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Abstract We have considered a five-dimensional action, which is composed of a grav-
itational sector and a sector of matter, where the gravitational sector is given by a
Chern-Simons gravity action instead of the Einstein-Hilbert action and where the matter
sector is given by the so-called perfect fluid with barotropic EoS and new holographic dark
energy. We will study the dynamic formulation of Chern-Simons gravity, where the cou-
pling constant is promoted to a scalar field with potential. We have studied the implications
of replacing the Einstein-Hilbert action by the Chern-Simons action on the cosmological
evolution for a 5D FRW metric. The deceleration parameter shows that our considered
model cannot cross the phantom divide. Also the natures of the cosmography parameters
are examined in Chern-Simons gravity.

Keywords Cherns-Simons gravity · Dark energy · Cosmography

1 Introduction

Recent observations from type Ia Supernovae [1–4] and Cosmic Microwave Background
(CMB) [5–7] radiation indicate that our present universe is accelerating which occurs due
to some unknown matter called dark energy, which has the property that positive energy
density and negative pressure. This accelerated expansion of the universe has also been
strongly confirmed by some other independent experiments like Sloan Digital Sky Sur-
vey (SDSS) [8], Baryonic Acoustic Oscillation (BAO) [9], WMAP data analysis [10–12]
etc. Also the observations indicate that the dominating component of the present universe
is this dark energy. Dark energy occupies about 73% of the energy of our universe, while
dark matter about 23% and the usual baryonic matter 4%. Although it is straightforward
to explain the effect within the framework of Friedmann-Robertson-Walker cosmology by
introducing a cosmological constant or a more general (dynamical) dark energy component,
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all such explanations give rise to severe coincidence and fine-tuning problems. There are
different candidates obey the property of dark energy to violate the strong energy condi-
tion ρ + 3p > 0 given by - quintessence [13, 14], K-essence [15], DBI-essence [16, 17],
Hessence [18], Tachyon [19], Phantom [20], ghost condensate [21, 22], quintom [23, 24],
interacting dark energy models [25–28], brane world models [29] and Chaplygin gas models
[30]. Other types of dark energies are holographic dark energy [31–47], Ricci dark energy
[48], agegraphic dark energy [49–52] and new holographic dark energy [53, 54].

Many theoretical models that describing the accelerated expansion of the universe and
which appears to fit all recent available observations are affected by significant fine-tuning
problems related to the vacuum energy scale and therefore it is important to investigate
alternatives to this description of the Universe. There exist several other approaches to the
theoretical description of the accelerated expansion of the universe. An alternative approach
postulates that general relativity is only accurate on small scales and has to be modified
on cosmological distances. One of these is a modified gravity theories. Modified grav-
ity constitutes an interesting dynamical alternative to �CDM cosmology in that it is also
able to describe the current acceleration in the expansion of our universe. One of the
best-studied examples is the Dvali- Gabadadze-Porrati (DGP) brane-world model [55], in
which the gravity leaks off the 4-dimensional Minkowski brane into the 5-dimensional bulk
Minkowski space-time. On small scales the gravity is bound to the 4-dimensional brane and
the Newtonian gravity is recovered to a good approximation. One of the simplest modi-
fied gravity is f (R) gravity [56]. Other modified gravity includes f (T ) gravity [57], f (G)

gravity [58], Gauss-Bonnet gravity [59], Horava-Lifshitz gravity [60], Brans-Dicke gravity
[61], Lovelock gravity [62], f (R, T ) gravity [63], f (R,G) gravity [64], Galileon gravity
[65] etc.

In GR, the space-time is a dynamical object which has independent degrees of free-
dom, and is governed by dynamical equations, eg, the Einstein field equations. Therefore,
the construction of a gauge theory of gravity requires an action that does not consider a
fixed space-time background. An action for gravity fulfilling these conditions, albeit only in
odd-dimensional space-time, d = 2n + 1 was proposed by Chamseddine [66, 67]. One
of the models of modified gravity that has stood out in recent years is the Chern-Simons
modified gravity, which was initially developed in [68]. If Chern-Simons theories are
the appropriate gauge theories in a framework for the gravitational interaction, then
these theories must satisfy the correspondence principle i.e., they must be related to
GR [69–72]. Five dimensional GR can be obtained from Chern-Simons gravity theory
[71, 73] for a certain Lie algebra B. The Chern-Simons Lagrangian is built from a
B-valued, one-form gauge connection A that depends on a scale parameter l which can
be interpreted as a coupling constant that characterizes different regimes within this
theory. There exist other Lie algebras that also allow for a similar identification and lead to
a Chern-Simons Lagrangian that touches upon the Einstein-Hilbert term in a certain limit.
Several works [74–81] on Chern-Simons gravity have been done on the context of GR and
black hole.

