
Tl
9D,

are of rank 1. [In (3.3), ¢, is an elgenfunctlon of L and v, is an eigenfunction of
L* = L° + W*, with an eigenvalue u, = A, in D,. We will not use this specific
information so nothing more is explained now.]

Therefore,
TraceP,(,) = Trace P, = 1, 3.4
1
Trace—— / (R(z) — R(z))dz = 0. (3.5)
2mi
9Dy,
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and
1
zn = Trace — / zR%(2)dz =2n + 1, (3.6)
2mi
aD,
1
An = Trace — / zZR(z) dz, 3.7)
2mi
aD,

So (3.4) to (3.7) imply
1 0 o0
hn = 2n = Trace o— | 2= )[R@) — R'@lde =}~ Tjm)  (38)
3D,
where we put [with z,, = AQ =2n+ 1]
1
Ti(n) =Tj(n; W) = %Trace / (z—z)Uj(x)dz 3.9
D,

Proposition 2.3 is used in (3.8), (3.9). Trace is a linear bounded functional of norm 1,
on the space G of trace-class operators ([15, 22]) . It implies the following.

Corollary 3.1 Under the assumptions of Proposition 2.3, with n > N,, we have

logen J .
ITj(n)| < [M( ) ] . Jj=2 (3.10)

and

Ty (n)] < W)mm

3.11)

Proof With |Trace A| < ||Al; and

|z —zal = —,z € 0Dy,
V2
length(D,) = 4 (3.12)

rough estimates of integrals (3.9) with j > 2 and j = 1 based on (2.35) and (2.36) lead to
(3.10) and (3.11). O

Corollary 3.2 Under the assumptions of Proposition 2.3, with n > N,
q
hn= Q@A+ YT T+, g =1, (3.13)

where

logen \7t!
(3.14)

lrg(m)| =2 (M(ot)

Proof The presentation of A, and the inequality follow from (3.8) and (2.39) if we put
m = ¢ + 1 in (2.39) and notice that 24/2 < 7 when we multiply the constant factors in
inequalities. O

2 Analysis of the function N, («). This function is determined by the inequality (2.34).
Later we consider potentials with the coupling coefficient s [see (4.2), (4.3)] so it is

@ Springer



4076 Int J Theor Phys (2015) 54:4068-4085

useful to know the behavior of X = Xg(t), the solution of the equation

logeX 1
zo)g(iz = 3. B="2a.forlarger. (3.15)
Let us rewrite it as
tlogY =Y, whereY = (eX)’g (3.16)
28
andt = Ee t (3.17)
The (3.16) has two solutions
1 1
ﬂw=1+—+0<7> T — 00 (3.18)
T T
and
Y(r) = oo, T — 0. (3.19)

Lemma 3.3 The solution Y € (3.19) has an asymptotic

Y(r)=tlogt-(1+7r(7)) (3.20)
where logl
oglogt
rr) = 28T (1 Loy (3.21)
logt
so for any § we can find t* such that
Y(r) <tlogt+1t(1+8)loglogr, ©=>rt1* (3.22)
or Ty < T* such that
Y(r) <(1+68)rlogr, 7>r14. (3.23)

Proof 1If we look for r > 0, in (3.20), which solves (3.16) we have:

tlogt[l +r] = t[log T + loglog T + log(1 + )] (3.24)
or
r=¢r), eX)=&+nlogl+X), r>0 (3.25)
where loz]
=28 = (3.26)
logt logt
1
Forany 0 < 6 < 3 we can choose t* such that
8 5 . N
0<“§§§, 0<n<§ ift > t*. (3.27)

Then the function ¢, ¢ : [0, ] — [0, 8] is a contraction mapping, and (3.25) has the unique
solution

r=r(r), 0<r(r)=<é. (3.28)
Therefore,
logl
rzogogr+ i , 0<p=a. (3.29)
logt logt
This implies (3.21) with
P — o). (3.30)
loglog t
O
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Corollary 3.4 The solution X (t) of (3.15), 0 < B < 1, goes to oo whent — o0 and

Ar\'#
X(@) < (2t log F) , A an absolute constant, (3.31)

if t is large enough.