We have considered a five-dimensional action for Lagrangian, which is composed of
a gravitational sector and a sector of matter, where the gravitational sector is given by a
Chern-Simons gravity action Lagrangian instead of the Einstein-Hilbert action Lagrangian
and where the matter sector is given by the so-called perfect fluid and new holographic
dark energy. We have studied the implications of replacing the Einstein-Hilbert action
Lagrangian by the Chern-Simons action Lagrangian on the cosmological evolution for a
FRW metric in five dimensions. We will study the dynamic formulation of Chern-Simons
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gravity, where the coupling constant is promoted to a scalar field with potential. The solu-
tions of the field equations have been found for barotropic EoS and new holographic dark
energy. We have also investigated the natures of scalar field and corresponding potential.
We have analyzed the cosmography parameters for new holographic dark energy. Finally,
we have given some concluding remarks.

2 Basic Equations of FRW universe for Chern-Simons Gravity

Chern-Simons (CS) models for gravity are interesting because they provide a truly gauge-
invariant action principle in the fiber-bundle sense. So Chern-Simons gravity is a well
defined gauge theory, but the presence of higher powers of the curvature makes its dynamics
very remote from that for standard Einstein-Hilbert (EH) gravity. In order to write down the
Chern-Simons Lagrangian for the B algebra, we start from the one form gauge connection
(Lie group)

A = 1

2
ωabJab + 1

l
eaPa + 1

2
kabZab + 1

l
haZa (1)

and the two-form curvature [71]

F = 1

2
RabJab + 1

l
T aPa + 1

2

(
Dωk

ab + 1

l2
eaeb

)
Zab + 1

l

(
Dωh

a + kabe
b
)
Za (2)

where l is the coupling constant and D is the covariant derivative with respect to the Lorentz
piece of the connection and T a = Dea is the spin tensor. The field content induced by B
includes the gauge fields ea and ωab as the veilbein and the spin connection respectively
and two extra bosonic matter fields ha and kab. Following the definitions of [82], consider
the S expansion of the Lie algebra SO(4,2) using as a semigroup S

(3)
E . After extracting a

resonant subalgebra and performing its 0S reduction, one finds a new Lie algebra, call it B,
whose generators {Jab, Pa,Zab, Za} satisfy the commutation relationships given in ref [73].

Chern-Simons (CS) gauge actions, defined in odd dimensions, arise as the boundary
terms of the Chern classes

∫
M2n

(F )n. In fact, one has that (F )n = d�2n−1, which defines
the CS action to be [83]

SCS(A) =
∫
M2n

�2n−1

In field theory, the lowest dimensional case, corresponding to n = 2, has been profusely
studied in the literature. Two of the most relevant examples are: (i) the explicit solution
of 2 + 1 dimensional gravity, rewritten as a CS theory [84] and (ii) the realization of frac-
tional statistics via a three dimensional Abelian CS field [85]. In our work, we shall consider
n = 3, i.e., 5D space-time.

Using the extended Cartan homotopy formula [86], the Chern-Simons Lagrangian in five
dimensions for the B algebra can be written as as [73]

LCS = α1l
2εabcdeR

abRcdee + α3εabcde

(
2

3
Rabecedee + 2l2kabRcdT e + l2RabRcdhe

)

(3)
The Lagrangian is split into two independent pieces, one proportional to α1 and the

other to α3. The piece proportional to α1 corresponds to the Inonu-Wigner contraction and
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therefore it is the Chern-Simons Lagrangian for the Poincare-Lie algebra ISO(4,1). The
field ea with the vielbein, the piece proportional to α3 contains the Einstein-Hilbert action
plus non-linear couplings between the curvature and the bosonic matter fields given by ha

and kab, where the parameter l2 can be interpreted as a kind of coupling constant.. We see
that it is possible to recover the odd dimensional Einstein gravity theory [71] from a Chern-
Simons gravity theory in the limit where the coupling constant l equals zero while keeping
the effective Newtons constant fixed.

Now assume the Lagrangian L = LCS + Lm [73], where LCM is the Lagrangian for
Chern-Simons gravity and Lm is the corresponding matter Lagrangian. Here assume that
T a = 0 and kab = 0. We consider the homogeneous and isotropic Friedmann-Robertson-
Walker (FRW) metric of the universe in five dimensions (5D) as

ds2 = −dt2 + a2(t)

[
dr2

1 − kr2
+ r2

{
dθ2 + sin2θ

(
dφ2 + sin2φdψ2

)}]
(4)

The energy-momentum tensor for matter is given by

T m
μν = (ρ + p)uμuν + pgμν (5)

Here, ρ and p are the energy density and pressure of matter respectively and uμ =
(1,0, 0, 0, 0) is the velocity 5-vector. Also the energy momentum tensor for the field ha is

T (h)
μν = (ρ(h) + p(h))uμuν + p(h)gμν (6)

Here, ρ(h) and p(h) are the energy density and pressure for field ha respectively. The field
equations are [73]

6

(
ȧ2

a2
+ k

a2

)
+ λl2

(
ȧ2

a2
+ k

a2

)2

= κρ , (7)

3

[
ä

a
+

(
ȧ2

a2
+ k

a2

)]
+ λl2

ä

a

(
ȧ2

a2
+ k

a2

)
= −κp , (8)

l2

(
ȧ2

a2
+ k

a2

)2

= κ1ρ
(h) , (9)

l2
ä

a

(
ȧ2

a2
+ k

a2

)
= −κ1p

(h) (10)

where κ is the gravitational constant, λ = 3α1
α3

and κ1 are constants. The above field
equations are known as Einstein-Chern-Simons field equations for FRW universe. We see
that when l = 0, the above equations reduce to usual Einstein’s field equations in 5D in
Einstein’s gravity. We also see that the field equations (7) and (8) satisfy the conservation
equation

ρ̇ + 4
ȧ

a
(ρ + p) = 0 (11)

Also the field equations (9) and (10) satisfy the conservation equation

ρ̇(h) + 4
ȧ

a

(
ȧ2

ȧ2 + k

)
ρ(h) + 4

ȧ

a
p(h) = 0 (12)
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Fig. 1 Shows the variations of scalar field φ and potential V against redshift z for barotropic EoS

Since ha is arbitrary vector field whose nature is not specified. Now assume ha is the scalar
field φ, whose action is given by

S =
∫

d5x
√−g

[
−1

2
gμν∂μφ∂νφ − V (φ)

]
(13)

where V (φ) is the corresponding potential for the scalar field φ. From the above action, we
have the expressions of density and pressure as

ρ(h) = 1

2
φ̇2 + V (φ) and p(h) = 1

2
φ̇2 − V (φ) (14)

Now it is assumed that the present universe is flat. So may choose k = 0. Now the
conservation equation (12) yields the wave equation for φ as

φ̈ + 4
ȧ

a
φ̇ + dV

dφ
= 0 (15)
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Fig. 2 Shows the variations of scalar field φ and potential V against redshift z for barotropic EoS
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Fig. 3 Shows the variation of V (φ) against φ for barotropic EoS

So for flat model, the field equations (7)-(10) lead to

6
ȧ2

a2
+ λl2

ȧ4

a4
= κρ , (16)

3

(
ä

a
+ ȧ2

a2

)
+ λl2

ä

a

ȧ2

a2
= −κp , (17)

l2
ȧ4

a4
= κ1

(
1

2
φ̇2 + V (φ)

)
, (18)

l2
ä

a

ȧ2

a2
= −κ1

(
1

2
φ̇2 − V (φ)

)
(19)

Let, H = ȧ
a

is a Hubble parameter. Now solving equations (16)-(19), we obtain the
solutions in terms of ρ and p as follows:

H 2 = −3 + √
9 + λl2κρ

λl2
, (20)
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Fig. 4 Shows the variation of EoS parameter w for new holographic dark energy against redshift z
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Fig. 5 Shows the variations of scalar field φ and potential V for new holographic dark energy against
redshift z

Ḣ = − κ(ρ + p)√
9 + λl2κρ

, (21)

φ̇2 = κ(ρ + p)(−3 + √
9 + λl2κρ)

κ1λ
√

9 + λl2κρ
, (22)

V = 36 + κλl2(ρ − p)

2κ1λ2l2
− 108 + 3κλl2(3ρ − p)

2κ1λ2l2
√

9 + λl2κρ
(23)