Proof 1If we put (3.17) into (3.22) or (3.23) elementary simplifications give the inequality
(3.31). O

3

Inequalities (2.18) and (2.30) guarantee that we can use the representation (2.8) and
eventually “asymptotics” (3.13) if

CoM () logfn <1 cpe22 (3.32)
nv 2
and M («) by (2.25) is chosen as
M(a) = [6+ 43 + L]. (3.33)
1-20 3«

Then (3.31), with 8 =2« < 1, = 2CoM («), implies that N, can be chosen as

A 1/Qa)
Ny = No(Co; ) = |:2C0M(a)10g <£2COM(a)>i| (3.34)

Now if « is fixed we are interested in the dependence of N, on Cyp € (2.2).

Recall that if W is a multiplier-operator

Wf=wx)f(x), withw € L”(RI), 1<p<oo, (3.35)
then as we observed and used in [19]
o
wix = (Whj, hi) = / w(x)hj(x)hi(x) dx (3.36)
—00
so by Holder inequality
1 1
lwjkl < lwll, - |h; ||2q lakllog, —+-=1 (3.37)
P q
with
qg>1, 2q>2. (3.38)
But
i ()] < Ck~1/12 (3.39)
o}

/|hk(x)|2q dx = /|hk(x)|2|hk(x)|2(q—1)dx2

< c2<4*1>k*<‘f*1>/6f i (X)) dx (3.40)

and
Ihgllyy < CVPE=VA2D) 0 p > (3.41)
This means that the matrix W satisfies the condition (2.2) with @ = % This obser-

vation was crucial in [19]; it gives a broad class of operators covered by (2.2) so our
claims of this sections are applicable to the operators (3.35).
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But there are much better estimates of L” norms of the Hermite functions than
(3.41).

Lemma 3.5 Asn — oo,

_l(l_l)

lhull, ~n 2\ 7/, 1<r<4 (3.42a)

lall, ~ n~%logn, r=4 (3.42b)
_1f1,1

2l ~ n 6(’”), r>4 (3.42¢)

See [23, Lemma 1.5.2] for the sketch of the proof and further explanations of these
claims.
Therefore, (3.41) could be improved. If p > 2 then by (3.37) g < 2,2q < 4 so

Akllag ~ k_%(%_i) = k_4lﬁ, p>2. (3.43)
For p = 2 we have 2g = 4 and
lglly ~ k™5 logk, p=2. (3.44)
Finally, if 1 < p <2then2g > 4 so

1

I17kll2g ~ walar) e Cr) p<2 (3.45)

All these estimates are used in Theorem 4.1, — see Section 4 below.
Of course, (3.39) shows that §-potentials

m m
w(x) = Zkzlcké(x —by), m<oo, M= Zk:1|"k| < 00, (3.46)
are good for us as well; in this case,
m
(Whjhi) =" echjGohio, Wi <cmj 157V ij =1, (3.47)

and we can give a trace-class version of Lemma 2.1.

Remark 3.6 Under the conditions (3.46), (2.10), if z € H,, \ D, then KWK is a trace class
operator, and

M
IKWK| = Crz-17g (3.48)

where C; is an absolute constant.

Proof The proof follows if we observe that KWK is a sum of rank-one operators (-, gx) gk

where
(o)

=)
—_— , 1 <k<m (3.49)

&k = (hj(bk)
O

With more information on asymptotics of Hermite polynomials and Hermite functions
we can be accurate in analysis of point-interaction potentials (3.46) and spectra of operators
L%+ W, L° € (3.1), or — equivalently — (2.1). This is the main goal of this paper and its
forthcoming extension. Now we go to detailed analysis of these operators.
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4 Two-point Interaction Potentials

1

Now we apply general constructions of Sections 2, 3 to the case of the two-point
interaction potentials

wx)=c8(x —b)+c 8 (x +b), b>0 “4.1)
and particular cases of an odd potential
sv’(x), se€C where (X)) =8(x—b)—8(x+b) 4.2)
and an even potential
nfkx), teC Vo(x)=8(x —b)+8(x+b) 4.3)

— see [5, 14].
Of course, for any odd potential (3.35) or (3.46), not just for v0 € (4.2), the matrix
elements w j; have the property (4.6). Indeed, with parity

wik = (W), (), hi () = 4.4)
= (w(=0hj(=x), hi(=x) = =(=1)/wj 4.5)
S0
wjr = 0ifj + k even. 4.6)
If, however, w in (3.35) or (3.46) is even then we conclude
wjr = 0ifj + k odd. “.7)

These observations lead to information on complex eigenvalues of L = L% + W.