1 0 1 2 3
80

81

82

83

84

z

V

Fig. 6 Shows the variations of scalar field φ and potential V for new holographic dark energy against
redshift z
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Fig. 7 Shows thevariation of V (φ) against φ for new holographic dark energy

3 Barotropic Equation of State

Now, assume that the matter fluid follows that barotropic equation of state (EoS) p = wρ,
where w is a constant. So the conservation equation (11) yields ρ = ρ0a

−4(1+w), where ρ0
is a constant. From equations (20) to (23) become

H 2 = −3 + √
9 + λl2κρ0a−4(1+w)

λl2
, (24)

Ḣ = − κ(1 +w)ρ0a
−4(1+w)√

9 + λl2κρ0a−4(1+w)
, (25)

φ̇2 = κ(1 +w)ρ0a
−4(1+w)(−3 + √

9 + λl2κρ0a−4(1+w))

κ1λ
√

9 + λl2κρ0a−4(1+w)
(26)

i.e., φ = φ0 −
√

κl2ρ0

24(1 +w)
a−2(1+w)

2F1[1

2
,

1

4
,

3

2
,−1

9
κλl2ρ0a

−4(1+w)], (27)

V = 36 + κλl2(1 −w)ρ0

2κ1λ2l2
a−4(1+w) − 108 + 3κλl2(3 − w)ρ0a

−4(1+w)

2κ1λ2l2
√

9 + λl2κρ0a−4(1+w)
(28)
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Fig. 8 Shows the variations of cosmography parameters q, J, S, L for barotropic EoS against redshift z
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Fig. 9 Shows the variations of cosmography parameters q, J, S, L for barotropic EoS against redshift z

Here 2F1 is hypergeometric function. Now we know that the expression of redshift z in term
of scale factor a is governed by the relation 1 + z = 1

a
. We have drawn the variations of φ

and V with respect to redshift z in Figs. 1 and 2. From figures, we see that the scalar field
increases and potential decreases due to the evolution of the universe. Also Fig. 3 shows the
variation of V with respect to scalar field φ and the figure shows that potential decreases as
scalar field increases.

4 New Holographic Dark Energy

In the work [87], it was suggested that in quantum field theory a short distance cut-off is
related to a long distance cut-off due to the limit set by formation of a black hole, namely,
if is the quantum zero-point energy density caused by a short distance cut-off, the total
energy in a region of size L should not exceed the mass of a black hole of the same size,
thus L3ρ� ≤ LM2

p. The largest L allowed is the one saturating this inequality, thus ρ� =
3c2M2

pL
−2. In dark energy context, initially in the holographic principle it was assumed

that L = H−1, which implies ρ� = 3c2H 2 (assuming M2
p = 1). Since the origin of
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Fig. 10 Shows the variations of cosmography parameters q, J, S, L for barotropic EoS against redshift z
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Fig. 11 Shows the variations of cosmography parameters q, J, S, L for barotropic EoS against redshift z

the holographic dark energy is still unknown and that the new term is contained in the
expression for the Ricci scalar which scales as L−2 (a model with holographic dark energy
proportional to the Ricci scalar was proposed in [88]). So the energy density of Ricci dark

energy can be written as ρ� = 3α
(
Ḣ + 2H 2 + k

a2

)
. Granda et al [89] proposed, similar

form of Ricci dark energy which is called new holographic dark energy (the holographic
DE density with the new infrared cut-off). The density of new holographic dark energy is
linear combination of square of Hubble parameter and it’s derivative and is given by

ρ = αH 2 + βḢ (29)

where, α and β are constants. Using equations (20)-(23) and (29), we have the solutions as

H−2 = λl2

κα − 6
+ C a

2(κα−6)
κβ , (30)
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Fig. 12 Shows the variations of cosmography parameters q, J, S, L for new holographic dark energy against
redshift z
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Fig. 13 Shows the variations of cosmography parameters q, J, S, L for new holographic dark energy against
redshift z

Ḣ = − C(κα − 6)3 a
2(κα+6)

κβ

κβ
[
λl2a

12
κβ + C(κα − 6)a

2α
β

]2
, (31)

φ̇2 = Cl2(κα − 6)4 a
2(κα+12)

κβ

κκ1β
[
λl2a

12
κβ + C(κα − 6)a

2α
β

]2
, (32)

i.e., φ = l(κα − 6)

α

√
βC

κκ1
a

α
β (33)

V =
l2(κα − 6)2 a

24
κβ

[
2κβλl2a

12
κβ − C(κα − 6) {κ(α − 2β)− 6} a 2α

β

]

2κκ1β
[
λl2a

12
κβ + C(κα − 6)a

2α
β

]3
, (34)
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Fig. 14 Shows the variations of cosmography parameters q, J, S, L for new holographic dark energy against
redshift z
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Fig. 15 Shows the variations of cosmography parameters q, J, S, L for new holographic dark energy against
redshift z

i.e., V (φ) =
βl6(kα − 6)4k

12
kα k

−1+ 12
kα

1 (αφ)
24
kα

[
2λβ2 l4(kα − 6)(kk1α

2φ2)
6
kα − k1α

2φ2(k(α − 2β)− 6)(Cl2β)
6
kα (kα − 6)

12
kα

]

2
[
βλ(kα − 6)l4(kk1α2φ2)

6
kα + kk1α2φ2(Cl2β)

6
kα (kα − 6)

12
kα

]3

(35)

ρ = καλl2(κα − 6) a
24
κβ + βC(κα − 6)2a

2(κα+6)
κβ

κ
[
λl2a

12
κβ + C(κα − 6)a

2α
β

]2
, (36)

p =
(κα − β)a

12
κβ

[
3C2(κα − 6)2 {κ(α − 2β) − 6} a 4α

β − αβκ2λ2l4a
24
κβ + Cλl2(κα − 6) {18 + κα(κα − 9) − κβ(κα+ 6)} a 2(κα+6)

κβ

]

κ2β
[
λl2a

12
κβ + C(κα − 6)a

2α
β

]3

(37)

Since we have found the expressions of density ρ and pressure p for new holographic
dark energy model. So the equation of state parameter wh = p/ρ has been drawn in Fig. 4
against redshift z. We see that wh decreases from positive value to negative value and ulti-
mately tends to−1 in future. Butwh cannot be less than−1 in any case. So New holographic
dark energy alongwith the Chern-Simons gravity cannot generate the phantom crossing. We
have drawn the variations of φ and V with respect to redshift z in Figs. 5 and 6. From fig-
ures, we see that the scalar field potential decrease due to the evolution of the universe.
Also Fig. 7 shows the variation of V with respect to scalar field φ and the figure shows that
potential increases as scalar field increases.

5 Cosmography Parameters

To the property of acceleration of the universe, we need to consider after Hubble parameter
(H). They are known as cosmographic parameters [90–93]. These parameters are related
to the 2nd, 3rd, 4th, ... derivatives of scale factor a. The cosmographic parameters that are
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proportional to the coefficients of Taylor series expansion of the scale factor with respect to
the cosmic time defined as

q = − 1

aH 2

d2a

dt2
= − 1

H

d

da
(aH) (38)

J = 1

aH 3

d3a

dt3
= − 1

H 2

d

da
(aH 2q) (39)

S = 1

aH 4

d4a

dt4
= 1

H 3

d

da
(aH 3J ) (40)

L = 1

aH 5

d5a

dt5
= 1

H 4

d

da
(aH 4S) (41)

which are usually referred to as the deceleration (q), jerk (J ), snap (S) and lerk (L) param-
eters, respectively. Analytically, we cannot examined the natures of the above parameters,
because the expressions of the above parameters are very complicated form for barotropic
EoS and new holographic dark energy models. We have drawn the deceleration (q), jerk
(J ), snap (S) and lerk (L) parameters in Figs. 8, 9, 10, 11 for barotropic EoS model. From
Fig. 8, for barotropic EoS, the deceleration parameters keeps negative sign throughout the
evolution of the universe. From fig. 9 we see that the jerk parameter (J ) first decreases
from positive state to negative stage and finally it slightly increases but keeps the negative
sign. From Fig. 10, we see that the snap parameter (S) increases from negative to positive
value and keeps the positive value in late stage. Figure 11 shows the lerk parameter (L)
first increases with takes the positive value upto certain stage near z = 0 and then sharply
decreases from the maximum positive value to negative value asymptotically. We have also
drawn the deceleration (q), jerk (J ), snap (S) and lerk (L) parameters in Figs. 12, 13, 14, 15
for new holographic dark energy model. From Fig. 12, we see that q decreases from positive
value to negative value. From Fig. 13, we observe that the jerk parameter (J ) decreases and
keeps the positive sign. Figure 14 shows that the snap parameter (S) increases and keeps the
negative value and tends to zero at final stage of the universe. Also Fig. 15 shows that the
lerk parameter (L) decreases and keeps the positive value and finally approaches to zero at
the late stage of the evolution of the universe.