Theorem 4.1 Let the potential

N*, where

wx)e L, 1<p<oo, v=lwl,,or (4.8)
o0
wE =) ad@—b). v=7) lal<oo, (4.9)
be PT, i.e., w(—x) = w(x). Then the operator
d2
L=L"+W=——+x>+w (4.10)
dx?
has at most finitely many non-real eigenvalues, if any, and their number does not exceed
N* = D (vlog(l 4+ v))??, p>2 (4.11a)
4
N* = D* (v log2(1 + v)) , p=2 (4.11b)
3
1
N* = D (vlog(1l +v)) (-35) , 1<p<2 (4.11¢)
N* = D, (vlog(l + u))6 , in the case (4.9) 4.11d)

D*, D, are absolute constants, and D = D(p) does not depend on the norm v.

Proof By the estimates in Corollary 3.1 and in (3.34) we can use the series (3.8) to evaluate
Ap if n > N*, i. e., all eigenvalues in a half-plane z : Rez > 2N* — see (2.4), (2.5). The
lemmas which follows explain that under the assumptions of the theorem every term 7
(3.8), (3.9) is real. But total number of all other eigenvalues in (z : Rez < 2N*} is N*
as Proposition 2 in [19] explains. So the number of non-real eigenvalues if any does not
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exceed N*. Corollary 3.1 and Lemma 3.3 guarantee that N* could be chosen as (4.11. a —
d) indicate because Lemma 3.5 leads good estimates of matrix elements (3.36). O

Lemma 4.2 Let w € (4.10) be a PT -potential, i.e.,
w(—-x)=w(k), xeR. (4.12)
Then forn > N* €(4.11) all
Ti(n; W), 1< j, arereal 4.13)

Proof If w= p+iq € (4.12), p, g real, then p is even and g is odd so by (4.4) — (4.7),

o= (0 e
By (3.9)
Ti(n) =T;(n; W) = 21? Trace / (z—z))Uj(x)dz 4.14)
aD,
where
Uj=RWR'W...WR® (4.15)

with j “letters” W and j + 1 “letters” R in this “word” U. All these operators are of trace
class [see Corollary 3.1] so Trace U; is a sum of integrals of the diagonal elements (U ;)

which in turn are sums of matrix elements Z u(g, z), where g = {gl, 82y e gj,l} €
) g
Zfl and
1
u(g, z) = “W(m, g1)- ‘Wi(g1, 82)- - Wi(gj—1,m)- (4.16)
Z_m Z_Zgl Z_Zgz Z_Zm

If we put gg = g; = m we have

S e —g) =g~ g0 =0 (“.17)
The sum of all these differences in (4.17) is even (zero): so
y-=#I'", TI'" ={t:g1 — g odd} (4.18)
should be even. Put
yT=#I"t, I't={r:g.,.1 —g even}, (4.19)
and _
pg) = H::_OliW(g,, gr+1). = (—1)7 - (real number) (4.20)
Then

@ = (T, Wergs0)) (T, e Wers g14)) =7 - (real number)  (4.21)
and by (4.18) p(g) is real.

By (4.16)
u(g,z) = p(g) - Fg(z), where (4.22)
1 j—-1 1
Fe@) = - [T = - 4.23)
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and this term brings into (4.14) the number-product p(g)J(g) where
1
J(g) = i / (z —zn)Fg(2) dz. (4.24)
i
aD,

For any g € ZSZ_I) this integral J(g) is a real number [see the next lemma]. Therefore,
T;(n) — as a sum of (absolutely) convergent series with real terms — is a real number. []

This completes the proof of Proposition 4.1. We will need more specific information
about integrals J(g) € (4.24). The following is true.

Lemma 4.3 [fm = n, andn > N* (N* as defined in (4.11)),

J(g) =0 ifatleastone g(f)=n, (4.25)
and
j—1 -
7@ =|[]20 - ¢ otherwise. (4.26)
=1
Ifm #n,
J(g) =0if#tt(g) # 2, wheret(g) = {t: g = n} 4.27)
and
1 il -
1) = 3 =mr []20—-en]| i@ =2 (4.28)
1€7(g)

Proof The integrand (4.23) of (4.24) could have a pole inside of D, only at z, = 2n + 1.
In the cases (4.25) and (4.27) the pole’s order > 2 or F,(z) is analytic on D,, so J(g) = 0.
In the cases (4.26), (4.28) the pole’s order is one and J (g) is the residue of Fg(z) at z,. [
2 An odd potential v° in (4.2) As it is noticed in (4.6),

W = {6 (@ —b) =8 (x +b)hj. hy)

=[1— (1) aja (4.29)
I ifj + k even
- { 2ajay, ifj +kodd (4.30)
where
ar =hp(b), k=0,1,... 4.31)
With b > 0 fixed, from now on we will use (ax) as in (4.31). By Lemmas 4.2 and 4.3
forn > N*
Ti(n; W) = Tj(n) =0 ifj odd; (4.32)
in particular
Ti(n) =0, T3(n)=0. (4.33)
To evaluate 75 (n) we sum up (we did it in (4.16) in general setting) Cauchy integrals of
functions
Gz (4.34)
— . . ’U . . ’U . — .
¢ 2—2m ™ z—zm MM z—zn
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If m # n it is analytic for any k so Cauchy integral is zero. If m = n
v, =0 ifn — kiseven. (4.35)

Therefore, by Lemma 4.3, j = 2, with z,, — zx = 2(n — k),

[ 0.0 )

vV 2anay - 2aray ~
Ty(n; ) = Th(n) = —nk kn TR S 2425 (n
2(n;0°) = Ta(n) > p—— > 2e—h 25 (n)
k —n odd k — nodd
(4.36)
where
o0 ﬂ]%
o = 4.37
=Y 437)
k=0
n — kodd

The technical analysis of this sequence (4.37) and its variations is the core of our
forthcoming paper which complements the present one. All the proofs will be given
there. In meantime we can refer a reader to [18], Sections 5-8.

It will bring us the proof of the main result of this paper:

Theorem 4.4 The operator
2
Cdx?

has a discrete spectrum o (L).
There exists an absolute constant D such that with

L= +x2+s[8(x—b)—8(x+b)],b>0,seC

N* = (D|s|logels|)? (4.38)
all eigenvalues ), = A, (L) in the half-plane {z € C : Rz > N*} are simple, and

Kk(n) logn

M=+ D+s>——=+5m), [P < C—n (4.39)
n n’
where
1 1
n = 5 [(—1)thl sin(2bv/2n) — 3 sin(4b~/ 2n)] (4.40)
T
The proof of the theorem is based on the following lemma.
Lemma 4.5 With o (n) € (4.37)
- 1 sin(2b+/2n)
Fn) = ()" > ——=—+p(n), (4.41)
2 V2n p
logn
| = €= (4.42)
An even potential v¢ € (4.3) Recall (4.7); now
v = [1+ (=1 ajay (4.43)
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_ |0, ifj + kodd
- { 2ajay, ifj + k even (4.44)
Therefore, by Lemma 4.3, j = 1,
Ti(n; v) = Ty (n) = v%, = 2a> (4.45)
and [compare (4.32) to (4.46)]
Tr(n; v°) = Tr(n) = 2420’ (n), (4.46)
o0 az
"(n) = / k| 4.47
o’ (n) P (4.47)
k=0
n — keven

where 5’ means that k # n.

But for the even potential there is no trivial claim 73(n) = 0. We could make formal
references to Lemma 4.3 but let us again look into those terms which form the sum-trace
T3(n). We integrate functions

1
F:(Z_Zn)'

1
2ag,ar - -2aray - agay - ———— (4.48)
Z—Zm -2k Z—2 Z—Zm

excluding (by (4.44)) triples (m, k, £) if at least one of the differences m — k,k — ¢, ¢ —m
is odd.

If m = n then we can take only k, £ # n, otherwise the order of the pole at z,, would be
> 2 and Cauchy integral (4.24) be zero. Then the partial sum of (4.14) over triples

{m,k,)lm =n,k #n,l #n,k —n, £ —n even}

would be

2N a,%a%
zanz kit -0 (4.49)
n ”_ Eevlen
=242 (o' (). (4.50)

If m # n Cauchy integral of F € (4.48) is not zero only if k = ¢ = n, i.e., if we have two
(and only two) zeros in the denominator to balance the factor (z — z,,). This set of triples

{m,k,£)lm #n,k =€ =n,m —n even} 4.51)

leads to the subsum in 73(n) coming from (4.48)

o0 2

a
2at Z/ m = 2a*t'(n) (4.52)
m=20
m — neven
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If we combine (4.49) — (4.52) we conclude that
T3(n; v¢) = 2a2 [U’(n)2 + a,%r’(n)] (4.53)

We will analyze the sequences o”, T/ in a forthcoming paper as well.
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