6 Discussions and Conclusions

We have considered a five-dimensional action, which is composed of a gravitational sector
and a sector of matter, where the gravitational sector is given by a Chern-Simons gravity
action instead of the Einstein-Hilbert action and where the matter sector is given by the
so-called perfect fluid with barotropic equation of state and new holographic dark energy.
We have studied the implications of replacing the Einstein-Hilbert action Lagrangian by the
Chern-Simons action Lagrangian on the cosmological evolution for a FRW metric in five
dimensions. We have studied the dynamic formulation of Chern-Simons gravity, where the
coupling constant is promoted to a scalar field φ with potential V (φ). The solutions of the
field equations have been found for barotropic EoS and new holographic dark energy. We
have also investigated the natures of scalar field and corresponding potential graphically.
From Figs. 1 and 2, we see that the scalar field increases and potential decreases due to the
evolution of the universe for barotropic EoS and Fig. 3 shows that potential decreases as



4288 Int J Theor Phys (2014) 53:4275–4290

scalar field increases. For new holographic dark energy model, we see that the EoS param-
eter wh decreases from positive value to negative value (in Fig. 4) and ultimately tends to
−1 in future. But wh cannot be less than −1 in any case. So New holographic dark energy
alongwith the Chern-Simons gravity cannot generate the phantom crossing. We have drawn
the variations of φ and V with respect to redshift z in Figs. 5 and 6. From figures, we see
that the scalar field potential decrease due to the evolution of the universe. Also Fig. 7 shows
the variation of V with respect to scalar field φ and the figure shows that potential increases
as scalar field increases. So we conclude that the scalar field always increases and potential
always decreases for barotropic EoS whereas the scalar field and potential always decrease
for new holographic dark energy.

We have analyzed the cosmography parameters for barotropic EoS and new holographic
dark energy. Now we express the natures of the above parameters separately.

• Barotropic EoS:

We have drawn the deceleration (q), jerk (J ), snap (S) and lerk (L) parameters in Figs. 8,
9, 10, 11 for barotropic EoS model. From Fig. 8, we observe that for barotropic EoS, the
deceleration parameters keeps negative sign throughout the evolution of the universe in
our considered Chern-Simons gravity model. So when the universe is filled with only dark
matter with barotropic EoS in Chern-Simons gravity, the gravity generates the quintessence
type dark energy. From Fig. 9 we see that the jerk parameter (J ) first decreases from positive
state to negative stage and finally it slightly increases but keeps the negative sign. From
Fig. 10, we see that the snap parameter (S) increases from negative to positive value and
keeps the positive value in late stage. Figure 11 shows the lerk parameter (L) first increases
with takes the positive value upto certain stage near z = 0 and then sharply decreases from
the maximum positive value to negative value asymptotically.

• New holographic dark energy:

We have drawn the deceleration (q), jerk (J ), snap (S) and lerk (L) parameters in
Figs. 12–15 for new holographic dark energy model. From Figs. 12, we see that q decreases
from positive value to negative value and there is a sign flip of q and late stage of the evolu-
tion of the universe q approaches to −1 and q cannot less than −1 for new holographic dark
energy. So we say that when the universe is filled with new holographic dark energy (with-
out considering dark matter) in Chern-Simons gravity, the gravity with new holographic
dark energy generate dark energy at present and late stage of the evolution of the universe.
So barotropic fluid or new holographic dark energy always generate dark energy at present
and future but phantom crossing cannot happened (because q > −1) in these models.
From Fig. 13, we observe that the jerk parameter (J ) decreases and keeps the positive sign.
Figure 14 shows that the snap parameter (S) increases and keeps the negative value and
tends to zero at final stage of the universe. Also Fig. 15 shows that the lerk parameter (L)
decreases and keeps the positive value and finally approaches to zero at the late stage of the
evolution of the universe which is filled with only the new holographic dark energy in our
considered Chern-Simons gravity.

So we conclude that the deceleration parameter and EoS parameter the Chern-Simons
gravity combined with barotropic EoS or new holographic dark energy stands another form
of dark energy but they cannot cross the phantom divide. The jerk, snap and lerk param-
eters respectively decreases, increases and decreases for both barotropic EoS and new
holographic dark energy models at present and future stages of the evolution of the universe.
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